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ÑÎfl ‚‡Ë‡ˆËÓÌÌÓ-ÔÓ‰Ó·Ì˚ı ÌÂ‡‚ÂÌÒÚ‚ ÔÂ‰ÎÓÊÂÌ ˜ËÒÎÂÌÌ˚È ÏÂÚÓ‰ Â¯ÂÌËfl, ÓÒÌÓ‚‡ÌÌ˚È
Ì‡ ‚˚ÔÛÍÎ˚ı ‡ÔÔÓÍÒËÏ‡ˆËflı, ÎÓÍ‡Î¸ÌÓ Ï‡ÊÓËÛ˛˘Ëı ÓˆÂÌÓ˜ÌÛ˛ ÙÛÌÍˆË˛. Ñ‡ÌÓ ÚÂÓÂ-
ÚË˜ÂÒÍÓÂ Ó·ÓÒÌÓ‚‡ÌËÂ ‡Î„ÓËÚÏ‡, Ë ÔË‚Â‰ÂÌ˚ ÂÁÛÎ¸Ú‡Ú˚ Ò‡‚ÌÂÌËfl ‚˚˜ËÒÎËÚÂÎ¸ÌÓÈ ˝Ù-
ÙÂÍÚË‚ÌÓÒÚË ÔÂ‰Î‡„‡ÂÏÓ„Ó ÔÓ‰ıÓ‰‡ Ò Ú‡‰ËˆËÓÌÌ˚ÏË. ÅË·Î. 23. îË„. 1.

äÎ˛˜Â‚˚Â ÒÎÓ‚‡: ‚‡Ë‡ˆËÓÌÌ˚Â Ë ‚‡Ë‡ˆËÓÌÌÓ-ÔÓ‰Ó·Ì˚Â ÌÂ‡‚ÂÌÒÚ‚‡, ÓˆÂÌÓ˜Ì˚Â ÙÛÌÍˆËË,
‚˚ÔÛÍÎ‡fl ÓÔÚËÏËÁ‡ˆËfl, ÏÂÚÓ‰ ÎÓÍ‡Î¸Ì˚ı ‚˚ÔÛÍÎ˚ı Ï‡ÊÓ‡ÌÚ.

1) ÇÇÖÑÖçàÖ

Ç Ì‡ÒÚÓfl˘ÂÂ ‚ÂÏfl ‰Îfl ËÁÛ˜ÂÌËfl ÏÌÓ„Ëı Á‡‰‡˜ ËÁ ‡ÁÌ˚ı Ó·Î‡ÒÚÂÈ ÁÌ‡ÌËÈ, Ì‡ÔËÏÂ Ú‡ÍËı,
Í‡Í Ï‡ÚÂÏ‡ÚË˜ÂÒÍ‡fl ÙËÁËÍ‡, ËÒÒÎÂ‰Ó‚‡ÌËÂ ÓÔÂ‡ˆËÈ, Ï‡ÚÂÏ‡ÚË˜ÂÒÍ‡fl ˝ÍÓÌÓÏËÍ‡ Ë ‰., ‡ÍÚË‚ÌÓ
ËÒÔÓÎ¸ÁÛÂÚÒfl ‡ÔÔ‡‡Ú ‚‡Ë‡ˆËÓÌÌ˚ı ÌÂ‡‚ÂÌÒÚ‚ Ë Ëı Ó·Ó·˘ÂÌËÈ. á‡‰‡˜‡ Â¯ÂÌËfl ‚‡Ë‡ˆËÓÌÌÓ-
„Ó ÌÂ‡‚ÂÌÒÚ‚‡, Ó·ÓÁÌ‡˜‡ÂÏ‡fl ‚ ‰‡Î¸ÌÂÈ¯ÂÏ ˜ÂÂÁ VI(G, X), ÒÓÒÚÓËÚ ‚ Ì‡ıÓÊ‰ÂÌËË ÚÓ˜ÍË x ∈ X
Ú‡ÍÓÈ, ˜ÚÓ

(1)

„‰Â G : X  �
n
 – ÌÂÍÓÚÓÓÂ Á‡‰‡ÌÌÓÂ ÓÚÓ·‡ÊÂÌËÂ, X ⊆ �

n
 – ÌÂÔÛÒÚÓÂ ‚˚ÔÛÍÎÓÂ Á‡ÏÍÌÛÚÓÂ ÏÌÓ-

ÊÂÒÚ‚Ó (ÒÏ. [1]–[3]). àÒÔÓÎ¸ÁÛÂÏ˚Â Ó·ÓÁÌ‡˜ÂÌËfl ·Û‰ÛÚ Ó·˙flÒÌÂÌ˚ ‰‡ÎÂÂ.
ÄÔÔ‡‡Ú Â¯ÂÌËfl VI(G, X) ÛÊÂ ‰ÓÒÚ‡ÚÓ˜ÌÓ ıÓÓ¯Ó ‡Á‡·ÓÚ‡Ì (ÒÏ., Ì‡ÔËÏÂ, ÏÓÌÓ„‡ÙËË

[4], [5] Ë ÒÒ˚ÎÍË ‚ ÌËı), Ó‰Ì‡ÍÓ ‰Îfl Ó·Ó·˘ÂÌËÈ (1) ÛÒÎÓ‚Ëfl ÔËÏÂÌËÏÓÒÚË ÒÛ˘ÂÒÚ‚Û˛˘Ëı ÏÂÚÓ‰Ó‚
ÓÒÚ‡˛ÚÒfl ‚ÂÒ¸Ï‡ Ó„‡ÌË˜ËÚÂÎ¸Ì˚ÏË. ÑÎfl ÒıÓ‰ËÏÓÒÚË Ó·˚˜ÌÓ ÚÂ·Û˛ÚÒfl ÒËÎ¸Ì‡fl ÏÓÌÓÚÓÌÌÓÒÚ¸
Ë ÎËÔ¯ËˆÂ‚ÓÒÚ¸ ‚ıÓ‰fl˘Ëı ‚ Ó·Ó·˘ÂÌÌÓÂ ‚‡Ë‡ˆËÓÌÌÓÂ ÌÂ‡‚ÂÌÒÚ‚Ó ÓÚÓ·‡ÊÂÌËÈ ËÎË Ëı ÔÓËÁ-
‚Ó‰Ì˚ı (ÒÏ. [6], [7]).

é‰ÌËÏ ËÁ ¯ËÓÍÓ ËÒÔÓÎ¸ÁÛÂÏ˚ı ÔÓ‰ıÓ‰Ó‚ Í ËÒÒÎÂ‰Ó‚‡ÌË˛ Ë Â¯ÂÌË˛ VI(G, X) fl‚ÎflÂÚÒfl ÔÓ-
ÒÚÓÂÌËÂ ˝Í‚Ë‚‡ÎÂÌÚÌÓÈ ÓÔÚËÏËÁ‡ˆËÓÌÌÓÈ Á‡‰‡˜Ë Ë ‰‡Î¸ÌÂÈ¯ÂÂ ÔËÏÂÌÂÌËÂ ÏÂÚÓ‰Ó‚ Ï‡ÚÂÏ‡ÚË-
˜ÂÒÍÓ„Ó ÔÓ„‡ÏÏËÓ‚‡ÌËfl ‰Îfl ÂÂ Â¯ÂÌËfl. Ç‡ÊÌÛ˛ ÓÎ¸ ‚ Ú‡ÍÓÏ ÔÂÓ·‡ÁÓ‚‡ÌËË Ë„‡˛Ú ÓˆÂ-
ÌÓ˜Ì˚Â ÙÛÌÍˆËË ÌÂ‡‚ÂÌÒÚ‚‡ (ÒÏ., Ì‡ÔËÏÂ, [8]).

Ç Ì‡ÒÚÓfl˘ÂÈ ‡·ÓÚÂ ‡ÒÒÏ‡ÚË‚‡ÂÚÒfl ‚‡Ë‡ˆËÓÌÌÓ-ÔÓ‰Ó·ÌÓÂ ÌÂ‡‚ÂÌÒÚ‚Ó, fl‚Îfl˛˘ÂÂÒfl Ó‰ÌËÏ
ËÁ ÌÂÔÓÒÂ‰ÒÚ‚ÂÌÌ˚ı Ó·Ó·˘ÂÌËÈ Á‡‰‡˜Ë (1), Ë ÔÂ‰Î‡„‡ÂÚÒfl ÏÂÚÓ‰ Â„Ó Â¯ÂÌËfl, Ú‡ÍÊÂ ÓÒÌÓ‚‡Ì-
Ì˚È Ì‡ ÛÒÎÓ‚ÌÓÈ ÓÔÚËÏËÁ‡ˆËË ÓˆÂÌÓ˜ÌÓÈ ÙÛÌÍˆËË. Ñ‡ÂÚÒfl ÚÂÓÂÚË˜ÂÒÍÓÂ Ó·ÓÒÌÓ‚‡ÌËÂ ÏÂÚÓ‰‡,
Ë ÔË‚Ó‰flÚÒfl ÂÁÛÎ¸Ú‡Ú˚ Ò‡‚ÌÂÌËfl ‚˚˜ËÒÎËÚÂÎ¸ÌÓÈ ˝ÙÙÂÍÚË‚ÌÓÒÚË ÔÂ‰Î‡„‡ÂÏÓ„Ó ÔÓ‰ıÓ‰‡ Ò
Ú‡‰ËˆËÓÌÌ˚ÏË. éÒÌÓ‚Ì‡fl Ë‰Âfl ‡Î„ÓËÚÏ‡ ÒÓÒÚÓËÚ ‚ ÍÓÏ·ËÌ‡ˆËË ÏÂÚÓ‰‡ ‰Ó‚ÂËÚÂÎ¸Ì˚ı ÓÍÂÒÚ-
ÌÓÒÚÂÈ (trust-region, box-step) (ÒÏ. [9]) Ò ÔÓÒÚÓÂÌËÂÏ ‚˚ÔÛÍÎÓÈ ‡ÔÔÓÍÒËÏËÛ˛˘ÂÈ Ï‡ÊÓ‡ÌÚ˚
ÓˆÂÌÓ˜ÌÓÈ ÙÛÌÍˆËË. èË ‰ÓÒÚ‡ÚÓ˜ÌÓ ÌÂÓ·ÂÏÂÌËÚÂÎ¸Ì˚ı ÛÒÎÓ‚Ëflı Ì‡ ÓÚÓ·‡ÊÂÌËfl, Á‡‰‡˛˘ËÂ
‚‡Ë‡ˆËÓÌÌÓ-ÔÓ‰Ó·ÌÓÂ ÌÂ‡‚ÂÌÒÚ‚Ó, ÏÓÊÂÚ ·˚Ú¸ ÔÓÒÚÓÂÌ‡ ÒÎ‡·Ó ‚˚ÔÛÍÎ‡fl (ÒÏ. [10]) ÓˆÂÌÓ˜Ì‡fl
ÙÛÌÍˆËfl. èÓÒÚÓÂÌËÂ ‚˚ÔÛÍÎ˚ı Ï‡ÊÓ‡ÌÚ, ̋ Í‚Ë‚‡ÎÂÌÚÌ˚ı Ú‡ÍËÏ ÓˆÂÌÓ˜Ì˚Ï ÙÛÌÍˆËflÏ Ò ÚÓ˜ÍË
ÁÂÌËfl ÎÓÍ‡Î¸ÌÓÈ ÓÔÚËÏËÁ‡ˆËË, fl‚ÎflÂÚÒfl Á‡‰‡˜ÂÈ, ÔÓ ÒÛÚË ‰ÂÎ‡ ÒÓ‚Ô‡‰‡˛˘ÂÈ Ò ‚˚˜ËÒÎÂÌËÂÏ Ò‡-
ÏÓÈ ÓˆÂÌÓ˜ÌÓÈ ÙÛÌÍˆËË. ïÓÚfl ‡Î„ÓËÚÏ fl‚ÎflÂÚÒfl ÎÓÍ‡Î¸Ì˚Ï Ë ÌÛÊ‰‡ÂÚÒfl ‚ ‰ÓÒÚ‡ÚÓ˜ÌÓ ıÓÓ-
¯ÂÏ Ì‡˜‡Î¸ÌÓÏ ÔË·ÎËÊÂÌËË, ÓÌ ÌÂ ÚÂ·ÛÂÚ ÓÚ ÓÚÓ·‡ÊÂÌËÈ Ò‚ÓÈÒÚ‚ ÚËÔ‡ ÏÓÌÓÚÓÌÌÓÒÚË.

1)ê‡·ÓÚ‡ ‚˚ÔÓÎÌÂÌ‡ ÔË „ÓÒÛ‰‡ÒÚ‚ÂÌÌÓÈ ÔÓ‰‰ÂÊÍÂ ‚Â‰Û˘Ëı Ì‡Û˜Ì˚ı ¯ÍÓÎ (ÌÓÏÂ „‡ÌÚ‡ çò-9004.2006.1) Ë „‡ÌÚ‡
ÑÇé êÄç (01-052).

GÚ x( ) y x–( ) 0 y∀ X ,∈≥

ìÑä 519.642.8
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çÛÏËÌÒÍËÈ, ò‡Ï‡È

1. àëèéãúáìÖåõÖ éÅéáçÄóÖçàü à éèêÖÑÖãÖçàü

Ç ‡·ÓÚÂ ËÒÔÓÎ¸ÁÛ˛ÚÒfl ÒÎÂ‰Û˛˘ËÂ Ó·ÓÁÌ‡˜ÂÌËfl: �
n
 ÂÒÚ¸ n-ÏÂÌÓÂ Â‚ÍÎË‰Ó‚Ó ÔÓÒÚ‡ÌÒÚ‚Ó,

˝ÎÂÏÂÌÚ˚ ÍÓÚÓÓ„Ó Ò˜ËÚ‡˛ÚÒfl ‚ÂÍÚÓ-ÒÚÓÎ·ˆ‡ÏË; Ú – ÒËÏ‚ÓÎ Ú‡ÌÒÔÓÌËÓ‚‡ÌËfl; a+ = max{a, 0} –

ÔÓÎÓÊËÚÂÎ¸Ì‡fl ÒÂÁÍ‡ ˜ËÒÎ‡ a; ||x|| =  – Â‚ÍÎË‰Ó‚‡ ÌÓÏ‡ ‚ÂÍÚÓ‡ x; ∇F(x) – Ï‡ÚËˆ‡ üÍÓ·Ë

ÓÚÓ·‡ÊÂÌËfl F : �
n
  �

m
 ‚ ÚÓ˜ÍÂ x, ÔË m = 1 – „‡‰ËÂÌÚ F(x) ‚ ÚÓ˜ÍÂ x; Uδ( ) = {x : ||x – || ≤ δ}

ÂÒÚ¸ δ-ÓÍÂÒÚÌÓÒÚ¸ ÚÓ˜ÍË ; f '(x, d) = f(x + τd) – f(x)]/τ – ÔÓËÁ‚Ó‰Ì‡fl ÙÛÌÍˆËË f ÔÓ Ì‡Ô‡‚-

ÎÂÌË˛ d.
Ç ‰‡Î¸ÌÂÈ¯ÂÏ ÔÓÚÂ·Û˛ÚÒfl ÌÂÍÓÚÓ˚Â Ò‚ÓÈÒÚ‚‡ ÒÎ‡·Ó ‚˚ÔÛÍÎ˚ı ÙÛÌÍˆËÈ. 
éÔÂ‰ÂÎÂÌËÂ 1 (ÒÏ. [10]). îÛÌÍˆËfl f : X  � Ì‡Á˚‚‡ÂÚÒfl ÒÎ‡·Ó ‚˚ÔÛÍÎÓÈ Ì‡ X, ÂÒÎË ‰Îfl Î˛-

·Ó„Ó x ∈ X ÒÛ˘ÂÒÚ‚ÛÂÚ ÌÂÔÛÒÚÓÂ ÏÌÓÊÂÒÚ‚Ó f(x) ‚ÂÍÚÓÓ‚ g Ú‡ÍËı, ˜ÚÓ 

„‰Â |r(x, y)|/||x – y||  0 ÔË x  y ‡‚ÌÓÏÂÌÓ ÔÓ x ‚ Í‡Ê‰ÓÏ ÍÓÏÔ‡ÍÚÌÓÏ ÔÓ‰ÏÌÓÊÂÒÚ‚Â X.
ÑÎfl Ì‡ÒÚÓfl˘ÂÈ ‡·ÓÚ˚ Ì‡Ë·ÓÎ¸¯ËÈ ËÌÚÂÂÒ ÔÂ‰ÒÚ‡‚Îfl˛Ú ÒÎÂ‰Û˛˘ËÂ Ò‚ÓÈÒÚ‚‡ ÒÎ‡·Ó ‚˚ÔÛÍ-

Î˚ı ÙÛÌÍˆËÈ:
1) ÌÂÔÂ˚‚ÌÓ ‰ËÙÙÂÂÌˆËÛÂÏ‡fl ÙÛÌÍˆËfl fl‚ÎflÂÚÒfl ÒÎ‡·Ó ‚˚ÔÛÍÎÓÈ;
2) ÂÒÎË f(x) – ÒÎ‡·Ó ‚˚ÔÛÍÎ‡fl ÙÛÌÍˆËfl, ÚÓ ÒÛ˘ÂÒÚ‚ÛÂÚ ÂÂ ÔÓËÁ‚Ó‰Ì‡fl ÔÓ Ì‡Ô‡‚ÎÂÌË˛ f '(x, d);
3) ÔÛÒÚ¸ f(x, y) – ÒÎ‡·Ó ‚˚ÔÛÍÎ‡fl ÔÓ x ÙÛÌÍˆËfl ‰Îfl Î˛·Ó„Ó ÙËÍÒËÓ‚‡ÌÌÓ„Ó y ∈ X, Y(x) – ÏÌÓ-

ÊÂÒÚ‚Ó ÚÂı y ∈ Y, Ì‡ ÍÓÚÓ˚ı ‰ÓÒÚËÊËÏ (x, y) = w(x), ÚÓ„‰‡ w(x) – ÒÎ‡·Ó ‚˚ÔÛÍÎ‡fl ÙÛÌÍˆËfl Ë

w'(x, d) = (x, y, d), „‰Â f '(x, y, d) – ÔÓËÁ‚Ó‰Ì‡fl f(x, y) ÔÓ x ‚ Ì‡Ô‡‚ÎÂÌËË d.

2. ÇÄêàÄñàéççé-èéÑéÅçõÖ çÖêÄÇÖçëíÇÄ

èÛÒÚ¸ Á‡‰‡Ì˚ ÌÂÔÛÒÚÓÂ ‚˚ÔÛÍÎÓÂ Á‡ÏÍÌÛÚÓÂ ÔÓ‰ÏÌÓÊÂÒÚ‚Ó X ÔÓÒÚ‡ÌÒÚ‚‡ �
n
 Ë Ó‰ÌÓÁÌ‡˜Ì˚Â

ÌÂÔÂ˚‚Ì˚Â ÓÚÓ·‡ÊÂÌËfl G, F : X  �
m
. á‡‰‡˜‡ Â¯ÂÌËfl ‚‡Ë‡ˆËÓÌÌÓ-ÔÓ‰Ó·ÌÓ„Ó ÌÂ‡‚ÂÌÒÚ‚‡,

Ó·ÓÁÌ‡˜‡ÂÏ‡fl ‚ ‰‡Î¸ÌÂÈ¯ÂÏ ˜ÂÂÁ VLI(G, F, X), ÒÓÒÚÓËÚ ‚ Ì‡ıÓÊ‰ÂÌËË ÚÓ˜ÍË x ∈  X Ú‡ÍÓÈ, ˜ÚÓ

(2)

íÂÏËÌ “‚‡Ë‡ˆËÓÌÌÓ-ÔÓ‰Ó·ÌÓÂ ÌÂ‡‚ÂÌÒÚ‚Ó” (variational-like inequality) ‚ÔÂ‚˚Â ‚‚Â‰ÂÌ ‚ [11]
‰Îfl Á‡‰‡˜Ë Ì‡ıÓÊ‰ÂÌËfl ÚÓ˜ÍË x ∈ X, Û‰Ó‚ÎÂÚ‚Ófl˛˘ÂÈ ÛÒÎÓ‚Ë˛

(3)

„‰Â G : X  �
n
, η : X × X  �

n
 – Á‡‰‡ÌÌ˚Â ÌÂÔÂ˚‚Ì˚Â ÓÚÓ·‡ÊÂÌËfl, X ⊆ �

n
 – ÌÂÔÛÒÚÓÂ ‚˚-

ÔÛÍÎÓÂ Á‡ÏÍÌÛÚÓÂ ÏÌÓÊÂÒÚ‚Ó. í‡Í Í‡Í ÔË η(y, x) = F(y) – F(x) Ë m = n ÛÒÎÓ‚Ëfl (2) Ë (3) ÒÓ‚Ô‡‰‡˛Ú,
ÚÓ ÌÂ‡‚ÂÌÒÚ‚Ó (2) Ú‡ÍÊÂ ·Û‰ÂÏ Ì‡Á˚‚‡Ú¸ ‚‡Ë‡ˆËÓÌÌÓ-ÔÓ‰Ó·Ì˚Ï. 

ä‡Í ÔÓÍ‡Á‡ÌÓ ‚ [11], VLI(G, F, X) ËÏÂÂÚ Â¯ÂÌËÂ, ÂÒÎË ‚˚ÔÓÎÌÂÌÓ Ó‰ÌÓ ËÁ ÒÎÂ‰Û˛˘Ëı ÛÒÎÓ‚ËÈ:
1) X – Ó„‡ÌË˜ÂÌÌÓÂ ÏÌÓÊÂÒÚ‚Ó Ë ÔË Î˛·ÓÏ ÙËÍÒËÓ‚‡ÌÌÓÏ x ∈ X ÙÛÌÍˆËfl GÚ(x)F(y) Í‚‡ÁË-

‚˚ÔÛÍÎ‡ ÔÓ y ∈ X;
2) ÔË Î˛·ÓÏ ÙËÍÒËÓ‚‡ÌÌÓÏ x ∈ X ÙÛÌÍˆËfl GÚ(x)F(y) ‚˚ÔÛÍÎ‡ ÔÓ y ∈ X Ë ÒÛ˘ÂÒÚ‚ÛÂÚ ÍÓÏ-

Ô‡ÍÚÌÓÂ ÔÓ‰ÏÌÓÊÂÒÚ‚Ó Ω ∈ X Ú‡ÍÓÂ, ˜ÚÓ ‰Îfl Î˛·Ó„Ó x ∈ X\Ω ÒÔ‡‚Â‰ÎË‚Ó ÌÂ‡‚ÂÌÒÚ‚Ó

ä ‚‡Ë‡ˆËÓÌÌÓ-ÔÓ‰Ó·Ì˚Ï ÌÂ‡‚ÂÌÒÚ‚‡Ï (2) ÔË‚Ó‰ËÚ, Ì‡ÔËÏÂ, Á‡ÏÂÌ‡ ÔÂÂÏÂÌÌ˚ı ‚ (1) Ò
ˆÂÎ¸˛ ÛÔÓ˘ÂÌËfl ‰ÓÔÛÒÚËÏÓÈ Ó·Î‡ÒÚË X. äÓÏÂ ÚÓ„Ó, ‚ ÚÂÏËÌ‡ı VLI(G, F, X) ÏÓ„ÛÚ ·˚Ú¸ Á‡ÔË-
Ò‡Ì˚ Á‡‰‡˜Ë ÓÔÂ‰ÂÎÂÌËfl Ó·Ó·˘ÂÌÌÓ„Ó Â¯ÂÌËfl ÒËÒÚÂÏ˚ ÌÂ‡‚ÂÌÒÚ‚ (ÒÏ. [12]), Á‡‰‡˜Ë Ú‡ÌÒ-
ÔÓÚÌÓ„Ó Ë ˝ÍÓÌÓÏË˜ÂÒÍÓ„Ó ‡‚ÌÓ‚ÂÒËÈ (ÒÏ. [13]–[15]).

é‰ËÌ ËÁ ¯ËÓÍÓ ÔËÏÂÌflÂÏ˚ı ÒÔÓÒÓ·Ó‚ Â¯ÂÌËfl Á‡‰‡˜Ë (1) ÒÓÒÚÓËÚ ‚ ËÒÔÓÎ¸ÁÓ‚‡ÌËË
ÓˆÂÌÓ˜Ì˚ı ÙÛÌÍˆËÈ. ùÚÓ ÔÓÌflÚËÂ ÎÂ„ÍÓ ÔÂÂÌÓÒËÚÒfl Ë Ì‡ ‚‡Ë‡ˆËÓÌÌÓ-ÔÓ‰Ó·Ì˚Â ÌÂ‡‚ÂÌÒÚ‚‡ (2).

éÔÂ‰ÂÎÂÌËÂ 2. éˆÂÌÓ˜ÌÓÈ ÙÛÌÍˆËÂÈ ‰Îfl ‚‡Ë‡ˆËÓÌÌÓ„Ó (1) (‚‡Ë‡ˆËÓÌÌÓ-ÔÓ‰Ó·ÌÓ„Ó (2)) ÌÂ-
‡‚ÂÌÒÚ‚‡ Ì‡ÁÓ‚ÂÏ ÙÛÌÍˆË˛ ϕ : X  R ∪ {+∞}, Ó·Î‡‰‡˛˘Û˛ ÒÎÂ‰Û˛˘ËÏË Ò‚ÓÈÒÚ‚‡ÏË:

xÚx

x x
x [

τ +∞→
lim

f y( ) f x( )– gÚ y x–( ) r x y,( ) y∀ X ,∈+≥

f
y Y∈
sup

f '
y Y x( )∈
sup

GÚ x( ) F y( ) F x( )–[ ] 0 y∀ X .∈≥

GÚ x( )η y x,( ) 0 y∀ X ,∈≥

GÚ x( ) F y( ) F x( )–( ) 0 y∀ X .∈<
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(i) ϕ(x) ≥ 0   ∀x ∈ X;
(ii) x* ∈ X fl‚ÎflÂÚÒfl Â¯ÂÌËÂÏ ‚‡Ë‡ˆËÓÌÌÓ„Ó (1) (‚‡Ë‡ˆËÓÌÌÓ-ÔÓ‰Ó·ÌÓ„Ó (2)) ÌÂ‡‚ÂÌÒÚ‚‡ ÚÓ-

„‰‡ Ë ÚÓÎ¸ÍÓ ÚÓ„‰‡, ÍÓ„‰‡ ϕ(x*) = 0 Ë x* ∈ X.
é˜Â‚Ë‰ÌÓ, ˜ÚÓ ÔË ˝ÚÓÏ VLI(G, F, X) ˝Í‚Ë‚‡ÎÂÌÚÌ‡ Á‡‰‡˜Â ÛÒÎÓ‚ÌÓÈ ÓÔÚËÏËÁ‡ˆËË

(4)

ÑÎfl ‚‡Ë‡ˆËÓÌÌÓ„Ó ÌÂ‡‚ÂÌÒÚ‚‡ (1) ÒÛ˘ÂÒÚ‚ÛÂÚ ÏÌÓ„Ó ‡·ÓÚ, ÔÓÒ‚fl˘ÂÌÌ˚ı ‡ÁÎË˜Ì˚Ï ÚËÔ‡Ï
ÓˆÂÌÓ˜Ì˚ı ÙÛÌÍˆËÈ. ç‡Ë·ÓÎÂÂ Ó·˘ËÈ ‚Ë‰ ÓˆÂÌÓ˜ÌÓÈ ÙÛÌÍˆËË ÔÂ‰ÎÓÊÂÌ ‚ [16]:

(5)

„‰Â f : �
n
  � ∪ {+ ∞} – ‚˚ÔÛÍÎ‡fl, ÔÓÎÛÌÂÔÂ˚‚Ì‡fl ÒÌËÁÛ ‰ËÙÙÂÂÌˆËÛÂÏ‡fl Ì‡ X ÙÛÌÍˆËfl.

éÚÏÂÚËÏ, ̃ ÚÓ (5) fl‚ÎflÂÚÒfl Á‡‰‡˜ÂÈ ‚˚ÔÛÍÎÓ„Ó ÔÓ„‡ÏÏËÓ‚‡ÌËfl, ÌÓ ÚÛ‰ÌÓ „‡‡ÌÚËÓ‚‡Ú¸ Ò‚ÓÈ-
ÒÚ‚‡ ‚˚ÔÛÍÎÓÒÚË Ë ‰ËÙÙÂÂÌˆËÛÂÏÓÒÚË ‰Îfl ν(x).

ç‡fl‰Û Ò ÔflÏÓÈ ÓˆÂÌÓ˜ÌÓÈ ÙÛÌÍˆËÂÈ (5) ‚ [16] ‡ÒÒÏ‡ÚË‚‡ÂÚÒfl ÂÂ ‰Û‡Î¸Ì‡fl ÙÓÏÛÎËÓ‚Í‡:

(6)

Ë ˝Í‚Ë‚‡ÎÂÌÚÌ‡fl ÓÔÚËÏËÁ‡ˆËÓÌÌ‡fl Á‡‰‡˜‡ ‰Îfl (1) ·Û‰ÂÚ ÒÓÒÚÓflÚ¸ ‚ Ï‡ÍÒËÏËÁ‡ˆËË (y) ÔÓ y ∈ X.
á‰ÂÒ¸ (6), ‚ÓÓ·˘Â „Ó‚Ófl, ÌÂ fl‚ÎflÂÚÒfl Á‡‰‡˜ÂÈ ‚˚ÔÛÍÎÓ„Ó ÔÓ„‡ÏÏËÓ‚‡ÌËfl, Ó‰Ì‡ÍÓ (y) ‚Ó„ÌÛÚ‡.

ó‡ÒÚÌ˚Â ÒÎÛ˜‡Ë ÙÛÌÍˆËÈ (5) Ë (6) Ò f ≡ 0 ·˚ÎË ÔÂ‰ÎÓÊÂÌ˚ ‚ [17] ‰Îfl Ì‡ıÓÊ‰ÂÌËfl ‡‚ÌÓ‚ÂÒËfl
‚ Á‡‰‡˜‡ı ÚÂÓËË Ë„, ‰‡ÎÂÂ ËÁÛ˜ÂÌ˚ ‚ [18] Ë ÔÓÒÎÂ‰Û˛˘Ëı ‡·ÓÚ‡ı. èË ˝ÚÓÏ ÓÒÌÓ‚Ì˚Â ÂÁÛÎ¸-
Ú‡Ú˚ ÔÓÎÛ˜ÂÌ˚ ‰Îfl ÒÎÛ˜‡fl, ÍÓ„‰‡ ÒÛÔÂÏÛÏ ‚ (5) ‰ÓÒÚËÊËÏ ‚ Â‰ËÌÒÚ‚ÂÌÌÓÈ ÚÓ˜ÍÂ Ë, ÒÎÂ‰Ó‚‡ÚÂÎ¸-
ÌÓ, ÙÛÌÍˆËfl ν(x) fl‚ÎflÂÚÒfl ‰ËÙÙÂÂÌˆËÛÂÏÓÈ. ÑÛ„ËÏ ÒÔÓÒÓ·ÓÏ ‰ÓÒÚËÊÂÌËfl ‰ËÙÙÂÂÌˆËÛÂÏÓ-
ÒÚË ν(x) fl‚ÎflÂÚÒfl ËÒÔÓÎ¸ÁÓ‚‡ÌËÂ ÒËÎ¸ÌÓ ‚˚ÔÛÍÎ˚ı ÙÛÌÍˆËÈ f(x), Ì‡ÔËÏÂ f(x) = (1/2)||x||2 (ÒÏ. [19]).
ÑËÙÙÂÂÌˆËÛÂÏ˚Â ÙÛÌÍˆËË ËÒÒÎÂ‰Ó‚‡Ì˚ Ú‡ÍÊÂ ‚ [18], [20] Ë ‰.

Ç ‰‡ÌÌÓÈ ‡·ÓÚÂ ‰Îfl VLI(G, F, X) ‡ÒÒÏÓÚÂÌ‡ ÓˆÂÌÓ˜Ì‡fl ÙÛÌÍˆËfl

(7)

ãÂ„ÍÓ ‚Ë‰ÂÚ¸, ˜ÚÓ ˝Ú‡ ÙÛÌÍˆËfl Û‰Ó‚ÎÂÚ‚ÓflÂÚ Ò‚ÓÈÒÚ‚‡Ï (i) Ë (ii) ÓÔÂ‰ÂÎÂÌËfl 2.
Ç Ò‡ÏÓÏ ‰ÂÎÂ, ‰Îfl Î˛·Ó„Ó x ∈ X

(8)

ÖÒÎË x* ∈ X – Â¯ÂÌËÂ Á‡‰‡˜Ë VLI(G, F, X), ÚÓ

Ë, ÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ,

é‰Ì‡ÍÓ, ‚ ÒËÎÛ (8), ϕ(x*) ≥ 0, ÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ, ϕ(x*) = 0.
é·‡ÚÌÓ: ÔÛÒÚ¸ ‰Îfl ÌÂÍÓÚÓÓ„Ó x* ∈ X ÒÔ‡‚Â‰ÎË‚Ó ÒÓÓÚÌÓ¯ÂÌËÂ

ÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ, x* – Â¯ÂÌËÂ Á‡‰‡˜Ë VLI(G, F, X).
èË ‚ÒÂÈ Ò‚ÓÂÈ ÍÓÌˆÂÔÚÛ‡Î¸ÌÓÈ ÔÓÒÚÓÚÂ ÙÛÌÍˆËfl (7) Ó·Î‡‰‡ÂÚ fl‰ÓÏ ÌÂ‰ÓÒÚ‡ÚÍÓ‚: ̋ ÚÓ, ‚ÓÓ·-

˘Â „Ó‚Ófl, ÌÂ„Î‡‰Í‡fl ÙÛÌÍˆËfl Ë, ÍÓÏÂ ÚÓ„Ó, ÚÛ‰ÌÓ „‡‡ÌÚËÓ‚‡Ú¸ ÂÂ ‚˚ÔÛÍÎÓÒÚ¸ ‰Îfl ÌÂÎËÌÂÈ-
Ì˚ı G Ë F. é‰Ì‡ÍÓ ÂÒÎË G Ë F fl‚Îfl˛ÚÒfl ÌÂÔÂ˚‚ÌÓ ‰ËÙÙÂÂÌˆËÛÂÏ˚ÏË Ë ‰Îfl Î˛·Ó„Ó x ∈ X
ÒÛÔÂÏÛÏ ‚ (7) ‰ÓÒÚËÊËÏ, ÚÓ ϕ(x) – ÒÎ‡·Ó ‚˚ÔÛÍÎ‡fl ÙÛÌÍˆËfl (ÒÏ. [10]).

Ç Ì‡ÒÚÓfl˘ÂÈ ‡·ÓÚÂ ‰Îfl Â¯ÂÌËfl Á‡‰‡˜Ë (4) ÔÂ‰Î‡„‡ÂÚÒfl ÔÓÒÚÓËÚ¸ ‚˚ÔÛÍÎÛ˛ ‡ÔÔÓÍÒËÏ‡-
ˆË˛ ÓˆÂÌÓ˜ÌÓÈ ÙÛÌÍˆËË (7), ‚ ÁÌ‡˜ËÚÂÎ¸ÌÓÈ ÒÚÂÔÂÌË ˝Í‚Ë‚‡ÎÂÌÚÌÛ˛ ϕ(x) Ò ÚÓ˜ÍË ÁÂÌËfl ÂÂ ÓÔ-
ÚËÏËÁ‡ˆËË ‚ ÓÍÂÒÚÌÓÒÚË ÔË·ÎËÊÂÌÌÓ„Ó Â¯ÂÌËfl.

ϕ x( ).
x X∈
min

ν x( ) f x( ) f y( )– G x( ) ∇ f x( )–[ ] Ú x y–( )+{ } ,
y X∈
sup=

ν̃ y( ) f x( ) f y( )– G x( ) ∇ f x( )–[ ] Ú x y–( )+{ } ,
x X∈
inf=

ν̃
ν̃

ϕ x( ) GÚ x( ) F x( ) F y( )–[ ] .
y X∈
sup=

ϕ x( ) GÚ x( ) F x( ) F y( )–[ ]
y X∈
sup GÚ x( ) F x( ) F x( )–[ ]≥ 0.= =

GÚ x*( ) F x*( ) F y( )–[ ] 0 y∀ X∈≤

ϕ x*( ) GÚ x*( ) F x*( ) F y( )–[ ]
y X∈
sup 0.≤=

0 ϕ x*( ) GÚ x*( ) F x*( ) F y( )–[ ] GÚ x( ) F x*( ) F y( )–[ ]≥
y X∈
sup y∀ X ,∈= =
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çÛÏËÌÒÍËÈ, ò‡Ï‡È

3. ãéäÄãúçÄü ÇõèìäãÄü åÄÜéêÄçíÄ éñÖçéóçéâ îìçäñàà

Ñ‡ÎÂÂ ·Û‰ÂÏ ÔÂ‰ÔÓÎ‡„‡Ú¸, ˜ÚÓ ÓÚÓ·‡ÊÂÌËfl G Ë F fl‚Îfl˛ÚÒfl ‰‚‡Ê‰˚ ÌÂÔÂ˚‚ÌÓ ‰ËÙÙÂÂÌ-
ˆËÛÂÏ˚ÏË Ì‡ X Ë ‰Îfl Î˛·Ó„Ó x ∈ X ÒÛÔÂÏÛÏ ‚ (7) ‰ÓÒÚËÊËÏ.

á‡ÙËÍÒËÛÂÏ ÚÓ˜ÍÛ  ∈  X Ë ‚˚‰ÂÎËÏ ÂÂ δ-ÓÍÂÒÚÌÓÒÚ¸ Uδ( ), „‰Â δ > 0 ‰ÓÒÚ‡ÚÓ˜ÌÓ Ï‡ÎÓ. éÍÂÒÚ-

ÌÓÒÚ¸ Uδ( ) ‚˚·Ë‡ÂÚÒfl Ú‡Í, ˜ÚÓ·˚ ‰Îfl ÌÂÍÓÚÓÓ„Ó R > 0 Ë Î˛·˚ı y ∈  X, xδ ∈  Uδ( ), z ∈  �
n
 ‚˚ÔÓÎ-

ÌflÎËÒ¸ ÌÂ‡‚ÂÌÒÚ‚‡

„‰Â H1(xδ) Ë H2(xδ, y) – Ï‡ÚËˆ˚ ‚ÚÓ˚ı ÔÓËÁ‚Ó‰Ì˚ı ‚ ÚÓ˜ÍÂ xδ ÙÛÌÍˆËÈ GÚ(x)F(x) Ë –GÚ(x)F(y) ÒÓ-
ÓÚ‚ÂÚÒÚ‚ÂÌÌÓ.

Ç‚Â‰ÂÏ Ó·ÓÁÌ‡˜ÂÌËÂ

(9)

Ë ÔÛÒÚ¸ Z(x) = {z : ||z|| ≤ δ, x + z ∈ X} – ÏÌÓÊÂÒÚ‚Ó ‰ÓÔÛÒÚËÏ˚ı ÒÏÂ˘ÂÌËÈ ËÁ ÚÓ˜ÍË x, ÔÓ ÌÓÏÂ ÌÂ
ÔÂ‚˚¯‡˛˘Ëı δ.

èÛÒÚ¸ z ∈ Z( ), x =  + z. ÑÎfl h(x, y) ÒÔ‡‚Â‰ÎË‚‡ ÓˆÂÌÍ‡

(10)

ê‡ÒÒÏÓÚËÏ ÙÛÌÍˆË˛

(11)

„‰Â ·Û‰ÂÏ ÔÂ‰ÔÓÎ‡„‡Ú¸, ˜ÚÓ ÒÛÔÂÏÛÏ ‰ÓÒÚËÊËÏ ‰Îfl ‚ÒÂı  ∈ X Ë z ∈ Z( ). á‡ÏÂÚËÏ, ˜ÚÓ ψ( , z)
‚˚ÔÛÍÎ‡ ÔÓ z.

Ç ÒËÎÛ ÓˆÂÌÍË (10) ‚˚ÔÓÎÌÂÌÓ ÒÎÂ‰Û˛˘ÂÂ ÌÂ‡‚ÂÌÒÚ‚Ó:

ÔË˜ÂÏ ÔË z = 0 ËÏÂÂÚ ÏÂÒÚÓ ‡‚ÂÌÒÚ‚Ó.

ÇÁ‡ËÏÓÒ‚flÁ¸ ÏÂÊ‰Û ‚‡Ë‡ˆËÓÌÌÓ-ÔÓ‰Ó·Ì˚Ï ÌÂ‡‚ÂÌÒÚ‚ÓÏ (2) Ë ÙÛÌÍˆËÂÈ ψ( , z) ÛÒÚ‡Ì‡‚ÎË-
‚‡ÂÚ 

íÂÓÂÏ‡ 1. íÓ˜Í‡ x* fl‚ÎflÂÚÒfl Â¯ÂÌËÂÏ Á‡‰‡˜Ë VLI(G, F, X) ÚÓ„‰‡ Ë ÚÓÎ¸ÍÓ ÚÓ„‰‡, ÍÓ„‰‡
z = 0 ÂÒÚ¸ Â¯ÂÌËÂ Á‡‰‡˜Ë

(12)

Ë ψ(x*, 0) = 0.
ÑÓÍ‡Á‡ÚÂÎ¸ÒÚ‚Ó. èÛÒÚ¸ x* – Â¯ÂÌËÂ Á‡‰‡˜Ë VLI(G, F, X) Ë, ÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ, x* – Â¯ÂÌËÂ Á‡‰‡-

˜Ë (4) Ë ϕ(x*) = 0; ÚÓ„‰‡ ‰Îfl Î˛·Ó„Ó z ∈ Z(x*) ËÏÂÂÏ

í‡ÍËÏ Ó·‡ÁÓÏ, z = 0 – Â¯ÂÌËÂ Á‡‰‡˜Ë (12) Ë ψ(x*, 0) = 0.
é·‡ÚÌÓ: ÔÛÒÚ¸ z = 0 fl‚ÎflÂÚÒfl Â¯ÂÌËÂÏ Á‡‰‡˜Ë (12) Ë ψ(x*, 0) = 0. í‡Í Í‡Í x* ∈  X Ë ‚ÂÌ‡ ÓˆÂÌÍ‡

ÚÓ, ‚ ÒËÎÛ Ò‚ÓÈÒÚ‚‡ (ii) ÓÔÂ‰ÂÎÂÌËfl 2, ÚÓ˜Í‡ x* – Â¯ÂÌËÂ VLI(G, F, X).

x x

x x

zÚH1 xδ( )z R z 2, zÚH2 xδ y,( )z R z 2,≤≤

h x y,( ) GÚ x( ) F x( ) F y( )–[ ] ,=

c0 x( ) GÚ x( )F x( ),=

C x( ) FÚ x( )∇ G x( ) GÚ x( )∇ F x( ),+=

A x z,( ) ∇ G x( )z G x( ),+=

x x

h x y,( ) h x z+ y,( ) GÚ x z+( ) F x z+( ) F y( )–[ ] c0 x( ) C x( )z FÚ y( )A x z,( ) +–+= = =

+ 1/2( )zÚH1 xδ( )z 1/2( )zÚH2 xδ( )z+ c0 x( ) C x( )z R z 2 FÚ y( )A x z,( )–+ +≤ h̃ x y z, ,( ).=

ψ x z,( ) h̃ x y z, ,( )
y X∈
sup c0 x( ) C x( )z R z 2 FÚ y( )A x z,( ),

y X∈
inf–+ += =

x x x

h x z+ y,( )
y X∈
sup ϕ x z+( ) ψ x z,( ),≤=

x

ψ x* z,( )
z Z x*( )∈
min

ψ x* 0,( ) ϕ x*( ) ϕ x( )≤ ϕ x* z+( ) ψ x* z,( ).≤= =

0 ψ x* 0,( ) ϕ x*( ),= =
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é·ÓÁÌ‡˜ËÏ ˜ÂÂÁ ϕ'(x, d) Ë ψ'( , z, d) ÔÓËÁ‚Ó‰Ì˚Â ÔÓ Ì‡Ô‡‚ÎÂÌËflÏ ÙÛÌÍˆËÈ (7) Ë (11) ÔÓ ÔÂ-
ÂÏÂÌÌ˚Ï x Ë z ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ, Ú.Â.

(13)

(14)

èÂ‰ÂÎ˚ (13) Ë (14) ÒÛ˘ÂÒÚ‚Û˛Ú ‚ ÒËÎÛ ÔÂ‰ÔÓÎÓÊÂÌËfl Ó ‰ÓÒÚËÊËÏÓÒÚË ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘Ëı ÒÛ-
ÔÂÏÛÏÓ‚ ‚ (7) Ë (11), ÒÎ‡·ÓÈ ‚˚ÔÛÍÎÓÒÚË ϕ(·) Ë ‚˚ÔÛÍÎÓÒÚË ψ( , ·) (ÒÏ. [10]).

ä‡Í ÔÓÍ‡Á˚‚‡ÂÚ ÒÎÂ‰Û˛˘ÂÂ ÛÚ‚ÂÊ‰ÂÌËÂ, ψ( , z) ‰ÓÒÚ‡ÚÓ˜ÌÓ ıÓÓ¯Ó ‡ÔÔÓÍÒËÏËÛÂÚ ÔÓ‚Â-
‰ÂÌËÂ ϕ(x) ‚ ÓÍÂÒÚÌÓÒÚË ÚÓ˜ÍË .

ãÂÏÏ‡. èÛÒÚ¸  ∈ X, ÚÓ„‰‡ ‰Îfl Î˛·Ó„Ó d ∈ Z( ) ËÏÂÂÚ ÏÂÒÚÓ ÒÓÓÚÌÓ¯ÂÌËÂ

ÑÓÍ‡Á‡ÚÂÎ¸ÒÚ‚Ó. èÛÒÚ¸ Y(x) – ÏÌÓÊÂÒÚ‚Ó ÚÂı y ∈ X, Ì‡ ÍÓÚÓ˚ı ‰ÓÒÚË„‡ÂÚÒfl ÒÛÔÂÏÛÏ ‚ (7).
Ç ÒËÎÛ ÒÎ‡·ÓÈ ‚˚ÔÛÍÎÓÒÚË ϕ(x),

èÛÒÚ¸ ( , z) – ÏÌÓÊÂÒÚ‚Ó ÚÂı y ∈ X, Ì‡ ÍÓÚÓ˚ı ‰ÓÒÚË„‡ÂÚÒfl ÒÛÔÂÏÛÏ ‚ (11). ÄÌ‡ÎÓ„Ë˜ÌÓ, ‚
ÒËÎÛ ‚˚ÔÛÍÎÓÒÚË ψ( , z) ÔÓ z,

èË x =  Ë z = 0 ÏÌÓÊÂÒÚ‚‡ Y(x) Ë ( , z) ÒÓ‚Ô‡‰‡˛Ú, Ú.Â. Y( ) = ( , 0), ÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ,

àÁ ÔË‚Â‰ÂÌÌÓÈ ÎÂÏÏ˚, ‚ ˜‡ÒÚÌÓÒÚË, ÒÎÂ‰ÛÂÚ, ˜ÚÓ ÚÓ˜Í‡  fl‚ÎflÂÚÒfl ÒÚ‡ˆËÓÌ‡ÌÓÈ ‰Îfl ϕ(x) ÚÓ-
„‰‡ Ë ÚÓÎ¸ÍÓ ÚÓ„‰‡, ÍÓ„‰‡ z = 0 – ÒÚ‡ˆËÓÌ‡Ì‡fl ÚÓ˜Í‡ ÙÛÌÍˆËË ψ( , z).

4. åÖíéÑ ãéäÄãúçéâ Çõèìäãéâ åÄÜéêÄçíõ

àÒÔÓÎ¸ÁÛfl ÎÓÍ‡Î¸ÌÛ˛ ‡ÔÔÓÍÒËÏËÛÂÏÓÒÚ¸ ϕ(x) ÔË x ∈ Uδ( ) ‚˚ÔÛÍÎÓÈ Ï‡ÊÓ‡ÌÚÓÈ ψ( , z)
ÔË z ∈ Z( ), ÓÔËÒ˚‚‡ÂÏÛ˛ ÎÂÏÏÓÈ, ÔÂ‰Î‡„‡ÂÏ ÒÎÂ‰Û˛˘ËÈ ‡Î„ÓËÚÏ Â¯ÂÌËfl ‚‡Ë‡ˆËÓÌÌÓ-ÔÓ-
‰Ó·ÌÓ„Ó ÌÂ‡‚ÂÌÒÚ‚‡ (2).

àÌËˆË‡ÎËÁ‡ˆËfl ‡Î„ÓËÚÏ‡

Ç˚·ÂÂÏ ÚÓ˜ÍÛ x0 ∈ X Ë ‡ÒÒÏÓÚËÏ ÏÌÓÊÂÒÚ‚Ó X0 = {x : ϕ(x) ≤ ϕ(x0)}. éÔÂ‰ÂÎËÏ δ > 0 Ú‡ÍÓÂ,
˜ÚÓ ‰Îfl Î˛·Ó„Ó  ∈ X 0 Ë z ∈ Z( ) ‚˚ÔÓÎÌflÂÚÒfl ÛÒÎÓ‚ËÂ

Ç Í‡˜ÂÒÚ‚Â Ì‡˜‡Î¸ÌÓÈ ‚ÓÁ¸ÏÂÏ ÚÓ˜ÍÛ  ∈ X 0. èÓÎÓÊËÏ k = 0.

àíÖêÄñàü ÄãÉéêàíåÄ

ò‡„ 1. êÂ¯ËÚ¸ Á‡‰‡˜Û

(15)

ò‡„ 2. ÖÒÎË zk = 0 Ë ψ( , 0) = 0, ÚÓ  – Â¯ÂÌËÂ Á‡‰‡˜Ë VLI(G, F, X). ÖÒÎË zk = 0, ÌÓ ψ( , 0) ≠ 0,
ÚÓ VLI(G, F, X) ÎË·Ó Â¯ÂÌËfl ÌÂ ËÏÂÂÚ, ÎË·Ó Ï˚ Ì‡¯ÎË ÎÓÍ‡Î¸Ì˚È ÏËÌËÏÛÏ ÓˆÂÌÓ˜ÌÓÈ ÙÛÌÍˆËË
ϕ. ÄÎ„ÓËÚÏ Á‡Í‡Ì˜Ë‚‡ÂÚ ‡·ÓÚÛ.

ò‡„ 3. èÓÎÓÊËÚ¸  =  + zk, k = k + 1 Ë ÔÂÂÈÚË Ì‡ ¯‡„ 1.

x

ϕ' x d,( ) ϕ x τd+( ) ϕ x( )–[ ] /τ ,
τ +0→
lim=

ψ' x z d, ,( ) ψ x z, τd+( ) ψ x z,( )–[ ] /τ .
τ +0→
lim=

x
x

x

x x

ϕ' x d,( ) ψ' x 0 d, ,( ).=

ϕ' x d,( ) h' x y d, ,( )
y Y x( )∈
sup hx' x y,( )d

y Y x( )∈
sup C x( )d FÚ y( )∇ G x( )d[ ] .

y Y x( )∈
inf–= = =

Ỹ x
x

ψ' x z d, ,( ) h'˜ x y z d, , ,( )
y Y x z,( )∈

sup h̃z' x y z, ,( )d
y Y x z,( )∈

sup C x( )d 2RzÚd FÚ y( )∇ G x( )d[ ] .
y Ỹ x z,( )∈

inf–+= = =

x Ỹ x x Ỹ x

ϕ' x d,( ) ψ' x 0 d, ,( ).=

x
x

x x
x

x x

ϕ x z+( ) ψ x z,( ).≤

x0

ψ xk z,( )
z Z x

k( )∈
min ψ xk zk,( ).=

xk xk xk

xk 1+ xk
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çÛÏËÌÒÍËÈ, ò‡Ï‡È

é·ÓÒÌÓ‚‡ÌËÂ ÒıÓ‰ËÏÓÒÚË ÏÂÚÓ‰‡ ‰‡ÂÚ
íÂÓÂÏ‡ 2. èÛÒÚ¸ ‚ÂÍÚÓ x0 Ú‡ÍÓ‚, ˜ÚÓ ÏÌÓÊÂÒÚ‚Ó X0 ÌÂ ÒÓ‰ÂÊËÚ ÎÓÍ‡Î¸Ì˚ı ÏËÌËÏÛÏÓ‚

Ë ÒÚ‡ˆËÓÌ‡Ì˚ı ÚÓ˜ÂÍ ÓˆÂÌÓ˜ÌÓÈ ÙÛÌÍˆËË ϕ(x), ÓÚÎË˜Ì˚ı ÓÚ „ÎÓ·‡Î¸Ì˚ı. íÓ„‰‡ ÔÓÒÎÂ‰Ó‚‡-

ÚÂÎ¸ÌÓÒÚ¸ { }, „ÂÌÂËÛÂÏ‡fl ‡Î„ÓËÚÏÓÏ, ÒıÓ‰ËÚÒfl Í Â¯ÂÌË˛ Á‡‰‡˜Ë VLI(G, F, X).
ÑÓÍ‡Á‡ÚÂÎ¸ÒÚ‚Ó. èÛÒÚ¸ zk – Â¯ÂÌËÂ Á‡‰‡˜Ë (15), ÚÓ„‰‡

Ú‡ÍËÏ Ó·‡ÁÓÏ, ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚ¸ {ϕ( )} ÏÓÌÓÚÓÌÌÓ Û·˚‚‡ÂÚ Ë ÒÛ˘ÂÒÚ‚ÛÂÚ ÔÂ‰ÂÎ ϕ* = ( ).

á‡ÙËÍÒËÛÂÏ ÌÂÍÓÚÓÓÂ z ∈ Z( ). èÓ ÔÓÒÚÓÂÌË˛,

ÖÒÎË ÔÂ‰ÔÓÎÓÊËÚ¸, ̃ ÚÓ ‰Îfl ÒÍÓÎ¸ Û„Ó‰ÌÓ ·ÓÎ¸¯Ó„Ó ä ÒÛ˘ÂÒÚ‚Û˛Ú k > K, γ > 0 Ë  ∈ Z( ) Ú‡ÍËÂ,

˜ÚÓ ψ( , 0, ) ≤ –γ < 0, ÚÓ

‰Îfl ‰ÓÒÚ‡ÚÓ˜ÌÓ Ï‡Î˚ı θ > 0. Ç˚·‡‚ Ú‡ÍÓÂ θ Ë Á‡ÙËÍÒËÓ‚‡‚ Â„Ó, ÔÓÎÛ˜ËÏ

(16)

„‰Â ε = θγ > 0. èÂÂıÓ‰fl Í ÔÂ‰ÂÎÛ ‚ (16) ÔÓ ä  ∞, ÔÓÎÛ˜‡ÂÏ

˜ÚÓ ÌÂ‚ÓÁÏÓÊÌÓ. éÚÒ˛‰‡, ‚ ˜‡ÒÚÌÓÒÚË ÒÎÂ‰ÛÂÚ, ˜ÚÓ

Ë ‚ ÒËÎÛ ÔÓÎÛÌÂÔÂ˚‚ÌÓÒÚË Ò‚ÂıÛ Y(x) ÔÓÎÛ˜‡ÂÏ ‰Îfl Î˛·Ó„Ó z ∈ Z( ) ÌÂ‡‚ÂÌÒÚ‚Ó

‰Îfl Î˛·ÓÈ ÔÂ‰ÂÎ¸ÌÓÈ ÚÓ˜ÍË  ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚË { }. í‡ÍËÏ Ó·‡ÁÓÏ, ‚  Û‰Ó‚ÎÂÚ‚Ófl˛ÚÒfl ÌÂ-
Ó·ıÓ‰ËÏ˚Â ÛÒÎÓ‚Ëfl ˝ÍÒÚÂÏÛÏ‡ ‰Îfl ϕ(x), x ∈  X, Ë, ÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ,  fl‚ÎflÂÚÒfl Â¯ÂÌËÂÏ Á‡‰‡˜Ë (2).

5. óàëãéÇéâ èêàåÖê

óÚÓ·˚ ÔÓ‰˜ÂÍÌÛÚ¸ ÌÂÍÓÚÓ˚Â ÔÂËÏÛ˘ÂÒÚ‚‡ ÔÂÂÙÓÏÛÎËÓ‚ÍË ËÒıÓ‰ÌÓÈ Á‡‰‡˜Ë ‚ ‚Ë‰Â ‚‡-
Ë‡ˆËÓÌÌÓ-ÔÓ‰Ó·ÌÓ„Ó ÌÂ‡‚ÂÌÒÚ‚‡ Ë ÔËÏÂÌÂÌËfl ÏÂÚÓ‰‡ ÎÓÍ‡Î¸Ì˚ı ‚˚ÔÛÍÎ˚ı Ï‡ÊÓ‡ÌÚ, Ò‡‚-
ÌËÏ ÔÂ‰Î‡„‡ÂÏ˚È ÔÓ‰ıÓ‰ Ò Ú‡‰ËˆËÓÌÌ˚Ï, ÓÒÌÓ‚‡ÌÌ˚Ï Ì‡ ÏËÌËÏËÁ‡ˆËË Â„ÛÎflËÁÓ‚‡ÌÌÓÈ ÓˆÂ-
ÌÓ˜ÌÓÈ ÙÛÌÍˆËË. Ç Í‡˜ÂÒÚ‚Â ÔËÏÂ‡ ‡ÒÒÏÓÚËÏ ‚‡Ë‡ˆËÓÌÌÓÂ Ë ‚‡Ë‡ˆËÓÌÌÓ-ÔÓ‰Ó·ÌÓÂ ÌÂ‡-
‚ÂÌÒÚ‚‡, ÔÓÓÊ‰‡ÂÏ˚Â ÓÔÚËÏËÁ‡ˆËÓÌÌÓÈ Á‡‰‡˜ÂÈ

(17)

„‰Â g(u) = (1/4)(u1 – u2)2 – (1/2)(u1 + u2), U = {u : ||u||2 ≤ 1, u ≥ 0}, Â¯ÂÌËÂÏ ÍÓÚÓÓÈ fl‚ÎflÂÚÒfl ÚÓ˜Í‡

( /2, /2).

åÂÚÓ‰ Â„ÛÎflËÁ‡ˆËË (MR)

á‡‰‡˜‡ (17) ˝Í‚Ë‚‡ÎÂÌÚÌ‡ ‚‡Ë‡ˆËÓÌÌÓÏÛ ÌÂ‡‚ÂÌÒÚ‚Û

(18)

„‰Â QÚ(u) = (1/2)(u1 – u2 – 1, u2 – u1 – 1) = ∇g(u).

xk

ϕ xk( ) ψ xk 0,( ) ψ xk zk,( ) ϕ xk zk+( )≥ ≥ ϕ xk 1+( );= =

xk ϕ
k ∞→
lim xk

xk

ψ xk zk,( ) ψ xk θz,( )
θ 0 1,[ ]∈
min ψ xk 0,( ) θψ' xk 0 z, ,( ) o θ( )+[ ] .

θ 0 1,[ ]∈
min+≤ ≤

zk xk

xk zk

ψ xk zk,( ) ψ xk 0,( ) θ γ– o θ( )/θ+[ ]+ ψ xk 0,( ) θγ/2–≤ ≤

ϕ xk 1+( ) ψ xk 0 zk, ,( ) ψ xk 0,( ) ε–≤ ≤ ϕ xk( ) ε,–=

ϕ* ϕ* ε,–≤

ψ' xk 0 z, ,( )
z Z x

k( )∈
inf

k ∞→
lim ϕ' xk z,( )

z Z x
k( )∈

inf 0,≥
k ∞→
lim=

x

ϕ' x z,( ) ϕ' x z,( )
z Z x( )∈

inf ϕ' xk z,( )
z Z x

k( )∈
inf

k ∞→
lim 0≥ ≥ ≥

x xk x
x

g u( ),
u U∈
min

2 2

QÚ u( ) v u–( ) 0 v U ,∈∀≥
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Ç ÙÓÏÛÎÂ (5) ÔÓÎÓÊËÏ f(u) = (1/2)||u||2. èË ˝ÚÓÏ Â„ÛÎflËÁÓ‚‡ÌÌ‡fl ÓˆÂÌÓ˜Ì‡fl ÙÛÌÍˆËfl ‰Îfl
(18) ËÏÂÂÚ ‚Ë‰

(19)

„‰Â aÚ(u) = (1/2)(1 + u1 + u2, 1 + u1 + u2). èÓ‰Ó·Ì‡fl Â„ÛÎflËÁ‡ˆËfl Ì‡Ë·ÓÎÂÂ ˜‡ÒÚÓ ËÒÔÓÎ¸ÁÛÂÚÒfl, Ë
ν(u) Ì‡Á˚‚‡ÂÚÒfl ÓˆÂÌÓ˜ÌÓÈ ÙÛÌÍˆËÂÈ îÛÍÛ¯ËÏ˚ (ÒÏ. [19]). éÚÏÂÚËÏ, ˜ÚÓ ν(u) fl‚ÎflÂÚÒfl ‚ ‰‡ÌÌÓÏ
ÒÎÛ˜‡Â ÌÂ‚˚ÔÛÍÎÓÈ.

ÑÎfl ÏËÌËÏËÁ‡ˆËË ν(u) ÔË u ∈ U ·˚Î ÔËÏÂÌÂÌ ÏÂÚÓ‰ ÏÓ‰ËÙËˆËÓ‚‡ÌÌÓÈ ÙÛÌÍˆËË ã‡„‡ÌÊ‡,
Â‡ÎËÁÓ‚‡ÌÌ˚È ‚ Ô‡ÍÂÚÂ MINOS (ÒÏ. [21]). ìÏÂÌ¸¯ÂÌËÂ ÁÌ‡˜ÂÌËfl ν(u) ‚ ÔÓˆÂÒÒÂ ‡·ÓÚ˚ ‡Î„Ó-
ËÚÏ‡ ÔÂ‰ÒÚ‡‚ÎÂÌÓ Ì‡ ÙË„ÛÂ (¯ÚËıÓ‚‡fl ÎËÌËfl MR).

åÓÊÌÓ ÔÂ‰ÔÓÎÓÊËÚ¸, ˜ÚÓ ËÏÂÌÌÓ ‡Á˚‚ ‚ÚÓ˚ı ÔÓËÁ‚Ó‰Ì˚ı ÓˆÂÌÓ˜ÌÓÈ ÙÛÌÍˆËË (19) ÌÂ
ÔÓÁ‚ÓÎflÂÚ ‰ÓÒÚË˜¸ ·ÓÎÂÂ ̃ ÂÏ ÎËÌÂÈÌÓÈ ÒÍÓÓÒÚË ÒıÓ‰ËÏÓÒÚË Ì‡ ·ÓÎ¸¯ÂÈ ̃ ‡ÒÚË ÔÓˆÂÒÒ‡ ÓÔÚËÏË-
Á‡ˆËË. ìÒÍÓÂÌËÂ ‚ ÍÓÌˆÂ Ò˜ÂÚ‡ Ò‚flÁ‡ÌÓ Ò ‚˚ıÓ‰ÓÏ ‚ ‰ÓÒÚ‡ÚÓ˜ÌÓ Ï‡ÎÛ˛ ÓÍÂÒÚÌÓÒÚ¸ Â¯ÂÌËfl,
„‰Â ν(u) ËÏÂÂÚ ÛÊÂ ÌÂÔÂ˚‚Ì˚Â ‚ÚÓ˚Â ÔÓËÁ‚Ó‰Ì˚Â.

ÑÎfl Ò‡‚ÌÂÌËfl ÚÂÏ ÊÂ ÏÂÚÓ‰ÓÏ ÏÓ‰ËÙËˆËÓ‚‡ÌÌÓÈ ÙÛÌÍˆËË ã‡„‡ÌÊ‡ ·˚Î‡ Â¯ÂÌ‡ Ë ËÒıÓ‰-
Ì‡fl Á‡‰‡˜‡ (17), ÛÏÂÌ¸¯ÂÌËÂ ÁÌ‡˜ÂÌËfl ˆÂÎÂ‚ÓÈ ÙÛÌÍˆËË g(u) Ú‡ÍÊÂ ÔË‚Â‰ÂÌÓ Ì‡ ÙË„ÛÂ (ÒÔÎÓ¯-
Ì‡fl ÎËÌËfl MMLF). ÇË‰ÌÓ, ˜ÚÓ Ó·‡ ÔÓ‰ıÓ‰‡ (MR Ë MMLF) Í Â¯ÂÌË˛ (17) ‰ÂÏÓÌÒÚËÛ˛Ú Ó˜ÂÌ¸
·ÎËÁÍÛ˛ ‚˚˜ËÒÎËÚÂÎ¸ÌÛ˛ ˝ÙÙÂÍÚË‚ÌÓÒÚ¸, ÌÂÒÏÓÚfl Ì‡ ÒÛ˘ÂÒÚ‚ÂÌÌ˚Â ÓÚÎË˜Ëfl ‚ Ò‚ÓÈÒÚ‚‡ı Â-
¯‡ÂÏ˚ı Á‡‰‡˜. èÓ ‚ÒÂÈ ‚Ë‰ËÏÓÒÚË, ̋ ÚÓ Ò‚flÁ‡ÌÓ Ò ÚÂÏ, ̃ ÚÓ ‚ Ó·ÂËı ÔÓÒÚ‡ÌÓ‚Í‡ı ÒÓı‡ÌÂÌ ÌÂÎËÌÂÈ-
Ì˚È ı‡‡ÍÚÂ Ó„‡ÌË˜ÂÌËÈ ‰ÓÔÛÒÚËÏÓÈ Ó·Î‡ÒÚË U Ë ËÏÂÌÌÓ ˝ÚÓ ÔÂ‰ÒÚ‡‚ÎflÂÚ ÒÓ·ÓÈ ÓÒÌÓ‚ÌÛ˛
‚˚˜ËÒÎËÚÂÎ¸ÌÛ˛ ÒÎÓÊÌÓÒÚ¸.

åÂÚÓ‰ ÎÓÍ‡Î¸Ì˚ı ‚˚ÔÛÍÎ˚ı Ï‡ÊÓ‡ÌÚ (MLCM)

èÓÒÍÓÎ¸ÍÛ ÔÂ‰Î‡„‡ÂÏ˚È ‚ ‡Á‰. 4 ÏÂÚÓ‰ ÏÓÊÂÚ ·˚Ú¸ ÔËÏÂÌÂÌ Í ·ÓÎÂÂ Ó·˘ÂÏÛ ÍÎ‡ÒÒÛ ‚‡Ë-
‡ˆËÓÌÌ˚ı ÌÂ‡‚ÂÌÒÚ‚, ̃ ÂÏ (18), ÚÓ ‚ÓÁÏÓÊÌÓ ÛÔÓ˘ÂÌËÂ ‰ÓÔÛÒÚËÏÓÈ Ó·Î‡ÒÚË U. á‡ÏÂÌ‡ ÔÂÂÏÂÌ-

Ì˚ı  = x1,  = x2 ÔÂ‚‡˘‡ÂÚ ÌÂ‡‚ÂÌÒÚ‚Ó (18) ‚ ‚‡Ë‡ˆËÓÌÌÓ-ÔÓ‰Ó·ÌÓÂ (2) Ò ÓÒÌÓ‚Ì˚ÏË ÓÚÓ·-
‡ÊÂÌËflÏË

(20)

Ë ‰ÓÔÛÒÚËÏÓÈ Ó·Î‡ÒÚ¸˛

(21)

á‡ÏÂÚËÏ, ˜ÚÓ X ÓÔËÒ˚‚‡ÂÚÒfl ÚÂÔÂ¸ ÚÓÎ¸ÍÓ ÎËÌÂÈÌ˚ÏË Ó„‡ÌË˜ÂÌËflÏË (21).

ν u( ) u a u( )– 2 a u( ) 1–[ ] +
2 ,–=

u1
2 u2

2

GÚ x( ) 1/2( ) x1 x2– 1– x2 x1– 1–,( ), FÚ x( ) x1 x2,( ),= =

X x : x1 x2 1 x1 0 x2 0≥,≥,≤+{ } .=

0 5 10 15 20 25 30 35 40 45 50
àÚÂ‡ˆËË/‚˚˜ËÒÎÂÌËfl ÙÛÌÍˆËÈ

10–8

10–6

10–4

10–2

100

102
ñÂÎÂ‚‡fl ÙÛÌÍˆËfl

MR

MMLF

MLCM

îË„Û‡.
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çÛÏËÌÒÍËÈ, ò‡Ï‡È

éˆÂÌÓ˜Ì‡fl ÙÛÌÍˆËfl (7) ‰Îfl (2) ÔË (20), (21) ËÏÂÂÚ ‚Ë‰

(22)

„‰Â µ(x) = (1/2)max{0, 1 –  + , 1 +  – }.

ÑÎfl  ∈ X, δ > 0 ÎÓÍ‡Î¸Ì‡fl ‚˚ÔÛÍÎ‡fl Ï‡ÊÓ‡ÌÚ‡ ËÏÂÂÚ ‚Ë‰

„‰Â z ∈ Z( ), µ( , z) = (1/2) max{0, a1( , z), a2( , z)}, c0( ), C( ), A( , z) ÓÔÂ‰ÂÎÂÌ˚ ‚ (9), a1( , z),
a2( , z) – ÍÓÏÔÓÌÂÌÚ˚ ‚ÂÍÚÓ-ÙÛÌÍˆËË A( , z) ‰Îfl ‚‡Ë‡ˆËÓÌÌÓ-ÔÓ‰Ó·ÌÓ„Ó ÌÂ‡‚ÂÌÒÚ‚‡ (2) ÔË
(20), (21).

Ç Í‡˜ÂÒÚ‚Â Ì‡˜‡Î¸ÌÓÈ ·˚Î‡ ‚˚·‡Ì‡ ÚÓ˜Í‡ x0 = [0.2, 0.4]Ú, Ô‡‡ÏÂÚ˚ ‡Î„ÓËÚÏ‡ ÓÔÂ‰ÂÎÂÌ˚
Í‡Í δ = 0.1, R = 0.5. ÄÎ„ÓËÚÏ Â‡ÎËÁÓ‚‡Ì Ì‡ Ò‚Ó·Ó‰ÌÓ ‡ÒÔÓÒÚ‡ÌflÂÏÓÏ MATLAB-ÔÓ‰Ó·ÌÓÏ
flÁ˚ÍÂ octave (ÒÏ. [22]). ÑÎfl Â¯ÂÌËfl Á‡‰‡˜Ë ‚˚ÔÛÍÎÓÈ ÓÔÚËÏËÁ‡ˆËË (15) ËÒÔÓÎ¸ÁÓ‚‡ÎÒfl ÏÂÚÓ‰ ÓÚ-
‰ÂÎfl˛˘Ëı ÔÎÓÒÍÓÒÚÂÈ ËÁ [23].

ç‡ ÙË„ÛÂ ÔÛÌÍÚËÌÓÈ ÎËÌËÂÈ MLCM ÔÓÍ‡Á‡ÌÓ Û·˚‚‡ÌËÂ ÓˆÂÌÓ˜ÌÓÈ ÙÛÌÍˆËË ϕ(x) ‚ Á‡‚ËÒË-
ÏÓÒÚË ÓÚ ËÚÂ‡ˆËÈ ‡Î„ÓËÚÏ‡. êÂÁÛÎ¸Ú‡Ú ˜ËÒÎÂÌÌ˚ı ˝ÍÒÔÂËÏÂÌÚÓ‚ Ì‡„Îfl‰ÌÓ ‰ÂÏÓÌÒÚËÛÂÚ ÒÛ-
˘ÂÒÚ‚ÂÌÌÓ ·ÓÎÂÂ ·˚ÒÚÛ˛ ÒıÓ‰ËÏÓÒÚ¸ MLCM ÔÓ Ò‡‚ÌÂÌË˛ Ò MR Ë MMLF. ëÎÂ‰ÛÂÚ ÓÚÏÂÚËÚ¸,
˜ÚÓ ËÚÂ‡ˆËË MLCM ÔÂ‰ÒÚ‡‚Îfl˛Ú ÒÓ·ÓÈ ‰ÓÒÚ‡ÚÓ˜ÌÓ ÒÎÓÊÌÛ˛ ÓÔÂ‡ˆË˛, ÔÓÒÍÓÎ¸ÍÛ Ì‡ ¯‡„Â 1
ÌÂÓ·ıÓ‰ËÏÓ Â¯‡Ú¸ ÓÔÚËÏËÁ‡ˆËÓÌÌÛ˛ Á‡‰‡˜Û (15), Ó‰Ì‡ÍÓ ÚÛ‰ÓÂÏÍÓÒÚ¸ ÂÂ Â¯ÂÌËfl ÏÓÊÂÚ ·˚Ú¸
ÒÛ˘ÂÒÚ‚ÂÌÌÓ ÒÌËÊÂÌ‡ Á‡ Ò˜ÂÚ ÔÂÂÁ‡ÔÛÒÍ‡ ‡Î„ÓËÚÏ‡ Ò ÔÂ‰˚‰Û˘Â„Ó ÓÔÚËÏÛÏ‡ Ë ‰Û„Ëı ÒÔÓÒÓ·Ó‚
“„Ófl˜Â„Ó ÒÚ‡Ú‡”. Ç ˝ÚËı ÛÒÎÓ‚Ëflı ÏÓÊÌÓ Ì‡‰ÂflÚ¸Òfl Ì‡ ÚÓ, ˜ÚÓ Ë Ó·˘‡fl ‚˚˜ËÒÎËÚÂÎ¸Ì‡fl ˝ÙÙÂÍ-
ÚË‚ÌÓÒÚ¸ MLCM ÓÍ‡ÊÂÚÒfl ‰ÓÒÚ‡ÚÓ˜ÌÓ ‚˚ÒÓÍÓÈ.
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ê‡ÒÒÏ‡ÚË‚‡ÂÚÒfl ‡ÌÓÏ‡Î¸Ì‡fl Á‡‰‡˜‡ ÏËÌËÏËÁ‡ˆËË Ò ÍÓÌÂ˜ÌÓÏÂÌ˚Ï Ó·‡ÁÓÏ Ë „ÂÓÏÂÚË˜Â-
ÒÍËÏË Ó„‡ÌË˜ÂÌËflÏË, ÍÓÚÓ˚Â, ‚ ˜‡ÒÚÌÓÒÚË, ‚ÍÎ˛˜‡˛Ú ‚ ÒÂ·fl Ó„‡ÌË˜ÂÌËfl ÚËÔ‡ ÌÂ‡‚ÂÌÒÚ‚.
ÑÎfl ˝ÚÓÈ Á‡‰‡˜Ë ÔÓÎÛ˜ÂÌ˚ ÌÂÓ·ıÓ‰ËÏ˚Â ÛÒÎÓ‚Ëfl ‚ÚÓÓ„Ó ÔÓfl‰Í‡, ÛÒËÎË‚‡˛˘ËÂ ‡ÌÂÂ ËÁ-
‚ÂÒÚÌ˚Â ÂÁÛÎ¸Ú‡Ú˚. ÅË·Î. 7.

äÎ˛˜Â‚˚Â ÒÎÓ‚‡: ‡ÌÓÏ‡Î¸Ì˚Â Á‡‰‡˜Ë, ÌÂÓ·ıÓ‰ËÏ˚Â ÛÒÎÓ‚Ëfl ‚ÚÓÓ„Ó ÔÓfl‰Í‡, „ÂÓÏÂÚË˜Â-
ÒÍËÂ Ó„‡ÌË˜ÂÌËfl, ËÌ‰ÂÍÒ Í‚‡‰‡ÚË˜ÌÓÈ ÙÓÏ˚.

èÛÒÚ¸ X – ÎËÌÂÈÌÓÂ ÔÓÒÚ‡ÌÒÚ‚Ó, Y = �
k
 ÂÒÚ¸ k-ÏÂÌÓÂ ‡ËÙÏÂÚË˜ÂÒÍÓÂ ÔÓÒÚ‡ÌÒÚ‚Ó. á‡‰‡-

Ì˚ Á‡ÏÍÌÛÚÓÂ ‚˚ÔÛÍÎÓÂ ÏÌÓÊÂÒÚ‚Ó C ⊆ Y, ÓÚÓ·‡ÊÂÌËÂ F : X  Y Ë ÙÛÌÍˆËfl f : X  �
1
. ê‡Ò-

ÒÏÓÚËÏ ˝ÍÒÚÂÏ‡Î¸ÌÛ˛ Á‡‰‡˜Û 

f(x)  min, F(x) ∈ C. (P)

ñÂÎ¸˛ Ì‡ÒÚÓfl˘ÂÈ ‡·ÓÚ˚ fl‚ÎflÂÚÒfl ‚˚‚Ó‰ ‰Îfl ̋ ÚÓÈ Á‡‰‡˜Ë ÌÂÓ·ıÓ‰ËÏ˚ı ÛÒÎÓ‚ËÈ ÎÓÍ‡Î¸ÌÓ„Ó ÏË-
ÌËÏÛÏ‡ ‚ÚÓÓ„Ó ÔÓfl‰Í‡ ÔË ÂÒÚÂÒÚ‚ÂÌÌ˚ı ÔÂ‰ÔÓÎÓÊÂÌËflı „Î‡‰ÍÓÒÚË F Ë f ‚ ÒÎÛ˜‡Â, ÍÓ„‰‡ ‡Ò-
ÒÏ‡ÚË‚‡ÂÏ‡fl ÚÓ˜Í‡ ˝ÍÒÚÂÏÛÏ‡ ‡ÌÓÏ‡Î¸Ì‡ ‚ ÓÔÂ‰ÂÎflÂÏÓÏ ÌËÊÂ ÒÏ˚ÒÎÂ. 

èÓflÒÌËÏ ÒÍ‡Á‡ÌÌÓÂ Ì‡ ÔËÏÂÂ ˜‡ÒÚÌÓ„Ó ÒÎÛ˜‡fl Á‡‰‡˜Ë (P), ‡ ËÏÂÌÌÓ Á‡‰‡˜Ë Ò Ó„‡ÌË˜ÂÌËflÏË
ÚËÔ‡ ‡‚ÂÌÒÚ‚

f(x)  min, F(x) = 0, (1)

Ú.Â. ÔË C = 0, Ë ÍÓ„‰‡ ÔÓÒÚ‡ÌÒÚ‚Ó X ÍÓÌÂ˜ÌÓÏÂÌÓ, ‡ f Ë F ‰‚‡Ê‰˚ ÌÂÔÂ˚‚ÌÓ ‰ËÙÙÂÂÌˆËÛ-
ÂÏ˚. èÛÒÚ¸ x0 fl‚ÎflÂÚÒfl ÎÓÍ‡Î¸Ì˚Ï ÏËÌËÏÛÏÓÏ ‚ Á‡‰‡˜Â (1). åÓ„ÛÚ ÔÂ‰ÒÚ‡‚ËÚ¸Òfl ‰‚Â ‚ÓÁÏÓÊÌÓ-
ÒÚË. èÛÒÚ¸ ‚Ì‡˜‡ÎÂ ÚÓ˜Í‡ x0 ÌÓÏ‡Î¸Ì‡. èÓÒÎÂ‰ÌÂÂ ÓÁÌ‡˜‡ÂÚ, ̃ ÚÓ imF '(x0) = Y, „‰Â imF '(x0) – Ó·‡Á
ÓÔÂ‡ÚÓ‡ F '(x0). Ç ˝ÚÓÏ ÒÎÛ˜‡Â ÌÂÓ·ıÓ‰ËÏ˚Â ÛÒÎÓ‚Ëfl ÔÂ‚Ó„Ó Ë ‚ÚÓÓ„Ó ÔÓfl‰ÍÓ‚ ıÓÓ¯Ó ËÁ-
‚ÂÒÚÌ˚ (ÒÏ. [1]). éÌË Á‡ÍÎ˛˜‡˛ÚÒfl ‚ ÒÛ˘ÂÒÚ‚Ó‚‡ÌËË Ú‡ÍÓ„Ó ÏÌÓÊËÚÂÎfl ã‡„‡ÌÊ‡ λ, ˜ÚÓ ‚ÚÓ‡fl

ÔÓËÁ‚Ó‰Ì‡fl ÙÛÌÍˆËË ã‡„‡ÌÊ‡ (x0, λ) ÌÂÓÚËˆ‡ÚÂÎ¸ÌÓ ÓÔÂ‰ÂÎÂÌ‡ Ì‡ fl‰Â ker F '(x0) ÓÔÂ‡-

ÚÓ‡ F '(x0), ÍÓÚÓÓÂ fl‚ÎflÂÚÒfl Í‡Ò‡ÚÂÎ¸Ì˚Ï ÔÓ‰ÔÓÒÚ‡ÌÒÚ‚ÓÏ ÍÓ ÏÌÓÊÂÒÚ‚Û {x : F(x) = 0} ‚ ÚÓ˜ÍÂ x0. 

éÚÍ‡ÊÂÏÒfl ÚÂÔÂ¸ ÓÚ ÔÂ‰ÔÓÎÓÊÂÌËfl ÌÓÏ‡Î¸ÌÓÒÚË, ‰ÓÔÛÒÚË‚ ÚÂÏ Ò‡Ï˚Ï, ̃ ÚÓ ÚÓ˜Í‡ x0 ÏÓÊÂÚ
·˚Ú¸ ‡ÌÓÏ‡Î¸ÌÓÈ, Ú.Â. ̃ ÚÓ imF '(x0) ≠ Y. íÓ„‰‡ ÔË‚Â‰ÂÌÌ˚Â ‚˚¯Â ÌÂÓ·ıÓ‰ËÏ˚Â ÛÒÎÓ‚Ëfl ‚ÚÓÓ„Ó
ÔÓfl‰Í‡, Í‡Í ËÁ‚ÂÒÚÌÓ (ÒÏ. [2]), ‚ÓÓ·˘Â „Ó‚Ófl, ÏÓ„ÛÚ ÌÂ ‚˚ÔÓÎÌflÚ¸Òfl. íÂÏ ÌÂ ÏÂÌÂÂ ‚ [2] ÔÓÎÛ˜Â-
Ì˚ ÌÂÓ·ıÓ‰ËÏ˚Â ÛÒÎÓ‚Ëfl ‚ÚÓÓ„Ó ÔÓfl‰Í‡, ÍÓÚÓ˚Â ÓÒÚ‡˛ÚÒfl ÒÓ‰ÂÊ‡ÚÂÎ¸Ì˚ÏË Ë ·ÂÁ ‡ÔËÓ-
Ì˚ı ÔÂ‰ÔÓÎÓÊÂÌËÈ ÌÓÏ‡Î¸ÌÓÒÚË ÚÓ˜ÍË x0. éÌË Á‡ÍÎ˛˜‡˛ÚÒfl ‚ ÚÓÏ, ˜ÚÓ ‰Îfl Î˛·Ó„Ó ‚ÂÍÚÓ‡

h ∈ ker F '(x0) ÒÛ˘ÂÒÚ‚ÛÂÚ Ú‡ÍÓÈ (Á‡‚ËÒfl˘ËÈ ÓÚ h) ÏÌÓÊËÚÂÎ¸ ã‡„‡ÌÊ‡ λ ∈ Λ k(x0), ̃ ÚÓ (x0, λ)[h,

h] ≥ 0. á‰ÂÒ¸ Λk(x0) – ÏÌÓÊÂÒÚ‚Ó ÚÂı ÌÓÏËÓ‚‡ÌÌ˚ı ÏÌÓÊËÚÂÎÂÈ ã‡„‡ÌÊ‡ λ, ‰Îfl Í‡Ê‰Ó„Ó ËÁ ÍÓ-

1) ê‡·ÓÚ‡ ‚˚ÔÓÎÌÂÌ‡ ÔË ÙËÌ‡ÌÒÓ‚ÓÈ ÔÓ‰‰ÂÊÍÂ êîîà (ÍÓ‰˚ ÔÓÂÍÚÓ‚ 05-01-00193, 06-01-00530, 06-01-81004), îÓÌ-
‰‡ ÒÓ‰ÂÈÒÚ‚Ëfl ÓÚÂ˜ÂÒÚ‚ÂÌÌÓÈ Ì‡ÛÍÂ Ë „‡ÌÚÓ‚ èÂÁË‰ÂÌÚ‡ êî (ÔÓÂÍÚ˚ åä-5591.2006.1, çò-5344.2006.1).

∂2�

∂x
2

----------

∂2�

∂x
2

----------

ìÑä 519.626.2
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ÚÓ˚ı Ì‡È‰ÂÚÒfl Ú‡ÍÓÂ ÎËÌÂÈÌÓÂ ÔÓ‰ÔÓÒÚ‡ÌÒÚ‚Ó Π ⊆ X, ˜ÚÓ 

„‰Â codim Ó·ÓÁÌ‡˜‡ÂÚ ÍÓ‡ÁÏÂÌÓÒÚ¸ ÎËÌÂÈÌÓ„Ó ÔÓ‰ÔÓÒÚ‡ÌÒÚ‚‡. ùÚË ÌÂÓ·ıÓ‰ËÏ˚Â ÛÒÎÓ‚Ëfl
ÂÒÚÂÒÚ‚ÂÌÌ˚Ï Ó·‡ÁÓÏ Ó·Ó·˘‡˛Ú ÍÎ‡ÒÒË˜ÂÒÍËÂ ÂÁÛÎ¸Ú‡Ú˚ Ì‡ ‡ÌÓÏ‡Î¸Ì˚È ÒÎÛ˜‡È. èË ˝ÚÓÏ
ÌÂÔÛÒÚÓÚ‡ ÏÌÓÊÂÒÚ‚‡ Λk(x0) ÛÊÂ Ò‡Ï‡ fl‚ÎflÂÚÒfl ‚‡ÊÌ˚Ï ÌÂÓ·ıÓ‰ËÏ˚Ï ÛÒÎÓ‚ËÂÏ ÏËÌËÏÛÏ‡. 

èË‚Â‰ÂÌÌ˚Â ÂÁÛÎ¸Ú‡Ú˚ ËÁ [2] ·˚ÎË Á‡ÚÂÏ Ó·Ó·˘ÂÌ˚ ‚ [3] Ì‡ ·ÓÎÂÂ Ó·˘Û˛ Á‡‰‡˜Û (P), ‚ ÍÓ-
ÚÓÓÈ ÏÌÓÊÂÒÚ‚Ó C ÔÂ‰ÔÓÎ‡„‡ÂÚÒfl ‚ÒÂ„Ó ÎË¯¸ Á‡ÏÍÌÛÚ˚Ï. èÓÒÎÂ ˝ÚÓ„Ó ‚ [4] ‰Îfl Á‡‰‡˜Ë (1) ÔË
‰ÓÔÓÎÌËÚÂÎ¸ÌÓÏ ÔÂ‰ÔÓÎÓÊÂÌËË, ˜ÚÓ ÚÓ˜Í‡ x0 ‡ÌÓÏ‡Î¸Ì‡, ÌÂÓ·ıÓ‰ËÏ˚Â ÛÒÎÓ‚Ëfl ËÁ [2] ·˚ÎË
ÛÒËÎÂÌ˚. Ä ËÏÂÌÌÓ, ‚ [4] ‰ÓÍ‡Á‡ÌÓ, ˜ÚÓ ÂÒÎË ÚÓ˜Í‡ x0 ‡ÌÓÏ‡Î¸Ì‡, ÚÓ ‚ ÔË‚Â‰ÂÌÌÓÈ ‚˚¯Â ÙÓ-
ÏÛÎËÓ‚ÍÂ ÌÂÓ·ıÓ‰ËÏ˚ı ÛÒÎÓ‚ËÈ ÏÌÓÊÂÒÚ‚Ó Λk(x0) ÏÓÊÌÓ Á‡ÏÂÌËÚ¸ Ì‡, ‚ÓÓ·˘Â „Ó‚Ófl, ÏÂÌ¸¯ÂÂ
ÏÌÓÊÂÒÚ‚Ó Λk – 1(x0). Ç Ì‡ÒÚÓfl˘ÂÈ ‡·ÓÚÂ ̋ ÚÓÚ ÂÁÛÎ¸Ú‡Ú Ó·Ó·˘‡ÂÚÒfl Ì‡ ·ÓÎÂÂ Ó·˘Û˛, ̃ ÂÏ (1), Á‡-
‰‡˜Û (P). 

èÂÂÈ‰ÂÏ Í ÚÓ˜Ì˚Ï ÙÓÏÛÎËÓ‚Í‡Ï. ÇÌ‡˜‡ÎÂ ÓÔÂ‰ÂÎËÏ Ì‡ ÔÓÒÚ‡ÌÒÚ‚Â X Ú‡Í Ì‡Á˚‚‡ÂÏÛ˛
ÍÓÌÂ˜ÌÛ˛ ÚÓÔÓÎÓ„Ë˛. ÑÎfl ˝ÚÓ„Ó Ó·ÓÁÌ‡˜ËÏ ˜ÂÂÁ � ÏÌÓÊÂÒÚ‚Ó ‚ÒÂı ÎËÌÂÈÌ˚ı ÍÓÌÂ˜ÌÓÏÂÌ˚ı
ÔÓ‰ÔÓÒÚ‡ÌÒÚ‚ M ⊆ X. éÚÍ˚Ú˚ÏË ‚ ÍÓÌÂ˜ÌÓÈ ÚÓÔÓÎÓ„ËË fl‚Îfl˛ÚÒfl ÚÂ Ë ÚÓÎ¸ÍÓ ÚÂ ÏÌÓÊÂÒÚ‚‡,
‰Îfl ÍÓÚÓ˚ı ÔÂÂÒÂ˜ÂÌËÂ Ò Î˛·˚Ï ÔÓ‰ÔÓÒÚ‡ÌÒÚ‚ÓÏ M ∈ � ÓÚÍ˚ÚÓ ‚ Â‰ËÌÒÚ‚ÂÌÌÓÈ ÓÚ‰ÂÎË-
ÏÓÈ ‚ÂÍÚÓÌÓÈ ÚÓÔÓÎÓ„ËË ÔÓÒÚ‡ÌÒÚ‚‡ M. ãÓÍ‡Î¸Ì˚È ÏËÌËÏÛÏ ÓÚÌÓÒËÚÂÎ¸ÌÓ ÍÓÌÂ˜ÌÓÈ ÚÓÔÓ-
ÎÓ„ËË fl‚ÎflÂÚÒfl ÒÎ‡·ÂÈ¯ËÏ ÒÂ‰Ë Ó·˚˜ÌÓ ‡ÒÒÏ‡ÚË‚‡ÂÏ˚ı ÚËÔÓ‚ ÏËÌËÏÛÏ‡ (ÔÓ‰Ó·ÌÓÒÚË ÒÏ. ‚
[2]). Ç ‰‡Î¸ÌÂÈ¯ÂÏ ÔÓ‰ ÎÓÍ‡Î¸Ì˚Ï ÏËÌËÏÛÏÓÏ ·Û‰ÂÏ ÔÓ‰‡ÁÛÏÂ‚‡Ú¸ ÎÓÍ‡Î¸Ì˚È ÏËÌËÏÛÏ ÓÚÌÓ-
ÒËÚÂÎ¸ÌÓ ÍÓÌÂ˜ÌÓÈ ÚÓÔÓÎÓ„ËË. 

èÛÒÚ¸ x0 ∈ X, ÔË˜ÂÏ y0 = F(x0) ∈ C. èÂ‰ÔÓÎÓÊËÏ, ˜ÚÓ x0 fl‚ÎflÂÚÒfl ÎÓÍ‡Î¸Ì˚Ï ÏËÌËÏÛÏÓÏ Á‡-
‰‡˜Ë (P). ÅÛ‰ÂÏ Ú‡ÍÊÂ ÔÂ‰ÔÓÎ‡„‡Ú¸, ˜ÚÓ ÓÚÓ·‡ÊÂÌËfl F, f ‰‚‡Ê‰˚ ÌÂÔÂ˚‚ÌÓ ‰ËÙÙÂÂÌˆËÛÂ-
Ï˚ ‚ ÓÍÂÒÚÌÓÒÚË ÚÓ˜ÍË x0 ÓÚÌÓÒËÚÂÎ¸ÌÓ ÍÓÌÂ˜ÌÓÈ ÚÓÔÓÎÓ„ËË. ùÚÓ ÓÁÌ‡˜‡ÂÚ, ˜ÚÓ ‰Îfl ÔÓËÁ‚ÓÎ¸-
ÌÓ„Ó M ∈ �, ÒÓ‰ÂÊ‡˘Â„Ó ÚÓ˜ÍÛ x0, ÒÛÊÂÌËfl f Ë F Ì‡ M ‰‚‡Ê‰˚ ÌÂÔÂ˚‚ÌÓ ‰ËÙÙÂÂÌˆËÛÂÏ˚
‚ ÌÂÍÓÚÓÓÈ (Á‡‚ËÒfl˘ÂÈ ÓÚ M) ÓÍÂÒÚÌÓÒÚË ÚÓ˜ÍË x0. 

ê‡ÒÒÏÓÚËÏ ÙÛÌÍˆË˛ ã‡„‡ÌÊ‡ � : X × �k + 1  �1: 

(á‰ÂÒ¸ Ë ÌËÊÂ ÔÓÒÚ‡ÌÒÚ‚Ó, ÒÓÔflÊÂÌÌÓÂ Ò ‡ËÙÏÂÚË˜ÂÒÍËÏ ÔÓÒÚ‡ÌÒÚ‚ÓÏ, ÓÚÓÊ‰ÂÒÚ‚ÎflÂÚÒfl Ò
ÌËÏ Ò‡ÏËÏ.) 

é·ÓÁÌ‡˜ËÏ ˜ÂÂÁ Λ(x0) ÏÌÓÊÂÒÚ‚Ó ‚ÂÍÚÓÓ‚ λ = (λ0, y*), ÍÓÚÓ˚Â ÓÚ‚Â˜‡˛Ú ÔËÌˆËÔÛ ã‡„‡Ì-
Ê‡ ‚ ÚÓ˜ÍÂ x0: 

(2)

„‰Â NC(y) – ÌÓÏ‡Î¸Ì˚È ÍÓÌÛÒ Í ‚˚ÔÛÍÎÓÏÛ ÏÌÓÊÂÒÚ‚Û C ‚ ÚÓ˜ÍÂ y ∈ C. Ç ÒËÎÛ ÔËÌˆËÔ‡ ã‡„‡Ì-
Ê‡ (ÒÏ. [5], [3]), ÏÌÓÊÂÒÚ‚Ó Λ(x0) ÌÂ ÔÛÒÚÓ. ùÎÂÏÂÌÚ˚ λ ˝ÚÓ„Ó ÏÌÓÊÂÒÚ‚‡ Ì‡Á˚‚‡˛ÚÒfl ÏÌÓÊËÚÂÎfl-
ÏË ã‡„‡ÌÊ‡. 

ãËÌÂÈÌÓÂ ÔÓ‰ÔÓÒÚ‡ÌÒÚ‚Ó I ⊆ Y Ì‡Á˚‚‡ÂÚÒfl ËÌ‚‡Ë‡ÌÚÌ˚Ï ÓÚÌÓÒËÚÂÎ¸ÌÓ ÏÌÓÊÂÒÚ‚‡ C, ÂÒÎË
I + C ⊆ C (ÒÏ. [3, ÓÔÂ‰ÂÎÂÌËÂ 2.1]). á‡ÏÂÚËÏ, ˜ÚÓ ÂÒÎË I1, I2 – ‰‚‡ ËÌ‚‡Ë‡ÌÚÌ˚ı ÔÓ‰ÔÓÒÚ‡ÌÒÚ‚‡,
ÚÓ I = I1 + I2 – Ú‡ÍÊÂ ËÌ‚‡Ë‡ÌÚÌÓÂ ÔÓ‰ÔÓÒÚ‡ÌÒÚ‚Ó ÓÚÌÓÒËÚÂÎ¸ÌÓ C, Ú‡Í Í‡Í 

èÓ˝ÚÓÏÛ ‚ ÒËÎÛ ÍÓÌÂ˜ÌÓÏÂÌÓÒÚË ÔÓÒÚ‡ÌÒÚ‚‡ Y ÒÛ˘ÂÒÚ‚ÛÂÚ Ï‡ÍÒËÏ‡Î¸ÌÓÂ ÔÓ ‚ÍÎ˛˜ÂÌË˛ ÒÂ-
‰Ë ‚ÒÂı ËÌ‚‡Ë‡ÌÚÌ˚ı ÔÓ‰ÔÓÒÚ‡ÌÒÚ‚ I, ÍÓÚÓÓÂ Ó·ÓÁÌ‡˜ËÏ ˜ÂÂÁ �. 

èÓÎÓÊËÏ s = dim�⊥ , „‰Â ⊥  Ó·ÓÁÌ‡˜‡ÂÚ ÓÚÓ„ÓÌ‡Î¸ÌÓÂ ‰ÓÔÓÎÌÂÌËÂ. éÚÏÂÚËÏ (˝ÚÓ ·Û‰ÂÚ ËÒÔÓÎ¸-
ÁÓ‚‡ÌÓ ÌËÊÂ), ˜ÚÓ ÔÓ ÔÓÒÚÓÂÌË˛ y* ∈ �⊥  ∀(λ 0, y*) ∈ Λ(x 0). 

ÑÎfl ˆÂÎÓ„Ó ÌÂÓÚËˆ‡ÚÂÎ¸ÌÓ„Ó ˜ËÒÎ‡ r Ó·ÓÁÌ‡˜ËÏ ˜ÂÂÁ Λr(x0) ÏÌÓÊÂÒÚ‚Ó ‚ÂÍÚÓÓ‚ λ ∈ Λ(x 0),
‰Îfl Í‡Ê‰Ó„Ó ËÁ ÍÓÚÓ˚ı ÒÛ˘ÂÒÚ‚ÛÂÚ ÎËÌÂÈÌÓÂ ÔÓ‰ÔÓÒÚ‡ÌÒÚ‚Ó Π = Π(λ) ⊆ F '(x0)–1(�) Ú‡ÍÓÂ, ˜ÚÓ 

Π ker F ' x0( ), codim Π k,
∂2�

∂x
2

---------- x0 λ,( ) x x,[ ] 0 x∀ Π ,∈≥≤⊆

� x λ,( ) λ0 f x( ) y* F x( ),〈 〉 , λ+ λ0 y*,( ), λ0 �
1
, y* Y .∈ ∈= =

∂�
∂x
-------- x0 λ,( ) 0, λ0 0, y* NC y0( ), λ∈≥ 1,= =

I C+ I1 I2+( ) C+ I1 I2 C+( ) I1 C C.⊆+⊆+= =

codim Π r,
∂2�

∂x
2

---------- x0 λ,( ) x x,[ ] 0 x∀ Π .∈≥≤
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ÄÛÚ˛ÌÓ‚, ä‡‡ÏÁËÌ

ÅÛ‰ÂÏ „Ó‚ÓËÚ¸, ˜ÚÓ ÚÓ˜Í‡ x0 ‡ÌÓÏ‡Î¸Ì‡, ÂÒÎË imF '(x0) + � ≠ Y. 
ê‡ÒÒÏÓÚËÏ ÏÌÓÊÂÒÚ‚‡ 

ÍÓÚÓ˚Â Ì‡Á˚‚‡˛ÚÒfl, ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ, Í‡Ò‡ÚÂÎ¸Ì˚Ï ÍÓÌÛÒÓÏ Ë ‚ÌÛÚÂÌÌËÏ Í‡Ò‡ÚÂÎ¸Ì˚Ï ÏÌÓ-
ÊÂÒÚ‚ÓÏ ‚ÚÓÓ„Ó ÔÓfl‰Í‡ Í C ‚ ÚÓ˜ÍÂ y0, „‰Â dist – ‡ÒÒÚÓflÌËÂ ÓÚ ÚÓ˜ÍË ‰Ó ÏÌÓÊÂÒÚ‚‡. éÚÏÂÚËÏ,
˜ÚÓ Ó·‡ ˝ÚË ÏÌÓÊÂÒÚ‚‡ Á‡ÏÍÌÛÚ˚ Ë ‚˚ÔÛÍÎ˚. 

ê‡ÒÒÏÓÚËÏ ÍÓÌÛÒ ÍËÚË˜ÂÒÍËı Ì‡Ô‡‚ÎÂÌËÈ ‚ ÚÓ˜ÍÂ x0: 

íÂÓÂÏ‡ 1. èÛÒÚ¸ ÚÓ˜Í‡ x0 fl‚ÎflÂÚÒfl ÎÓÍ‡Î¸Ì˚Ï ÏËÌËÏÛÏÓÏ ‚ Á‡‰‡˜Â (P) Ë ‡ÌÓÏ‡Î¸Ì‡. íÓ„‰‡

Λs – 1(x0) ≠ ∅  Ë ‰Îfl Î˛·˚ı ‚ÂÍÚÓÓ‚ h ∈  �(x0), w ∈  ,  ËÏÂÂÚ ÏÂÒÚÓ ÌÂ‡‚ÂÌÒÚ‚Ó

(3)

ÑÓÍ‡Á‡ÚÂÎ¸ÒÚ‚Ó. çÂ Ó„‡ÌË˜Ë‚‡fl Ó·˘ÌÓÒÚË, ·Û‰ÂÏ Ò˜ËÚ‡Ú¸, ̃ ÚÓ x0 = 0, F(x0) = 0, f(x0) = 0. èÓÎÓÊËÏ
� = �(0), Λ = Λ(0). ÑÓÍ‡Á‡ÚÂÎ¸ÒÚ‚Ó ÚÂÓÂÏ˚ ‡ÁÓ·¸ÂÏ Ì‡ ˜ÂÚ˚Â ˝Ú‡Ô‡. èË ˝ÚÓÏ ·Û‰ÂÏ ËÒÔÓÎ¸-
ÁÓ‚‡Ú¸ ÚË ‚ÒÔÓÏÓ„‡ÚÂÎ¸Ì˚ı ÛÚ‚ÂÊ‰ÂÌËfl (ÎÂÏÏ˚ 1, 2, 3), ÍÓÚÓ˚Â ÔË‚Â‰ÂÌ˚ ‚ èËÎÓÊÂÌËË ‚ ÍÓÌ-
ˆÂ ÒÚ‡Ú¸Ë. 

ùÚ‡Ô I. ÑÓÍ‡ÊÂÏ ÛÚ‚ÂÊ‰ÂÌËÂ ÚÂÓÂÏ˚ ÔË ÒÎÂ‰Û˛˘Ëı ‰ÓÔÓÎÌËÚÂÎ¸Ì˚ı ÔÂ‰ÔÓÎÓÊÂÌËflı (ÓÚ
ÍÓÚÓ˚ı ·Û‰ÂÏ ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ ËÁ·‡‚ÎflÚ¸Òfl Ì‡ ÔÓÒÎÂ‰Û˛˘Ëı ˝Ú‡Ô‡ı): 

‡) ÔÓÒÚ‡ÌÒÚ‚Ó X ÍÓÌÂ˜ÌÓÏÂÌÓ Ë X = �
n
; 

·) � = {0} (Ë ÔÓ˝ÚÓÏÛ s = k); 
‚) ÏÌÓÊÂÒÚ‚Ó C fl‚ÎflÂÚÒfl ÍÓÌÂ˜ÌÓÔÓÓÊ‰ÂÌÌ˚Ï ÍÓÌÛÒÓÏ, Ú.Â. ÒÛ˘ÂÒÚ‚Û˛Ú Ú‡ÍËÂ ‚ÂÍÚÓ˚ ai ∈  Y,

i = 1, 2, …, i1, ˜ÚÓ C = {y ∈ Y : ∃α i ≥ 0 |y = }; 

„) w = 0. 
á‡ÏÂÚËÏ, ˜ÚÓ ÔÂ‰ÔÓÎÓÊÂÌËÂ „) ÍÓÂÍÚÌÓ, Ú‡Í Í‡Í ‚ ÒËÎÛ ÔÂ‰ÔÓÎÓÊÂÌËfl ‚) ËÏÂÂÚ ÏÂÒÚÓ

0 ∈ (0, d) ∀d ∈ T C(0). 

ê‡ÒÒÏÓÚËÏ ‰‚‡ ÒÎÛ˜‡fl. 
ëÎÛ˜‡È 1. èÛÒÚ¸ ‚Ì‡˜‡ÎÂ

(4)

ÇÓÁ¸ÏÂÏ ÔÓËÁ‚ÓÎ¸ÌÛ˛ ÚÓ˜ÍÛ y ∈  C. èÓÎÓÊËÏ Z(y) = TC(y) ∩ (–TC(y)). á‡ÏÂÚËÏ, ̃ ÚÓ Z(0) = � = {0},
ÌÓ Z(y) ≠ {0} ÔË y ≠ 0, Ú‡Í Í‡Í y ∈  Z(y). èË ˝ÚÓÏ ÂÒÎË y ∈  intC, ÚÓ Z(y) = Y, ‡ ÂÒÎË y ∈ ∂C , ÚÓ Z(y) –
˝ÚÓ ÎËÌÂÈÌ‡fl Ó·ÓÎÓ˜Í‡ Ì‡ËÏÂÌ¸¯ÂÈ „‡ÌË, ÒÓ‰ÂÊ‡˘ÂÈ y. é·ÓÁÌ‡˜ËÏ ˜ÂÂÁ P⊥ (y) ÓÔÂ‡ÚÓ Ó-
ÚÓ„ÓÌ‡Î¸ÌÓ„Ó ÔÓÂÍÚËÓ‚‡ÌËfl Y Ì‡ ÔÓ‰ÔÓÒÚ‡ÌÒÚ‚Ó (Z(y))⊥ . 

ä‡Í ËÁ‚ÂÒÚÌÓ, ÍÓÌÂ˜ÌÓ-ÔÓÓÊ‰ÂÌÌ˚È ÍÓÌÛÒ ËÏÂÂÚ ÍÓÌÂ˜ÌÓÂ ˜ËÒÎÓ „‡ÌÂÈ. èÓ˝ÚÓÏÛ ÍÓ„‰‡ y
ÔÓ·Â„‡ÂÚ ‚ÒÂ ÁÌ‡˜ÂÌËfl ËÁ ÍÓÌÛÒ‡ C, ÚÓ Z(y) ÔËÌËÏ‡ÂÚ ÎË¯¸ ÍÓÌÂ˜ÌÓÂ ÏÌÓÊÂÒÚ‚Ó ÁÌ‡˜ÂÌËÈ (ÔÓ‰-
ÔÓÒÚ‡ÌÒÚ‚). ëÂ‰Ë ˝ÚËı ÁÌ‡˜ÂÌËÈ ‚˚·ÂÂÏ ÚÓÎ¸ÍÓ ÚÂ ÔÓ‰ÔÓÒÚ‡ÌÒÚ‚‡, ‰Îfl ÍÓÚÓ˚ı f '(0) ∈
∈ im(P ⊥ (y)F '(0)*). ùÚË ÔÓ‰ÔÓÒÚ‡ÌÒÚ‚‡ Ó·ÓÁÌ‡˜ËÏ ˜ÂÂÁ Z1, …, Zm. éÔÂ‡ÚÓ ÓÚÓ„ÓÌ‡Î¸ÌÓ„Ó

ÔÓÂÍÚËÓ‚‡ÌËfl Ì‡ Zi Ó·ÓÁÌ‡˜ËÏ ˜ÂÂÁ . éÚÏÂÚËÏ, ˜ÚÓ m ≥ 1, Ú‡Í Í‡Í, ‚ ÒËÎÛ (4), ‚ Í‡˜ÂÒÚ‚Â Z1

ÏÓÊÌÓ ‚ÁflÚ¸ Z(0). 

TC y0( ) d Y  : dist y0 εd+ C,( ) = o ε( ) ε 0≥,∈{ } ,=

TC
2

y0 d,( ) w Y  : dist y0 εd
1
2
---ε2

w+ + C, 
   = o ε2( ) ε 0≥,∈

 
 
 

,=

� x0( ) x X  : 
∂f
∂x
------ x0( ) x, 0

∂F
∂x
------ x0( )x, TC F x0( )( )∈≤∈

 
 
 

.=

TC
2

F x0( )
 ∂F

∂x
------ x0( )h



∂2�

∂x
2

---------- x0 λ,( ) h h,[ ] y* w,〈 〉–
 
 
 

λ Λ s 1– x0( )∈
max 0.≥

α iaii 1=

i1∑

TC
2

f ' 0( ) im F ' 0( )*( ).∈

Pi
⊥
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èÓÎÓÊËÏ Li = ker( (0)), Ni = ker( (0))*, i = 1 2, …, m. èÓ ÓÔÂ‰ÂÎÂÌË˛, ‰Îfl Í‡Ê‰Ó„Ó i = 1,

2, …, m ÒÛ˘ÂÒÚ‚ÛÂÚ ‚ÂÍÚÓ ζi ∈ Y Ú‡ÍÓÈ, ˜ÚÓ f '(0) + ( (0))*ζi = 0. 

éÔÂ‰ÂÎËÏ ·ËÎËÌÂÈÌ˚Â ÓÚÓ·‡ÊÂÌËfl Qi Ë Í‚‡‰‡ÚË˜Ì˚Â ÙÓÏ˚ Qi, 0 ÔÓ ÙÓÏÛÎ‡Ï 

ÑÎfl Í‡Ê‰Ó„Ó ÌÓÏÂ‡ i = 1, 2, …, m ÔÓ ÔÓ‰ÔÓÒÚ‡ÌÒÚ‚‡Ï Li, Ni, Í‚‡‰‡ÚË˜ÌÓÏÛ ÓÚÓ·‡ÊÂÌË˛ Qi Ë
Í‚‡‰‡ÚË˜ÌÓÈ ÙÓÏÂ Qi, 0 ‚ ÒÓÓÚ‚ÂÚÒÚ‚ËË Ò ÔË‚Â‰ÂÌÌ˚ÏË ÌËÊÂ ‚ ÔËÎÓÊÂÌËË ÙÓÏÛÎ‡ÏË (30) Ë

(31) ÓÔÂ‰ÂÎËÏ ÏÌÓÊÂÒÚ‚‡ , . 

èÓ ÎÂÏÏÂ 1, ‰Îfl ‚ÒÂı ‰ÓÒÚ‡ÚÓ˜ÌÓ Ï‡Î˚ı δ > 0 ÙÛÌÍˆËfl φi(x) := Q0, i[x, x] ÌÂ ÔËÌËÏ‡ÂÚ ÁÌ‡˜ÂÌËÂ

(–δ) Ì‡ ÏÌÓÊÂÒÚ‚‡ı  Ë  ÔË ‚ÒÂı i = 1, 2, …, m. á‡ÙËÍÒËÛÂÏ Ú‡ÍÓÂ δ > 0 Ë ÔÓÎÓÊËÏ fδ(x) =

= f(x) + δ|x |2. 

ÇÌ‡˜‡ÎÂ ‰ÓÍ‡ÊÂÏ, ˜ÚÓ ‰Îfl Î˛·Ó„Ó h ∈ � ÒÛ˘ÂÒÚ‚Û˛Ú (Á‡‚ËÒfl˘ËÂ ÓÚ δ Ë, ÂÒÚÂÒÚ‚ÂÌÌÓ, ÓÚ h) ÎË-
ÌÂÈÌÓÂ ÔÓ‰ÔÓÒÚ‡ÌÒÚ‚Ó Π(δ) Ë ‚ÂÍÚÓ λ Ú‡ÍËÂ, ˜ÚÓ

(5)

(6)

(7)

Ç ÒËÎÛ ÔËÌˆËÔ‡ ã‡„‡ÌÊ‡, Λ ≠ . èÓÎÓÊËÏ 

é˜Â‚Ë‰ÌÓ, ˜ÚÓ ÂÒÎË h ∈ H, ÚÓ

(8)

åÓ„ÛÚ ÔÂ‰ÒÚ‡‚ËÚ¸Òfl ‰‚Â ‚ÓÁÏÓÊÌÓÒÚË. èÛÒÚ¸ ‚Ì‡˜‡ÎÂ H = �. ÇÓÁ¸ÏÂÏ ÔÓËÁ‚ÓÎ¸ÌÓÂ λ ∈ Λ.
íÓ„‰‡ ‚ ÒËÎÛ (8) ËÏÂÂÏ

(9)

èÓÎÓÊËÏ Π(δ) = kerF '(0). íÓ„‰‡ codimΠ(δ) ≤ k – 1, Ú‡Í Í‡Í imF '(0) ≠ Y ‚ ÒËÎÛ ‡ÌÓÏ‡Î¸ÌÓÒÚË ÚÓ˜ÍË
x0 = 0. èÓÍ‡ÊÂÏ, ̃ ÚÓ Π(δ) ⊆ �. ÑÂÈÒÚ‚ËÚÂÎ¸ÌÓ, ÂÒÎË x ∈ Π(δ), ÚÓ F '(0)x = 0, ÓÚÍÛ‰‡, ‚ ÒËÎÛ (4), 〈 f '(0),
x〉 = 0 ⇒ x ∈ �. í‡ÍËÏ Ó·‡ÁÓÏ, ‚ ÒËÎÛ (9) ÔÓÎÛ˜‡ÂÏ, ˜ÚÓ ÒÓÓÚÌÓ¯ÂÌËfl (5)–(7) ‚˚ÔÓÎÌfl˛ÚÒfl ‰Îfl
ÔÓËÁ‚ÓÎ¸Ì˚ı h ∈ �. 

ê‡ÒÒÏÓÚËÏ ‚ÚÓÛ˛ ‚ÓÁÏÓÊÌÓÒÚ¸. èÛÒÚ¸ H ≠ �. á‡ÙËÍÒËÛÂÏ ÔÓËÁ‚ÓÎ¸Ì˚È ‚ÂÍÚÓ h ∈ �.
èÂ‰ÔÓÎÓÊËÏ ‚Ì‡˜‡ÎÂ, ˜ÚÓ h ∉ H. ÑÎfl ε = 1/i, i = 1, 2, …, ‡ÒÒÏÓÚËÏ Ú‡Í Ì‡Á˚‚‡ÂÏÛ˛ ε-Á‡‰‡˜Û: 

á‰ÂÒ¸ γ(χ) = (max{0, χ – 1})4, ‡ ˜ËÒÎÓ c > 0 ‚˚·‡ÌÓ Ú‡Í, ˜ÚÓ·˚ ÚÓ˜Í‡ x0 = 0 fl‚ÎflÎ‡Ò¸ „ÎÓ·‡Î¸Ì˚Ï
ÏËÌËÏÛÏÓÏ ËÒıÓ‰ÌÓÈ Á‡‰‡˜Ë (P) ‚ c-ÓÍÂÒÚÌÓÒÚË ÌÛÎfl. ÅÛ‰ÂÏ ‡ÒÒÏ‡ÚË‚‡Ú¸ ÚÓÎ¸ÍÓ ÚÂ ÁÌ‡˜ÂÌËfl
ε, ‰Îfl ÍÓÚÓ˚ı ε ≤ c/ |h|. é˜Â‚Ë‰ÌÓ, ÚÓ˜Í‡ (εh, 1) Û‰Ó‚ÎÂÚ‚ÓflÂÚ ‚ÒÂÏ Ó„‡ÌË˜ÂÌËflÏ ε-Á‡‰‡˜Ë, Ú‡Í
Í‡Í, ‚ ÒËÎÛ ÔÂ‰ÔÓÎÓÊÂÌËfl ‚), F '(0)h ∈ C. 

èÓ‚ÚÓflfl ‡ÒÒÛÊ‰ÂÌËfl, ÔË‚Â‰ÂÌÌ˚Â ‚ [6], ÌÂÒÎÓÊÌÓ ÔÓÎÛ˜ËÚ¸, ˜ÚÓ Í‡Ê‰‡fl ËÁ ε-Á‡‰‡˜ ËÏÂÂÚ
Â¯ÂÌËÂ (xε, χε), ‰Îfl ÍÓÚÓÓ„Ó χε > 0 Ë, ÍÓÏÂ ÚÓ„Ó, xε  0 ÔË ε  0. 

Pi
⊥
F ' Pi

⊥
F '

Pi
⊥
F '

Qi x ξ,[ ] Pi
⊥
F '' 0( ) x ξ,[ ] , Q0 i, x ξ,[ ] f '' 0( ) x ξ,[ ] ζ i*Qi x ξ,[ ] , x ξ X .∈,+= =

M1
i

M2
i

M1
i

M2
i

1
2
---

Π δ( ) ker F ' 0( ), codim Π δ( ) k 1, λ– Λ ,∈≤⊆

∂2�

∂x
2

---------- 0 λ,( ) ξ ξ,[ ] λ 0δ ξ 2
0 ξ∀ Π δ( ),∈≥+

∂2�

∂x
2

---------- 0 λ,( ) h h,[ ] λ 0δ h
2

0.≥+

0

H H δ( ) h � : l = l h( ) f ' 0( ) l,〈 〉∃ f δ'' 0( ) h h,[ ]– 0 F ' 0( )l F '' 0( ) h h,[ ]– C∈,≤∈{ } .= =

λ0 f δ'' 0( ) h h,[ ] y* F '' 0( ) h h,[ ],〈 〉 0 λ∀≥+ λ0 y*,( ) Λ.∈=

∂2�

∂x
2

---------- 0 λ,( ) h h,[ ] λ 0δ h
2

0 h∀ �.∈≥+

f ε δ, x χ,( ) := f δ x( ) χ f δ εh( )– γ χ( ) min,+

F x( ) χ F εh( ) εF ' 0( )h–( )– C,∈
χ 0, x c.≤≥
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ÄÛÚ˛ÌÓ‚, ä‡‡ÏÁËÌ

èÓÍ‡ÊÂÏ, ˜ÚÓ xε ≠ 0 ∀ε. é˜Â‚Ë‰ÌÓ, 

(10)

(11)

èÂ‰ÔÓÎÓÊËÏ, ˜ÚÓ xε = 0. íÓ„‰‡ fδ(xε) = 0, F(xε) = 0, Ë, ‡ÒÍÎ‡‰˚‚‡fl f Ë F ‚ ÓÍÂÒÚÌÓÒÚË ÌÛÎfl ‚
fl‰ íÂÈÎÓ‡ ‰Ó ˜ÎÂÌÓ‚ ‚ÚÓÓ„Ó ÔÓfl‰Í‡, ËÁ (10), (11) ÔÓÎÛ˜‡ÂÏ 

á‰ÂÒ¸ ËÒÔÓÎ¸ÁÓ‚‡ÎÓÒ¸ ÚÓ, ˜ÚÓ h ∈ � ⇒ 〈 f '(0), h〉 ≤ 0. èÓÒÍÓÎ¸ÍÛ χε > 0, ÚÓ ËÁ ÔÓÎÛ˜ÂÌÌ˚ı ÒÓÓÚÌÓ-
¯ÂÌËÈ, ‰ÂÎfl Ëı Ì‡ ε2χε > 0, ËÏÂÂÏ h ∈ H (ÔË l = 0). èË¯ÎË Í ÔÓÚË‚ÓÂ˜Ë˛, Ú‡Í Í‡Í, ÔÓ Ò‰ÂÎ‡Ì-
ÌÓÏÛ ÔÂ‰ÔÓÎÓÊÂÌË˛, h ∉ H, ‡ ÁÌ‡˜ËÚ, xε ≠ 0 ∀ε. 

èÓÎÓÊËÏ lε = xε/|xε|, νε = χεε2/2|xε| > 0. èÂÂıÓ‰fl Í ÔÓ‰ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚË, ËÏÂÂÏ lε  l Ë |l| = 1.
èÓÍ‡ÊÂÏ, ˜ÚÓ νε  0. 

àÁ ÙÓÏÛÎ (10), (11), ‰ÂÎfl Ì‡ |xε| Ë Û˜ËÚ˚‚‡fl, ˜ÚÓ 〈 f '(0), h〉 ≤ 0, ÔÓÎÛ˜‡ÂÏ 

ÖÒÎË νε ÌÂ ÒÚÂÏËÚÒfl Í ÌÛÎ˛, ÚÓ, ÔÂÂıÓ‰fl Í ÔÓ‰ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚË, ÔÓÎÛ˜‡ÂÏ, ˜ÚÓ ÎË·Ó νε 
 ν > 0, ÎË·Ó νε  +∞. ê‡Á‰ÂÎË‚ ÔÓÎÛ˜ÂÌÌ˚Â ÒÓÓÚÌÓ¯ÂÌËfl Ì‡ νε Ë ÛÒÚÂÏË‚ ε Í ÌÛÎ˛, ‚ Ó·ÓËı

ÒÎÛ˜‡flı ÔÓÎÛ˜ËÏ, ˜ÚÓ h ∈ H. çÓ ˝ÚÓ ÔÓÚË‚ÓÂ˜ËÚ Ò‰ÂÎ‡ÌÌÓÏÛ ÔÂ‰ÔÓÎÓÊÂÌË˛ h ∉ H. ëÎÂ‰Ó‚‡-
ÚÂÎ¸ÌÓ, νε  0. 

èËÏÂÌËÏ Í Í‡Ê‰ÓÈ ËÁ ε-Á‡‰‡˜ ÌÂÓ·ıÓ‰ËÏ˚Â ÛÒÎÓ‚Ëfl ÏËÌËÏÛÏ‡, ÔÓÎÛ˜ÂÌÌ˚Â ‚ [3]. èÓÎÓÊËÏ
sε = dim(Z(yε))⊥ . Ç ÒËÎÛ ÌÂÓ·ıÓ‰ËÏ˚ı ÛÒÎÓ‚ËÈ ‚ÚÓÓ„Ó ÔÓfl‰Í‡ ËÁ [3], ÒÛ˘ÂÒÚ‚Û˛Ú ÏÌÓÊËÚÂÎ¸
ã‡„‡ÌÊ‡ λε = (λ0, ε, ),  ∈ N C(yε), |λε| = 1, Ë ÎËÌÂÈÌÓÂ ÔÓ‰ÔÓÒÚ‡ÌÒÚ‚Ó Πε Ú‡ÍËÂ, ˜ÚÓ 

(12)

(13)

(14)

(15)

èÂÂıÓ‰fl Í ÔÓ‰ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚË, ËÏÂÂÏ λε  λ = (λ0, y*), sε = s0 ÔË ε  0. èÓ ÚÂÓÂÏÂ
4.4 ËÁ [2], ÒÛ˘ÂÒÚ‚ÛÂÚ ÎËÌÂÈÌÓÂ ÔÓ‰ÔÓÒÚ‡ÌÒÚ‚Ó Π ⊆ Ls{Πε}: codimΠ ≤ s0. á‰ÂÒ¸ Ls{Πε} Ó·ÓÁÌ‡-
˜‡ÂÚ ‚ÂıÌËÈ ÚÓÔÓÎÓ„Ë˜ÂÒÍËÈ ÔÂ‰ÂÎ ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚË ÏÌÓÊÂÒÚ‚ {Πε}. éÌ ÒÓÒÚÓËÚ ËÁ ÚÂı ‚ÂÍ-
ÚÓÓ‚ ξ ∈ X, ‰Îfl Í‡Ê‰Ó„Ó ËÁ ÍÓÚÓ˚ı ÒÛ˘ÂÒÚ‚ÛÂÚ Ú‡Í‡fl ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚ¸ ÚÓ˜ÂÍ {ξε}, ˜ÚÓ ξε ∈
∈ Π ε ∀ε Ë ξ fl‚ÎflÂÚÒfl ÔÂ‰ÂÎ¸ÌÓÈ ÚÓ˜ÍÓÈ ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚË {ξε}. (èÓ‰Ó·ÌÓÒÚË ÒÏ. ‚ [2].) ì˜Ë-
Ú˚‚‡fl ÍÓÌÂ˜ÌÓÒÚ¸ ˜ËÒÎ‡ „‡ÌÂÈ ÍÓÌÛÒ‡ C Ë ÔÂÂıÓ‰fl Í ÔÓ‰ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚË, ·Û‰ÂÏ ÌÂ Ó„‡ÌË-

˜Ë‚‡fl Ó·˘ÌÓÒÚË Ò˜ËÚ‡Ú¸, ˜ÚÓ Z(yε) = Z, P⊥ (yε) =  ∀ε, „‰Â Z – ÌÂÍÓÚÓÓÂ ÔÓ‰ÔÓÒÚ‡ÌÒÚ‚Ó ‚ Y (‡

ËÏÂÌÌÓ, ˝ÚÓ ÎËÌÂÈÌ‡fl Ó·ÓÎÓ˜Í‡ Í‡ÍÓÈ-ÚÓ ËÁ „‡ÌÂÈ ÍÓÌÛÒ‡ C), ‡  – ÓÔÂ‡ÚÓ ÓÚÓ„ÓÌ‡Î¸ÌÓ„Ó
ÔÓÂÍÚËÓ‚‡ÌËfl Ì‡ Z⊥ . üÒÌÓ, ˜ÚÓ ÔË ˝ÚÓÏ s0 = dimZ⊥  Ë 

(16)

èÂ‰ÔÓÎÓÊËÏ ‚Ì‡˜‡ÎÂ, ˜ÚÓ f '(0) ∉ im( F '(0))*. Ç ˝ÚÓÏ ÒÎÛ˜‡Â s0 < k ‚ ÒËÎÛ (4). Ç ÒËÎÛ (4) Ë

ÚÓ„Ó, ˜ÚÓ f '(0) ∉ im( F '(0))* ÔÓÎÛ˜ËÏ ‚˚‡ÊÂÌËÂ 

(17)

ÑÓÔÓÎÌËÏ ‚ÂÍÚÓ e1 ‰Ó ·‡ÁËÒ‡ e1, …,  ÔÓ‰ÔÓÒÚ‡ÌÒÚ‚‡ Z. àÁ (12) ÔË ε  0 ËÏÂÂÏ 

ÓÚÍÛ‰‡, ‚ ÒËÎÛ (17), Π ⊆ ker(F '(0)*e1). 

f ε δ, xε χε,( ) f ε δ, 0 0,( )≤ 0 f δ xε( ) χε f δ εh( )– 0,≤⇒=

yε := F xε( ) χε F εh( ) εF ' 0( )h–( )– C.∈

χε ε2
f δ'' 0( ) h h,[ ] o ε2( )+( )– 0, –χε ε2

F '' 0( ) h h,[ ] o ε2( )+( ) C.∈≤

f ' 0( ) lε,〈 〉 O xε( ) νε f δ'' 0( ) h h,[ ]– νεo ε2( )/ε2 0,≤+ +

F ' 0( )lε O xε( ) νεF '' 0( ) h h,[ ]– νεo ε2( )/ε2 C.∈+ +

yε* yε*

Πε ker P
⊥

yε( )F ' xε( )( ), Πε ker f δ' xε( ), codim Πε sε,≤⊆ ⊆

λ0 ε, f δ' xε( ) F ' xε( )*yε*+ 0,=

λ0 ε, f δ εh( ) yε* F εh( ) εF ' 0( )h–( ),〈 〉 0,≥+

λ0 ε, f δ'' εh( ) ξ ξ,[ ] y ε* F '' xε( ) ξ ξ,[ ],〈 〉 0 ξ∀ Π ε.∈≥+

PZ
⊥

PZ
⊥

yε F xε( ) χε F εh( ) εF ' 0( )h–( )– Z ε.∀∈=

PZ
⊥

PZ
⊥

e1∃ Z  : e1 0, F ' 0( )*e1 Lin f ' 0( ){ } im PZ
⊥
F ' 0( )( )*.+∈≠∈

ek s0–

Ls Πε{ } ker PZ
⊥
F ' 0( )( )* ker f ' 0( ) Π ker PZ

⊥
F ' 0( )( )* ker f ' 0( ),∩⊆⇒∩⊆
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èÓÎÓÊËÏ 

íÓ„‰‡, ‚ ÒËÎÛ ‰ÓÍ‡Á‡ÌÌÓ„Ó, Π(δ) ⊆ ker F '(0) Ë codimΠ(δ) ≤ k – 1. èÓ˝ÚÓÏÛ, ÔÂÂıÓ‰fl ‚ ÒÓÓÚÌÓ¯Â-
ÌËflı (13)–(15) Í ÔÂ‰ÂÎÛ ÔË ε  0, ÔÓÎÛ˜‡ÂÏ (5)–(7). 

èÛÒÚ¸ ÚÂÔÂ¸ f '(0) ∈  im( (0))*. èÓ ÔÓÒÚÓÂÌË˛ PZ = Pi ‰Îfl ÌÂÍÓÚÓÓ„Ó ÌÓÏÂ‡ i ∈  {1, 2, …, m},
Ë ÔÛÒÚ¸ ‰Îfl Û‰Ó·ÒÚ‚‡ i = 1. èÂÂÓ·ÓÁÌ‡˜‡fl, ‰Îfl Û‰Ó·ÒÚ‚‡ ÔÓÎÓÊËÏ Q := Q1, Q0 := Q0, 1, L := L1,

N := N1, ζ := ξ1, φ := φ1, Mj := , j = 1, 2. 

ÑÂÎfl Ó·Â ̃ ‡ÒÚË ‚ÍÎ˛˜ÂÌËfl (16) Ì‡ |xε|, ÔÓÒÎÂ ̃ Â„Ó ÔÂÂıÓ‰fl Í ÔÂ‰ÂÎÛ ÔË ε  0 Ò Û˜ÂÚÓÏ ÚÓ„Ó,
˜ÚÓ νε  0, ÔÓÎÛ˜‡ÂÏ F '(0)l ∈ Z ⇒ l ∈ L. 

ê‡ÒÍÎ‡‰˚‚‡fl f Ë F ‚ (13) ‚ fl‰ íÂÈÎÓ‡ ‚ ÌÛÎÂ Ë ËÒÔÓÎ¸ÁÛfl ÚÓ, ˜ÚÓ Z ⊥ NC(yε) ⇒  = ,

ÔÓÎÛ˜‡ÂÏ2)

(18)

èÓ Ò‰ÂÎ‡ÌÌÓÏÛ ÔÂ‰ÔÓÎÓÊÂÌË˛, f '(0) ∈ im( (0))*, ÓÚÍÛ‰‡ 〈 (0), ξ〉 = 0 ∀ξ ∈ L. èÓ˝ÚÓÏÛ, ‰ÂÎfl
‡‚ÂÌÒÚ‚Ó (18) Ì‡ |xε| Ë ÔÂÂıÓ‰fl Í ÔÂ‰ÂÎÛ ÔË ε  0, ÔÓÎÛ˜‡ÂÏ 

(19)

èÂÂıÓ‰fl ‚ (15) Í ÔÂ‰ÂÎÛ ÔË i  ∞ Ë ËÒÔÓÎ¸ÁÛfl ÔË ˝ÚÓÏ ÓÔÂ‰ÂÎÂÌËÂ ‚ÂıÌÂ„Ó ÚÓÔÓÎÓ„Ë˜Â-
ÒÍÓ„Ó ÔÂ‰ÂÎ‡, ÔÓÎÛ˜‡ÂÏ 

(20)

èÓÍ‡ÊÂÏ ÚÂÔÂ¸, ̃ ÚÓ Q[l, ξ] ∈ N⊥  ∀ξ ∈ Π . Ç Ò‡ÏÓÏ ‰ÂÎÂ, ‚ÓÁ¸ÏÂÏ ÔÓËÁ‚ÓÎ¸ÌÓÂ ξ ∈ Π. èÓ ÓÔÂ-
‰ÂÎÂÌË˛ ‚ÂıÌÂ„Ó ÚÓÔÓÎÓ„Ë˜ÂÒÍÓ„Ó ÔÂ‰ÂÎ‡ ÒÛ˘ÂÒÚ‚ÛÂÚ Ú‡Í‡fl ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚ¸ {ξε}, ˜ÚÓ ξε ∈
∈ Π ε ∀ε , Ë ÔÓÒÎÂ ÔÂÂıÓ‰‡ Í ÔÓ‰ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚË ËÏÂÂÚ ÏÂÒÚÓ ξε  ξ. èÓ˝ÚÓÏÛ, ‚ ÒËÎÛ (12),

(xε)ξε = 0, ÓÚÍÛ‰‡ 

ê‡Á‰ÂÎË‚ ˝ÚÓ ÒÓÓÚÌÓ¯ÂÌËÂ Ì‡ |xε|, Û˜Úfl, ˜ÚÓ y ∈ N, Ë ÔÂÂÈ‰fl Í ÔÂ‰ÂÎÛ ÔË ε  0, ÔÓÎÛ˜ËÏ
〈y, Q[l, ξ]〉 = 0 ∀y ∈ N. ùÚÓ ‡‚ÂÌÒÚ‚Ó ‰ÓÍ‡Á‡ÌÓ ‰Îfl ÔÓËÁ‚ÓÎ¸ÌÓ„Ó ξ ∈ Π. íÓ˜ÌÓ Ú‡Í ÊÂ (Ò
ÔÓÏÓ˘¸˛ (12)) ‰ÓÍ‡Á˚‚‡ÂÚÒfl, ˜ÚÓ Q0[l, ξ] = –δ〈l, ξ〉 ∀ξ ∈ Π. í‡ÍËÏ Ó·‡ÁÓÏ, ‰ÓÍ‡Á‡ÌÓ, ˜ÚÓ

(21)

èÓÍ‡ÊÂÏ, ˜ÚÓ ÒÛ˘ÂÒÚ‚ÛÂÚ Ú‡ÍÓÂ ÎËÌÂÈÌÓÂ ÔÓ‰ÔÓÒÚ‡ÌÒÚ‚Ó  ⊆ ker( (0)), ˜ÚÓ

(22)

ÖÒÎË l ∉ Π, ÚÓ ËÁ (19) Ë (20) ÎÂ„ÍÓ ‚˚ÚÂÍ‡ÂÚ, ˜ÚÓ ÔÓ‰ÔÓÒÚ‡ÌÒÚ‚Ó  = Π + {αl, α ∈ �1} fl‚Îfl-
ÂÚÒfl ËÒÍÓÏ˚Ï. èÛÒÚ¸ ÚÂÔÂ¸ l ∈ Π. íÓ„‰‡, ‚ ÒËÎÛ (21), φ(l) = –δ, Q[l, l] ∈ N⊥ . èÓ˝ÚÓÏÛ λ0 = 0, Ú‡Í
Í‡Í ‚ ÔÓÚË‚ÌÓÏ ÒÎÛ˜‡Â, ‚ ÒËÎÛ (19), Ï˚ ËÏÂÎË ·˚ (l, y*/λ0 – ζ, δ) ∈ M1, ˜ÚÓ ÔË‚ÂÎÓ ·˚ Í ÔÓÚË-
‚ÓÂ˜Ë˛, Ú‡Í Í‡Í, ‚ ÒËÎÛ ‚˚·Ó‡ ˜ËÒÎ‡ δ > 0, ‰ÓÎÊÌÓ ·˚Ú¸ φ(l) ≠ –δ. 

ÑÓÍ‡ÊÂÏ, ˜ÚÓ

(23)

2) F ''(0)xε – ÎËÌÂÈÌ˚È ÓÔÂ‡ÚÓ, ‰ÂÈÒÚ‚Û˛˘ËÈ ËÁ X ‚ Y ÔÓ ÙÓÏÛÎÂ (F ''(0)xε)x = F ''(0)[xε, x].

Π δ( ) ker F ' 0( )*ei( )
i 2=

k s0–

∩ Π .∩=

PZ
⊥
F '

M j
1

PZ
⊥

yε* yε*

λ0 ε, f δ' 0( ) f δ'' 0( )xε+( ) F ' 0( ) F '' 0( )xε+( )*PZ
⊥

yε* o xε( )+ + 0.=

PZ
⊥
F ' f δ'

λ0 Q0 l ξ,[ ] δ l ξ,〈 〉+( ) y* Q l ξ,[ ],〈 〉+ 0 ξ∀ L.∈=

∂2�

∂x
2

---------- 0 λ,( ) ξ ξ,[ ] δ ξ 2
0 ξ∀ Π .∈≥+

PZ
⊥
F '

y PZ
⊥

F ' 0( )ξε F '' 0( ) xε ξε,[ ]+( ),〈 〉 o xε( )+ 0 y∀ N .∈=

Q l ξ,[ ] N
⊥
, Q0 l ξ,[ ]∈ δ l ξ,〈 〉 ξ∀– Π .∈=

Π̃ PZ
⊥
F '

codim Π̃ s0 1,
∂2�

∂x
2

---------- 0 λ,( ) ξ ξ,[ ]– δ ξ 2
0 ξ∀ Π˜ .∈≥+≤

Π̃

l̂∃ L, µ̂ N  :   Q l l̂,[ ] N
⊥
, µ̂Ql y*Ql̂ L

⊥
, Q0l δl+( ) l̂,〈 〉 0.≠∈+∈ ∈ ∈

2
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ÄÛÚ˛ÌÓ‚, ä‡‡ÏÁËÌ

ÑÂÈÒÚ‚ËÚÂÎ¸ÌÓ, Û˜ËÚ˚‚‡fl (19) Ë (21), ËÏÂÂÏ 〈l, l〉 = 1, y*Ql ∈ L⊥ , Q[l, l] ∈ N⊥ . èÂ‰ÔÓÎÓÊËÏ, ˜ÚÓ
(23) Ì‡Û¯‡ÂÚÒfl. íÓ„‰‡ 

(é·ÓÁÌ‡˜ÂÌËfl ÒÏ. ‚ èËÎÓÊÂÌËË.) éÚÒ˛‰‡ ‚˚ÚÂÍ‡ÂÚ3) ÒÛ˘ÂÒÚ‚Ó‚‡ÌËÂ Ú‡ÍËı , , ˜ÚÓ (l, y*, δ, ,

) ∈  M2. ë ‰Û„ÓÈ ÒÚÓÓÌ˚, φ(l) = –δ Ë, ÁÌ‡˜ËÚ, ‚ ÒËÎÛ ‚˚·Ó‡ δ > 0, ËÏÂÂÏ (l, y*, δ, µ, ξ) ∉  M2 ∀µ, ξ.
èÓÎÛ˜ÂÌÌÓÂ ÔÓÚË‚ÓÂ˜ËÂ ‰ÓÍ‡Á˚‚‡ÂÚ (23). 

èÓÎÓÊËÏ  = Π + { , α ∈ �1}. Ç ÒËÎÛ (21), (23),  ∉ Π Ë, ÁÌ‡˜ËÚ, codim  ≤ s0 – 1. Ç ÚÓ ÊÂ ‚ÂÏfl,

‚ ÒËÎÛ (23), y*Q[ , ] = 0, y*Q[ , ξ] = 0 ∀ξ ∈ Π . èÓ˝ÚÓÏÛ y*Q[ξ + , ξ + ] = y*Q[ξ, ξ] ∀ξ ∈ Π ,
α ∈ �1, Ë, ÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ, ‚ ÒËÎÛ (20), ËÏÂÂÚ ÏÂÒÚÓ (22). ãÂ„ÍÓ ‚Ë‰ÂÚ¸, ˜ÚÓ ÔÓ‰ÔÓÒÚ‡ÌÒÚ‚Ó

„‰Â {ei} – ÔÓËÁ‚ÓÎ¸Ì˚È ·‡ÁËÒ ÔÓ‰ÔÓÒÚ‡ÌÒÚ‚‡ Z, Û‰Ó‚ÎÂÚ‚ÓflÂÚ ÛÒÎÓ‚ËflÏ (5)–(7). 

èÛÒÚ¸ ÚÂÔÂ¸ h ∈ H. àÁ Ò‰ÂÎ‡ÌÌÓ„Ó ÔÂ‰ÔÓÎÓÊÂÌËfl, ˜ÚÓ � \H ≠ , ‚ ÒËÎÛ ‰ÓÍ‡Á‡ÌÌÓ„Ó ‚˚¯Â,
‚˚ÚÂÍ‡ÂÚ ÒÛ˘ÂÒÚ‚Ó‚‡ÌËÂ ‚ÂÍÚÓ‡ λ Ë ÔÓ‰ÔÓÒÚ‡ÌÒÚ‚‡ Π(δ), ÍÓÚÓ˚Â Û‰Ó‚ÎÂÚ‚Ófl˛Ú ÛÒÎÓ‚ËflÏ
(5), (6). èÓ˝ÚÓÏÛ, ‚ ÒËÎÛ (8), ‰Îfl ÌËı ËÏÂÂÚ ÏÂÒÚÓ (7). 

í‡ÍËÏ Ó·‡ÁÓÏ, ‰ÓÍ‡Á‡ÌÓ, ˜ÚÓ ‚ ÒÎÛ˜‡Â 1 ‰Îfl ‚ÒÂı ‰ÓÒÚ‡ÚÓ˜ÌÓ Ï‡Î˚ı δ > 0 ‰Îfl ÔÓËÁ‚ÓÎ¸ÌÓ„Ó
h ∈ � ÒÛ˘ÂÒÚ‚Û˛Ú ÏÌÓÊËÚÂÎ¸ ã‡„‡ÌÊ‡ λ Ë ÎËÌÂÈÌÓÂ ÔÓ‰ÔÓÒÚ‡ÌÒÚ‚Ó Π(δ), ‰Îfl ÍÓÚÓ˚ı ‚˚-
ÔÓÎÌfl˛ÚÒfl ÒÓÓÚÌÓ¯ÂÌËfl (5)–(7). éÒÛ˘ÂÒÚ‚Îflfl ‚ ˝ÚËı ÒÓÓÚÌÓ¯ÂÌËflı ÔÂ‰ÂÎ¸Ì˚È ÔÂÂıÓ‰ ÔË
δ  0, Á‡‚Â¯‡ÂÏ ‡ÒÒÏÓÚÂÌËÂ ÔÂ‚Ó„Ó ÒÎÛ˜‡fl. 

ëÎÛ˜‡È 2. èÂ‰ÔÓÎÓÊËÏ, ˜ÚÓ

(24)

ê‡ÒÒÏÓÚËÏ ÏÌÓÊÂÒÚ‚Ó 

é˜Â‚Ë‰ÌÓ, ˜ÚÓ ‰Îfl Î˛·˚ı λ = (λ0, y*) ∈ Λ ËÏÂÂÚ ÏÂÒÚÓ

(25)

ÔÓÒÍÓÎ¸ÍÛ, ‚ ÒËÎÛ (24) Ë (2), λ0 = 0 ∀λ = (λ 0, y*) ∈ Λ. 

èÛÒÚ¸ ‚Ì‡˜‡ÎÂ  = �. èÓÎÓÊËÏ Π = kerF'(0). Ç ÒËÎÛ ‡ÌÓÏ‡Î¸ÌÓÒÚË ÚÓ˜ÍË x0 = 0 ËÏÂÂÏ imF'(0) ≠
≠ Y ⇒ codim Π ≤ k – 1. ÇÓÁ¸ÏÂÏ ÔÓËÁ‚ÓÎ¸Ì˚È λ ∈ Λ ( Λ ≠  ‚ ÒËÎÛ ÔËÌˆËÔ‡ ã‡„‡ÌÊ‡). á‡ÏÂÚËÏ,
˜ÚÓ ÂÒÎË x ∈ Π, ÌÓ x ∉ �, ÚÓ –x ∈ �. éÚÒ˛‰‡ ‚ ÒËÎÛ (25) Ë ÚÓ„Ó, ˜ÚÓ Í‚‡‰‡ÚË˜Ì‡fl ÙÓÏ‡ fl‚ÎflÂÚÒfl
˜ÂÚÌÓÈ ÙÛÌÍˆËÂÈ, ‚˚ÚÂÍ‡ÂÚ, ˜ÚÓ (25) ‚˚ÔÓÎÌflÂÚÒfl ‰Îfl ‚ÒÂı x ∈ Π Ë, ÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ, λ ∈ Λ k – 1(0),

(0, λ)[h, h] ≥ 0 ∀h ∈ �, ˜ÚÓ Á‡‚Â¯‡ÂÚ ‡ÒÒÏÓÚÂÌËÂ ÒÎÛ˜‡fl  = �. 

èÛÒÚ¸ ÚÂÔÂ¸  ≠ �. ÇÓÁ¸ÏÂÏ ÔÓËÁ‚ÓÎ¸Ì˚È ‚ÂÍÚÓ h ∈ � \ , ‰Îfl ÍÓÚÓÓ„Ó 〈 f '(0), h〉 < 0. 
á‡ÙËÍÒËÛÂÏ δ > 0 Ú‡ÍÓÂ, ˜ÚÓ δ < 〈f'(0), h〉2/|h|2, Ë ‡ÒÒÏÓÚËÏ Á‡‰‡˜Û

(26)

èÓÍ‡ÊÂÏ, ˜ÚÓ ÚÓ˜Í‡ x0 = 0 fl‚ÎflÂÚÒfl ÎÓÍ‡Î¸Ì˚Ï ÏËÌËÏÛÏÓÏ ‚ Á‡‰‡˜Â (26). ÑÂÈÒÚ‚ËÚÂÎ¸ÌÓ, ÔÂ‰-
ÔÓÎÓÊËÏ ÔÓÚË‚ÌÓÂ. íÓ„‰‡ ÒÛ˘ÂÒÚ‚ÛÂÚ Ú‡Í‡fl ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚ¸ {xi}, ˜ÚÓ xi  0, i  ∞,
F(xi) ∈ C, Ξδ(xi) < 0 ∀i. çÂÒÎÓÊÌÓ ÔÓÍ‡Á‡Ú¸, ˜ÚÓ ÚÓ„‰‡ Ì‡È‰ÂÚÒfl Ú‡ÍÓÈ Í‡Ò‡ÚÂÎ¸Ì˚È ‚ÂÍÚÓ l ÍÓ
ÏÌÓÊÂÒÚ‚Û D = {x ∈ X : F(x) ∈ C}, ˜ÚÓ ÔÓÒÎÂ ÔÂÂıÓ‰‡ Í ÔÓ‰ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚË ‚˚ÔÓÎÌflÂÚÒfl

3) èË ˝ÚÓÏ Ï˚ ËÒÔÓÎ¸ÁÛÂÏ ÒÎÂ‰Û˛˘ÂÂ ÛÚ‚ÂÊ‰ÂÌËÂ ËÁ ÎËÌÂÈÌÓÈ ‡Î„Â·˚. èÛÒÚ¸ X, Y – ÎËÌÂÈÌ˚Â ÍÓÌÂ˜ÌÓÏÂÌ˚Â
ÔÓ‰ÔÓÒÚ‡ÌÒÚ‚‡, X1 ⊆ X Ë Y1 ⊆ Y, A : X  Y – ÎËÌÂÈÌ˚È ÓÔÂ‡ÚÓ Ë a – Á‡‰‡ÌÌ˚È ‚ÂÍÚÓ ËÁ X. íÓ„‰‡ ÂÒÎË 〈a, x〉 = 0

∀x ∈ X 1 : Ax ∈ , ÚÓ ∃ξ ∈ Y 1 : a – A*ξ ∈ .

Q0l δl+( ) x,〈 〉 0 x∀ L, µ N  :   Q l x,[ ] N
⊥
, µQl y*Qx L

⊥
.∈+∈ ∈ ∈=

µ ξ µ

Y1
⊥

X1
⊥

ξ

Π̃ α l̂ l̂ Π̃
l̂ l̂ l̂ α l̂ α l̂

Π δ( ) ker F ' 0( )*ei( )
i 1=

k s0–

∩ Π̃ ,∩=

0

f ' 0( ) im F ' 0( )*( ).∉

H̃ h � : l = l h( ), ∃ F ' 0( )l F '' 0( ) h h,[ ]– C∈∈{ } .=

y* F '' 0( ) x x,[ ],〈 〉 0 x∀ H̃ ,∈≥

H̃
0

∂2�

∂x
2

---------- H̃

H̃ H̃

Ξδ x( ) min 0 f ' 0( ) x,〈 〉,{ }( )2
– δ x

2
min, F x( ) C.∈+=
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xi = |xi |l + o(|xi |). çÓ Ú‡Í Í‡Í x0 = 0 fl‚ÎflÂÚÒfl ÚÓ˜ÍÓÈ ÏËÌËÏÛÏ‡ ‚ ËÒıÓ‰ÌÓÈ Á‡‰‡˜Â (P), ÚÓ, Í‡Í ËÁ‚ÂÒÚ-
ÌÓ (ÒÏ. [2, Ò. 74]), ËÏÂÂÚ ÏÂÒÚÓ 〈 f '(0), l〉 ≤ 0. éÚÒ˛‰‡, ‚ ÒËÎÛ ÓÔÂ‰ÂÎÂÌËfl ÙÛÌÍˆËË Ξδ Ë ÌÂ‡‚ÂÌÒÚ‚‡
δ > 0, ÌÂÔÓÒÂ‰ÒÚ‚ÂÌÌÓ ‚˚ÚÂÍ‡ÂÚ, ˜ÚÓ Ξδ(xi) > 0 ÔË ‚ÒÂı ·ÓÎ¸¯Ëı i. èÓÎÛ˜ÂÌÌÓÂ ÔÓÚË‚ÓÂ˜ËÂ
‰ÓÍ‡Á˚‚‡ÂÚ, ˜ÚÓ x0 = 0 – ÎÓÍ‡Î¸Ì˚È ÏËÌËÏÛÏ ‚ Á‡‰‡˜Â (26). 

åËÌËÏËÁËÛÂÏ‡fl ÙÛÌÍˆËfl Ξδ ÌÂÔÂ˚‚Ì‡ Ì‡ �n Ë fl‚ÎflÂÚÒfl ‰‚‡Ê‰˚ ÌÂÔÂ˚‚ÌÓ ‰ËÙÙÂÂÌ-
ˆËÛÂÏÓÈ Ì‡ ÏÌÓÊÂÒÚ‚Â {x : 〈 f '(0), x〉 ≠ 0}. èÓÍ‡ÊÂÏ, ˜ÚÓ ÚÂÏ ÌÂ ÏÂÌÂÂ Í Á‡‰‡˜Â (26) ÔËÏÂÌËÏ˚
‚ÒÂ ‡ÒÒÛÊ‰ÂÌËfl, ÔÓ‚Â‰ÂÌÌ˚Â ‰Îfl ÒÎÛ˜‡fl 1. 

ê‡ÒÒÏÓÚËÏ ÓÔÂ‰ÂÎÂÌÌÛ˛ ‚˚¯Â ε-Á‡‰‡˜Û ÔË fδ := Ξδ. èÛÒÚ¸ (xε, χε) – ÂÂ Â¯ÂÌËÂ, Ë χε > 0.
íÓ„‰‡ 〈 f '(0), xε〉 < 0. ÑÂÈÒÚ‚ËÚÂÎ¸ÌÓ, ‚ ÒËÎÛ ÓÔÂ‰ÂÎÂÌËfl Ξδ, ÂÒÎË 〈 f '(0), xε〉 ≥ 0, ÚÓ Ξδ(xε) = δ|xε|2 ≥ 0.
éÚÒ˛‰‡, ‚ ÒËÎÛ ‚˚·Ó‡ ̃ ËÒÎ‡ δ, Ë ÚÓ„Ó, ̃ ÚÓ 〈 f '(0), xε〉 < 0, ËÏÂÂÏ fε, δ(xε, χε) > 0. Ç ÚÓ ÊÂ ‚ÂÏfl ÚÓ˜Í‡
(εh, 1) Û‰Ó‚ÎÂÚ‚ÓflÂÚ ‚ÒÂÏ Ó„‡ÌË˜ÂÌËflÏ ε-Á‡‰‡˜Ë Ë fε, δ(εh, 1) = 0. èÓÎÛ˜ÂÌÌÓÂ ÔÓÚË‚ÓÂ˜ËÂ
‰ÓÍ‡Á˚‚‡ÂÚ, ˜ÚÓ 〈 f '(0), xε〉 < 0. ëÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ, ÙÛÌÍˆËfl Ξδ ‰‚‡Ê‰˚ ÌÂÔÂ˚‚ÌÓ ‰ËÙÙÂÂÌˆËÛÂ-
Ï‡ ‚ ÓÍÂÒÚÌÓÒÚË Í‡Ê‰ÓÈ ËÁ ÚÓ˜ÂÍ xε. èÓ˝ÚÓÏÛ Í ε-Á‡‰‡˜Â ÔËÏÂÌËÏ˚ ‚ÒÂ ‡ÒÒÛÊ‰ÂÌËfl, ÔÓ‚Â‰ÂÌ-

Ì˚Â ÔË ‡ÒÒÏÓÚÂÌËË ÒÎÛ˜‡fl 1, ÌÓ ‚ ÍÓÚÓ˚ı ÏÌÓÊÂÒÚ‚Ó H Á‡ÏÂÌÂÌÓ Ì‡ . èÓ‚Ó‰fl ˝ÚË ‡ÒÒÛÊ-
‰ÂÌËfl Ë ÓÒÛ˘ÂÒÚ‚Îflfl Á‡ÚÂÏ ÔÂ‰ÂÎ¸Ì˚È ÔÂÂıÓ‰ ÔË δ  0, ÔÓÎÛ˜‡ÂÏ, ˜ÚÓ ÒÛ˘ÂÒÚ‚Û˛Ú ‚ÂÍÚÓ
λ = (λ0, y*) ∈ Λ Ë ÔÓ‰ÔÓÒÚ‡ÌÒÚ‚Ó Π ⊆ ker F '(0), codimΠ ≤ k – 1 Ú‡ÍËÂ, ˜ÚÓ 

éÚÒ˛‰‡ ÒÎÂ‰ÛÂÚ, ˜ÚÓ y* ≠ 0, (0, y*) ∈ Λ k – 1(0), ‡ Ú‡ÍÊÂ 〈y*, F ''(0)[h, h]〉 ≥ 0 Ë, ÁÌ‡˜ËÚ, ‰Îfl ‡ÒÒÏ‡ÚË-
‚‡ÂÏÓ„Ó h ËÏÂÂÚ ÏÂÒÚÓ (3). 

èÛÒÚ¸ ÚÂÔÂ¸ h ∈  � \ , 〈 f '(0), h〉 = 0. Ç ÒËÎÛ (24), ∃ξ ∈ ker F '(0) : 〈 f '(0), ξ〉 < 0. èÓ˝ÚÓÏÛ ξ ∈ � ⇒
⇒ h + i –1ξ ∈ � ‰Îfl ‚ÒÂı Ì‡ÚÛ‡Î¸Ì˚ı i. Ç ÚÓ ÊÂ ‚ÂÏfl, ‚ ÒËÎÛ Á‡ÏÍÌÛÚÓÒÚË ÏÌÓÊÂÒÚ‚‡ , ÔË ‚ÒÂı

·ÓÎ¸¯Ëı i ËÏÂÂÏ (h + i–1ξ) ∈  � \ . èËÏÂÌflfl ‰ÓÍ‡Á‡ÌÌÓÂ ‚˚¯Â ÛÚ‚ÂÊ‰ÂÌËÂ Í ‚ÂÍÚÓ‡Ï (h + i–1ξ)

Ë ÔÂÂıÓ‰fl Í ÔÂ‰ÂÎÛ ÔË i  ∞, ÔÓÎÛ˜‡ÂÏ (3) ‰Îfl ‚ÂÍÚÓÓ‚ h ∈ � \ . éÒÚ‡ÂÚÒfl ÓÚÏÂÚËÚ¸, ˜ÚÓ

‰Îfl ‚ÂÍÚÓÓ‚ h ∈  ÌÂ‡‚ÂÌÒÚ‚Ó (3) ‚˚ÚÂÍ‡ÂÚ ËÁ ÚÓÎ¸ÍÓ ˜ÚÓ ‰ÓÍ‡Á‡ÌÌÓÈ ÌÂÔÛÒÚÓÚ˚ ÏÌÓÊÂÒÚ‚‡
Λk – 1(0) Ë ÌÂ‡‚ÂÌÒÚ‚‡ (25). ùÚÓ Á‡‚Â¯‡ÂÚ ‡ÒÒÏÓÚÂÌËÂ ÒÎÛ˜‡fl 2. í‡ÍËÏ Ó·‡ÁÓÏ, ‚ ÔÂ‰ÔÓÎÓÊÂ-
ÌËflı ˝Ú‡Ô‡ I ÚÂÓÂÏ‡ ‰ÓÍ‡Á‡Ì‡. 

ùÚ‡Ô II. èÛÒÚ¸ ‚˚ÔÓÎÌfl˛ÚÒfl ÔÂ‰ÔÓÎÓÊÂÌËfl ‡) Ë ·) ̋ Ú‡Ô‡ I, ‡ C – ÔÓËÁ‚ÓÎ¸ÌÓÂ ‚˚ÔÛÍÎÓÂ ÏÌÓ-

ÊÂÒÚ‚Ó. èÛÒÚ¸ h ∈ �, w ∈ (0, F '(0)h). Ç˚·ÂÂÏ ÔÓËÁ‚ÓÎ¸Ì˚È ‚ÂÍÚÓ r, ÔËÌ‡‰ÎÂÊ‡˘ËÈ riC –

ÓÚÌÓÒËÚÂÎ¸ÌÓÈ ‚ÌÛÚÂÌÌÓÒÚË ‚˚ÔÛÍÎÓ„Ó ÏÌÓÊÂÒÚ‚‡ C (riC ≠ , Ú‡Í Í‡Í Y ÍÓÌÂ˜ÌÓÏÂÌÓ). èÓ
ÎÂÏÏÂ 2 (ÒÏ. ÌËÊÂ), ÍË‚‡fl

(27)

ˆÂÎËÍÓÏ ÔËÌ‡‰ÎÂÊËÚ ÏÌÓÊÂÒÚ‚Û C ÔË ‚ÒÂı Ï‡Î˚ı τ ≥ 0. èÛÒÚ¸ B1 – Â‰ËÌË˜Ì˚È ¯‡ Ò ˆÂÌÚÓÏ
‚ ÌÛÎÂ ‚ ÔÓÒÚ‡ÌÒÚ‚Â Y. á‡ÙËÍÒËÛÂÏ ÔÓËÁ‚ÓÎ¸ÌÓÂ ε > 0. Ç˚·ÂÂÏ ‚Ó ÏÌÓÊÂÒÚ‚Â C ∩ B1 ÍÓÌÂ˜-

ÌÛ˛ ε-ÒÂÚ¸ , N = N(ε), Ú.Â. 

ÇÓÁ¸ÏÂÏ ÔÓËÁ‚ÓÎ¸ÌÓÂ α ∈ (0, 1/N) Ë ‡ÒÒÏÓÚËÏ Á‡‰‡˜Û ÏËÌËÏËÁ‡ˆËË 

(Pα)

ÓÚÌÓÒËÚÂÎ¸ÌÓ ÌÂËÁ‚ÂÒÚÌ˚ı x, τ, θ = (θ1, …, θN). èÓ ÔÓÒÚÓÂÌË˛, ‚ ÒËÎÛ ‚˚ÔÛÍÎÓÒÚË ÏÌÓÊÂÒÚ‚‡ C
ÚÓ˜Í‡ x = 0, τ = 0, θ = 0 fl‚ÎflÂÚÒfl ÎÓÍ‡Î¸Ì˚Ï ÏËÌËÏÛÏÓÏ ‚ ‡ÒÒÏ‡ÚË‚‡ÂÏÓÈ Á‡‰‡˜Â. èËÏÂÌËÏ Í
Á‡‰‡˜Â (Pα) ÌÂÓ·ıÓ‰ËÏ˚Â ÛÒÎÓ‚Ëfl ÏËÌËÏÛÏ‡, ÔÓÎÛ˜ÂÌÌ˚Â Ì‡ ˝Ú‡ÔÂ I ‰ÓÍ‡Á‡ÚÂÎ¸ÒÚ‚‡. ÑÎfl ÌÂÂ ÍÓ-

H̃

λ0 f ' 0( ) h,〈 〉 2
– y* F '' 0( ) h h,[ ],〈 〉 0, y* F '' 0( ) ξ ξ,[ ],〈 〉 0 ξ∀ Π .∈≥ ≥+

H̃

H̃

H̃

H̃

H̃

OC
2

0

ϕ τ( ) τF ' 0( )h τ2
w r+( )/2+=

ai{ } i 1=
N

ai C B1,  i = 1, 2, …, N ,  y∀ C B1 j∃ 1 2 … N, , ,{ }  : y a j– ε.≤∈∩∈∩∈

f x( ) min,

F x( ) αN aiθi/N 1 αN–( )ϕ τ( ),+
i 1=

N

∑=

0 θi, i≤ 1 2 … N , 0 τ ,≤, , ,=

2*
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ÄÛÚ˛ÌÓ‚, ä‡‡ÏÁËÌ

ÌÛÒ ÍËÚË˜ÂÒÍËı Ì‡Ô‡‚ÎÂÌËÈ ‚ ÌÛÎÂ ËÏÂÂÚ ‚Ë‰ 

Ç ÒËÎÛ (27),  ∈ �α. èÓ‰ÒÚ‡‚Îflfl ˝ÚÓÚ ‚ÂÍÚÓ ‚ ÌÂ‡‚ÂÌÒÚ‚Ó (3) (˝ÚÓ ÌÂÓ·ıÓ‰ËÏÓÂ

ÛÒÎÓ‚ËÂ ÏËÌËÏÛÏ‡ ‰Îfl Á‡‰‡˜Ë ÚËÔ‡ (Pα) ·˚ÎÓ ‰ÓÍ‡Á‡ÌÓ Ì‡ ̋ Ú‡ÔÂ I), ÔÓÒÎÂ ÌÂÒÎÓÊÌÓÈ ‡Ò¯ËÙÓ‚ÍË ÔÓ-
ÎÛ˜‡ÂÏ, ˜ÚÓ ÒÛ˘ÂÒÚ‚Û˛Ú ‚ÂÍÚÓ λα = (λ0, α, ), |λα| = 1, Ë ÔÓ‰ÔÓÒÚ‡ÌÒÚ‚Ó Πα ⊆  kerF'(0) : codimΠα ≤
≤ k – 1 Ú‡ÍËÂ, ˜ÚÓ 

çÓ, ‚ ÒËÎÛ (27), ϕ''(0) = w + r. èÓ˝ÚÓÏÛ, ÔÂÂıÓ‰fl ÒÚ‡Ì‰‡ÚÌ˚Ï Ó·‡ÁÓÏ ‚ ÔÓÎÛ˜ÂÌÌ˚ı ÛÒÎÓ‚Ëflı ÔÓ-
ÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ Í ÔÂ‰ÂÎÛ ‚Ì‡˜‡ÎÂ ÔË α  0, Á‡ÚÂÏ ÔË ε  0 Ë, Ì‡ÍÓÌÂˆ, ÔË r  0, r ∈  riC (ÒÏ.
ÔÓ‰Ó·ÌÓÒÚË ‚ [2]), Ì‡ıÓ‰ËÏ ‚ÂÍÚÓ λ ∈ Λ k – 1(0), ‰Îfl ÍÓÚÓÓ„Ó

(28)

ùÚÓ Á‡‚Â¯‡ÂÚ ‰ÓÍ‡Á‡ÚÂÎ¸ÒÚ‚Ó ÌÂ‡‚ÂÌÒÚ‚‡ (3) ‚ ÔÂ‰ÔÓÎÓÊÂÌËflı, Ò‰ÂÎ‡ÌÌ˚ı Ì‡ ˝Ú‡ÔÂ II. 

ùÚ‡Ô III. èÛÒÚ¸ ‚˚ÔÓÎÌflÂÚÒfl ÔÂ‰ÔÓÎÓÊÂÌËÂ ‡). ç‡ ˝ÚÓÏ ˝Ú‡ÔÂ ‰ÓÍ‡Á‡ÚÂÎ¸ÒÚ‚‡ ËÁ·‡‚ËÏÒfl ÓÚ

ÔÂ‰ÔÓÎÓÊÂÌËfl � = {0}. àÚ‡Í, ÔÛÒÚ¸ � ≠ {0}. é·ÓÁÌ‡˜ËÏ ˜ÂÂÁ P� Ë  ÓÔÂ‡ÚÓ˚ ÓÚÓ„ÓÌ‡Î¸-
ÌÓ„Ó ÔÓÂÍÚËÓ‚‡ÌËfl Ì‡ ÔÓ‰ÔÓÒÚ‡ÌÒÚ‚‡ � Ë �⊥  ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ. ê‡ÒÒÏÓÚËÏ Á‡‰‡˜Û

(29)

èÓÍ‡ÊÂÏ, ˜ÚÓ ÚÓ˜Í‡ x = 0 fl‚ÎflÂÚÒfl ÎÓÍ‡Î¸Ì˚Ï ÏËÌËÏÛÏÓÏ ‚ Á‡‰‡˜Â (29). 

ÑÎfl ˝ÚÓ„Ó, Ó˜Â‚Ë‰ÌÓ, ‰ÓÒÚ‡ÚÓ˜ÌÓ ÔÓÍ‡Á‡Ú¸, ˜ÚÓ ÂÒÎË ÚÓ˜Í‡ x Û‰Ó‚ÎÂÚ‚ÓflÂÚ Ó„‡ÌË˜ÂÌËflÏ Á‡-
‰‡˜Ë (29), ÚÓ ÓÌ‡ Û‰Ó‚ÎÂÚ‚ÓflÂÚ Ë Ó„‡ÌË˜ÂÌËflÏ ËÒıÓ‰ÌÓÈ Á‡‰‡˜Ë (P). ÑÂÈÒÚ‚ËÚÂÎ¸ÌÓ, ÔÛÒÚ¸ x Û‰Ó-
‚ÎÂÚ‚ÓflÂÚ Ó„‡ÌË˜ÂÌËflÏ Á‡‰‡˜Ë (29). íÓ„‰‡ 

ëÍÎ‡‰˚‚‡fl ÎÂ‚˚Â ˜‡ÒÚË ˝ÚËı ‚ÍÎ˛˜ÂÌËÈ, ËÏÂÂÏ F(x) ∈ � + . èÓ ÎÂÏÏÂ 3,  = C ∩ �⊥  ⊆ C.
áÌ‡˜ËÚ, F(x) ∈ � + C. èÓ˝ÚÓÏÛ, ‚ ÒËÎÛ ËÌ‚‡Ë‡ÌÚÌÓÒÚË ÔÓ‰ÔÓÒÚ‡ÌÒÚ‚‡ �, ËÏÂÂÏ F(x) ∈ C, ˜ÚÓ Ë
ÚÂ·Ó‚‡ÎÓÒ¸ ‰ÓÍ‡Á‡Ú¸. 

èÛÒÚ¸ h ∈ �, w ∈ (0, F '(0)h). ê‡ÒÒÏÓÚËÏ ‰Îfl Á‡‰‡˜Ë (29) ÍÓÌÛÒ ÍËÚË˜ÂÒÍËı Ì‡Ô‡‚ÎÂÌËÈ ‚
ÌÛÎÂ. éÌ ËÏÂÂÚ ‚Ë‰ 

ãÂ„ÍÓ Á‡ÏÂÚËÚ¸, ˜ÚÓ h ∈ �� (ÔÓÒÍÓÎ¸ÍÛ ATC = TAC, „‰Â A – ÎËÌÂÈÌ˚È ÓÔÂ‡ÚÓ) Ë, ‚ ÒËÎÛ ÓÔÂ‰Â-

ÎÂÌËfl ‚ÌÛÚÂÌÌÂ„Ó Í‡Ò‡ÚÂÎ¸ÌÓ„Ó ÏÌÓÊÂÒÚ‚‡ ‚ÚÓÓ„Ó ÔÓfl‰Í‡,  ∈ (0, (0)h). 

�α x τ θ, ,( ) �
n

�
1

�
N

 : θ = θ1 … θN, ,( ) θi 0 τ 0,≥,≥,××∈{=

f ' 0( ) x,〈 〉 0 F ' 0( )x,≤ α a1θ1 … aNθN+ +( ) 1 αN–( )ϕ' 0( )τ+= } .

h
1

1 αN–
----------------- 0, , 

 

yα*

∂�
∂x
-------- 0 λα,( ) 0, λ0 α, 0, yα* ai,〈 〉 0, i≤≥ 1 2 … N ,, , ,= =

∂2�

∂x
2

---------- 0 λα,( ) ξ ξ,[ ] 0 ξ∀ Π α ,∈≥

∂2�

∂x
2

---------- 0 λα,( ) h h,[ ] 1
1 αN–
----------------- yα* ϕ'' 0( ),〈 〉– 0.≥

∂2�

∂x
2

---------- x0 λ,( ) h h,[ ] y* w,〈 〉– 0.≥

P�
⊥

f x( ) min, P�
⊥
F x( ) P�

⊥
C.∈

P�F x( ) �, P�
⊥
F x( ) P�

⊥
C.∈ ∈

P�
⊥
C P�

⊥
C

TC
2

�� ξ X  : 
∂f
∂x
------ x0( ) ξ, 0 P�

⊥
F ' 0( )ξ T

P�
⊥

C
0( )∈,≤∈

 
 
 

.=

P�
⊥
w T

P�
⊥

C

2
P�

⊥
F '
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èËÏÂÌflfl ‚ Á‡‰‡˜Â (29) Í ‚ÂÍÚÓ‡Ï h Ë  ÂÁÛÎ¸Ú‡Ú˚, ÔÓÎÛ˜ÂÌÌ˚Â Ì‡ ̋ Ú‡ÔÂ II, ËÒÔÓÎ¸ÁÛfl ÚÓ,

˜ÚÓ  = y* ∀(λ 0, y*) ∈ Λ ⇒ 〈 , y*〉 = 〈w, y*〉, Ì‡ıÓ‰ËÏ ‚ÂÍÚÓ λ ∈ Λ s – 1(0), ‰Îfl ÍÓÚÓÓ„Ó ËÏÂÂÚ
ÏÂÒÚÓ (28). ùÚÓ Á‡‚Â¯‡ÂÚ ‡ÒÒÏÓÚÂÌËfl ˝Ú‡Ô‡ III. 

ùÚ‡Ô IV. óÚÓ·˚ ‰ÓÍ‡Á‡Ú¸ ÚÂÓÂÏÛ ‚ ÔÓÎÌÓÈ Ó·˘ÌÓÒÚË, Ì‡Ï ÓÒÚ‡ÎÓÒ¸ ËÁ·‡‚ËÚ¸Òfl ÓÚ ÔÂ‰ÔÓÎÓ-
ÊÂÌËfl X = �n. Ä ˝ÚÓ ‰ÂÎ‡ÂÚÒfl ‰ÓÒÎÓ‚Ì˚Ï ÔÓ‚ÚÓÂÌËÂÏ ‡ÒÒÛÊ‰ÂÌËÈ, ÔÓ‚Â‰ÂÌÌ˚ı Ì‡ ÔÓÒÎÂ‰ÌÂÏ
˝Ú‡ÔÂ ‰ÓÍ‡Á‡ÚÂÎ¸ÒÚ‚‡ ÚÂÓÂÏ˚ 4.1 ËÁ [2, Ò. 37–38]. 

íÂÓÂÏ‡ ‰ÓÍ‡Á‡Ì‡. 
á‡ÏÂ˜‡ÌËÂ. ìÚ‚ÂÊ‰ÂÌËÂ ÚÂÓÂÏ˚ ÓÒÚ‡ÂÚÒfl ‚ ÒËÎÂ, ÂÒÎË ‚ ÓÔÂ‰ÂÎÂÌËË ÏÌÓÊÂÒÚ‚‡ Λr(x0) ËÌ‚‡Ë‡ÌÚÌÓÂ

ÔÓ‰ÔÓÒÚ‡ÌÒÚ‚Ó � Á‡ÏÂÌËÚ¸ Ì‡ ÎÓÍ‡Î¸ÌÓ-ËÌ‚‡Ë‡ÌÚÌÓÂ ÔÓ‰ÔÓÒÚ‡ÌÒÚ‚Ó, ‡ ËÏÂÌÌÓ: ÔÛÒÚ¸ ‰Îfl Û‰Ó·ÒÚ‚‡
F(x0) = 0. ãËÌÂÈÌÓÂ ÔÓ‰ÔÓÒÚ‡ÌÒÚ‚Ó I Ì‡Á˚‚‡ÂÚÒfl ÎÓÍ‡Î¸ÌÓ-ËÌ‚‡Ú‡ÌÚÌ˚Ï ÓÚÌÓÒËÚÂÎ¸ÌÓ ÏÌÓÊÂÒÚ‚‡ C,
ÂÒÎË ∃ε 1, ε2 > 0 : I ∩  + C ∩  ⊆ C ∩ , „‰Â Bε – ¯‡ ‡‰ËÛÒ‡ ε Ò ˆÂÌÚÓÏ ‚ ÌÛÎÂ. ÇÓÁÏÓÊÌÓÒÚ¸

Á‡ÏÂÌ˚ ËÌ‚‡Ë‡ÌÚÌÓ„Ó ÔÓ‰ÔÓÒÚ‡ÌÒÚ‚‡ Ì‡ ÎÓÍ‡Î¸ÌÓ-ËÌ‚‡Ú‡ÌÚÌÓÂ ‚˚ÚÂÍ‡ÂÚ ËÁ ÚÓ„Ó, ˜ÚÓ ‡ÒÒÏ‡ÚË-
‚‡ÂÏ˚È ÏËÌËÏÛÏ Ì‡ ˝Ú‡ÔÂ III ‰ÓÍ‡Á‡ÚÂÎ¸ÒÚ‚‡ fl‚ÎflÂÚÒfl ÎÓÍ‡Î¸Ì˚Ï. 

ÑÎfl h ∈ X ˜ÂÂÁ σ(·, h) Ó·ÓÁÌ‡˜ËÏ ÓÔÓÌÛ˛ ÙÛÌÍˆË˛ ÏÌÓÊÂÒÚ‚‡

, Ú.Â. σ(y*, h) = , y* ∈ Y. 

íÂÓÂÏ‡ 2. èÛÒÚ¸ ÚÓ˜Í‡ x0 fl‚ÎflÂÚÒfl ÎÓÍ‡Î¸Ì˚Ï ÏËÌËÏÛÏÓÏ ‚ Á‡‰‡˜Â (P) Ë ‡ÌÓÏ‡Î¸Ì‡. íÓ-
„‰‡ Λs – 1(x0) ≠ ∅ Ë ‰Îfl Î˛·Ó„Ó h ∈ �(x0) ËÏÂÂÚ ÏÂÒÚÓ 

„‰Â conv – ‚˚ÔÛÍÎ‡fl Ó·ÓÎÓ˜Í‡ ÏÌÓÊÂÒÚ‚‡. 
ÑÓÍ‡Á‡ÚÂÎ¸ÒÚ‚Ó ÚÂÓÂÏ˚ 2 ‚˚‚Ó‰ËÚÒfl ËÁ ÚÂÓÂÏ˚ 1 ‰ÓÒÎÓ‚Ì˚Ï ÔÓ‚ÚÓÂÌËÂÏ ‡ÒÒÛÊ‰ÂÌËÈ,

ÔË‚Â‰ÂÌÌ˚ı Ì‡ ˝Ú‡ÔÂ IV ‰ÓÍ‡Á‡ÚÂÎ¸ÒÚ‚‡ ÚÂÓÂÏ˚ 2.1 ËÁ [3]. 

èêàãéÜÖçàÖ

èÛÒÚ¸ Á‡‰‡Ì˚ ÎËÌÂÈÌ˚Â ÔÓ‰ÔÓÒÚ‡ÌÒÚ‚‡ L ⊆  �n, N ⊆  �
k
 Ë ‚Â˘ÂÒÚ‚ÂÌÌ˚Â ÒËÏÏÂÚË˜Ì˚Â n × n-Ï‡Ú-

Ëˆ˚ Qi , i = . éÔÂ‰ÂÎËÏ ·ËÎËÌÂÈÌÓÂ ÓÚÓ·‡ÊÂÌËÂ Q : �
n
 × �

n
  �

k
 ÔÓ ÙÓÏÛÎÂ 

ÑÎfl y = (y1, …, yk) ∈ �
k
 ÔÓÎÓÊËÏ yQ = . Ç‚Â‰ÂÏ ‚ ‡ÒÒÏÓÚÂÌËÂ ÏÌÓÊÂÒÚ‚‡ 

(30)

(31)

èÓÎÓÊËÏ φ(x, y, y0, µ, ξ) = φ(x) = 〈Q0x, x〉. 
ãÂÏÏ‡ 1. ç‡ Í‡Ê‰ÓÏ ËÁ ÏÌÓÊÂÒÚ‚ M1 Ë M2 ÙÛÌÍˆËfl φ ÔËÌËÏ‡ÂÚ ÎË¯¸ ÍÓÌÂ˜ÌÓÂ ˜ËÒÎÓ ÁÌ‡˜ÂÌËÈ.
ÑÓÍ‡Á‡ÚÂÎ¸ÒÚ‚Ó. ç‡Ï ÔÓÌ‡‰Ó·flÚÒfl ÌÂÍÓÚÓ˚Â ‰ÓÔÓÎÌËÚÂÎ¸Ì˚Â Ò‚Â‰ÂÌËfl ËÁ ‚Â˘ÂÒÚ‚ÂÌÌÓÈ ‡Î-

„Â·‡Ë˜ÂÒÍÓÈ „ÂÓÏÂÚËË. Ñ‡ÎÂÂ ·Û‰ÂÏ ËÒÔÓÎ¸ÁÓ‚‡Ú¸ ÌÂÍÓÚÓ˚Â Ó·ÓÁÌ‡˜ÂÌËfl Ë ÂÁÛÎ¸Ú‡Ú˚ ËÁ [7].
åÌÓÊÂÒÚ‚Ó A ⊂  �n Ì‡Á˚‚‡ÂÚÒfl ÔÓÎÛ‡Î„Â·‡Ë˜ÂÒÍËÏ, ÂÒÎË ÓÌÓ ÏÓÊÂÚ ·˚Ú¸ ÔÂ‰ÒÚ‡‚ÎÂÌÓ ‚ ‚Ë‰Â ÍÓ-
ÌÂ˜ÌÓ„Ó ˜ËÒÎ‡ Ó·˙Â‰ËÌÂÌËÈ ËÎË ÔÂÂÒÂ˜ÂÌËÈ ÏÌÓÊÂÒÚ‚ ‚Ë‰‡ Z = {x : p(x) = 0} ËÎË S = {x : p(x) < 0},
„‰Â p(x) – ÔÓÎËÌÓÏ˚ (Ò ‚Â˘ÂÒÚ‚ÂÌÌ˚ÏË ÍÓ˝ÙÙËˆËÂÌÚ‡ÏË) ÓÚ n ÔÂÂÏÂÌÌ˚ı x1, …, xn. Ç ÔÂ‰ÎÓ-
ÊÂÌËË 2.2.4 ËÁ [7] ‰ÓÍ‡Á‡ÌÓ, ˜ÚÓ Î˛·ÓÂ ÏÌÓÊÂÒÚ‚Ó, Á‡ÔËÒ‡ÌÌÓÂ ‚ ‚Ë‰Â ÙÓÏÛÎ˚, ÒÓ‰ÂÊ‡˘ÂÈ ÍÓ-
ÌÂ˜ÌÓÂ ̃ ËÒÎÓ ÓÔÂ‡ˆËÈ Ó·˙Â‰ËÌÂÌËfl, ÔÂÂÒÂ˜ÂÌËfl, ÓÚËˆ‡ÌËfl Ì‡‰ ÏÌÓÊÂÒÚ‚‡ÏË ‚Ë‰‡ Z Ë S, ‡ Ú‡Í-
ÊÂ Í‚‡ÌÚÓ˚ ÒÛ˘ÂÒÚ‚Ó‚‡ÌËfl Ë Â‰ËÌÒÚ‚ÂÌÌÓÒÚË ÔÓ ÔÂÂÏÂÌÌ˚Ï x1, …, xn, ·Û‰ÂÚ ÔÓÎÛ‡Î„Â·‡Ë˜Â-
ÒÍËÏ. èÓÎÛ‡Î„Â·‡Ë˜ÂÒÍÓÂ ÏÌÓÊÂÒÚ‚Ó ÏÓÊÂÚ ·˚Ú¸, Ó˜Â‚Ë‰ÌÓ, ÌÂ Á‡ÏÍÌÛÚ˚Ï, Ó‰Ì‡ÍÓ Á‡Ï˚Í‡ÌËÂ

P�
⊥
w

P�
⊥

y* P�
⊥
w

Bε1
Bε1

Bε2

TC
2

F x0( ) ∂F
∂x
------ x0( )h, 

  sup y y*,〈 〉 y TC
2

F x0( ) ∂F
∂x
------ x0( )h, 

 ∈,
 
 
 

∂2�

∂x
2

---------- x0 λ,( ) h h,[ ] σ y* h,( )–
 
 
 

λ conv Λs 1– x0( )∈
max 0, λ≥ λ0 y*,( ),=

0 k,

Q x1 x2,[ ] Q1x1 x2,〈 〉 … Qkx1 x2,〈 〉, ,( ), x1 x2 �
n
.∈,=

y
i
Qii 1=

k∑
M1 x y y

0, ,( ) L N �
1
 : x x,〈 〉  = 1 Q x x,[ ], N

⊥
Q0 yQ+( )x y

0
x L

⊥∈+,∈××∈{ } ,=

M2 x y y
0 µ ξ, , , ,( ) L N �

1
N L : x x,〈 〉××××∈{  = 1 Q x x,[ ], N

⊥
,∈=
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⊥
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0
x+( ) µQx yQξ L

⊥
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Ë ‚ÌÛÚÂÌÌÓÒÚ¸ ÔÓÎÛ‡Î„Â·‡Ë˜ÂÒÍÓ„Ó ÏÌÓÊÂÒÚ‚‡ ‚ÒÂ„‰‡ ÂÒÚ¸ ÔÓÎÛ‡Î„Â·‡Ë˜ÂÒÍÓÂ ÏÌÓÊÂÒÚ‚Ó.
ÑÎfl ÔÓÎÛ‡Î„Â·‡Ë˜ÂÒÍÓ„Ó ÏÌÓÊÂÒÚ‚‡ A ÓÚÓ·‡ÊÂÌËÂ f : A  �

k
 Ì‡Á˚‚‡ÂÚÒfl ÔÓÎÛ‡Î„Â·‡Ë˜Â-

ÒÍËÏ, ÂÒÎË Â„Ó „‡ÙËÍ fl‚ÎflÂÚÒfl ÔÓÎÛ‡Î„Â·‡Ë˜ÂÒÍËÏ ÏÌÓÊÂÒÚ‚ÓÏ ‚ �n + k. ÖÒÎË A – ËÌÚÂ‚‡Î, ÓÚ-
ÂÁÓÍ ËÎË ÔÓÎÛËÌÚÂ‚‡Î, ÚÓ γ = f Ì‡Á˚‚‡ÂÚÒfl ÔÓÎÛ‡Î„Â·‡Ë˜ÂÒÍÓÈ ÍË‚ÓÈ. 

äË‚ÓÈ ç˝¯‡ Ì‡Á˚‚‡ÂÚÒfl Á‡‰‡ÌÌ‡fl Ì‡ ËÌÚÂ‚‡ÎÂ (0, 1) ÔÓÎÛ‡Î„Â·‡Ë˜ÂÒÍ‡fl ÍË‚‡fl, ÍÓÓ‰ËÌ‡Ú˚
ÍÓÚÓÓÈ ÒÛÚ¸ ‡Î„Â·‡Ë˜ÂÒÍËÂ ‡Ì‡ÎËÚË˜ÂÒÍËÂ ÙÛÌÍˆËË. èË ˝ÚÓÏ ÙÛÌÍˆËfl φ : U  �1, „‰Â U – ÓÚ-

Í˚ÚÓÂ ÔÓÎÛ‡Î„Â·‡Ë˜ÂÒÍÓÂ ÔÓ‰ÏÌÓÊÂÒÚ‚Ó �
n
, Ì‡Á˚‚‡ÂÚÒfl ‡Î„Â·‡Ë˜ÂÒÍÓÈ ‡Ì‡ÎËÚË˜ÂÒÍÓÈ (ÂÂ

Â˘Â Ì‡Á˚‚‡˛Ú ÙÛÌÍˆËÂÈ ç˝¯‡), ÂÒÎË ÓÌ‡ fl‚ÎflÂÚÒfl Â¯ÂÌËÂÏ Û‡‚ÌÂÌËfl 

„‰Â p0, p1, …, pm – ÔÓÎËÌÓÏ˚, ÔË˜ÂÏ pm ≠ 0. éÍ‡Á˚‚‡ÂÚÒfl, ˜ÚÓ ÙÛÌÍˆËË ç˝¯‡ – ˝ÚÓ ‚ ÚÓ˜ÌÓÒÚË
·ÂÒÍÓÌÂ˜ÌÓ ‰ËÙÙÂÂÌˆËÛÂÏ˚Â ÔÓÎÛ‡Î„Â·‡Ë˜ÂÒÍËÂ ÙÛÌÍˆËË (ÒÏ. [7, „Î. 8]). ç‡ÍÓÌÂˆ, Ì‡Ï ÔÓ-
Ì‡‰Ó·ËÚÒfl ÔÓÌflÚËÂ Ì˝¯-‰ËÙÙÂÓÏÓÙËÁÏ‡ ÏÂÊ‰Û ‰‚ÛÏfl ÔÓÎÛ‡Î„Â·‡Ë˜ÂÒÍËÏË ÏÌÓÊÂÒÚ‚‡ÏË.
èÓÒÎÂ‰ÌÂÂ ÓÁÌ‡˜‡ÂÚ, ˜ÚÓ ÓÚÓ·‡ÊÂÌËÂ, Á‡‰‡˛˘ÂÂ ‰ËÙÙÂÓÏÓÙËÁÏ, ‡ Ú‡ÍÊÂ Â„Ó Ó·‡ÚÌÓÂ fl‚Îfl-
˛ÚÒfl ·ÂÒÍÓÌÂ˜ÌÓ ‰ËÙÙÂÂÌˆËÛÂÏ˚ÏË ÔÓÎÛ‡Î„Â·‡Ë˜ÂÒÍËÏË ÓÚÓ·‡ÊÂÌËflÏË. èÓ‰ÏÌÓ„ÓÓ·‡-
ÁËÂÏ ç˝¯‡ Ì‡Á˚‚‡ÂÚÒfl ÏÌÓÊÂÒÚ‚Ó M, ÍÓÚÓÓÂ Ì˝¯-‰ËÙÙÂÓÏÓÙÌÓ ÓÚÍ˚ÚÓÏÛ ¯‡Û ‚ �

dim(M)
,

„‰Â dim(M) – ‡ÁÏÂÌÓÒÚ¸ ÔÓ‰ÏÌÓ„ÓÓ·‡ÁËfl. èË ̋ ÚÓÏ Ó‰ÌÓÚÓ˜Â˜ÌÓÂ ÏÌÓÊÂÒÚ‚Ó ÔÓ ÓÔÂ‰ÂÎÂÌË˛
fl‚ÎflÂÚÒfl Ì˝¯-ÔÓ‰ÏÌÓ„ÓÓ·‡ÁËÂÏ ‡ÁÏÂÌÓÒÚË 0. èË‚Â‰ÂÏ ÔÂ‰ÎÓÊÂÌËÂ 2.9.10 ËÁ [7]. 

èÂ‰ÎÓÊÂÌËÂ. èÛÒÚ¸ S ⊂ �
n – ÔÓÎÛ‡Î„Â·‡Ë˜ÂÒÍÓÂ ÏÌÓÊÂÒÚ‚Ó. íÓ„‰‡ S ÔÂ‰ÒÚ‡‚ËÏÓ ‚ ‚Ë‰Â

Ó·˙Â‰ËÌÂÌËfl ÍÓÌÂ˜ÌÓ„Ó ˜ËÒÎ‡ ÔÓÔ‡ÌÓ ÌÂÔÂÂÒÂÍ‡˛˘ËıÒfl ÔÓ‰ÏÌÓ„ÓÓ·‡ÁËÈ ç˝¯‡. 
ÑÓÍ‡Á‡ÚÂÎ¸ÒÚ‚Ó ÎÂÏÏ˚ 1. åÌÓÊÂÒÚ‚‡ M1, M2 fl‚Îfl˛ÚÒfl ‚Â˘ÂÒÚ‚ÂÌÌ˚ÏË ‡Î„Â·‡Ë˜ÂÒÍËÏË ÏÌÓ-

„ÓÓ·‡ÁËflÏË. ç‡Ï ÌÛÊÌÓ ÔÓÍ‡Á‡Ú¸, ˜ÚÓ ÙÛÌÍˆËfl φ(x) = 〈Q0x, x〉 Ì‡ Í‡Ê‰ÓÏ ËÁ M1 Ë M2 ÔËÌËÏ‡ÂÚ
ÎË¯¸ ÍÓÌÂ˜ÌÓÂ ˜ËÒÎÓ ÁÌ‡˜ÂÌËÈ. ë‰ÂÎ‡ÂÏ ˝ÚÓ, ËÒÔÓÎ¸ÁÛfl ˝ÎÂÏÂÌÚ˚ ‚Â˘ÂÒÚ‚ÂÌÌÓÈ ‡Î„Â·‡Ë˜Â-
ÒÍÓÈ „ÂÓÏÂÚËË (ÒÏ. [7]). ÑÂÈÒÚ‚ËÚÂÎ¸ÌÓ, ‚ ÒËÎÛ ÔÂ‰ÎÓÊÂÌËfl, ‚ÒflÍÓÂ ‡Î„Â·‡Ë˜ÂÒÍÓÂ ÏÌÓ„ÓÓ·-
‡ÁËÂ ÔÂ‰ÒÚ‡‚ËÏÓ ‚ ‚Ë‰Â ‰ËÁ˙˛ÌÍÚÌÓ„Ó Ó·˙Â‰ËÌÂÌËfl ÍÓÌÂ˜ÌÓ„Ó ˜ËÒÎ‡ ÔÓ‰ÏÌÓ„ÓÓ·‡ÁËÈ ç˝¯‡.
èÛÒÚ¸  – Ó‰ÌÓ ËÁ ÌËı, Ú.Â. ÓÌÓ Ì˝¯-‰ËÙÙÂÓÏÓÙÌÓ ÓÚÍ˚ÚÓÏÛ ̄ ‡Û ‚ ÌÂÍÓÚÓÓÏ ÔÓ‰ÔÓÒÚ‡Ì-

ÒÚ‚Â. íÓ„‰‡ ÓÌÓ Ò‚flÁÌÓ Ë, ·ÓÎÂÂ ÚÓ„Ó, Î˛·˚Â ‰‚Â ÚÓ˜ÍË ËÁ  ÏÓÊÌÓ ÒÓÂ‰ËÌËÚ¸ ÍË‚ÓÈ ç˝¯‡, ÎÂ-

Ê‡˘ÂÈ ‚  (‚ ÒËÎÛ Ì˝¯-‰ËÙÙÂÓÏÓÙËÁÏ‡). 

àÚ‡Í, ÔÛÒÚ¸ M1 Ë M2 ÔÂ‰ÒÚ‡‚ËÏ˚ ‚ ‚Ë‰Â ‰ËÁ˙˛ÌÍÚÌÓ„Ó Ó·˙Â‰ËÌÂÌËfl ÍÓÌÂ˜ÌÓ„Ó ˜ËÒÎ‡ ÔÓ‰-
ÏÌÓ„ÓÓ·‡ÁËÈ ç˝¯‡ M1, j Ë M2, j. ÑÓÍ‡ÊÂÏ, ̃ ÚÓ Ì‡ Í‡Ê‰ÓÏ ËÁ ÌËı ÙÛÌÍˆËfl φ ÔÓÒÚÓflÌÌ‡. Ç ÒËÎÛ ÒÍ‡-
Á‡ÌÌÓ„Ó ‚˚¯Â, ‰Îfl ˝ÚÓ„Ó ‰ÓÒÚ‡ÚÓ˜ÌÓ ÔÓÍ‡Á‡Ú¸, ˜ÚÓ ÂÒÎË z(t), t ∈ [0, 1] – „Î‡‰Í‡fl ÍË‚‡fl (Ú.Â. z(t)
ÌÂÔÂ˚‚Ì‡ Ì‡ [0, 1] Ë ·ÂÒÍÓÌÂ˜ÌÓ ‰ËÙÙÂÂÌˆËÛÂÏ‡ Ì‡ (0, 1)), ÎÂÊ‡˘‡fl ‚ Ó‰ÌÓÏ ËÁ ÔÓ‰ÏÌÓ„ÓÓ·-
‡ÁËÈ M1, j Ë M2, j, ÚÓ ÔÓËÁ‚Ó‰Ì‡fl ÙÛÌÍˆËË φ ‚‰ÓÎ¸ ˝ÚÓÈ ÍË‚ÓÈ ÚÓÊ‰ÂÒÚ‚ÂÌÌÓ ‡‚Ì‡ ÌÛÎ˛. ÑÂÈ-
ÒÚ‚ËÚÂÎ¸ÌÓ, ‡ÒÒÏÓÚËÏ ‚Ì‡˜‡ÎÂ ÔÓ‰ÏÌÓ„ÓÓ·‡ÁËÂ M1, j. èÛÒÚ¸ ‰‡Ì‡ „Î‡‰Í‡fl ÍË‚‡fl z(t) = (x(t), y(t),

y0(t)) ∈ M1, j, t ∈ [0, 1]. èÓÎÓÊËÏ φ(t) = φ(x(t)). àÏÂÂÏ (t)/2 = 〈Q0x(t), (t)〉. ÑËÙÙÂÂÌˆËÛfl ÔÓ t
ÚÓÊ‰ÂÒÚ‚Ó 〈x(t), x(t)〉 ≡ 1 Ë ‚ÍÎ˛˜ÂÌËÂ Q[x(t), x(t)] ∈ N ⊥ , ËÏÂÂÏ

(32)

àÁ ÓÔÂ‰ÂÎÂÌËfl M1 ÔÓÎÛ˜‡ÂÏ, ˜ÚÓ Q0x(t) ∈ –[ y(t)Qx(t) + y0(t)x(t)] + L⊥ . ìÏÌÓÊ‡fl ÔÓÒÎÂ‰ÌÂÂ ÚÓÊ‰Â-

ÒÚ‚Ó ÒÍ‡ÎflÌÓ Ì‡ (t), ËÒÔÓÎ¸ÁÛfl (32), ÔÓÎÛ˜‡ÂÏ 〈Q0x(t), (t)〉 ≡ 0 ⇒ ( t) ≡ 0. 

èÓ‰ÏÌÓ„ÓÓ·‡ÁËfl M2, j ‡ÒÒÏ‡ÚË‚‡˛ÚÒfl ‡Ì‡ÎÓ„Ë˜ÌÓ, ‡ ËÏÂÌÌÓ: ÔÛÒÚ¸ ‰‡Ì‡ „Î‡‰Í‡fl ÍË‚‡fl

z(t) = (x(t), y(t), y0(t), µ(t), ξ(t)) ∈ M 2, j, t ∈ [0, 1].

Ç ÒËÎÛ ÓÔÂ‰ÂÎÂÌËfl M2 ËÏÂÂÏ Q[x(t), ξ(t)] ∈ N⊥  ∀t ∈ [0, 1]. éÚÒ˛‰‡, ‰ËÙÙÂÂÌˆËÛfl ÔÓ t, ÔÓÎÛ˜‡ÂÏ 

ìÏÌÓÊ‡fl ÎÂ‚Û˛ ˜‡ÒÚ¸ ÔÓÎÛ˜ÂÌÌÓ„Ó ‚ÍÎ˛˜ÂÌËfl ÒÍ‡ÎflÌÓ Ì‡ y(t) Ë Û˜ËÚ˚‚‡fl, ˜ÚÓ ‚ ÒËÎÛ ÓÔÂ‰ÂÎÂ-
ÌËfl ÏÌÓÊÂÒÚ‚‡ M2 ËÏÂÂÚ ÏÂÒÚÓ y(t)Qx(t) ∈ L ⊥ , ÔÓÎÛ˜‡ÂÏ

(33)

pm x( ) φ x( )[ ] m … p1 x( )φ x( ) p0 x( )+ + + 0, x U ,∈=

M

M

M

φ̇ ẋ

x t( ) ẋ t( ),〈 〉 0, Q x t( ) ẋ t( ),[ ] N
⊥
.∈≡

ẋ ẋ φ̇

Q ẋ t( ) ξ t( ),[ ] Q x t( ) ξ̇ t( ),[ ] N
⊥

t∀ 0 1,[ ] .∈ ∈+

y t( )Q ξ t( ) ẋ t( ),[ ] L
⊥

t∀ 0 1,[ ] .∈ ∈
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ìÏÌÓÊ‡fl ÎÂ‚Û˛ ˜‡ÒÚ¸ ‚ÍÎ˛˜ÂÌËfl [Q0x(t) + y0(t)x(t)] + µ(t)Qx(t) + y(t)Qξ(t) ∈ L⊥  ∀t ∈ [0, 1] ÒÍ‡ÎflÌÓ

Ì‡ (t), ‚ ÒËÎÛ (32) Ë (33) ÔÓÎÛ˜‡ÂÏ 〈Q0x(t), (t)〉 ≡ 0 ⇒ ( t) ≡ 0. ãÂÏÏ‡ ‰ÓÍ‡Á‡Ì‡. 
ãÂÏÏ‡ 2. èÛÒÚ¸ C – ‚˚ÔÛÍÎÓÂ Á‡ÏÍÌÛÚÓÂ ÏÌÓÊÂÒÚ‚Ó Ë ‰‡Ì˚ ‚ÂÍÚÓ˚ d, w ∈Y. èÂ‰ÔÓÎÓÊËÏ,

˜ÚÓ y(t) = td + t2w + o(t2) ∈ C ‰Îfl ‚ÒÂı ‰ÓÒÚ‡ÚÓ˜ÌÓ Ï‡Î˚ı t ≥ 0. íÓ„‰‡ ‰Îfl Î˛·Ó„Ó ‚ÂÍÚÓ‡ r, ÔË-
Ì‡‰ÎÂÊ‡˘Â„Ó ÓÚÌÓÒËÚÂÎ¸ÌÓÈ ‚ÌÛÚÂÌÌÓÒÚË riC ÏÌÓÊÂÒÚ‚‡ C, ÒÛ˘ÂÒÚ‚ÛÂÚ ε(r) > 0 Ú‡ÍÓÂ, ̃ ÚÓ 

ÑÓÍ‡Á‡ÚÂÎ¸ÒÚ‚Ó. ÑÎfl Ï‡Î˚ı t ≥ 0 Ó·ÓÁÌ‡˜ËÏ ˜ÂÂÁ τ = τ(t) Ì‡ËÏÂÌ¸¯ÂÂ ÔÓÎÓÊËÚÂÎ¸ÌÓÂ Â¯Â-
ÌËÂ Û‡‚ÌÂÌËfl t = (1 – τ2)τ. èÓ‰ÒÚ‡‚Îflfl ˝ÚÓ ‚˚‡ÊÂÌËÂ ‚ ÙÓÏÛÎÛ ‰Îfl (t), ËÏÂÂÏ 

á‰ÂÒ¸ Ë ÌËÊÂ τ = τ(t). èÓÎÓÊËÏ ∆(t) = y(t) – td – t2w. íÓ„‰‡ ∆(t) = o(t2). èË·‡‚Îflfl Í ÔÂ‰˚‰Û˘ÂÏÛ
‡‚ÂÌÒÚ‚Û ‚˚‡ÊÂÌËÂ (1 – τ2)∆(τ) Ë Ó‰ÌÓ‚ÂÏÂÌÌÓ Â„Ó ‚˚˜ËÚ‡fl, ÔÓÒÎÂ Ó˜Â‚Ë‰Ì˚ı ÔÂÓ·‡ÁÓ‚‡ÌËÈ
ÔÓÎÛ˜‡ÂÏ 

(34)

èË ˝ÚÓÏ ‰Îfl Ï‡Î˚ı τ ≥ 0 ËÏÂÂÚ ÏÂÒÚÓ y(τ) = τd + τ2w + o(τ2) ∈ C, ‡ Ú‡ÍÊÂ (1 – τ2)2r – τ2(1 – τ2)w –
– (1 – τ2)∆(τ)/τ2 ∈ riC, Ú‡Í Í‡Í r ∈ ri C Ë ∆(τ)/τ2  0 ÔË τ  0. èÓ˝ÚÓÏÛ ËÁ (34) ‚ ÒËÎÛ ‚˚ÔÛÍÎÓÒÚË
ÏÌÓÊÂÒÚ‚‡ C ‚˚ÚÂÍ‡ÂÚ, ˜ÚÓ (t) ∈ C ‰Îfl ‚ÒÂı ‰ÓÒÚ‡ÚÓ˜ÌÓ Ï‡Î˚ı t ≥ 0. ãÂÏÏ‡ ‰ÓÍ‡Á‡Ì‡. 

ãÂÏÏ‡ 3. èÛÒÚ¸ C ⊆ Y – ‚˚ÔÛÍÎÓÂ Á‡ÏÍÌÛÚÓÂ ÔÓ‰ÏÌÓÊÂÒÚ‚Ó Ë 0 ∈ C, ‡ M – ÎËÌÂÈÌÓÂ ÔÓ‰ÔÓ-
ÒÚ‡ÌÒÚ‚Ó, ‰Îfl ÍÓÚÓÓ„Ó M ⊆ C, Ë P – ÓÔÂ‡ÚÓ ÓÚÓ„ÓÌ‡Î¸ÌÓ„Ó ÔÓÂÍÚËÓ‚‡ÌËfl Ì‡ M⊥ . íÓ„‰‡
PC = C ∩ M⊥ . 

ÑÓÍ‡Á‡ÚÂÎ¸ÒÚ‚Ó. ÇÍÎ˛˜ÂÌËÂ C ∩ M⊥  ⊆ PC Ó˜Â‚Ë‰ÌÓ. ÑÓÍ‡ÊÂÏ ‚ÍÎ˛˜ÂÌËÂ C ∩ M⊥  ⊇ PC. èÛÒÚ¸
y ∈ PC. èÓÍ‡ÊÂÏ, ˜ÚÓ y ∈ C. ÑÎfl ˝ÚÓ„Ó, ‚ ÒËÎÛ Á‡ÏÍÌÛÚÓÒÚË C, ‰ÓÒÚ‡ÚÓ˜ÌÓ ÔÓÍ‡Á‡Ú¸, ˜ÚÓ αy ∈ C
∀α ∈ (0, 1). ÑÂÈÒÚ‚ËÚÂÎ¸ÌÓ, y ∈ PC ⇒ ∃z ∈ C: y = Pz. Ñ‡ÎÂÂ ËÏÂÂÏ Ó˜Â‚Ë‰ÌÓÂ ‡‚ÂÌÒÚ‚Ó 

(35)

çÓ y – z ∈ M ÔÓ ÓÔÂ‰ÂÎÂÌË˛. èÓ˝ÚÓÏÛ ‚ Ô‡‚ÓÈ ˜‡ÒÚË (35) ÒÚÓËÚ ‚˚ÔÛÍÎ‡fl ÍÓÏ·ËÌ‡ˆËfl ‰‚Ûı ˝ÎÂ-
ÏÂÌÚÓ‚ ËÁ C. Ç ÒËÎÛ ‚˚ÔÛÍÎÓÒÚË C ËÁ (35), αy ∈ C, ˜ÚÓ Ë ÚÂ·Ó‚‡ÎÓÒ¸ ‰ÓÍ‡Á‡Ú¸. 
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ẋ ẋ φ̇

ŷ t( ) td t
2

w r+( ) C t∀ 0 ε r( ),[ ] .∈ ∈+=

ŷ
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ê‡ÒÒÏ‡ÚË‚‡˛ÚÒfl Ë ËÒÒÎÂ‰Û˛ÚÒfl Ï‡ÚÂÏ‡ÚË˜ÂÒÍËÂ ÔÓÒÚ‡ÌÓ‚ÍË ÌÂÎËÌÂÈÌ˚ı Á‡‰‡˜ ÓÔÚËÏ‡Î¸ÌÓ-
„Ó ÛÔ‡‚ÎÂÌËfl ‰Îfl Í‚‡ÁËÎËÌÂÈÌ˚ı ˝ÎÎËÔÚË˜ÂÒÍËı Û‡‚ÌÂÌËÈ Ò ÛÔ‡‚ÎÂÌËflÏË ‚ ÔÂÂÏÂÌÌ˚ı
ÍÓ˝ÙÙËˆËÂÌÚ‡ı Û‡‚ÌÂÌËfl ÒÓÒÚÓflÌËfl. ê‡ÒÒÏÓÚÂÌ˚ Í‡Í ÎÓÍ‡Î¸Ì˚Â, Ú‡Í Ë ËÌÚÂ„‡Î¸Ì˚Â Ó„‡-
ÌË˜ÂÌËfl Ì‡ ÛÔ‡‚ÎÂÌËfl. îÛÌÍˆËÓÌ‡Î˚ ˆÂÎË ÒÓÓÚ‚ÂÚÒÚ‚Û˛Ú ÓÔÚËÏËÁ‡ˆËË ÔÓ ÌÂÍÓÚÓÓÏÛ ÍÓ-
ÌÂ˜ÌÓÏÛ ˜ËÒÎÛ ÍËÚÂËÂ‚ Í‡˜ÂÒÚ‚‡. èÓÒÚÓÂÌ˚ ‡ÁÌÓÒÚÌ˚Â ‡ÔÔÓÍÒËÏ‡ˆËË ˝ÍÒÚÂÏ‡Î¸Ì˚ı
Á‡‰‡˜, Ë ÛÒÚ‡ÌÓ‚ÎÂÌ˚ ÓˆÂÌÍË ÚÓ˜ÌÓÒÚË ‡ÔÔÓÍÒËÏ‡ˆËÈ ÔÓ ÒÓÒÚÓflÌË˛ Ë ÙÛÌÍˆËÓÌ‡ÎÛ, ‰ÓÍ‡Á‡-
Ì‡ ÒÎ‡·‡fl ÒıÓ‰ËÏÓÒÚ¸ ÔÓ ÛÔ‡‚ÎÂÌË˛. èÓ‚Â‰ÂÌ‡ Â„ÛÎflËÁ‡ˆËfl ‡ÔÔÓÍÒËÏ‡ˆËÈ ÔÓ íËıÓÌÓ‚Û.
ê‡ÒÒÏÓÚÂÌ˚ ÒÓ‰ÂÊ‡ÚÂÎ¸Ì˚Â ÔËÏÂ˚ ÌÂÍÓÚÓ˚ı ÔËÍÎ‡‰Ì˚ı ÓÔÚËÏËÁ‡ˆËÓÌÌ˚ı Á‡‰‡˜, Ï‡-
ÚÂÏ‡ÚË˜ÂÒÍËÂ ÔÓÒÚ‡ÌÓ‚ÍË ÍÓÚÓ˚ı ÂÒÚÂÒÚ‚ÂÌÌ˚Ï Ó·‡ÁÓÏ ÔË‚Ó‰flÚ Í ÔÓÒÚ‡‚ÎÂÌÌ˚Ï Ë ËÒÒÎÂ-
‰Ó‚‡ÌÌ˚Ï ‚ Ì‡ÒÚÓfl˘ÂÈ ‡·ÓÚÂ ÌÂÎËÌÂÈÌ˚Ï Á‡‰‡˜‡Ï ÓÔÚËÏ‡Î¸ÌÓ„Ó ÛÔ‡‚ÎÂÌËfl. ÅË·Î. 23.

äÎ˛˜Â‚˚Â ÒÎÓ‚‡: Á‡‰‡˜‡ ÓÔÚËÏ‡Î¸ÌÓ„Ó ÛÔ‡‚ÎÂÌËfl, Í‚‡ÁËÎËÌÂÈÌ˚Â ˝ÎÎËÔÚË˜ÂÒÍËÂ Û‡‚ÌÂ-
ÌËfl, ‡ÁÌÓÒÚÌ˚È ÏÂÚÓ‰ Â¯ÂÌËfl, ÏÂÚÓ‰ Â„ÛÎflËÁ‡ˆËË.

ÇÇÖÑÖçàÖ

ï‡‡ÍÚÂ ÍÓÌÍÂÚÌ˚ı ÔÓÒÚ‡ÌÓ‚ÓÍ Á‡‰‡˜ ÓÔÚËÏ‡Î¸ÌÓ„Ó ÛÔ‡‚ÎÂÌËfl ‰Îfl ‡ÒÔÂ‰ÂÎÂÌÌ˚ı ÒË-
ÒÚÂÏ ÒÛ˘ÂÒÚ‚ÂÌÌÓ Á‡‚ËÒËÚ ÓÚ ÚÓ„Ó, ÍÛ‰‡ ‚ıÓ‰flÚ ÛÔ‡‚ÎÂÌËfl: ‚ Ò‚Ó·Ó‰Ì˚Â ˜ÎÂÌ˚ Û‡‚ÌÂÌËÈ ÒÓÒÚÓ-
flÌËfl ËÎË ‚ ÍÓ˝ÙÙËˆËÂÌÚ˚ Û‡‚ÌÂÌËÈ, ‡ Ú‡ÍÊÂ ÎËÌÂÈÌ˚ÏË ËÎË ÌÂÎËÌÂÈÌ˚ÏË ‰ËÙÙÂÂÌˆË‡Î¸Ì˚-
ÏË Û‡‚ÌÂÌËflÏË Ï‡ÚÂÏ‡ÚË˜ÂÒÍÓÈ ÙËÁËÍË (ìåî) ÓÔËÒ˚‚‡˛ÚÒfl ÒÓÒÚÓflÌËfl ÒËÒÚÂÏ (ÒÏ. [1]–[5]).
Ç Ì‡ÒÚÓfl˘ÂÂ ‚ÂÏfl Ì‡Ë·ÓÎÂÂ ÔÓÎÌÓ ËÒÒÎÂ‰Ó‚‡Ì ÒÎÛ˜‡È, ÍÓ„‰‡ ÛÔ‡‚ÎÂÌËfl ‰ÓÒÚ‡ÚÓ˜ÌÓ ÔÓÒÚ˚Ï
Ó·‡ÁÓÏ ‚ıÓ‰flÚ ‚ ÎËÌÂÈÌ˚Â Û‡‚ÌÂÌËfl ÒÓÒÚÓflÌËfl Ë ÎËÌÂÈÌ˚Â ÔÂ‰ÂÎ¸Ì˚Â ÛÒÎÓ‚Ëfl (‚ Ô‡‚˚Â ˜‡-
ÒÚË ÎËÌÂÈÌ˚ı Û‡‚ÌÂÌËÈ, „‡ÌË˜Ì˚ı Ë Ì‡˜‡Î¸Ì˚ı ÛÒÎÓ‚ËÈ). åÂÌÂÂ ËÁÛ˜ÂÌ˚ Á‡‰‡˜Ë ÓÔÚËÏ‡Î¸ÌÓ-
„Ó ÛÔ‡‚ÎÂÌËfl ÌÂÎËÌÂÈÌÓ„Ó ÚËÔ‡, ı‡‡ÍÚÂÌÓÈ ÓÒÓ·ÂÌÌÓÒÚ¸˛ ÍÓÚÓ˚ı fl‚ÎflÂÚÒfl ÚÓ, ˜ÚÓ ÓÚÓ·‡-
ÊÂÌËÂ g  u(g) ËÁ ÏÌÓÊÂÒÚ‚‡ ‰ÓÔÛÒÚËÏ˚ı ÛÔ‡‚ÎÂÌËÈ U ‚ ÔÓÒÚ‡ÌÒÚ‚Ó ÒÓÒÚÓflÌËÈ W fl‚ÎflÂÚÒfl
ÌÂÎËÌÂÈÌ˚Ï. éÒÓ·˚È ËÌÚÂÂÒ ÔÂ‰ÒÚ‡‚Îfl˛Ú Á‡‰‡˜Ë ÓÔÚËÏ‡Î¸ÌÓ„Ó ÛÔ‡‚ÎÂÌËfl, ÍÓ„‰‡ ÌÂÎËÌÂÈ-
ÌÓÒÚ¸ Ó·ÛÒÎÓ‚ÎÂÌ‡ ‚ıÓÊ‰ÂÌËÂÏ ÛÔ‡‚ÎÂÌËÈ ‚ ÍÓ˝ÙÙËˆËÂÌÚ˚ Û‡‚ÌÂÌËÈ ‰Îfl ÒÓÒÚÓflÌËÈ, ‚ ÚÓÏ
˜ËÒÎÂ ‚ ÍÓ˝ÙÙËˆËÂÌÚ˚ ÔË ÒÚ‡¯Ëı ÔÓËÁ‚Ó‰Ì˚ı. í‡ÍËÂ Á‡‰‡˜Ë ‚ÂÒ¸Ï‡ ÒÛ˘ÂÒÚ‚ÂÌÌÓ ÓÚÎË˜‡˛Ú-
Òfl ÓÚ Á‡‰‡˜, „‰Â ÛÔ‡‚ÎÂÌËÂ ÓÒÛ˘ÂÒÚ‚ÎflÂÚÒfl ÔÛÚÂÏ ‚ÌÂ¯ÌËı ‚ÓÁ‰ÂÈÒÚ‚ËÈ Ì‡ ÒËÒÚÂÏÛ Ë ÍÓÚÓ˚Â
Ì‡ËÏÂÌÂÂ ËÁÛ˜ÂÌ˚, ıÓÚfl ‡Á‚ËÚËÂ ÚÂÓËË Ë ÏÂÚÓ‰Ó‚ Ëı Â¯ÂÌËfl ‚˚Á‚‡ÌÓ ÔÓÚÂ·ÌÓÒÚflÏË Ï‡ÚÂÏ‡-
ÚË˜ÂÒÍÓ„Ó ÏÓ‰ÂÎËÓ‚‡ÌËfl ÌÂÎËÌÂÈÌ˚ı ÓÔÚËÏ‡Î¸Ì˚ı ÔÓˆÂÒÒÓ‚, ·ÓÎ¸¯ÓÈ ÔËÍÎ‡‰ÌÓÈ ‚‡ÊÌÓ-
ÒÚ¸˛ Ú‡ÍËı Á‡‰‡˜ ÔË ÓÔÚËÏËÁ‡ˆËË ÔÓˆÂÒÒÓ‚ ÚÂÔÎÓÙËÁËÍË, ‰ËÙÙÛÁËË, ÙËÎ¸Ú‡ˆËË, ÚÂÓËË
ÛÔÛ„ÓÒÚË Ë ‰., ‡ Ú‡ÍÊÂ ÔË Â¯ÂÌËË Ó·‡ÚÌ˚ı Á‡‰‡˜ ‰Îfl ìåî, ‡ÒÒÏ‡ÚË‚‡ÂÏ˚ı ‚ ‚‡Ë‡ˆËÓÌ-
ÌÓÈ ÔÓÒÚ‡ÌÓ‚ÍÂ. á‡‰‡˜Ë ÓÔÚËÏ‡Î¸ÌÓ„Ó ÛÔ‡‚ÎÂÌËfl Ò ÛÔ‡‚ÎÂÌËflÏË ‚ ÍÓ˝ÙÙËˆËÂÌÚ‡ı Ë ‚ ÔÂ‚Û˛
Ó˜ÂÂ‰¸ Ò ÛÔ‡‚Îfl˛˘ËÏË Ô‡‡ÏÂÚ‡ÏË, ÒÓ‰ÂÊ‡˘ËÏËÒfl ‚ „Î‡‚ÌÓÈ ̃ ‡ÒÚË ‰ËÙÙÂÂÌˆË‡Î¸ÌÓ„Ó ÓÔÂ-
‡ÚÓ‡ (‚ ÒÚ‡¯Ëı ÍÓ˝ÙÙËˆËÂÌÚ‡ı) fl‚Îfl˛ÚÒfl “ÒËÎ¸ÌÓ ÌÂÎËÌÂÈÌ˚ÏË” ÓÔÚËÏËÁ‡ˆËÓÌÌ˚ÏË Á‡‰‡˜‡-
ÏË. çÂÎËÌÂÈÌÓÒÚ¸ Â˘Â ·ÓÎÂÂ ÛÒÛ„Û·ÎflÂÚÒfl, ÂÒÎË, ÍÓÏÂ ÚÓ„Ó, Ë ÒÓÒÚÓflÌËfl ÔÓˆÂÒÒÓ‚ ÓÔËÒ˚‚‡˛ÚÒfl
ÌÂÎËÌÂÈÌ˚ÏË Û‡‚ÌÂÌËflÏË.

èÓ·ÎÂÏ‡ ̃ ËÒÎÂÌÌÓ„Ó Â¯ÂÌËfl Á‡‰‡˜ ÓÔÚËÏ‡Î¸ÌÓ„Ó ÛÔ‡‚ÎÂÌËfl ÔË‚Ó‰ËÚ Í ÌÂÓ·ıÓ‰ËÏÓÒÚË Ëı
‡ÔÔÓÍÒËÏ‡ˆËË Á‡‰‡˜‡ÏË ·ÓÎÂÂ ÔÓÒÚÓÈ ÔËÓ‰˚ – “ÍÓÌÂ˜ÌÓÏÂÌ˚ÏË Á‡‰‡˜‡ÏË” (ÒÏ. [1]). è‡-
‚ËÎ¸ÌÓ ÔÓÒÚÓÂÌÌ‡fl ‡ÔÔÓÍÒËÏ‡ˆËfl ÔÓÁ‚ÓÎflÂÚ ÔÓÎÛ˜ËÚ¸ ÒÓ‰ÂÊ‡ÚÂÎ¸Ì˚Â ÂÁÛÎ¸Ú‡Ú˚ Í‡˜Â-
ÒÚ‚ÂÌÌÓ„Ó Ë ˜ËÒÎÂÌÌÓ„Ó ı‡‡ÍÚÂ‡ Ó· ËÁÛ˜‡ÂÏÓÏ ÔÓˆÂÒÒÂ. é·ÁÓ ‡·ÓÚ, ÔÓÒ‚fl˘ÂÌÌ˚ı ÓÒÌÓ‚‡Ï
Ó·˘ÂÈ ÚÂÓËË Ë ÏÂÚÓ‰Ó‚ ÛÒÚÓÈ˜Ë‚ÓÒÚË Ë ‡ÔÔÓÍÒËÏ‡ˆËË ˝ÍÒÚÂÏ‡Î¸Ì˚ı Á‡‰‡˜, ‚ ÚÓÏ ˜ËÒÎÂ ‡Ô-
ÔÓÍÒËÏ‡ˆËÈ Á‡‰‡˜ ÓÔÚËÏ‡Î¸ÌÓ„Ó ÛÔ‡‚ÎÂÌËfl Ë ÂÁÛÎ¸Ú‡ÚÓ‚ ‚ ‰‡ÌÌÓÈ Ó·Î‡ÒÚË, ÔÂ‰ÒÚ‡‚ÎÂÌ, Ì‡-
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ÔËÏÂ, ‚ [1], [6]–[9]. é‰ÌËÏ ËÁ Ì‡Ë·ÓÎÂÂ Û‰Ó·Ì˚ı, ÛÌË‚ÂÒ‡Î¸Ì˚ı Ë ¯ËÓÍÓ ‡ÒÔÓÒÚ‡ÌÂÌÌ˚ı
ÏÂÚÓ‰Ó‚ ÍÓÌÂ˜ÌÓÏÂÌ˚ı ‡ÔÔÓÍÒËÏ‡ˆËÈ Á‡‰‡˜ ÓÔÚËÏ‡Î¸ÌÓ„Ó ÛÔ‡‚ÎÂÌËfl fl‚ÎflÂÚÒfl ÏÂÚÓ‰ ÒÂÚÓÍ
(ÒÏ. [10], [11]). ñÂÌÚ‡Î¸Ì˚ÏË ‚ ÔÓ·ÎÂÏÂ ‡ÔÔÓÍÒËÏ‡ˆËË fl‚Îfl˛ÚÒfl ‚ÓÔÓÒ˚ “ÍÓÌÒÚÛËÓ‚‡ÌËfl”
‡ÔÔÓÍÒËÏ‡ˆËÈ, ÒıÓ‰ËÏÓÒÚË ‡ÔÔÓÍÒËÏ‡ˆËÈ ÔÓ ÒÓÒÚÓflÌË˛, ÙÛÌÍˆËÓÌ‡ÎÛ, ÛÔ‡‚ÎÂÌË˛, Â„ÛÎflË-
Á‡ˆËË ‡ÔÔÓÍÒËÏ‡ˆËÈ. ÑÎfl ÒËÒÚÂÏ Ò ‡ÒÔÂ‰ÂÎÂÌÌ˚ÏË Ô‡‡ÏÂÚ‡ÏË ÔÓÒÚÓÂÌËfl Ë ËÒÒÎÂ‰Ó‚‡ÌËfl
‡ÔÔÓÍÒËÏ‡ˆËÈ Á‡‰‡˜ ÓÔÚËÏ‡Î¸ÌÓ„Ó ÛÔ‡‚ÎÂÌËfl ÔÓ‚Ó‰ËÎËÒ¸ ‚ ÓÒÌÓ‚ÌÓÏ Ú‡ÍÊÂ ‰Îfl ÎËÌÂÈÌ˚ı
Á‡‰‡˜ ÓÔÚËÏ‡Î¸ÌÓ„Ó ÛÔ‡‚ÎÂÌËfl. èÓ˝ÚÓÏÛ ÓÒÓ·ÂÌÌÓ ‡ÍÚÛ‡Î¸Ì˚Ï fl‚ÎflÂÚÒfl ‡ÒÒÏÓÚÂÌËÂ ̋ ÚËı ‚Ó-
ÔÓÒÓ‚ ‰Îfl ÌÂÎËÌÂÈÌ˚ı Á‡‰‡˜ ÓÔÚËÏ‡Î¸ÌÓ„Ó ÛÔ‡‚ÎÂÌËfl (‚ ÚÓÏ ˜ËÒÎÂ ‰Îfl Á‡‰‡˜, ÍÓ„‰‡ ÌÂÎËÌÂÈ-
ÌÓÒÚ¸ Ó·ÛÒÎÓ‚ÎÂÌ‡ ‚ıÓÊ‰ÂÌËÂÏ ÛÔ‡‚ÎÂÌËÈ ‚ ÔÂÂÏÂÌÌ˚Â ÍÓ˝ÙÙËˆËÂÌÚ˚ Û‡‚ÌÂÌËÈ ÒÓÒÚÓflÌËfl
Ë/ËÎË ÌÂÎËÌÂÈÌÓÒÚ¸˛ Ò‡ÏËı Û‡‚ÌÂÌËÈ ÒÓÒÚÓflÌËfl).

Ç Ì‡ÒÚÓfl˘ÂÈ ‡·ÓÚÂ, ÔÓ ÚÂÏ‡ÚËÍÂ ÔËÏ˚Í‡˛˘ÂÈ Í [9], [12]–[17], ‡ÒÒÏÓÚÂÌ˚ Ë ËÒÒÎÂ‰Ó‚‡Ì˚
Ï‡ÚÂÏ‡ÚË˜ÂÒÍËÂ ÔÓÒÚ‡ÌÓ‚ÍË Á‡‰‡˜ ÓÔÚËÏ‡Î¸ÌÓ„Ó ÛÔ‡‚ÎÂÌËfl ‰Îfl Í‚‡ÁËÎËÌÂÈÌ˚ı Û‡‚ÌÂÌËÈ ˝Î-
ÎËÔÚË˜ÂÒÍÓ„Ó ÚËÔ‡ Ò ÛÔ‡‚ÎÂÌËflÏË ‚ ÍÓ˝ÙÙËˆËÂÌÚ‡ı Û‡‚ÌÂÌËfl ÒÓÒÚÓflÌËfl, ÓÚ‚Â˜‡˛˘Ëı ‡ÁÎË˜-
Ì˚Ï ‚Ë‰‡Ï “ÛÔ‡‚Îfl˛˘Ëı ‚ÓÁ‰ÂÈÒÚ‚ËÈ”: ÛÔ‡‚ÎÂÌËfl ‚ ÔÂÂÏÂÌÌ˚ı ÍÓ˝ÙÙËˆËÂÌÚ‡ı ÔË ÒÚ‡¯Ëı
ÔÓËÁ‚Ó‰Ì˚ı, ÏÎ‡‰¯Ëı ÔÓËÁ‚Ó‰Ì˚ı, ‚ ÔÂÂÏÂÌÌÓÏ ÍÓ˝ÙÙËˆËÂÌÚÂ ÌÂÎËÌÂÈÌÓ„Ó ˜ÎÂÌ‡ Û‡‚ÌÂ-
ÌËfl, Á‡‚ËÒfl˘Â„Ó ÓÚ ÙÛÌÍˆËË ÒÓÒÚÓflÌËfl Ë ‡ÁÎË˜Ì˚ÏË ‚‡Ë‡ÌÚ‡ÏË ÍËÚÂËÂ‚ ÓÔÚËÏ‡Î¸ÌÓÒÚË
(ÙÛÌÍˆËÓÌ‡ÎÓ‚ ˆÂÎË). ê‡ÒÒÏÓÚÂÌ˚ Í‡Í ÎÓÍ‡Î¸Ì˚Â, Ú‡Í Ë ËÌÚÂ„‡Î¸Ì˚Â Ó„‡ÌË˜ÂÌËfl Ì‡ ÛÔ‡‚-
ÎÂÌËfl. èÓÒÚÓÂÌ˚ ‡ÁÌÓÒÚÌ˚Â ‡ÔÔÓÍÒËÏ‡ˆËË ËÒıÓ‰Ì˚ı ˝ÍÒÚÂÏ‡Î¸Ì˚ı Á‡‰‡˜, Ë ÛÒÚ‡ÌÓ‚ÎÂÌ˚
ÓˆÂÌÍË ÒÍÓÓÒÚË ÒıÓ‰ËÏÓÒÚË ‡ÔÔÓÍÒËÏ‡ˆËÈ ÔÓ ÒÓÒÚÓflÌË˛ Ë ÙÛÌÍˆËÓÌ‡ÎÛ, ÒÎ‡·‡fl ÒıÓ‰ËÏÓÒÚ¸ ÔÓ
ÛÔ‡‚ÎÂÌË˛. çËÍ‡ÍËÂ ‰ÓÔÓÎÌËÚÂÎ¸Ì˚Â ‡ÔËÓÌ˚Â ÚÂ·Ó‚‡ÌËfl Ì‡ „Î‡‰ÍÓÒÚ¸ Ó·Ó·˘ÂÌÌ˚ı Â¯Â-
ÌËÈ ‰Îfl ÒÓÒÚÓflÌËfl ÔË ̋ ÚÓÏ ÌÂ Ì‡ÍÎ‡‰˚‚‡˛ÚÒfl. èË˜ÂÏ ‰Îfl ‡ÔÔÓÍÒËÏ‡ˆËË Û‡‚ÌÂÌËfl ÒÓÒÚÓflÌËfl
ÔÂ‰ÎÓÊÂÌ‡ ÌÂÍÓÚÓ‡fl “ÏÓ‰ËÙËˆËÓ‚‡ÌÌ‡fl” ‡ÁÌÓÒÚÌ‡fl ÒıÂÏ‡, ÓÚÎË˜Ì‡fl ÓÚ Ú‡‰ËˆËÓÌÌ˚ı ÒıÂÏ
‰Û„ËÏ ÒÔÓÒÓ·ÓÏ ‚˚˜ËÒÎÂÌËfl ÔÂÂÏÂÌÌ˚ı ÍÓ˝ÙÙËˆËÂÌÚÓ‚ ‚ „Î‡‚ÌÓÈ ˜‡ÒÚË ÒÂÚÓ˜ÌÓ„Ó ÓÔÂ‡ÚÓ-
‡. èÓ‚Â‰ÂÌ‡ Â„ÛÎflËÁ‡ˆËfl ‡ÔÔÓÍÒËÏ‡ˆËÈ. ê‡ÒÒÏÓÚÂÌÌ˚Â ÔÓÒÚ‡ÌÓ‚ÍË Á‡‰‡˜ ‚ÍÎ˛˜‡˛Ú ‚ ÒÂ-
·fl ‚ Í‡˜ÂÒÚ‚Â ˜‡ÒÚÌ˚ı ‚‡Ë‡ÌÚÓ‚ ÔÓÒÚ‡ÌÓ‚ÓÍ ·ÓÎ¸¯ÓÈ ÍÛ„ ÍÓÌÍÂÚÌ˚ı ÔËÍÎ‡‰Ì˚ı ÓÔÚËÏËÁ‡-
ˆËÓÌÌ˚ı Á‡‰‡˜ ÚÂÓËË ÚÂÔÎÓÔÓ‚Ó‰ÌÓÒÚË, ÍÓÌ‚ÂÍˆËË-‰ËÙÙÛÁËË-Â‡ÍˆËË, ÚÂÓËË ÛÔÛ„ÓÒÚË Ë ‰.
(ÔË ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ÂÈ ÍÓÌÍÂÚËÁ‡ˆËË Û‡‚ÌÂÌËÈ ÒÓÒÚÓflÌËfl, ÛÔ‡‚Îfl˛˘Ëı ‚ÓÁ‰ÂÈÒÚ‚ËÈ, Ó„‡ÌË-
˜ÂÌËÈ Ì‡ ÛÔ‡‚ÎÂÌËfl Ë ÙÛÌÍˆËÓÌ‡ÎÓ‚ ˆÂÎË, ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘Ëı ÓÔÚËÏËÁ‡ˆËË ÔÓ ÌÂÍÓÚÓÓÏÛ ÍÓ-
ÌÂ˜ÌÓÏÛ ˜ËÒÎÛ ÍËÚÂËÂ‚ Í‡˜ÂÒÚ‚‡).

í‡Í, Ì‡ÔËÏÂ, ‚ ÚÂÓËË ÛÔÛ„ÓÒÚË ‚ÓÁÌËÍ‡ÂÚ ÏÌÓÊÂÒÚ‚Ó Á‡‰‡˜, ÍÓÚÓ˚Â ÂÒÚÂÒÚ‚ÂÌÌÓ ÙÓÏË-
Û˛ÚÒfl Í‡Í ÔÓ·ÎÂÏ˚ ÓÔÚËÏ‡Î¸ÌÓ„Ó ÛÔ‡‚ÎÂÌËfl. èË ˝ÚÓÏ ÓÎ¸ ÛÔ‡‚Îfl˛˘Ëı Ù‡ÍÚÓÓ‚ ‚ ˝ÚËı
Á‡‰‡˜‡ı ÏÓ„ÛÚ ‚˚ÔÓÎÌflÚ¸, Ì‡ÔËÏÂ, ÙÛÌÍˆËË, ‚ıÓ‰fl˘ËÂ ‚ „Î‡‚ÌÛ˛ ˜‡ÒÚ¸ ÓÒÌÓ‚ÌÓ„Ó ‰ËÙÙÂÂÌ-
ˆË‡Î¸ÌÓ„Ó ÓÔÂ‡ÚÓ‡, Á‡‰‡˛˘ËÂ ‚ÌÛÚÂÌÌ˛˛ ÒÚÛÍÚÛÛ ÍÓÌÒÚÛÍˆËÈ, Ú.Â. ÓÔËÒ˚‚‡˛˘ËÂ ‡Ò-
ÔÂ‰ÂÎÂÌËÂ ÛÔÛ„Ëı ı‡‡ÍÚÂËÒÚËÍ Ï‡ÚÂË‡Î‡. ê‡ÒÒÏÓÚËÏ, Ì‡ÔËÏÂ, ÒÎÂ‰Û˛˘ËÈ ÒÓ‰ÂÊ‡ÚÂÎ¸-
Ì˚È ˜‡ÒÚÌ˚È ‚‡Ë‡ÌÚ ÔÓÒÚ‡ÌÓ‚ÓÍ ˝ÍÒÚÂÏ‡Î¸Ì˚ı Á‡‰‡˜ A(a), α = 0, 1, 2 (ÒÏ. ‡Á‰. 1), ÍÓ„‰‡ ‚ Û‡‚-
ÌÂÌËË ÒÓÒÚÓflÌËfl (1.1) bα(x) = 0, α = 1, 2, d(x) = 0, f(x) = 2θ, ‡ ÍÓ˝ÙÙËˆËÂÌÚ k(x) – ÛÔ‡‚ÎÂÌËÂ;

ÏÌÓÊÂÒÚ‚‡ ‰ÓÔÛÒÚËÏ˚ı ÛÔ‡‚ÎÂÌËÈ ‰Îfl g(x) = k(x) ËÏÂ˛Ú ‚Ë‰ ÎË·Ó U0, ÎË·Ó , ÎË·Ó (p), p ≥ 1, ‡

ÙÛÌÍˆËÓÌ‡Î ˆÂÎË J(g) = Jk(g), ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ËÈ ÓÔÚËÏËÁ‡ˆËË ÔÓ Á‡‰‡ÌÌÓÏÛ ÍÓÌÂ˜ÌÓÏÛ

˜ËÒÎÛ ÍËÚÂËÂ‚ Í‡˜ÂÒÚ‚‡, ËÏÂÂÚ ‚Ë‰ (1.3), „‰Â ρ(x) = 2/θ. èÓ‰Ó·Ì‡fl ÏÓ‰ÂÎ¸ ‰Îfl ÙÛÌÍˆËË ÒÓÒÚÓfl-
ÌËfl u(x), x ∈ Ω, ‚ÓÁÌËÍ‡ÂÚ, Ì‡ÔËÏÂ, ÔË Ï‡ÚÂÏ‡ÚË˜ÂÒÍÓÏ ÏÓ‰ÂÎËÓ‚‡ÌËË ‚‡ÊÌÓÈ ‚ ÚÂÓËË ÛÔÛ-
„ÓÒÚË Á‡‰‡˜Ë Ó ÍÛ˜ÂÌËË ÛÔÛ„Ó„Ó ËÁÓÚÓÔÌÓ„Ó ÌÂÓ‰ÌÓÓ‰ÌÓ„Ó ÔËÁÏ‡ÚË˜ÂÒÍÓ„Ó ÒÚÂÊÌfl Ò Á‡-

‰‡ÌÌ˚Ï Ó‰ÌÓÒ‚flÁÌ˚Ï ÔÓÔÂÂ˜Ì˚Ï ÒÂ˜ÂÌËÂÏ Ω ⊂ �
2
 (ÒÏ. [4]). èÂ‰ÔÓÎ‡„‡ÂÚÒfl, ˜ÚÓ ·ÓÍÓ‚‡fl ÔÓ-

‚ÂıÌÓÒÚ¸ ÒÚÂÊÌfl Ò‚Ó·Ó‰Ì‡ ÓÚ Ì‡ÔflÊÂÌËÈ Ë ÒÚÂÊÂÌ¸ Ì‡„ÛÊÂÌ ÚÓÎ¸ÍÓ ÔË ÔÓÏÓ˘Ë
Á‡ÍÛ˜Ë‚‡˛˘Â„Ó ÏÓÏÂÌÚ‡  = θJ0(g), ÔËÎÓÊÂÌÌÓ„Ó Ì‡ Â„Ó ÚÓˆ‡ı Ë Ì‡Ô‡‚ÎÂÌÌÓ„Ó ÔÓ ÓÒË
ÒÚÂÊÌfl x3. á‰ÂÒ¸ θ – Û„ÓÎ Á‡ÍÛ˜Ë‚‡ÌËfl, ÔËıÓ‰fl˘ËÈÒfl Ì‡ Â‰ËÌËˆÛ ‰ÎËÌ˚ ÒÚÂÊÌfl, ‚˚Á‚‡ÌÌ˚È
ÍÛÚfl˘ËÏ ÏÓÏÂÌÚÓÏ . ùÚËÏ Û„ÎÓÏ ı‡‡ÍÚÂËÁÛÂÚÒfl ‰ÂÙÓÏËÓ‚‡ÌÌÓÂ ÒÓÒÚÓflÌËÂ ÒÚÂÊÌfl.
ç‡ÔflÊÂÌÌÓÂ ÒÓÒÚÓflÌËÂ ‚ ÒÚÂÊÌÂ, ‰ÂÙÓÏËÓ‚‡ÌÌÓÏ ÔË ÔÓÏÓ˘Ë Á‡ÍÛ˜Ë‚‡˛˘Â„Ó ÏÓÏÂÌÚ‡

 ÓÚÌÓÒËÚÂÎ¸ÌÓ ÓÒË x3, ÓÔÂ‰ÂÎflÂÚÒfl ÚÓÎ¸ÍÓ ‰‚ÛÏfl ÍÓÏÔÓÌÂÌÚ‡ÏË Ì‡ÔflÊÂÌËfl σ13(x) Ë σ23(x)
(Ú‡Í Í‡Í ‚ÓÁÌËÍ‡ÂÚ ÚÓÎ¸ÍÓ ‰‚‡ Í‡Ò‡ÚÂÎ¸Ì˚ı Ì‡ÔflÊÂÌËfl). Ç ÔËÎÓÊÂÌËflı ·ÓÎ¸¯ÓÈ ËÌÚÂÂÒ ÔÂ‰-
ÒÚ‡‚ÎflÂÚ ÌÂ ÚÓÎ¸ÍÓ ÓÔÂ‰ÂÎÂÌËÂ ÙÛÌÍˆËË Ì‡ÔflÊÂÌËÈ è‡Ì‰ÚÎfl u(x) = u(x1, x2), x ∈ Ω, Û‰Ó‚ÎÂÚ‚Ó-
fl˛˘ÂÈ ÔflÏÓÈ Á‡‰‡˜Â ‰Îfl ÒÓÒÚÓflÌËfl, ÌÓ Ë Ú‡ÍËÂ ‚‡ÊÌ˚Â ı‡‡ÍÚÂËÒÚËÍË, Í‡Í Í‡Ò‡ÚÂÎ¸Ì˚Â Ì‡-
ÔflÊÂÌËfl σ13(x), σ23(x), ‡ Ú‡ÍÊÂ ÊÂÒÚÍÓÒÚ¸ ÒÚÂÊÌfl Ì‡ ÍÛ˜ÂÌËÂ J0(g) = J0(k). ÑÎfl ‰‡ÌÌÓ„Ó ˜‡ÒÚÌÓ-
„Ó ‚‡Ë‡ÌÚ‡ ˝ÍÒÚÂÏ‡Î¸Ì˚Â Á‡‰‡˜Ë A(a) ÏÓÊÌÓ Ú‡ÍÚÓ‚‡Ú¸ Í‡Í ÓÔÚËÏ‡Î¸Ì˚Â Á‡‰‡˜Ë ÚÂÓËË
ÛÔÛ„ÓÒÚË Ó· ˝ÍÒÚÂÏÛÏÂ ÙÛÌÍˆËÓÌ‡Î‡, ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘Â„Ó ÓÔÚËÏËÁ‡ˆËË ÔÓ ÍÓÌÂ˜ÌÓÏÛ ˜ËÒÎÛ

Û0 Û0

α kk 0=
3∑

Mx3

Mx3
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ãÛ·˚¯Â‚, å‡Ì‡ÔÓ‚‡

ÍËÚÂËÂ‚ Í‡˜ÂÒÚ‚‡ J(g) = Jk(g). á‰ÂÒ¸ J0(g) = J0(k) – Ó‰ËÌ ËÁ ÓÒÌÓ‚Ì˚ı ÙÛÌÍˆËÓÌ‡ÎÓ‚ Â-
¯ÂÌËfl Á‡‰‡˜Ë Ó ÍÛ˜ÂÌËË. ùÚÓÚ ÙÛÌÍˆËÓÌ‡Î ı‡‡ÍÚÂËÁÛÂÚ ÊÂÒÚÍÓÒÚ¸ ÍÛ˜ÂÌËfl ÌÂÓ‰ÌÓÓ‰ÌÓ„Ó
ÛÔÛ„Ó„Ó ËÁÓÚÓÔÌÓ„Ó ÔËÁÏ‡ÚË˜ÂÒÍÓ„Ó ÒÚÂÊÌfl. ÇÚÓÓÈ ÙÛÌÍˆËÓÌ‡Î J1(k) ı‡‡ÍÚÂËÁÛÂÚ ÏÂÛ
ÓÚÍÎÓÌÂÌËfl ‚ L2(Ω)-ÌÓÏÂ ÙÛÌÍˆËË Ì‡ÔflÊÂÌËÈ è‡Ì‰ÚÎfl u(x), ı‡‡ÍÚÂËÁÛ˛˘ÂÈ ÒÓÒÚÓflÌËÂ ÒË-
ÒÚÂÏ˚, ÓÚ Á‡‰‡ÌÌÓ„Ó (ÊÂÎ‡ÂÏÓ„Ó) ‡ÒÔÂ‰ÂÎÂÌËfl u0(x). íÂÚËÈ Ë ˜ÂÚ‚ÂÚ˚È ÙÛÌÍˆËÓÌ‡Î˚ J2(k) Ë
J3(k) ı‡‡ÍÚÂËÁÛ˛Ú ÒÂ‰ÌÂÍ‚‡‰‡ÚË˜ÌÓÂ ÓÚÍÎÓÌÂÌËÂ ‰ÂÈÒÚ‚Û˛˘Ëı ‚ ÒÚÂÊÌÂ Í‡Ò‡ÚÂÎ¸Ì˚ı
(Ò‰‚Ë„Ó‚˚ı) Ì‡ÔflÊÂÌËÈ ∂u/∂x1 = σ23(x) Ë ∂u/∂x2 = σ13(x) ÓÚ Á‡‰‡ÌÌ˚ı (ÊÂÎ‡ÂÏ˚ı) Í‡Ò‡ÚÂÎ¸Ì˚ı Ì‡-
ÔflÊÂÌËÈ ψ1(x) Ë ψ2(x) ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ. êÓÎ¸ “ÛÔ‡‚Îfl˛˘Â„Ó” Ù‡ÍÚÓ‡ ‚ ˝ÚËı ˝ÍÒÚÂÏ‡Î¸Ì˚ı Á‡-
‰‡˜‡ı A(a), α = 0, 1, 2, ‚˚ÔÓÎÌflÂÚ ÙÛÌÍˆËfl g(x) = k(x) – ÛÔÛ„‡fl ÔÓ‰‡ÚÎË‚ÓÒÚ¸ Ï‡ÚÂË‡Î‡ ÔËÁÏ‡-
ÚË˜ÂÒÍÓ„Ó ÒÚÂÊÌfl (‚ÂÎË˜ËÌ‡, Ó·‡ÚÌ‡fl µ(x) – ÏÓ‰ÛÎ˛ ÛÔÛ„Ó„Ó Ò‰‚Ë„‡ Ï‡ÚÂË‡Î‡, ËÁ ÍÓÚÓÓ„Ó
ÒÓÒÚÓËÚ ÒÚÂÊÂÌ¸), ÓÔËÒ˚‚‡˛˘‡fl ‡ÒÔÂ‰ÂÎÂÌËÂ ÛÔÛ„Ëı ı‡‡ÍÚÂËÒÚËÍ Ï‡ÚÂË‡Î‡. ãÓÍ‡Î¸Ì˚Â
Ó„‡ÌË˜ÂÌËfl Ì‡ ÛÔ‡‚ÎÂÌËÂ g(x) = k(x) ı‡‡ÍÚÂËÁÛ˛Ú „‡ÌËˆ˚ ‰ÓÔÛÒÚËÏÓ„Ó ËÁÏÂÌÂÌËfl ÛÔÛ„ÓÈ
ÔÓ‰‡ÚÎË‚ÓÒÚË Ï‡ÚÂË‡Î‡ ÒÚÂÊÌfl, ‡ Ú‡ÍÊÂ Û˜ËÚ˚‚‡˛Ú ÌÂ‰ÓÔÛÒÚËÏÓÒÚ¸ ÂÁÍËı ÔÂÂÔ‡‰Ó‚ ‚ ËÁÏÂ-
ÌÂÌËË ÛÔÛ„Ëı ı‡‡ÍÚÂËÒÚËÍ Ï‡ÚÂË‡Î‡ (Ó„‡ÌË˜ÂÌËÂ Ì‡ „‡‰ËÂÌÚ ÙÛÌÍˆËË – ÛÔ‡‚ÎÂÌËfl k(x)).
àÌÚÂ„‡Î¸Ì˚Â ÒÓÓÚÌÓ¯ÂÌËfl ‚ Ó„‡ÌË˜ÂÌËflı Ì‡ ÛÔ‡‚ÎÂÌËÂ k(x) ÏÓÊÌÓ Ú‡ÍÚÓ‚‡Ú¸ Í‡Í ÛÒÎÓ‚Ì˚Â
ÓˆÂÌÍË ÒÚÓËÏÓÒÚË ÔËÏÂÌflÂÏÓ„Ó Ï‡ÚÂË‡Î‡ (ÒÏ. [4]). ÇÂÎË˜ËÌ‡ ÙÛÌÍˆËÓÌ‡Î‡ J(g) = Jk(g)
Á‡‚ËÒËÚ ÓÚ ‡ÒÔÂ‰ÂÎÂÌËfl ÔÓ‰‡ÚÎË‚ÓÒÚË k(x) ÔÓ ÒÂ˜ÂÌË˛ Ω ÔËÁÏ‡ÚË˜ÂÒÍÓ„Ó ÒÚÂÊÌfl. ñÂÎ¸˛ ‚
Í‡Ê‰ÓÈ ËÁ Á‡‰‡˜ A(a), α = 0, 1, 2, fl‚ÎflÂÚÒfl ÓÚ˚ÒÍ‡ÌËÂ Ú‡ÍÓ„Ó ‡ÒÔÂ‰ÂÎÂÌËfl ÔÓ‰‡ÚÎË‚ÓÒÚË k(x) ∈
∈ U (α), „‰Â U(α) = U0, ÎË·Ó U(α) = , ÎË·Ó U(α) = (p), p ≥ 1 (ÒÏ. ‡Á‰. 1), ̃ ÚÓ·˚ Ì‡ ̋ ÚÓÏ ÛÔ‡‚ÎÂÌËË
ÙÛÌÍˆËÓÌ‡Î J(g) = J(k) ‰ÓÒÚË„‡Î ÏËÌËÏÛÏ‡. Ç Á‡‚ËÒËÏÓÒÚË ÓÚ ‚˚·Ó‡ Ô‡‡ÏÂÚÓ‚ αk, k = 0, 1, 2, 3,
ÔÓÎÛ˜‡ÂÏ ‡ÁÎË˜Ì˚Â ̃ ‡ÒÚÌ˚Â ÍËÚÂËË Í‡˜ÂÒÚ‚‡. í‡ÍËÏ Ó·‡ÁÓÏ, ÔÓÒÚ‡‚ÎÂÌÌ˚Â ‚ Ì‡ÒÚÓfl˘ÂÈ ‡-
·ÓÚÂ ˝ÍÒÚÂÏ‡Î¸Ì˚Â Á‡‰‡˜Ë A(a), α = 0, 1, 2, ‚ ‡ÒÒÏÓÚÂÌÌÓÏ ‚˚¯Â ˜‡ÒÚÌÓÏ ÒÓ‰ÂÊ‡ÚÂÎ¸ÌÓÏ ‚‡-
Ë‡ÌÚÂ ÏÓÊÌÓ Ú‡ÍÚÓ‚‡Ú¸ Í‡Í Á‡‰‡˜Ë ÓÔÚËÏ‡Î¸ÌÓ„Ó ‡ÒÔÂ‰ÂÎÂÌËfl ÏÓ‰ÛÎfl Ò‰‚Ë„‡ Ï‡ÚÂË‡Î‡
ÛÔÛ„Ó„Ó ÌÂÓ‰ÌÓÓ‰ÌÓ„Ó ËÁÓÚÓÔÌÓ„Ó ÔËÁÏ‡ÚË˜ÂÒÍÓ„Ó ÒÚÂÊÌfl, Ì‡ıÓ‰fl˘Â„ÓÒfl ‚ ÛÒÎÓ‚Ëflı ÍÛ-
˜ÂÌËfl. á‡ÏÂÚËÏ, ˜ÚÓ Á‡‰‡˜‡ Ó Ï‡ÍÒËÏËÁ‡ˆËË ÊÂÒÚÍÓÒÚË Ì‡ ÍÛ˜ÂÌËÂ ÛÔÛ„Ó„Ó ÔËÁÏ‡ÚË˜ÂÒÍÓ„Ó

ÒÚÂÊÌfl ÒÓÒÚÓËÚ ‚ ÓÚ˚ÒÍ‡ÌËË inf (k), „‰Â (k) = –J0(k). á‡ÏÂÚËÏ Ú‡ÍÊÂ, ˜ÚÓ ‚ [4] ‡ÒÒÏÓÚÂÌ˚
·ÓÎÂÂ ˜‡ÒÚÌ˚Â ÔÓÒÚ‡ÌÓ‚ÍË ˝ÍÒÚÂÏ‡Î¸Ì˚ı Á‡‰‡˜ Ó ÍÛ˜ÂÌËË. äÓÏÂ ÚÓ„Ó, ‚ÓÔÓÒ˚, Ò‚flÁ‡ÌÌ˚Â Ò
‡ÔÔÓÍÒËÏ‡ˆËÂÈ ˝ÍÒÚÂÏ‡Î¸Ì˚ı Á‡‰‡˜ Ó ÍÛ˜ÂÌËË, Ú‡Ï ÌÂ Á‡Ú‡„Ë‚‡ÎËÒ¸.

ê‡ÒÒÏÓÚËÏ ‰Û„ÓÈ ÒÓ‰ÂÊ‡ÚÂÎ¸Ì˚È ˜‡ÒÚÌ˚È ‚‡Ë‡ÌÚ ÔÓÒÚ‡ÌÓ‚ÓÍ ˝ÍÒÚÂÏ‡Î¸Ì˚ı Á‡‰‡˜ A(a),
ÍÓ„‰‡ ‚ Û‡‚ÌÂÌËË ÒÓÒÚÓflÌËfl (1.1) bα(x) = 0, α = 1, 2, d(x)q(u) = d(x)u(x) (Ú.Â. ÔËÌflÚÓ q(u) = u), ‡ ÍÓ-
˝ÙÙËˆËÂÌÚ˚ k(x) Ë d(x) – ÛÔ‡‚ÎÂÌËfl; ÏÌÓÊÂÒÚ‚‡ ‰ÓÔÛÒÚËÏ˚ı ÛÔ‡‚ÎÂÌËÈ ‰Îfl ‚ÂÍÚÓ-ÙÛÌÍˆËË

ÛÔ‡‚ÎÂÌËfl g = (k(x), d(x)) ËÏÂ˛Ú ‚Ë‰ ÎË·Ó U0 × U3, ÎË·Ó  × U3, ÎË·Ó (p) × U3, p ≥ 1, ‡ ÙÛÌÍ-
ˆËÓÌ‡Î ˆÂÎË J(g), ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ËÈ ÓÔÚËÏËÁ‡ˆËË ÔÓ Á‡‰‡ÌÌÓÏÛ ÍÓÌÂ˜ÌÓÏÛ ˜ËÒÎÛ ÍËÚÂËÂ‚ Í‡-
˜ÂÒÚ‚‡, ËÏÂÂÚ ‚Ë‰ (1.3), „‰Â ρ(x) = f(x), α2 = α3 = 0. Ç ‰‡ÌÌÓÏ ̃ ‡ÒÚÌÓÏ ‚‡Ë‡ÌÚÂ Á‡‰‡˜‡ ‰Îfl ÒÓÒÚÓflÌËfl
u(x) ÏÓÊÂÚ Ú‡ÍÚÓ‚‡Ú¸Òfl Í‡Í Á‡‰‡˜‡ Ó ÔÓÎÓÊÂÌËË ‡‚ÌÓ‚ÂÒËfl ÊÂÒÚÍÓ Á‡ÍÂÔÎÂÌÌÓÈ Ì‡ „‡ÌËˆÂ Γ
ÌÂÓ‰ÌÓÓ‰ÌÓÈ ÛÔÛ„ÓÈ ÏÂÏ·‡Ì˚, Ì‡ıÓ‰fl˘ÂÈÒfl ÔÓ‰ ‰ÂÈÒÚ‚ËÂÏ ÒËÒÚÂÏ˚ ÒËÎ – ‚ÌÂ¯ÌÂÈ ÌÓÏ‡Î¸-
ÌÓÈ ÒÚ‡ˆËÓÌ‡ÌÓÈ Ì‡„ÛÁÍË Ò ÌÂÔÂ˚‚ÌÓÈ ÔÓ‚ÂıÌÓÒÚÌÓÈ ÔÎÓÚÌÓÒÚ¸˛ f(x) Ë ÒËÎ˚ ÒÓÔÓÚË‚ÎÂ-
ÌËfl ÛÔÛ„ÓÈ ÒÂ‰˚, ÔÎÓÚÌÓÒÚ¸ ÍÓÚÓÓÈ d(x)u(x) ÔÓÔÓˆËÓÌ‡Î¸Ì‡ ÒÏÂ˘ÂÌË˛ u(x) ÚÓ˜ÂÍ ÏÂÏ·‡Ì˚
Ë Ó·‡ÚÌ‡ ̋ ÚÓÏÛ ÒÏÂ˘ÂÌË˛ ÔÓ ÁÌ‡ÍÛ (ÔÂ‰ÔÓÎ‡„‡ÂÚÒfl, ̃ ÚÓ ÓÍÛÊ‡˛˘‡fl ÏÂÏ·‡ÌÛ ÒÂ‰‡ ÓÍ‡Á˚‚‡ÂÚ
ÒÓÔÓÚË‚ÎÂÌËÂ ÔÂÂÏÂ˘ÂÌË˛ ÏÂÏ·‡Ì˚, ÔÓÔÓˆËÓÌ‡Î¸ÌÓÂ ÒÏÂ˘ÂÌË˛ ÚÓ˜ÂÍ ÏÂÏ·‡Ì˚). èË-
˜ÂÏ ‚ ÒÔÓÍÓÈÌÓÏ, ÌÂÌ‡„ÛÊÂÌÌÓÏ ÒÓÒÚÓflÌËË ÏÂÏ·‡Ì‡ ‡ÒÔÓÎÓÊÂÌ‡ ‚ „ÓËÁÓÌÚ‡Î¸ÌÓÈ ÔÎÓÒÍÓ-
ÒÚË (x1, x2) Ë Á‡ÌËÏ‡ÂÚ Ó·Î‡ÒÚ¸ Ω ⊂ �

2
, Ó„‡ÌË˜ÂÌÌÛ˛ „‡ÌËˆÂÈ Γ. á‰ÂÒ¸ u(x) = u(x1, x2), x ∈ Ω , – ÙÛÌÍ-

ˆËfl, ÓÔÂ‰ÂÎfl˛˘‡fl ÔÓ„Ë· ÏÂÏ·‡Ì˚ (Ú.Â. ÌÓÏ‡Î¸ÌÓÂ ÔÂÂÏÂ˘ÂÌËÂ ÏÂÏ·‡Ì˚ ‚ ÚÓ˜ÍÂ x = (x1,
x2)). ÑÎfl ‰‡ÌÌÓ„Ó ̃ ‡ÒÚÌÓ„Ó ‚‡Ë‡ÌÚ‡ ̋ ÍÒÚÂÏ‡Î¸Ì˚Â Á‡‰‡˜Ë A(a) ÏÓÊÌÓ Ú‡ÍÚÓ‚‡Ú¸ Í‡Í ÓÔÚËÏ‡Î¸-
Ì˚Â Á‡‰‡˜Ë Ó· ˝ÍÒÚÂÏÛÏÂ ÙÛÌÍˆËÓÌ‡Î‡ J(g) = α0J0(g) + α1J1(g), ‚ ÍÓÚÓÓÏ ÙÛÌÍˆËÓÌ‡Î J0(g) ‚˚-
‡Ê‡ÂÚ ÁÌ‡˜ÂÌËÂ ‡·ÓÚ˚ ‚ÌÂ¯ÌÂÈ ÌÓÏ‡Î¸ÌÓÈ ÒËÎ˚ ÔÎÓÚÌÓÒÚË f(x) Ì‡ ‚ÓÁÏÓÊÌ˚ı ÔÂÂÏÂ˘ÂÌËflı
u(x) ÚÓ˜ÂÍ ÏÂÏ·‡Ì˚, ‡ ‚ÚÓÓÈ ÙÛÌÍˆËÓÌ‡Î J1(g) ı‡‡ÍÚÂËÁÛÂÚ ‚ÂÎË˜ËÌÛ ÒÂ‰ÌÂÍ‚‡‰‡ÚË˜ÌÓ„Ó ÓÚ-
ÍÎÓÌÂÌËfl ÔÓÎÓÊÂÌËfl (ÙÓÏ˚) ÏÂÏ·‡Ì˚ ÓÚ ÚÂ·ÛÂÏÓ„Ó ÔÓÎÓÊÂÌËfl (ÙÓÏ˚) u0(x). êÓÎ¸ “ÛÔ‡‚Îfl-
˛˘Ëı” Ù‡ÍÚÓÓ‚ ‚ ˝ÚËı ˝ÍÒÚÂÏ‡Î¸Ì˚ı Á‡‰‡˜‡ı ‚˚ÔÓÎÌfl˛Ú ÙÛÌÍˆËË k(x) Ë d(x), x ∈ Ω, „‰Â k(x) ≥ ν >
> 0 – ÍÓ˝ÙÙËˆËÂÌÚ Ì‡ÚflÊÂÌËfl ÏÂÏ·‡Ì˚, ı‡‡ÍÚÂËÁÛ˛˘ËÈ ‚ÌÛÚÂÌÌËÂ ÛÔÛ„ËÂ Ò‚ÓÈÒÚ‚‡ Ï‡ÚÂ-
Ë‡Î‡ ÏÂÏ·‡Ì˚, ‡ d(x) ≥ 0 – ÍÓ˝ÙÙËˆËÂÌÚ ÛÔÛ„ÓÒÚË ÓÍÛÊ‡˛˘ÂÈ ÒÂ‰˚, ı‡‡ÍÚÂËÁÛ˛˘ËÈ
ÛÔÛ„Û˛ ‚ÓÒÒÚ‡Ì‡‚ÎË‚‡˛˘Û˛ ÒËÎÛ ÓÍÛÊ‡˛˘ÂÈ ÏÂÏ·‡ÌÛ ÛÔÛ„ÓÈ ÒÂ‰˚. ÇÂÎË˜ËÌ‡ ÙÛÌÍˆËÓ-
Ì‡Î‡ J(g) = = J(k, d) Á‡‚ËÒËÚ ÓÚ ‡ÒÔÂ‰ÂÎÂÌËfl ‚ÂÎË˜ËÌ k(x) Ë d(x). ñÂÎ¸ Á‡‰‡˜ ÓÔÚËÏËÁ‡ˆËË A(a) ÒÓ-
ÒÚÓËÚ ‚ ÚÓÏ, ˜ÚÓ ÚÂ·ÛÂÚÒfl ÓÚ˚ÒÍ‡Ú¸ ‰ÓÔÛÒÚËÏ˚Â ÙÛÌÍˆËË k(x) Ë d(x) Ú‡ÍËÂ, ˜ÚÓ·˚ ÙÛÌÍˆËÓÌ‡Î
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J(g) = α0J0(g) + + α1J1(g) ÔËÌËÏ‡Î ÏËÌËÏ‡Î¸ÌÓÂ ‚ÓÁÏÓÊÌÓÂ ÁÌ‡˜ÂÌËÂ. Ç Á‡‚ËÒËÏÓÒÚË ÓÚ ‚˚·Ó‡
Ô‡‡ÏÂÚÓ‚ α0 Ë α1 ÔÓÎÛ˜‡ÂÏ ‡ÁÎË˜Ì˚Â ˜‡ÒÚÌ˚Â ÍËÚÂËË Í‡˜ÂÒÚ‚‡. ç‡ÔËÏÂ, ÏËÌËÏËÁ‡ˆËfl
ÙÛÌÍˆËÓÌ‡Î‡ J1(g) ÓÚ‚Â˜‡ÂÚ ÚÂ·Ó‚‡ÌË˛, ˜ÚÓ·˚ ÔÓ„Ë· Ì‡„ÛÊÂÌÌÓÈ ÏÂÏ·‡Ì˚, Á‡ÍÂÔÎÂÌÌÓÈ
ÔÓ Í‡˛ Γ, ·˚Î ·ÎËÁÓÍ ‚ L2(Ω)-ÌÓÏÂ Í Á‡‰‡ÌÌÓÏÛ ÔÓ„Ë·Û u0(x). í‡ÍËÏ Ó·‡ÁÓÏ, ÔÓÒÚ‡‚ÎÂÌÌ˚Â
‚ Ì‡ÒÚÓfl˘ÂÈ ‡·ÓÚÂ ˝ÍÒÚÂÏ‡Î¸Ì˚Â Á‡‰‡˜Ë ‚ ‡ÒÒÏÓÚÂÌÌÓÏ ‚˚¯Â ˜‡ÒÚÌÓÏ ÒÓ‰ÂÊ‡ÚÂÎ¸ÌÓÏ ‚‡-
Ë‡ÌÚÂ ÏÓÊÌÓ Ú‡ÍÚÓ‚‡Ú¸ Ú‡Í ÊÂ, Í‡Í Á‡‰‡˜Ë ÓÔÚËÏ‡Î¸ÌÓ„Ó ‡ÒÔÂ‰ÂÎÂÌËfl ÍÓ˝ÙÙËˆËÂÌÚ‡ Ì‡Úfl-
ÊÂÌËfl ÛÔÛ„ÓÈ ÏÂÏ·‡Ì˚ Ë ÍÓ˝ÙÙËˆËÂÌÚ‡ ÛÔÛ„ÓÒÚË ÓÍÛÊ‡˛˘ÂÈ ÏÂÏ·‡ÌÛ ÒÂ‰˚, ÍÓ„‰‡ ÛÔÛ-
„‡fl ÌÂÓ‰ÌÓÓ‰Ì‡fl ÏÂÏ·‡Ì‡ Ì‡ıÓ‰ËÚÒfl ÔÓ‰ ‰ÂÈÒÚ‚ËÂÏ ÒËÒÚÂÏ˚ ÒËÎ (Ì‡„ÛÁÓÍ).

ùÍÒÚÂÏ‡Î¸Ì˚Â Á‡‰‡˜Ë A(a), ÔÓÒÚ‡‚ÎÂÌÌ˚Â ‚ ‡Á‰. 1, ‚ ‰Û„Ëı ÒÓ‰ÂÊ‡ÚÂÎ¸Ì˚ı ˜‡ÒÚÌ˚ı ‚‡Ë-
‡ÌÚ‡ı ÏÓÊÌÓ Ú‡ÍÚÓ‚‡Ú¸, Ì‡ÔËÏÂ, Ë Í‡Í ÓÔÚËÏ‡Î¸Ì˚Â Á‡‰‡˜Ë ˝ÍÓÎÓ„Ë˜ÂÒÍÓ„Ó ÔÓ„ÌÓÁËÓ‚‡ÌËfl,
Í‡Í ÔÓ·ÎÂÏ˚, Ò‚flÁ‡ÌÌ˚Â Ò ÓÔÚËÏËÁ‡ˆËÂÈ Ô‡‡ÏÂÚÓ‚ Ï‡ÚÂÏ‡ÚË˜ÂÒÍËı ÏÓ‰ÂÎÂÈ ˝ÍÓÎÓ„Ë˜ÂÒÍÓ„Ó
ÔÓ„ÌÓÁËÓ‚‡ÌËfl, ‚ ÓÒÌÓ‚Â ÍÓÚÓ˚ı ÎÂÊËÚ Û‡‚ÌÂÌËÂ ÍÓÌ‚ÂÍˆËË-‰ËÙÙÛÁËË-Â‡ÍˆËË, ÓÔËÒ˚‚‡˛-
˘ÂÂ ÔÓˆÂÒÒ ‡ÒÔÓÒÚ‡ÌÂÌËfl ‚Â˘ÂÒÚ‚‡ ‚ ÌÂÍÓÚÓÓÈ Ó·Î‡ÒÚË ˝ÍÓÎÓ„Ë˜ÂÒÍÓ„Ó ÔÓ„ÌÓÁËÓ‚‡ÌËfl Ω
(Ì‡ÔËÏÂ, ÔÂÂÌÓÒ‡ ‚ ‡ÚÏÓÒÙÂÂ ËÎË ‚ ÂÍÂ ÌÂÓ‰ÌÓÓ‰ÌÓÈ Á‡„flÁÌfl˛˘ÂÈ ÒÛ·ÒÚ‡ÌˆËË, ÒÏ. [18], [19]).

1. èéëíÄçéÇäÄ áÄÑÄó à àï äéêêÖäíçéëíú

èÛÒÚ¸ Ω = {ξ = (ξ1, ξ2) ∈ �
2
 : 0 < ξα < lα, α = 1, 2} – ÔflÏÓÛ„ÓÎ¸ÌËÍ ‚ �

2
 Ò „‡ÌËˆÂÈ Γ. èÛÒÚ¸

ÛÔ‡‚ÎflÂÏ˚È ÔÓˆÂÒÒ ÓÔËÒ˚‚‡ÂÚÒfl ‚ Ω ÒÎÂ‰Û˛˘ÂÈ Á‡‰‡˜ÂÈ ÑËËıÎÂ ‰Îfl Í‚‡ÁËÎËÌÂÈÌÓ„Ó Û‡‚ÌÂ-
ÌËfl ˝ÎÎËÔÚË˜ÂÒÍÓ„Ó ÚËÔ‡:

(1.1‡)

(1.1·)

„‰Â q(u), f(ξ) – ËÁ‚ÂÒÚÌ˚Â ÙÛÌÍˆËË; g(ξ) = (g0(ξ), g1(ξ), g2(ξ), g3(ξ)) = (k(ξ), b1(ξ), b2(ξ), d(ξ)) – ÛÔ‡‚ÎÂ-
ÌËÂ. éÚÌÓÒËÚÂÎ¸ÌÓ Á‡‰‡ÌÌ˚ı ÙÛÌÍˆËÈ ·Û‰ÂÏ ÔÂ‰ÔÓÎ‡„‡Ú¸ ÒÎÂ‰Û˛˘ÂÂ: f(ξ) ∈  L2(Ω), ÙÛÌÍˆËfl q(s)
ÓÔÂ‰ÂÎÂÌ‡ Ì‡ R ÒÓ ÁÌ‡˜ÂÌËflÏË ‚ R Ë Û‰Ó‚ÎÂÚ‚ÓflÂÚ ÛÒÎÓ‚ËflÏ q(0) = 0, 0 ≤ q0 ≤ [q(s1) – q(s2)]/(s1 – s2) ≤
≤ Lq < ∞, ‰Îfl ‚ÒÂı s1, s2 ∈ R, s 1 ≠ s2.

Ç‚Â‰ÂÏ ÏÌÓÊÂÒÚ‚Ó ‰ÓÔÛÒÚËÏ˚ı ÛÔ‡‚ÎÂÌËÈ

(1.2)

Á‰ÂÒ¸ Ô.‚. – ÔÓ˜ÚË ‚Ò˛‰Û. èÂ‰ÔÓÎ‡„‡ÂÚÒfl ‚˚ÔÓÎÌÂÌËÂ ÒÎÂ‰Û˛˘Ëı ÛÒÎÓ‚ËÈ: –m ≤ ζ1 ≤  ≤ m, –p ≤

≤ ζ2 ≤  ≤ p,  , Rα, m, p = Const > 0; δ0 =  + λ –  –  > 0,  =  + ;

ζ3,  – ÌÂÍÓÚÓ˚Â ÔÓÒÚÓflÌÌ˚Â; Á‰ÂÒ¸ λ – Î˛·‡fl ËÁ ÒÎÂ‰Û˛˘Ëı ÍÓÌÒÚ‡ÌÚ: a) λ = q0ζ3, ζ3 ≥ 0; ·) λ = ζ3 –

Î˛·‡fl ÍÓÌÒÚ‡ÌÚ‡, ÍÓ„‰‡ q(u) = u; ‚) λ = –Lqζ0, „‰Â ζ0 = max{|ζ3|, | |}.

á‡‰‡‰ËÏ ÙÛÌÍˆËÓÌ‡Î ˆÂÎË J : U(0)  R1 ‚ ‚Ë‰Â

(1.3)

L g( )u
∂

∂ξα
-------- k ξ( ) ∂u

∂ξα
-------- 

 
α 1=

2

∑– bα ξ( ) ∂u
∂ξα
--------

α 1=

2

∑ d ξ( )q u( )+ + f ξ( ), ξ Ω ,∈= =

u ξ( ) 0, ξ Γ ,∈=

U 0( ) Uk

k 0=

3

∏ B⊂ W∞
1 Ω( ) L∞ Ω( )( )3,×= =

U0 k ξ( ) W∞
1 Ω( ) : 0 ν k ξ( ) ν ∞ ∂k

∂ξα
-------- Rα α 1 2 Ô.‚. Ì‡ Ω, ,=,≤,<≤ ≤<∈

 
 
 

,=

Uα bα ξ( ) L∞ Ω( ) : ζα bα ξ( ) ζα Ô.‚. Ì‡ Ω,≤ ≤∈{ } , α 1 2,,= =

U3 d ξ( ) L∞ Ω( ) : ζ3 d ξ( ) ζ3 Ô.‚. Ì‡ Ω,≤ ≤∈{ } ;=

ζ1

ζ2 ν
ν ε1 ε2+( )–

CΩ
2

-----------------------------




ε1 ε2 0>,

ε1 ε2 ν≤+

max
m2

4ε1
-------- p2

4ε2
--------





CΩ
2 8

l1
2

---
 8

l2
2

---
 1–

ζ3

ζ3

g J g( ) α k Jk g( )
k 0=

3

∑ I u ξ ; g( )( ),= =
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ãÛ·˚¯Â‚, å‡Ì‡ÔÓ‚‡

„‰Â ÓÚÓ·‡ÊÂÌËÂ I : V  R1, Á‡‰‡‚‡ÂÏÓÂ Ì‡ ÍÎ‡ÒÒÂ V Â¯ÂÌËÈ Á‡‰‡˜Ë (1.1) (ÒÏ. ÓÔÂ‰ÂÎÂÌËÂ V ÌË-
ÊÂ), ÓÔÂ‰ÂÎflÂÚÒfl ‚˚‡ÊÂÌËÂÏ

(1.4)

„‰Â u0(ξ), ψk(ξ) – Á‡‰‡ÌÌ˚Â ÙÛÌÍˆËË ËÁ (Ω), k = 1, 2, ‡ ρ(ξ) – Á‡‰‡ÌÌ‡fl ÙÛÌÍˆËfl ËÁ L2(Ω), αm =
= Const ≥ 0, m = 0, 1, 2, 3, α0 + α1 + α2 + α3 > 0. èÓ‰ Â¯ÂÌËÂÏ ÔflÏÓÈ Á‡‰‡˜Ë (1.1) ÔË ÙËÍÒËÓ‚‡Ì-

ÌÓÏ ÛÔ‡‚ÎÂÌËË g ∈ U(0) ÔÓÌËÏ‡ÂÚÒfl ÙÛÌÍˆËfl u(ξ) ≡ u(ξ; g) ∈ ( Ω) = V, Û‰Ó‚ÎÂÚ‚Ófl˛˘‡fl ‰Îfl

‚ÒÂı η ∈ ( Ω) = V ÚÓÊ‰ÂÒÚ‚Û

(1.5)

èÓÒÚ‡‚ËÏ Á‡‰‡˜Û ÓÔÚËÏ‡Î¸ÌÓ„Ó ÛÔ‡‚ÎÂÌËfl.

á‡‰‡˜‡ A(0). ç‡ÈÚË ÛÔ‡‚ÎÂÌËÂ g∗  ∈  U(0) Ú‡ÍÓÂ, ˜ÚÓ J(g∗ ) = I(u(ξ; g∗ )) = (u(ξ; g)) = (g) =

= , „‰Â ÙÛÌÍˆËÓÌ‡Î ˆÂÎË J : U(0)  R1 ËÏÂÂÚ ‚Ë‰ (1.3), g  J(g) = I(u(ξ; g)), ÔË˜ÂÏ I : V =

= (Ω)  R1 – ÓÚÓ·‡ÊÂÌËÂ, ÓÔÂ‰ÂÎflÂÏÓÂ ‚˚‡ÊÂÌËÂÏ (1.4), u  I(u), „‰Â u = u(ξ; g) ∈ V –
Â¯ÂÌËÂ Á‡‰‡˜Ë ÒÓÒÚÓflÌËfl (1.5).

àÒÔÓÎ¸ÁÛfl ÚÂÓË˛ ÏÓÌÓÚÓÌÌ˚ı ÓÔÂ‡ÚÓÓ‚ (ÒÏ. [20]), ‡ Ú‡ÍÊÂ ÂÁÛÎ¸Ú‡Ú˚ ËÁ [21], ÏÓÊÌÓ ÔÓ-
Í‡Á‡Ú¸, ˜ÚÓ ÔË Î˛·ÓÏ g ∈ U(0) ÒÛ˘ÂÒÚ‚ÛÂÚ Â‰ËÌÒÚ‚ÂÌÌÓÂ Ó·Ó·˘ÂÌÌÓÂ Â¯ÂÌËÂ u ≡ u(ξ; g) ∈ V Á‡-
‰‡˜Ë (1.5) Ë ÒÔ‡‚Â‰ÎË‚‡ ÓˆÂÌÍ‡

(1.6)

„‰Â C = Const > 0, ÌÂ Á‡‚ËÒfl˘‡fl ÓÚ ÛÔ‡‚ÎÂÌËfl g; ·ÓÎÂÂ ÚÓ„Ó, Ó·Ó·˘ÂÌÌÓÂ (ËÁ V = (Ω)) Â¯ÂÌËÂ

Í‡Â‚ÓÈ Á‡‰‡˜Ë (1.1) ÔËÌ‡‰ÎÂÊËÚ Ú‡ÍÊÂ ÔÓÒÚ‡ÌÒÚ‚Û (Ω) = (Ω) ∩ (Ω) Ë ÔË Í‡Ê‰ÓÏ
ÙËÍÒËÓ‚‡ÌÌÓÏ ÛÔ‡‚ÎÂÌËË g ∈ U ÒÔ‡‚Â‰ÎË‚‡ ÓˆÂÌÍ‡

(1.7)

„‰Â C = Const > 0, ÌÂ Á‡‚ËÒfl˘‡fl ÓÚ ÛÔ‡‚ÎÂÌËfl g.

çÂÚÛ‰ÌÓ ‚Ë‰ÂÚ¸, ˜ÚÓ ÏÌÓÊÂÒÚ‚Ó U0 ÒÎ‡·Ó ÍÓÏÔ‡ÍÚÌÓ ‚ ÔÓÒÚ‡ÌÒÚ‚Â (Ω), Ú‡Í Í‡Í U0 Ó„‡-

ÌË˜ÂÌÓ ÔÓ ÌÓÏÂ ‚ (Ω). íÓ˜ÌÓ Ú‡Í ÊÂ ÏÌÓÊÂÒÚ‚Ó U0 ÒÎ‡·Ó ÍÓÏÔ‡ÍÚÌÓ ‚ (Ω).

ëÛÁËÏ ÚÂÔÂ¸ ÏÌÓÊÂÒÚ‚Ó ‰ÓÔÛÒÚËÏ˚ı ÛÔ‡‚ÎÂÌËÈ U0 ‰Îfl ÍÓÏÔÓÌÂÌÚ˚ k(ξ) ‚ÂÍÚÓ-ÙÛÌÍˆËË

ÛÔ‡‚ÎÂÌËfl g ‰Ó ÏÌÓÊÂÒÚ‚‡  (ÒÏ. ÌËÊÂ), ÔËÒÓÂ‰ËÌflfl Í ÏÌÓÊÂÒÚ‚Û Ó„‡ÌË˜ÂÌËÈ U0 ‰ÓÔÓÎÌË-
ÚÂÎ¸ÌÓÂ Ó„‡ÌË˜ÂÌËÂ (‡‚ÂÌÒÚ‚Ó ËÁÓÔÂËÏÂÚË˜ÂÒÍÓ„Ó ÚËÔ‡)

(1.8)

Ç ÂÁÛÎ¸Ú‡ÚÂ ÔÓÎÛ˜ËÏ ÒÎÂ‰Û˛˘ÂÂ ÓÔÂ‰ÂÎÂÌËÂ ÔÓ‰ÏÌÓÊÂÒÚ‚‡  ÙÛÌÍˆËÈ ËÁ U0, Û‰Ó‚ÎÂÚ‚Ófl˛-

u I u( ) α0 ρ ξ( )u Ωd

Ω
∫ α1 u u0 ξ( )– 2 Ωd

Ω
∫ α k 1+

∂u
∂ξk

-------- ψk ξ( )–
2

k 1=

2

∑ Ω,d

Ω
∫+ +=

W2
1

W2
10

W2
10

Q g; u η,( ) k ξ( ) ∂u
∂ξα
-------- ∂η

∂ξα
--------

α 1=

2

∑ bα ξ( ) ∂u
∂ξα
--------η

α 1=

2

∑ ξ( )q u( )ηd+ +
 
 
 

Ωd

Ω
∫ f ξ( )η Ωd

Ω
∫ l η( ).= = =

I
g U

0( )∈
inf J

g U
0( )∈

inf

J*
0( )

W2
10

u ξ ; g( ) V C f ξ( ) L2 Ω( ),≤

W2
10

W2 0,
2 W2

2 W2
10

u ξ ; g( )
W2

2 Ω( )
C f ξ( ) L2 Ω( ),≤

W2
1

W2
1 W∞

1

Û0

k ξ( ) ξd

Ω
∫ M, „‰Â M Const 0.>= =

Û0
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˘Ëı ‰ÓÔÓÎÌËÚÂÎ¸ÌÓÏÛ ÛÒÎÓ‚Ë˛ (1.8):

(1.9)

åÌÓÊÂÒÚ‚Ó ‰ÓÔÛÒÚËÏ˚ı ÛÔ‡‚ÎÂÌËÈ  Û˜ËÚ˚‚‡ÂÚ Ì‡fl‰Û Ò ÎÓÍ‡Î¸Ì˚ÏË Ó„‡ÌË˜ÂÌËflÏË U0 Ë
ËÁÓÔÂËÏÂÚË˜ÂÒÍÓÂ Ó„‡ÌË˜ÂÌËÂ Ì‡ ÛÔ‡‚ÎÂÌËÂ k(ξ). èË ˝ÚÓÏ ÔÂ‰ÔÓÎ‡„‡ÂÏ, ˜ÚÓ ÔÓÎÓÊËÚÂÎ¸-
Ì˚Â ÔÓÒÚÓflÌÌ˚Â ν, , R1, R2, M Ú‡ÍÓ‚˚, ˜ÚÓ ÏÌÓÊÂÒÚ‚Ó (1.9) ÌÂ ÔÛÒÚÓ. Ç ˜‡ÒÚÌÓÒÚË, ÂÒÚÂÒÚ‚ÂÌÌÓ
ÔÂ‰ÔÓÎÓÊËÚ¸, ̃ ÚÓ ÔÓÎÓÊËÚÂÎ¸Ì‡fl ÔÓÒÚÓflÌÌ‡fl M Ú‡ÍÓ‚‡, ̃ ÚÓ ‚˚ÔÓÎÌflÂÚÒfl ÛÒÎÓ‚ËÂ ν|Ω| < M < |Ω|,
„‰Â |Ω| = mesΩ – ÏÂ‡ ÏÌÓÊÂÒÚ‚‡ Ω. éÔÂ‰ÂÎflfl ÚÂÔÂ¸ ÏÌÓÊÂÒÚ‚Ó ‰ÓÔÛÒÚËÏ˚ı ÛÔ‡‚ÎÂÌËÈ U(1)

‰Îfl ‚ÂÍÚÓ-ÙÛÌÍˆËË ÛÔ‡‚ÎÂÌËfl g(ξ) ‚ ‚Ë‰Â

(1.10)

ÔÓÒÚ‡‚ËÏ ÒÎÂ‰Û˛˘Û˛ Á‡‰‡˜Û ÓÔÚËÏ‡Î¸ÌÓ„Ó ÛÔ‡‚ÎÂÌËfl.

á‡‰‡˜‡ A(1). ç‡ÈÚË ÛÔ‡‚ÎÂÌËÂ g∗  ∈  U(1) Ú‡ÍÓÂ, ˜ÚÓ J(g∗ ) = I(u(ξ; g∗ )) = (u(ξ; g)) = (g) =

= , „‰Â ÙÛÌÍˆËÓÌ‡Î ˆÂÎË J : U(1)  R1 ËÏÂÂÚ ‚Ë‰ (1.3), g  J(g) = I(u(ξ; g)), ÔË˜ÂÏ I : V  R1 –
ÓÚÓ·‡ÊÂÌËÂ, ÓÔÂ‰ÂÎflÂÏÓÂ ‚˚‡ÊÂÌËÂÏ (1.4), u  I(u), „‰Â u = u(ξ; g) ∈  V – Â¯ÂÌËÂ Á‡‰‡˜Ë (1.5).

ëÛÁËÏ ÚÂÔÂ¸ ÏÌÓÊÂÒÚ‚Ó ‰ÓÔÛÒÚËÏ˚ı ÛÔ‡‚ÎÂÌËÈ U0 ‰Îfl ÍÓÏÔÓÌÂÌÚ˚ k(ξ) ‚ÂÍÚÓ-ÙÛÌÍˆËË
ÛÔ‡‚ÎÂÌËfl g, ÔËÒÓÂ‰ËÌflfl Í ÏÌÓÊÂÒÚ‚Û Ó„‡ÌË˜ÂÌËÈ U0 ‰ÓÔÓÎÌËÚÂÎ¸ÌÓÂ Ó„‡ÌË˜ÂÌËÂ (‚ ÓÚÎË-
˜ËÂ ÓÚ (1.8)) ‚Ë‰‡

(1.11)

„‰Â p ≥ 1 – ˆÂÎÓÂ ˜ËÒÎÓ. Ç ÂÁÛÎ¸Ú‡ÚÂ ÔÓÎÛ˜ËÏ ÓÔÂ‰ÂÎÂÌËÂ ÔÓ‰ÏÌÓÊÂÒÚ‚‡ (p) ÙÛÌÍˆËÈ ËÁ U0,
Û‰Ó‚ÎÂÚ‚Ófl˛˘Ëı ‰ÓÔÓÎÌËÚÂÎ¸ÌÓÏÛ ÛÒÎÓ‚Ë˛ (1.11):

(1.12)

„‰Â |Ω| = mesΩ – ÏÂ‡ ÏÌÓÊÂÒÚ‚‡ Ω, p ≥ 1 – ˆÂÎÓÂ ˜ËÒÎÓ. èË ˝ÚÓÏ ÔÂ‰ÔÓÎ‡„‡ÂÏ, ˜ÚÓ ÔÓÎÓÊË-
ÚÂÎ¸Ì˚Â ÔÓÒÚÓflÌÌ˚Â ν, , R1, R2 Ú‡ÍÓ‚˚, ˜ÚÓ ÏÌÓÊÂÒÚ‚Ó (1.12) ÌÂ ÔÛÒÚÓ. éÔÂ‰ÂÎflfl ÚÂÔÂ¸ ‰Îfl
‚ÂÍÚÓ-ÙÛÌÍˆËË ÛÔ‡‚ÎÂÌËfl g(ξ) ÏÌÓÊÂÒÚ‚Ó ‰ÓÔÛÒÚËÏ˚ı ÛÔ‡‚ÎÂÌËÈ ‚ ‚Ë‰Â

(1.13)

ÔÓÒÚ‡‚ËÏ ÒÎÂ‰Û˛˘Û˛ Á‡‰‡˜Û ÓÔÚËÏ‡Î¸ÌÓ„Ó ÛÔ‡‚ÎÂÌËfl.

á‡‰‡˜‡ A(2) = A(2)(p). ç‡ÈÚË ÛÔ‡‚ÎÂÌËÂ g∗  ∈ U(2) ≡ U(2)(p) Ú‡ÍÓÂ, ˜ÚÓ J(g∗ ) = I(u(ξ; g∗ )) =

= (u(ξ; g)) = (g) = , „‰Â p ≥ 1 – ˆÂÎÓÂ ˜ËÒÎÓ, ÙÛÌÍˆËÓÌ‡Î ˆÂÎË J : U(2)(p)  R1

ËÏÂÂÚ ‚Ë‰ (1.3), g  J(g) = I(u(ξ; g)), ÔË˜ÂÏ I : V  R1 – ÓÚÓ·‡ÊÂÌËÂ, ÓÔÂ‰ÂÎflÂÏÓÂ ‚˚‡ÊÂ-
ÌËÂÏ (1.4), u  I(u), „‰Â u = u(ξ; g) ∈ V – Â¯ÂÌËÂ Á‡‰‡˜Ë (1.5).

ëÔ‡‚Â‰ÎË‚‡ ÚÂÓÂÏ‡ Ó ‡ÁÂ¯ËÏÓÒÚË ˝ÍÒÚÂÏ‡Î¸Ì˚ı Á‡‰‡˜ A(0), A(1), A(2) = A(2)(p).

íÂÓÂÏ‡ 1. èÛÒÚ¸ U(0), U(1), U(2) ≡ U(2)(p) – ÏÌÓÊÂÒÚ‚‡ ‰ÓÔÛÒÚËÏ˚ı ÛÔ‡‚ÎÂÌËÈ ˝ÍÒÚÂÏ‡Î¸-
Ì˚ı Á‡‰‡˜ A(0), A(1), A(2) = A(2)(p) ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ. ëÛ˘ÂÒÚ‚ÛÂÚ, ÔÓ Í‡ÈÌÂÈ ÏÂÂ, Ó‰ÌÓ ÓÔÚË-

Û0 k ξ( ) W∞
1 Ω( ) : 0 ν k ξ( ) ν ∞ ∂k

∂ξα
-------- Rα α 1 2 Ô.‚. Ì‡ Ω; k ξ( ) ξd

Ω
∫ M=, ,=,≤,<≤ ≤<∈

 
 
 

 ==

=  k ξ( ) U0 : k ξ( ) ξd

Ω
∫ M=∈

 
 
 

.

Û0

ν
ν

U 1( ) Û0 U1 U2× U3 U 0( ) B,⊂ ⊂××=

I
g U

1( )∈
inf J

g U
1( )∈

inf

J*
1( )

kp ξ( ) ξd

Ω
∫ Mp Ω , ν M ν ,≤ ≤≤

Û0

Û0 p( ) k ξ( ) W∞
1 Ω( ) : 0 ν k ξ( ) ν ∞ ∂k

∂ξα
-------- Rα α 1 2 Ô.‚. Ì‡ Ω;, ,=,≤,<≤ ≤<∈





=

kp ξ( ) ξd

Ω
∫ Mp Ω ν M ν<<,≤





k ξ( ) U0 : kp ξ( ) ξd

Ω
∫ Mp Ω≤∈

 
 
 

,=

ν

U 2( ) U 2( ) p( )≡ Û0 p( ) U1 U2× U3 U 0( ) B, p 1,≥⊂ ⊂××=

I
g U

2( )
p( )∈

inf J
g U

2( )
p( )∈

inf J*
p( )
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ãÛ·˚¯Â‚, å‡Ì‡ÔÓ‚‡

Ï‡Î¸ÌÓÂ ÛÔ‡‚ÎÂÌËÂ g∗  ∈ U(α) Á‡‰‡˜ A(a), α = 0, 1, 2, Ú.Â.  = inf{J(g): g ∈ U(0)} > –∞,  = {g∗  ∈

∈ U (0) : J(g∗ ) = } ≠ ∅;  = inf{J(g) : g ∈ U(1)} > –∞,  = {g∗  ∈ U(1) : J(g∗ ) = } ≠ ∅;  =

= (p) = inf{J(g) : g ∈  U(2) = U(2)(p)} > –∞,  = (p) = {g∗  ∈  U(2) = U(2)(p) : J(g∗ ) =  = (p)} ≠ ∅ .

åÌÓÊÂÒÚ‚‡ ÚÓ˜ÂÍ ÏËÌËÏÛÏ‡ , ,  = (p) ÙÛÌÍˆËÓÌ‡Î‡ ˆÂÎË J(g) ‚ Á‡‰‡˜‡ı A(0), A(1),

A(2) = A(2)(p) ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ ÒÎ‡·Ó ÍÓÏÔ‡ÍÚÌ˚ ‚ H = (Ω) × (L2(Ω))3. ã˛·‡fl ÏËÌËÏËÁËÛ˛˘‡fl

ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚ¸ {g(n)} = {( , , , )  ⊂ U(α) ÙÛÌÍˆËÓÌ‡Î‡ J(g) ÒÓÓÚ‚ÂÚÒÚ‚Û˛-
˘Ëı ˝ÍÒÚÂÏ‡Î¸Ì˚ı Á‡‰‡˜ A(a), α = 0, 1, 2, ÒÎ‡·Ó ‚ H ÒıÓ‰ËÚÒfl Í ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ËÏ ÏÌÓÊÂ-

ÒÚ‚‡Ï , α = 0, 1, 2, ÚÓ˜ÂÍ ÏËÌËÏÛÏ‡ ÙÛÌÍˆËÓÌ‡Î‡ J(g).

ÑÓÍ‡Á‡ÚÂÎ¸ÒÚ‚Ó. åÓÊÌÓ ÔÓÍ‡Á‡Ú¸, ˜ÚÓ ÏÌÓÊÂÒÚ‚‡ U(0), U(1) Ë U(2) ≡ U(2)(p) ÔË Î˛·ÓÏ ˆÂÎÓÏ

p ≥ 1 fl‚Îfl˛ÚÒfl ÒÎ‡·Ó ·ËÍÓÏÔ‡ÍÚÌ˚ÏË ‚ ÔÓÒÚ‡ÌÒÚ‚Â H = (Ω) × (L2(Ω))3. èË ˝ÚÓÏ ÔË ‰ÓÍ‡-

Á‡ÚÂÎ¸ÒÚ‚Â ËÒÔÓÎ¸ÁÛÂÚÒfl, ‚ ˜‡ÒÚÌÓÒÚË, ÚÓÚ Ù‡ÍÚ, ˜ÚÓ Ú‡Í Í‡Í Ω ⊂ �
2
, ÚÓ ÓÔÂ‡ÚÓ ‚ÎÓÊÂÌËfl ÔÓ-

ÒÚ‡ÌÒÚ‚‡ (Ω) ‚ Lp(Ω) ÌÂÔÂ˚‚ÂÌ (Ë ‰‡ÊÂ ÍÓÏÔ‡ÍÚÂÌ) ‰Îfl Î˛·Ó„Ó ÍÓÌÂ˜ÌÓ„Ó p ≥ 1. Ñ‡Î¸ÌÂÈ-
¯ÂÂ ‰ÓÍ‡Á‡ÚÂÎ¸ÒÚ‚Ó ÛÚ‚ÂÊ‰ÂÌËÈ ÚÂÓÂÏ˚ 1 ·Û‰ÂÚ ÓÔË‡Ú¸Òfl Ì‡ ÒÎÂ‰Û˛˘ÂÂ Ò‚ÓÈÒÚ‚Ó ÓÚÓ·‡ÊÂ-
ÌËfl g  u(ξ, g).

ãÂÏÏ‡ 1. èÛÒÚ¸ U(0), U(1), U(2) ≡ U(2)(p) – ÏÌÓÊÂÒÚ‚‡ ‰ÓÔÛÒÚËÏ˚ı ÛÔ‡‚ÎÂÌËÈ ˝ÍÒÚÂÏ‡Î¸Ì˚ı

Á‡‰‡˜ A(0), A(1), A(2) = A(2)(p) ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ. èÛÒÚ¸, ‰‡ÎÂÂ, {g(n)  = {( , , , ) =

= (k(n)(ξ), (ξ), (ξ), d(n)(ξ))  ⊂  U(α) – ÔÓËÁ‚ÓÎ¸Ì‡fl ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚ¸, ‡ u(n) ≡ u(ξ, g(n)) –

Â¯ÂÌËÂ Á‡‰‡˜Ë (1.5) ÔË g = g(n). íÓ„‰‡ ËÁ ÛÒÎÓ‚Ëfl g(n)   = ( , , , ) = ( (ξ), (ξ), (ξ), (ξ))

ÒÎ‡·Ó ‚ H = (Ω) × (L2(Ω))3 ÒÎÂ‰ÛÂÚ, ˜ÚÓ u(n)(ξ) = u(ξ, g)  u(ξ, ) = (ξ) ÒÎ‡·Ó ‚ (Ω), „‰Â
(ξ) = u(ξ, ) – Â¯ÂÌËÂ Á‡‰‡˜Ë (1.5) ÔË g = , Ú.Â. ÓÚÓ·‡ÊÂÌËÂ g  u(ξ, g) fl‚ÎflÂÚÒfl ÒÎ‡·Ó

ÌÂÔÂ˚‚Ì˚Ï ËÁ U(α) ‚ (Ω), ÔÂÂ‚Ó‰fl˘ËÏ ÒÎ‡·Û˛ ÒıÓ‰ËÏÓÒÚ¸ ‚ H = (Ω) × (L2(Ω))3 – ÔÓ-

ÒÚ‡ÌÒÚ‚Â ÛÔ‡‚ÎÂÌËÈ Ì‡ ÏÌÓÊÂÒÚ‚Â U(α) ‚ ÒÎ‡·Û˛ ÒıÓ‰ËÏÓÒÚ¸ ‚ (Ω) – ÔÓÒÚ‡ÌÒÚ‚Â ÒÓÒÚÓ-
flÌËÈ.

ÑÓÍ‡Á‡ÚÂÎ¸ÒÚ‚Ó. èÛÒÚ¸ {g(n)  = {( , , , ) = (k(n)(ξ), (ξ), (ξ), d(n)(ξ))  ⊂
⊂ U (α) – ÔÓËÁ‚ÓÎ¸Ì‡fl ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚ¸ Ú‡Í‡fl, ˜ÚÓ g(n)   = ( , , , ) = ( , , , )

ÒÎ‡·Ó ‚ H = (Ω) × (L2(Ω))3 Í ÌÂÍÓÚÓÓÏÛ ˝ÎÂÏÂÌÚÛ g ∈ H, Ú.Â.

k(n)(ξ)  (ξ) ÒÎ‡·Ó ‚ (Ω), (ξ)  (ξ) ÒÎ‡·Ó ‚ L2(Ω), α = 1, 2, d(n)(ξ)  (ξ) ÒÎ‡·Ó ‚ L2(Ω).
(1.14)

í‡Í Í‡Í U(α) ⊂ H = (Ω) × (L2(Ω))3 – ‚˚ÔÛÍÎÓÂ Ë Á‡ÏÍÌÛÚÓÂ ‚ H ÏÌÓÊÂÒÚ‚Ó, ÚÓ ÓÌÓ Ë ÒÎ‡·Ó

Á‡ÏÍÌÛÚÓ ‚ ÂÙÎÂÍÒË‚ÌÓÏ ÔÓÒÚ‡ÌÒÚ‚Â H. èÓ˝ÚÓÏÛ  = ( (ξ), (ξ), (ξ), (ξ)) ∈  U(α). Ç ÒËÎÛ Ó‰-
ÌÓÁÌ‡˜ÌÓÈ ‡ÁÂ¯ËÏÓÒÚË Á‡‰‡˜Ë (1.5), Í‡Ê‰ÓÏÛ ˝ÎÂÏÂÌÚÛ g(n) ∈  U(α) ÒÓÔÓÒÚ‡‚ÎflÂÚÒfl u(n)(ξ) = u(ξ; g(n)) –
Â‰ËÌÒÚ‚ÂÌÌÓÂ Â¯ÂÌËÂ Á‡‰‡˜Ë (1.5) ÔË g = g(n); ÍÓÏÂ ÚÓ„Ó,

(1.15)

Ú.Â. ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚ¸ {u(n)(ξ)  ‡‚ÌÓÏÂÌÓ Ó„‡ÌË˜ÂÌ‡ ‚ ÌÓÏÂ ÔÓÒÚ‡ÌÒÚ‚‡ (Ω).

àÁ ÒÓÓÚÌÓ¯ÂÌËÈ (1.14), (1.15) ÒÎÂ‰ÛÂÚ, ̃ ÚÓ ÏÓÊÌÓ ËÁ‚ÎÂ˜¸ ÔÓ‰ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚ¸ { ,  =

= { , u(ξ; )  Ú‡ÍÛ˛, ˜ÚÓ

(ξ)  (ξ) ÒËÎ¸ÌÓ ‚ L2(Ω) Ë Ô.‚. Ì‡ Ω, (ξ)  (ξ) ÒÎ‡·Ó ‚ L2(Ω), α = 1, 2,
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(ξ)  (ξ) ÒÎ‡·Ó ‚ L2(Ω), (ξ)  ÒÎ‡·Ó ‚ (Ω), (1.16)

(ξ)  ÒËÎ¸ÌÓ ‚ (Ω), (ξ)  ÒËÎ¸ÌÓ ‚ L2(Ω) Ë Ô.‚. ‚ Ω,

„‰Â  = (ξ) – ÌÂÍÓÚÓ˚È ˝ÎÂÏÂÌÚ ËÁ (Ω). Ñ‡ÎÂÂ, Ì‡ ÓÒÌÓ‚Â ÒÓÓÚÌÓ¯ÂÌËÈ (1.5), (1.14)–(1.16) Ë

Ó„‡ÌË˜ÂÌËÈ Ì‡ ‚ıÓ‰Ì˚Â ‰‡ÌÌ˚Â Ë ÛÔ‡‚ÎÂÌËÂ g ÏÓÊÌÓ ÔÓÍ‡Á‡Ú¸, ˜ÚÓ  = (ξ) – Â¯ÂÌËÂ ËÒıÓ‰-

ÌÓÈ Á‡‰‡˜Ë (1.5) ÔË g = (ξ) = ( (ξ), (ξ), (ξ), (ξ)), Ú.Â. Q( ; ; η) = l(η) ∀η ∈ (Ω), „‰Â  =

= u(ξ; ). í‡ÍËÏ Ó·‡ÁÓÏ, ÛÒÚ‡ÌÓ‚ÎÂÌÓ, ˜ÚÓ ÔË ‚˚ÔÓÎÌÂÌËË ÒÓÓÚÌÓ¯ÂÌËÈ (1.14) ËÁ ÔÓÒÎÂ‰Ó‚‡-

ÚÂÎ¸ÌÓÒÚË {u(n) ≡ u(ξ, g(n))  ÏÓÊÌÓ ‚˚‰ÂÎËÚ¸ ÔÓ‰ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚ¸ {  ≡ u(ξ, ) ,
‰Îfl ÍÓÚÓÓÈ ÒÔ‡‚Â‰ÎË‚‡ ÒıÓ‰ËÏÓÒÚ¸

(ξ) = u(ξ, )  (ξ) = u(ξ, ) ÒÎ‡·Ó ‚ (Ω). (1.17)

åÓÊÌÓ ÔÓÍ‡Á‡Ú¸, ˜ÚÓ ÒÓÓÚÌÓ¯ÂÌËÂ (1.17) ÒÔ‡‚Â‰ÎË‚Ó ÌÂ ÚÓÎ¸ÍÓ ‰Îfl ÔÓ‰ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚË

, ÌÓ Ë ‰Îfl ‚ÒÂÈ ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚË {u(n) ≡ u(ξ, g(n)) , Ú.Â.

u(n)(ξ) = u(ξ, g (n))  (ξ) = u(ξ, ) ÒÎ‡·Ó ‚ (Ω). (1.18)

íÂÏ Ò‡Ï˚Ï ÛÒÚ‡ÌÓ‚ÎÂÌÓ, ̃ ÚÓ ÔË ‚˚ÔÓÎÌÂÌËË ÒÓÓÚÌÓ¯ÂÌËfl g(n)   ÒÎ‡·Ó ‚ H = (Ω) × (L2(Ω))3

ÒÎÂ‰ÛÂÚ (1.18), Ú.Â. g  u(ξ, g) – ÒÎ‡·Ó ÌÂÔÂ˚‚ÌÓÂ ÓÚÓ·‡ÊÂÌËÂ U(α)  (Ω). ãÂÏÏ‡ 1 ‰Ó-
Í‡Á‡Ì‡.

ëÎÂ‰ÒÚ‚ËÂ 1. éÚÓ·‡ÊÂÌËÂ g  u(ξ, g) fl‚ÎflÂÚÒfl ÛÒËÎÂÌÌÓ ÌÂÔÂ˚‚Ì˚Ï ËÁ U(α) ‚ (Ω) ‚ ÚÓÏ
ÒÏ˚ÒÎÂ, ˜ÚÓ ÓÌÓ ÔÂÂ‚Ó‰ËÚ ÒÎ‡·Û˛ ÒıÓ‰ËÏÓÒÚ¸ ‚ H Ì‡ ÏÌÓÊÂÒÚ‚Â U(α) ‚ ÒËÎ¸ÌÛ˛ ÒıÓ‰ËÏÓÒÚ¸ ‚

(Ω).

èÓ‰ÓÎÊÂÌËÂ ‰ÓÍ‡Á‡ÚÂÎ¸ÒÚ‚‡ ÚÂÓÂÏ˚ 1. ê‡ÒÒÏÓÚËÏ ÚÂÔÂ¸ ÙÛÌÍˆËÓÌ‡Î ˆÂÎË g  J(g),
ÓÔÂ‰ÂÎÂÌÌ˚È ÙÓÏÛÎÓÈ (1.3) ‚ Á‡‰‡˜‡ı A(a). í‡Í Í‡Í Â¯ÂÌËÂ u(ξ) = u(ξ, g) Á‡‰‡˜Ë (1.5) ÔËÌ‡‰-

ÎÂÊËÚ ÔÓÒÚ‡ÌÒÚ‚Û (Ω), ÚÓ ÓÔÂ‰ÂÎÂÌËÂ ÙÛÌÍˆËÓÌ‡Î‡ ÒÚÓËÏÓÒÚË J(g) ‚ ‚Ë‰Â (1.3) ÍÓÂÍÚÌÓ.

èÓÍ‡ÊÂÏ, ˜ÚÓ ÙÛÌÍˆËÓÌ‡Î J(g) ÒÎ‡·Ó ‚ H = (Ω) × (L2(Ω))3 ÌÂÔÂ˚‚ÂÌ Ì‡ ÏÌÓÊÂÒÚ‚Â U(α).

èÛÒÚ¸ {g(n)  = {( , , , ) = (k(n)(ξ), (ξ), (ξ), d(n)(ξ))  ⊂ U(α) – ÔÓËÁ‚ÓÎ¸Ì‡fl
ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚ¸ ÛÔ‡‚ÎÂÌËÈ, ÒÎ‡·Ó ÒıÓ‰fl˘‡flÒfl Í ÌÂÍÓÚÓÓÏÛ ˝ÎÂÏÂÌÚÛ g = (g0, g1, g2, g3) =
= (k(ξ), b1(ξ), b2(ξ), d(ξ)) ∈ U(α). èÓÍ‡ÊÂÏ, ˜ÚÓ ÚÓ„‰‡ J(g(n))  J(g) ÔË n  ∞. ÑÂÈÒÚ‚ËÚÂÎ¸ÌÓ,
ÌÂÚÛ‰ÌÓ Û·Â‰ËÚ¸Òfl, ˜ÚÓ ÒÔ‡‚Â‰ÎË‚‡ ÓˆÂÌÍ‡

(1.19)

Ñ‡ÎÂÂ, ‚ ÒËÎÛ ÒÎÂ‰ÒÚ‚Ëfl 1 ËÏÂÂÏ ||u(ξ, g(n)) – u(ξ, g)   0 ÔË n  ∞. äÓÏÂ ÚÓ„Ó, ÒÔ‡‚Â‰-

ÎË‚˚ ÓˆÂÌÍË ||u(ξ, g(n))  ≤ Const ∀ n. èÓ˝ÚÓÏÛ ËÁ (1.19) ÔÓÎÛ˜‡ÂÏ, ˜ÚÓ J(g(n))  J(g) ÔË n  ∞,

Ú.Â. ÙÛÌÍˆËÓÌ‡Î ̂ ÂÎË J(g) ÌÂÔÂ˚‚ÂÌ Ì‡ U(α) ‚ ÒÎ‡·ÓÈ ÚÓÔÓÎÓ„ËË ÔÓÒÚ‡ÌÒÚ‚‡ H = (Ω) × (L2(Ω))3.
äÓÏÂ ÚÓ„Ó, Í‡Í ·˚ÎÓ ÔÓÍ‡Á‡ÌÓ ‚˚¯Â, ÏÌÓÊÂÒÚ‚Ó U(α) fl‚ÎflÂÚÒfl ÒÎ‡·Ó ·ËÍÓÏÔ‡ÍÚÌ˚Ï ‚ H, ÓÚÍÛ‰‡,
Û˜ËÚ˚‚‡fl, ˜ÚÓ ÒÎ‡·Ó ÌÂÔÂ˚‚Ì˚È ÙÛÌÍˆËÓÌ‡Î ÒÎ‡·Ó ÔÓÎÛÌÂÔÂ˚‚ÂÌ ÒÌËÁÛ, Ë ÔËÏÂÌflfl Â-
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ãÛ·˚¯Â‚, å‡Ì‡ÔÓ‚‡

ÁÛÎ¸Ú‡Ú ËÁ [1], ÔÓÎÛ˜‡ÂÏ, ̃ ÚÓ ̋ ÍÒÚÂÏ‡Î¸Ì˚Â Á‡‰‡˜Ë A(a) ÍÓÂÍÚÌÓ ÔÓÒÚ‡‚ÎÂÌ˚ ‚ ÒÎ‡·ÓÈ ÚÓÔÓÎÓ-
„ËË ÔÓÒÚ‡ÌÒÚ‚‡ H, Ú.Â. ÒÔ‡‚Â‰ÎË‚˚ ‚ÒÂ ÛÚ‚ÂÊ‰ÂÌËfl ÚÂÓÂÏ˚ 1. íÂÓÂÏ‡ 1 ‰ÓÍ‡Á‡Ì‡.

á‡ÏÂ˜‡ÌËfl. 1. àÁ ÚÂÓÂÏ˚ 1 ÒÎÂ‰ÛÂÚ ÒÛ˘ÂÒÚ‚Ó‚‡ÌËÂ Â¯ÂÌËfl ˝ÍÒÚÂÏ‡Î¸Ì˚ı Á‡‰‡˜ A(a), ÌÓ Â¯ÂÌËfl
˝ÚËı Á‡‰‡˜, ‚ÓÓ·˘Â „Ó‚Ófl, ÏÓ„ÛÚ ·˚Ú¸ ÌÂ Â‰ËÌÒÚ‚ÂÌÌ˚ÏË.

2. ÖÒÎË ÔË ÒÛÊÂÌËË ÍÎ‡ÒÒ‡ ‰ÓÔÛÒÚËÏ˚ı ÛÔ‡‚ÎÂÌËÈ U0 ‰Ó ÏÌÓÊÂÒÚ‚‡ (p) (ÒÏ. ÔÓÒÚ‡ÌÓ‚ÍÛ Á‡‰‡˜Ë
A(2) = A(2)(p)) ‚ÏÂÒÚÓ Ó„‡ÌË˜ÂÌËfl (1.11) ‚ÁflÚ¸ ·ÓÎÂÂ ÒËÎ¸ÌÓÂ Ó„‡ÌË˜ÂÌËÂ

(1.20)

ÚÓ ÔË‚Â‰ÂÌÌÓÂ ‚˚¯Â ‰ÓÍ‡Á‡ÚÂÎ¸ÒÚ‚Ó ÚÂÓÂÏ˚ 1 ÌÂ ÔÓıÓ‰ËÚ ‚ ÒÎÛ˜‡Â p > 1 ‚ ÒËÎÛ ÚÓ„Ó, ˜ÚÓ ÔË Ú‡ÍÓÏ

ÒÛÊÂÌËË ÏÌÓÊÂÒÚ‚‡ U0 ‰Ó (p) ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ÂÂ ÏÌÓÊÂÒÚ‚Ó (p) ÌÂ ·Û‰ÂÚ Ó·Î‡‰‡Ú¸ Ò‚ÓÈÒÚ‚ÓÏ ÒÎ‡·ÓÈ

·ËÍÓÏÔ‡ÍÚÌÓÒÚË ‚ (Ω). Ç ÚÓ ÊÂ ‚ÂÏfl, Í‡Í ÒÎÂ‰ÛÂÚ ËÁ ÚÂÓÂÏ˚ 1, ÒÛ˘ÂÒÚ‚Ó‚‡ÌËÂ Â¯ÂÌËfl Á‡‰‡˜Ë

A(2) = A(2)(p) ÔË p > 1 „‡‡ÌÚËÓ‚‡ÌÓ, ÍÓ„‰‡ ÏÌÓÊÂÒÚ‚Ó (p) Û˜ËÚ˚‚‡ÂÚ ·ÓÎÂÂ ÒÎ‡·ÓÂ Ó„‡ÌË˜ÂÌËÂ
(1.11), ˜ÂÏ (1.20). Ç Ò‚flÁË Ò ÓÚÏÂ˜ÂÌÌ˚Ï, ·ÓÎÂÂ ÂÒÚÂÒÚ‚ÂÌÌ˚Ï ÔË ÔÓÒÚ‡ÌÓ‚ÍÂ Á‡‰‡˜Ë A(2) = A(2)(p) ·˚Î ÔÂ-
ÂıÓ‰ ‚ Ó„‡ÌË˜ÂÌËË (1.20) ÓÚ ÁÌ‡Í‡ ‡‚ÂÌÒÚ‚‡ Í ÁÌ‡ÍÛ ÏÂÌ¸¯Â ËÎË ‡‚ÌÓ. Ç ÂÁÛÎ¸Ú‡ÚÂ ˜Â„Ó Ï˚ Ë ÔË¯ÎË
Í ÔÓÒÚ‡ÌÓ‚ÍÂ Á‡‰‡˜Ë A(2) = A(2)(p).

2. êÄáçéëíçÄü ÄèèêéäëàåÄñàü áÄÑÄó ìèêÄÇãÖçàü.
äéêêÖäíçéëíú ÄèèêéäëàåÄñàâ

Ç Ò‚flÁË Ò ˜ËÒÎÂÌÌ˚Ï Â¯ÂÌËÂÏ Á‡‰‡˜ ÓÔÚËÏ‡Î¸ÌÓ„Ó ÛÔ‡‚ÎÂÌËfl ÒÛ˘ÂÒÚ‚ÂÌÌ˚È ËÌÚÂÂÒ ÔÂ‰-
ÒÚ‡‚ÎflÂÚ ‚ÓÔÓÒ Ó· ‡ÔÔÓÍÒËÏ‡ˆËË ·ÂÒÍÓÌÂ˜ÌÓÏÂÌ˚ı Á‡‰‡˜ A(0), A(1), A(2) = A(2)(p) ÔÓÒÎÂ‰Ó‚‡-
ÚÂÎ¸ÌÓÒÚflÏË ÍÓÌÂ˜ÌÓÏÂÌ˚ı Á‡‰‡˜ ÓÔÚËÏ‡Î¸ÌÓ„Ó ÛÔ‡‚ÎÂÌËfl. çËÊÂ ÔÓÒÚÓËÏ Ë ËÁÛ˜ËÏ ‡ÔÔÓÍ-
ÒËÏ‡ˆËË Á‡‰‡˜ Ì‡ ÓÒÌÓ‚Â ÏÂÚÓ‰‡ ÒÂÚÓÍ (ÒÏ. [10], [11]) Ë ËÒÒÎÂ‰ÛÂÏ ÒıÓ‰ËÏÓÒÚ¸ ̋ ÚËı ‡ÔÔÓÍÒËÏ‡ˆËÈ
ÔË ÌÂÓ„‡ÌË˜ÂÌÌÓÏ ËÁÏÂÎ¸˜ÂÌËË ¯‡„‡ h ÒÂÚÍË ‰ËÒÍÂÚËÁ‡ˆËË. ÑÎfl ‡ÔÔÓÍÒËÏ‡ˆËË Á‡‰‡˜ A(0),

A(1), A(2) = A(2)(p) Ì‡Ï ÔÓÌ‡‰Ó·flÚÒfl ÒÂÚÍË Ì‡ [0, lα], α = 1, 2, Ë ‚  :  = {  = iαhα ∈ [0, lα] : iα =

= 0, 1, …, Nα; Nαhα = lα}, ωα =  ∩ (0, lα),  =  ∩ (0, lα],  =  ∩ [0, lα), α = 1, 2;  =  × ,

ω = ω1 × ω2; γ = /ω, ω(±1) =  × ω2, ω(±2) = ω1 × ,  =  × ,  =  × . èÛÒÚ¸ |h|2 =

=  + . Ç‚Â‰ÂÏ Ú‡ÍÊÂ ÒÂ‰ÌËÈ ¯‡„ ÒÂÚÍË  : �α = �α(xα) = hα, ÂÒÎË x ∈ ωα, Ë �α = 0.5hα, ÂÒÎË
hα = 0, lα, α = 1, 2. èË ËÒÒÎÂ‰Ó‚‡ÌËË Ò‚ÓÈÒÚ‚ ‡ÁÌÓÒÚÌ˚ı ‡ÔÔÓÍÒËÏ‡ˆËÈ Ì‡Ï ÔÓÌ‡‰Ó·flÚÒfl ÒÍ‡Îfl-
Ì˚Â ÔÓËÁ‚Â‰ÂÌËfl, ÌÓÏ˚ Ë ÔÓÎÛÌÓÏ˚ ÒÂÚÓ˜Ì˚ı ÙÛÌÍˆËÈ, Á‡‰‡ÌÌ˚ı Ì‡ ÒÂÚÍÂ  ËÎË Ì‡ ÂÂ ˜‡-
ÒÚflı:
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èÛÒÚ¸  ⊂  – ‡ÁÌ˚Â ÒÂÚÍË ‚ Ó·Î‡ÒÚË . óÂÂÁ Lp( ), p ≥ 1, L∞( ), ( ), ( ) ·Û‰ÂÏ

Ó·ÓÁÌ‡˜‡Ú¸ ÔÓÒÚ‡ÌÒÚ‚‡ ÒÂÚÓ˜Ì˚ı ÙÛÌÍˆËÈ, ÓÔÂ‰ÂÎÂÌÌ˚ı Ì‡ ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘Ëı ÒÂÚÍ‡ı  Ò
ÌÓÏ‡ÏË ||· , p ≥ 1, ||· , ||· , ||· . éÔÂ‰ÂÎËÏ ‰Îfl ÙÛÌÍˆËÈ ν(x) ÛÒÂ‰Ìfl˛˘ËÂ ÓÔÂ-

‡ÚÓ˚ ÔÓ ëÚÂÍÎÓ‚Û  ÔÓ ÔÂÂÏÂÌÌ˚Ï xα, α = 1, 2:

„‰Â x(ξα) = (ξ1, x2), ÂÒÎË α = 1, Ë x(ξα) = (x1, ξ2), ÂÒÎË α = 2; eα(xα) – ˝ÎÂÏÂÌÚ‡Ì˚Â fl˜ÂÈÍË ÓÚÂÁÍ‡
[0, lα], α = 1, 2: eα(xα) = {ξα : xα – 0.5hα ≤ ξα ≤ xα + 0.5hα}, xα ∈ ωα, eα(0) = {ξα : 0 ≤ ξα ≤ 0.5hα}, eα(lα) =

= {ξα : lα – 0.5hα ≤ ξα ≤ lα}, α = 1, 2. ë ÔÓÏÓ˘¸˛ Ó‰ÌÓÏÂÌ˚ı ÓÔÂ‡ÚÓÓ‚ , ‰ÂÈÒÚ‚Û˛˘Ëı ÔÓ Ì‡-

Ô‡‚ÎÂÌË˛ xα, α = 1, 2, ÓÔÂ‰ÂÎËÏ ÛÒÂ‰Ìfl˛˘ËÈ ÓÔÂ‡ÚÓ Sx =  Í‡Í ÔÓËÁ‚Â‰ÂÌËÂ Ó‰ÌÓÏÂÌ˚ı

ÛÒÂ‰Ìfl˛˘Ëı ÓÔÂ‡ÚÓÓ‚. Ç‚Â‰ÂÏ Ú‡ÍÊÂ ˝ÎÂÏÂÌÚ‡Ì˚Â fl˜ÂÈÍË Ó·Î‡ÒÚË  : e(x) = e(x1) × e(x2),

x ∈ , e1(x) = (x1) × e2(x2), x ∈  × , e2(x) = e1(x1) × (x2), x ∈  × , (xα) = {ξα : xα ≤ ξα ≤

≤ xα + hα}, xα ∈ , α = 1, 2. á‡‰‡˜Â A(0) ÓÔÚËÏ‡Î¸ÌÓ„Ó ÛÔ‡‚ÎÂÌËfl ÔÓÒÚ‡‚ËÏ ‚ ÒÓÓÚ‚ÂÚÒÚ‚ËÂ ÒÎÂ-
‰Û˛˘ÂÂ ÒÂÏÂÈÒÚ‚Ó ÍÓÌÂ˜ÌÓÏÂÌ˚ı ÒÂÚÓ˜Ì˚ı Á‡‰‡˜ ÓÔÚËÏ‡Î¸ÌÓ„Ó ÛÔ‡‚ÎÂÌËfl.

á‡‰‡˜‡ . ç‡ÈÚË ÒÂÚÓ˜ÌÓÂ ÛÔ‡‚ÎÂÌËÂ Φh∗  ∈  Ú‡ÍÓÂ, ˜ÚÓ Jh(Φh∗ ) = Ih(y(x, Φh∗ )) =

= (y(x, Φh)) = (Φh) = , „‰Â ÒÂÚÓ˜Ì˚È ÙÛÌÍˆËÓÌ‡Î ˆÂÎË Φh  Jh(Φh) = Ih(y(x, Φh))

Á‡‰‡ÂÚÒfl ÙÓÏÛÎÓÈ

(2.1)

νh = ν(x; Φh) – Â¯ÂÌËÂ ÒÎÂ‰Û˛˘ÂÈ ÒÂÚÓ˜ÌÓÈ Á‡‰‡˜Ë ÒÓÒÚÓflÌËfl, fl‚Îfl˛˘ÂÈÒfl ‡ÁÌÓÒÚÌÓÈ ‡ÔÔÓÍ-

ÒËÏ‡ˆËÂÈ ÔflÏÓÈ Á‡‰‡˜Ë (1.1) Ì‡ ÒÂÚÍÂ  = : Ì‡ÈÚË νh(x) = ν(x; Φh) ∈ ( ) Ú‡ÍÛ˛, ˜ÚÓ ‰Îfl Î˛-

·ÓÈ ÒÂÚÓ˜ÌÓÈ ÙÛÌÍˆËË ϑ(x) ∈ ( ) ÒÔ‡‚Â‰ÎË‚Ó ÒÛÏÏ‡ÚÓÌÓÂ ÚÓÊ‰ÂÒÚ‚Ó

(2.2)

‡ ÒÂÚÓ˜Ì˚Â ÛÔ‡‚ÎÂÌËfl Φh(x) Ú‡ÍÓ‚˚, ˜ÚÓ

(2.3‡)
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(2.3·)

á‰ÂÒ¸ (x) = Φ0h(x1 – h1, x2 – h2), (x) = Φ0h(x1, x2 – h2), (x) = Φ0h(x1 – h1, x2 + h2),

(x) = Φ0h(x1, x2 + h2), ‡ f h(x), (x), (x), ρh(x), α = 1, 2 – ÒÂÚÓ˜Ì˚Â ‡ÔÔÓÍÒËÏ‡ˆËË ÙÛÌÍˆËÈ
f(ξ), u0(ξ), ψα(ξ), α = 1, 2, ρ(ξ), ÓÔÂ‰ÂÎflÂÏ˚Â ˜ÂÂÁ ÓÔÂ‡ˆË˛ ÛÒÂ‰ÌÂÌËfl ÔÓ ëÚÂÍÎÓ‚Û:

(2.4)

ç‡ ÓÒÌÓ‚Â ˝ÌÂ„ÂÚË˜ÂÒÍÓ„Ó ÏÂÚÓ‰‡, ËÒÔÓÎ¸ÁÛfl ÚÂÓË˛ ÏÓÌÓÚÓÌÌ˚ı ÓÔÂ‡ÚÓÓ‚ Ë ‡ÁÌÓÒÚÌ˚Â
‡Ì‡ÎÓ„Ë ÚÂÓÂÏ ‚ÎÓÊÂÌËfl ëÓ·ÓÎÂ‚‡, ÏÓÊÌÓ ÔÓÍ‡Á‡Ú¸, ˜ÚÓ ÒÔ‡‚Â‰ÎË‚‡ ÒÎÂ‰Û˛˘‡fl

íÂÓÂÏ‡ 2. ëÂÚÓ˜Ì‡fl Á‡‰‡˜‡ (‡ÁÌÓÒÚÌ‡fl ÒıÂÏ‡) ‰Îfl ÒÓÒÚÓflÌËfl (2.2) Ó‰ÌÓÁÌ‡˜ÌÓ ‡ÁÂ¯ËÏ‡

‰Îfl Î˛·Ó„Ó ÒÂÚÓ˜ÌÓ„Ó ÛÔ‡‚ÎÂÌËfl Φh ∈ , ÔË˜ÂÏ ÒÔ‡‚Â‰ÎË‚‡ ‡ÔËÓÌ‡fl ÓˆÂÌÍ‡

(2.5)

á‡ÏÂ˜‡ÌËÂ 3. ê‡ÁÌÓÒÚÌ‡fl ÒıÂÏ‡ (2.2) – ‡ÔÔÓÍÒËÏ‡ˆËfl Û‡‚ÌÂÌËfl ÒÓÒÚÓflÌËfl – fl‚ÎflÂÚÒfl ÌÂÍÓÚÓÓÈ “ÏÓ-
‰ËÙËÍ‡ˆËÂÈ” Ú‡‰ËˆËÓÌÌ˚ı ÒıÂÏ ‚ ÚÓÏ ÒÏ˚ÒÎÂ, ̃ ÚÓ ÓÌ‡ ÓÚÎË˜‡ÂÚÒfl ÒÔÓÒÓ·ÓÏ ‚˚˜ËÒÎÂÌËfl ÔÂÂÏÂÌÌ˚ı ÍÓ-
˝ÙÙËˆËÂÌÚÓ‚ ‚ „Î‡‚ÌÓÈ ˜‡ÒÚË ÒÂÚÓ˜ÌÓ„Ó ÓÔÂ‡ÚÓ‡.

ê‡ÒÒÏÓÚËÏ ÚÂÔÂ¸ ˝ÍÒÚÂÏ‡Î¸Ì˚Â Á‡‰‡˜Ë A(1) Ë A(2) = A(2)(p). á‡‰‡˜‡Ï A(1) Ë A(2) = A(2)(p) ÔÓ-
ÒÚ‡‚ËÏ ‚ ÒÓÓÚ‚ÂÚÒÚ‚ËÂ ÔË |h|  0 ÒÎÂ‰Û˛˘ËÂ ÒÂÏÂÈÒÚ‚‡ ÍÓÌÂ˜ÌÓÏÂÌ˚ı ÒÂÚÓ˜Ì˚ı Á‡‰‡˜ ÓÔÚË-

Ï‡Î¸ÌÓ„Ó ÛÔ‡‚ÎÂÌËfl, ÍÓÚÓ˚Â ·Û‰ÂÏ Ì‡Á˚‚‡Ú¸ Á‡‰‡˜‡ÏË  Ë  = (p) ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ.

á‡‰‡˜‡ . ç‡ÈÚË ÒÂÚÓ˜ÌÓÂ ÛÔ‡‚ÎÂÌËÂ Φh∗  ∈  Ú‡ÍÓÂ, ˜ÚÓ Jh(Φh∗ ) = Ih(y(x, Φh∗ )) =

= (y(x, Φh)) = (Φh) = , „‰Â ÒÂÚÓ˜Ì˚È ÙÛÌÍˆËÓÌ‡Î ˆÂÎË Φh  Jh(Φh) = Ih(y(x, Φh))

Á‡‰‡ÂÚÒfl ÙÓÏÛÎÓÈ (2.1), yh = y(x; Φh) – Â¯ÂÌËÂ ÒÂÚÓ˜ÌÓÈ Á‡‰‡˜Ë ÒÓÒÚÓflÌËfl (2.2), ‡ ÒÂÚÓ˜Ì˚Â
ÛÔ‡‚ÎÂÌËfl Φh(x) Ú‡ÍÓ‚˚, ˜ÚÓ

Uαh, α = , – ÏÌÓÊÂÒÚ‚‡ ‰ÓÔÛÒÚËÏ˚ı ÛÔ‡‚ÎÂÌËÈ, ËÏÂ˛˘ËÂ ‚Ë‰ (2.3·).

á‡‰‡˜‡  = (p). ç‡ÈÚË ÒÂÚÓ˜ÌÓÂ ÛÔ‡‚ÎÂÌËÂ Φh∗  ∈  = ( p) Ú‡ÍÓÂ, ˜ÚÓ Jh(Φh∗ ) =

= Ih(y(x, Φh∗ )) = (y(x, Φh)) = (Φh) = , „‰Â ÒÂÚÓ˜Ì˚È ÙÛÌÍˆËÓÌ‡Î ̂ ÂÎË Φh 
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–×∈,≤, } ,

Uαh Φαh x( ) L∞ ω( ) : ζα Φαh x( ) ζα x ω∈,≤ ≤∈{ } , α 1 2 3., ,= =

Φ0h
11– 12–,( )

Φ0h
12–( )

Φ0h
11– +12,( )

Φ0h
+12( )

u0
h ψα

h

f h x( ) S
x1S

x2 f( ) x( ) 1
h1h2
---------- f ξ1 ξ2,( ) ξ1ξ2, x ω,∈d

e x( )
∫= =

u0
h x( ) S

x1S
x2 u0( ) x( ) 1

�1�2
----------- u0 ξ1 ξ2,( ) ξ1ξ2, ρh x( )d

e x( )
∫ Sxρ x( ), x ω,∈= = =

ψ1
h x( ) 1

h1�2
---------- ψ1 ξ1 ξ2,( ) ξ1ξ2, x ω1

– ω2, ψ2
h×∈d

e
1

x( )

∫ 1
�1h2
---------- ψ2 ξ1 ξ2,( ) ξ1ξ2, x ω1 ω2

–.×∈d

e
2

x( )

∫= =

Uh
0( )

y x; Φh( )
W2

1 ω( )
C f h x( ) L2 ω( ) C f L2 Ω( ).≤ ≤0

Ah
1( ) Ah

2( ) Ah
2( )

Ah
1( ) Uh

1( )

Ih
Φh Uh

1( )∈
inf Jh

Φh Uh
1( )∈

inf Jh*
1( )

Φh x( ) Φ0h x( ) Φ1h x( ) Φ2h x( ) Φ3h x( ), , ,( ) Û0h U1h U2h U3h×××∈ Uh
1( ) Bh,⊂= =

Û0h Φ0h x( ) W∞
1 ω( ) : 0 ν Φ0h x( ) ν ∞ x ω Φ0hx1

x( ) R1 x ω1
– ω2× ,-∈,≤,∈,<≤ ≤<∈





=

Φ0hx2
x( ) R2 x ω1 ω2

–; Φ0h x( )�1�2

ω
∑×∈,≤ M=





;

1 3,

Ah
2( ) Ah

2( ) Uh
2( ) Uh

2( )

Ih
Φh Uh

2( )
p( )∈

inf Jh
Φh Uh

p 
 

p( )∈
inf Jh*

p( )
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 Jh(Φh) = Ih(y(x, Φh)) Á‡‰‡ÂÚÒfl ÙÓÏÛÎÓÈ (2.1), yh = y(x; Φh) – Â¯ÂÌËÂ ÒÂÚÓ˜ÌÓÈ Á‡‰‡˜Ë ÒÓÒÚÓflÌËfl
(2.2), ‡ ÒÂÚÓ˜Ì˚Â ÛÔ‡‚ÎÂÌËfl Φh(x) Ú‡ÍÓ‚˚, ˜ÚÓ

Uαh, α = , – ÏÌÓÊÂÒÚ‚‡ ‰ÓÔÛÒÚËÏ˚ı ÛÔ‡‚ÎÂÌËÈ, ËÏÂ˛˘ËÂ ‚Ë‰ (2.3·).
ëÔ‡‚Â‰ÎË‚‡

íÂÓÂÏ‡ 3. èÛÒÚ¸ , ,  ≡ (p) – ÏÌÓÊÂÒÚ‚‡ ‰ÓÔÛÒÚËÏ˚ı ÛÔ‡‚ÎÂÌËÈ ‚ ÒÂÚÓ˜Ì˚ı
˝ÍÒÚÂÏ‡Î¸Ì˚ı Á‡‰‡˜‡ı A(0), A(1), A(2) = A(2)(p) ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ. ÑÎfl Í‡Ê‰Ó„Ó h > 0 ÒÛ˘ÂÒÚ‚ÛÂÚ

ÔÓ Í‡ÈÌÂÈ ÏÂÂ Ó‰ÌÓ ÓÔÚËÏ‡Î¸ÌÓÂ ÛÔ‡‚ÎÂÌËÂ Φh∗  ∈   Á‡‰‡˜ , α = 0, 1, 2, Ú.Â.  =

= inf{Jh(Φh) : Φh ∈  } > –∞,  = {Φh∗  ∈   : J(Φh∗ ) = } ≠ ∅ ,  = inf{Jh(Φh) : Φh ∈  } > –∞,

 = {Φh∗  ∈  : J(Φh∗ ) = } ≠ ∅;  = (p) = inf(Jh(Φh) : Φh ∈  = ( p)} > –∞,  =

= (p) = {Φh∗  ∈  = (p) : J(Φh∗ ) =  = (p)} ≠ ∅. 

3. ÄèêàéêçõÖ éñÖçäà èéÉêÖòçéëíà à ëäéêéëíà ëïéÑàåéëíà
ëÖíéóçõï áÄÑÄó A(0), A(1), A(2) = A(2)(p) èé ëéëíéüçàû

ìÒÚ‡ÌÓ‚ËÏ Ò‚flÁ¸ ÏÂÊ‰Û u(ξ, g) – Â¯ÂÌËÂÏ ÔflÏÓÈ Á‡‰‡˜Ë (1.1) Ë y(x, Φh) – Â¯ÂÌËÂÏ ‡ÔÔÓÍ-
ÒËÏËÛ˛˘ÂÈ ÂÂ ‡ÁÌÓÒÚÌÓÈ Á‡‰‡˜Ë ÒÓÒÚÓflÌËfl (2.2) ÔË h  0 ‰Îfl Î˛·˚ı ÙËÍÒËÓ‚‡ÌÌ˚ı ÛÔ‡‚-

ÎÂÌËÈ g ∈ U(α) Ë Φh ∈ , α = 0, 1, 2, „‰Â U(α) – ÏÌÓÊÂÒÚ‚‡ ‰ÓÔÛÒÚËÏ˚ı ÛÔ‡‚ÎÂÌËÈ Á‡‰‡˜ A(a), ‡

 – ÏÌÓÊÂÒÚ‚‡ ‰ÓÔÛÒÚËÏ˚ı ÛÔ‡‚ÎÂÌËÈ Á‡‰‡˜ , α = 0, 1, 2. èÛÒÚ¸ u(ξ, g) ∈ ( Ω) – Â¯ÂÌËÂ

Á‡‰‡˜Ë (1.1), ÓÚ‚Â˜‡˛˘ÂÂ ÛÔ‡‚ÎÂÌË˛ g ∈ U(α), ‡ y(x, Φh) ∈ ( ) – Â¯ÂÌËÂ Á‡‰‡˜Ë (2.2), ÓÚ‚Â-

˜‡˛˘ÂÂ ÒÂÚÓ˜ÌÓÏÛ ÛÔ‡‚ÎÂÌË˛ Φh ∈ . é·ÓÁÌ‡˜ËÏ ˜ÂÂÁ z(x; Φh, g) = y(x; Φh) – u(x; g) ÔÓ„Â¯-
ÌÓÒÚ¸ ÏÂÚÓ‰‡ ÔÓ ÒÓÒÚÓflÌË˛.

ÄÔËÓÌÛ˛ ÓˆÂÌÍÛ ÔÓ„Â¯ÌÓÒÚË ÏÂÚÓ‰‡ ÔÓ ÒÓÒÚÓflÌË˛ ÛÒÚ‡Ì‡‚ÎË‚‡ÂÚ
íÂÓÂÏ‡ 4. èÛÒÚ¸ g = (g0(ξ), g1(ξ), g2(ξ), g3(ξ)) = (k(ξ), b1(ξ), b2(ξ), d(ξ)) ∈ U(α) Ë Φh(x) = (Φ0h(x),

Φ1h(x), Φ2h(x), Φ3h(x)) ∈  – ÔÓËÁ‚ÓÎ¸Ì˚Â ÛÔ‡‚ÎÂÌËfl, ‡ u(ξ, g) Ë y(x, Φh) – ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ËÂ

ËÏ Â¯ÂÌËfl Á‡‰‡˜ ÒÓÒÚÓflÌËfl ‚ ˝ÍÒÚÂÏ‡Î¸Ì˚ı Á‡‰‡˜‡ı A(a) Ë , α = 0, 1, 2. íÓ„‰‡ ‰Îfl Î˛·˚ı
h > 0 ÒÔ‡‚Â‰ÎË‚‡ ÓˆÂÌÍ‡

(3.1)

(3.2‡)

(3.2·)

Φh x( ) Φ0h x( ) Φ1h x( ) Φ2h x( ) Φ3h x( ), , ,( ) Û0h p( ) U1h U2h U3h×××∈ Uh
2( ) p( ) Uh

2( )≡ Bh,⊂= =

Û0h p( ) Φ0h x( ) W∞
1 ω( ) : 0 ν Φ0h x( ) ν ∞ x ω Φ0hx1

x( ) R1 x ω1
– ω2× ,---∈,≤,∈,<≤ ≤<∈





=

Φ0hx2
x( ) R2 x ω1 ω2

–; Φ0h
p x( )�1�2

ω
∑×∈, Mp Ω≤ ≤





;

1 3,

Uh
0( ) Uh

1( ) Uh
2( ) Uh

2( )

Uh
α( ) Ah

a( ) Jh*
0( )

Uh
0( ) Uh*

0( ) Uh
0( ) Jh*

0( ) Jh*
1( ) Uh

1( )

Uh*
1( ) Uh

1( ) Jh*
1( ) Jh*

2( ) Jh*
2( ) Uh

2( ) Uh
2( ) Uh*

2( )

Uh*
2( ) Uh

2( ) Uh
2( ) Jh*

2( ) Jh*
2( )

Uh
α( )

Uh
α( ) Ah

a( ) W2
2

W2
1 ω

Uh
α( )

Uh
α( )

Ah
a( )

y x; Φh( ) u x; g( )–
W2

1 ω( )
≤

≤ C ηα
k( )

L2 ω +α( )( )
α k, 1=

2

∑ Bα
–

L2 ω( ) Bα
+

L2 ω( ) B̂α
–

L2 ω( ) B̂α
+

L2 ω( )+ + + 
 

α 1=

2

∑ η3
α( )

L2 ω( )

α 1=

2

∑+ + ,

ηα
1( ) x( ) S

xβkα
0.5α–( ) x( )[ ] uxα

x( ) S
xβ kα

∂u
∂ξα
-------- 

  0.5α–( )
x( ), x ω +α( ), β∈– 3 α ,–= =

η1
2( )

x( )
Φ0h

12–( )
x( ) Φ0h

11– 12–,( )
x( ) Φ0h

+12( )
x( ) Φ0h

11– +12,( )
x( )+ + +

4
----------------------------------------------------------------------------------------------------------------------- S

x2k
0.51–( )

x( )– ux1
x( ), x ω +1( ),∈=

3*
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ãÛ·˚¯Â‚, å‡Ì‡ÔÓ‚‡

(3.2‚)

(3.2„)

(3.2‰)

(3.2Â)

ξ – ÔÂÂÏÂÌÌ‡fl, ÔÓ ÍÓÚÓÓÈ ÔÓËÁ‚Ó‰ËÚÒfl ËÌÚÂ„ËÓ‚‡ÌËÂ ‚ , α = 1, 2, x – ÛÁÂÎ ÒÂÚÍË .

ÑÎfl ÓˆÂÌÍË ÎÂ‚ÓÈ ˜‡ÒÚË ÌÂ‡‚ÂÌÒÚ‚‡ (3.1a) ˜ÂÂÁ Ô‡‡ÏÂÚ h – ¯‡„ ÒÂÚÍË  ‰ÓÒÚ‡ÚÓ˜ÌÓ ÛÒÚ‡-
ÌÓ‚ËÚ¸ ÓˆÂÌÍË ‚ÂÎË˜ËÌ (3.2). ëÔ‡‚Â‰ÎË‚˚ ÒÎÂ‰Û˛˘ËÂ ÎÂÏÏ˚.

ãÂÏÏ‡ 2. èÛÒÚ¸ u(ξ) ∈ ( Ω). íÓ„‰‡ ÒÔ‡‚Â‰ÎË‚˚ ÓˆÂÌÍË

(3.3‡)

(3.3·)

„‰Â ˜ÂÂÁ |·  Ó·ÓÁÌ‡˜ÂÌ˚ ÔÓÎÛÌÓÏ˚ ‚ ÔÓÒÚ‡ÌÒÚ‚‡ı , k = 1, 2.

ãÂÏÏ‡ 3. èÛÒÚ¸ k(ξ), bα(ξ), d(ξ) ∈ L∞(Ω), α = 1, 2; Â¯ÂÌËÂ u(ξ) = u(ξ, g) Á‡‰‡˜Ë (1.1) ÔËÌ‡‰ÎÂ-

ÊËÚ ÍÎ‡ÒÒÛ (Ω). íÓ„‰‡ ÒÔ‡‚Â‰ÎË‚˚ ÓˆÂÌÍË

ÑÓÍ‡Á‡ÚÂÎ¸ÒÚ‚‡ ÚÂÓÂÏ˚ 4 Ë ÎÂÏÏ 2, 3 ÔÓ‚Ó‰flÚÒfl Ì‡ ÓÒÌÓ‚Â ÏÂÚÓ‰ËÍË ËÁ [9].
íÂÓÂÏ‡ 4 Ë ÎÂÏÏ˚ 2, 3 ÔÓÁ‚ÓÎfl˛Ú ÛÒÚ‡ÌÓ‚ËÚ¸ ÒÔ‡‚Â‰ÎË‚ÓÒÚ¸ ÒÎÂ‰Û˛˘ÂÈ ÚÂÓÂÏ˚.
íÂÓÂÏ‡ 5. èÛÒÚ¸ g(ξ) = (g0(ξ), g1(ξ), g2(ξ), g3(ξ)) = (k(ξ), b1(ξ), b2(ξ), d(ξ)) ∈ U(α) Ë Φh(x) = (Φ0h(x),

Φ1h(x), Φ2h(x), Φ3h(x)) ∈  – ÔÓËÁ‚ÓÎ¸Ì˚Â ÛÔ‡‚ÎÂÌËfl, ‡ u = u(ξ, g) Ë y = y(x, Φh) – ÒÓÓÚ‚ÂÚÒÚ‚Û-

˛˘ËÂ ËÏ Â¯ÂÌËfl Á‡‰‡˜ ÒÓÒÚÓflÌËfl ‚ ˝ÍÒÚÂÏ‡Î¸Ì˚ı Á‡‰‡˜‡ı A(a) Ë , α = 0, 1, 2. íÓ„‰‡ ‰Îfl
Î˛·˚ı h > 0 ÒÔ‡‚Â‰ÎË‚‡ ÒÎÂ‰Û˛˘‡fl ÓˆÂÌÍ‡ ÒÍÓÓÒÚË ÒıÓ‰ËÏÓÒÚË ÏÂÚÓ‰‡ ÒÂÚÓÍ ÔÓ ÒÓÒÚÓflÌË˛
‰Îfl ˝ÍÒÚÂÏ‡Î¸Ì˚ı Á‡‰‡˜ A(a), α = 0, 1, 2:

η2
2( )

x( )
Φ0h x( ) Φ0h

12–( )
x( )+

2
-------------------------------------------- S

x1k
0.52–( )

x( )– ux2
x( ), x ω +2( ),∈=

Bα
– x( ) Sxbα x( )[ ] uxα

x( ) Sx bα
∂u
∂ξα
-------- 

  x( ), Bα
+ x( )– Sxbα x( )[ ] uxα

x( ) Sx bα
∂u
∂ξα
-------- 

  x( ), x ω,∈–= =

Bα
– x( ) Φαh x( ) Sxbα x( )–( )uxα

x( ), Bα
+ x( ) Φαh x( ) Sxbα x( )–( )uxα

x( ), x ω, α∈= 1 2,,= =

) )

η3
1( ) x( ) Sxd x( )[ ] q u x( )( ) Sx d ξ( )q u ξ( )( )[ ] x( ), η3

2( ) x( )– Φ3h x( ) Sxd x( )–( )q u x( )( ), x ω,∈= =

S
xα ω

ω

W2
2

uxα L2 ω α–( )( )
{ } M1 h u ξ( )

W2
2 Ω( )

u ξ( )
W2

1 Ω( )
+ , α≤ 1 2,,=

u L2 ω( ) M1 h 2 u ξ( )
W2

2 Ω( )
h u ξ( )

W2
1 Ω( )

u ξ( ) L2 Ω( )+ + ,≤

|
W2

k Ω( )
W2

k

W2 0,
2

ηα
1( ) x( ) L2 ω +α( )( ) h k ξ( ) L∞ Ω( ) u ξ g,( )

W2 0,
2 Ω( )

, α≤ 1 2,,=

η1
2( )

x( ) L2 ω +1( )( ) M1
Φ0h

12–( )
x( ) Φ0h

11– 12–,( )
x( ) Φ0h

+12( )
x( ) Φ0h

11– +12,( )
x( )+ + +

4
------------------------------------------------------------------------------------------------------------------- S

x2k
0.51–( )

x( )–
L∞ ω +1( )( )

u ξ( )
W2 0,

2 Ω( )
,≤

η2
2( )

x( ) L2 ω +2( )( ) M1
Φ0h x( ) Φ0h

12–( )
x( )+

2
-------------------------------------------- S

x1k
0.52–( )

x( )–
L∞ ω +2( )( )

u ξ( )
W2 0,

2 Ω( )
,≤

Bα
± x( ) L2 ω( ) M1 h bα ξ( ) L∞ Ω( ) u ξ( )

W2 0,
2 Ω( )

,≤

B̂α
±

x( ) L2 ω( ) M1 Φαh x( ) Sxbα x( )– L∞ Ω( ) u ξ( )
W2 0,

2 Ω( )
, α≤ 1 2,,=

η3
1( ) x( ) L2 ω( ) M1 h Lq d ξ( ) L∞ Ω( ) u ξ( )

W2 0,
2 Ω( )

,≤

η3
2( ) x( ) L2 ω( ) M1Lq Φ3h x( ) Sxd x( )– L∞ Ω( ) u ξ( )

W2 0,
2 Ω( )

.≤

Uh
α( )

Ah
a( )

y x; Φh( ) u x; g( )–
W2

1 ω( )
C h k L∞ Ω( ) bα L∞ Ω( )

α 1=

2

∑ Lq d L∞ Ω( )+ +
 
 
 

+≤
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(3.4)

4. éñÖçäà èéÉêÖòçéëíà ëÖíéóçéÉé îìçäñàéçÄãÄ à ëäéêéëíà 
ëïéÑàåéëíà ëÖíéóçõï áÄÑÄó A(0), A(1), A(2) = A(2)(p) èé îìçäñàéçÄãì, 

ëïéÑàåéëíú èé ìèêÄÇãÖçàû. êÖÉìãüêàáÄñàü ÄèèêéäëàåÄñàâ

ÑÎfl ÓÚ‚ÂÚ‡ Ì‡ ‚ÓÔÓÒ Ó ÒıÓ‰ËÏÓÒÚË ÒÂÚÓ˜Ì˚ı Á‡‰‡˜ ÓÔÚËÏ‡Î¸ÌÓ„Ó ÛÔ‡‚ÎÂÌËfl A(0), A(1), A(2) = A(2)(p)
ÔÓ ÙÛÌÍˆËÓÌ‡ÎÛ Ë ÛÔ‡‚ÎÂÌË˛ ÌÂÓ·ıÓ‰ËÏÓ ÔÂÊ‰Â ‚ÒÂ„Ó ÛÒÚ‡ÌÓ‚ËÚ¸ Ò‚flÁ¸ ÏÂÊ‰Û ÙÛÌÍˆËÓÌ‡Î‡-

ÏË Jh(Φh) Ë J(g) ˝ÍÒÚÂÏ‡Î¸Ì˚ı Á‡‰‡˜  Ë A(a), α = 0, 1, 2, ‰Îfl Î˛·˚ı ÙËÍÒËÓ‚‡ÌÌ˚ı ÛÔ‡‚ÎÂ-

ÌËÈ Φh ∈  Ë g ∈ U(α), α = 0, 1, 2, Ë Î˛·˚ı h > 0. ÑÎfl ̋ ÚÓ„Ó Ì‡Ï ÔÓÌ‡‰Ó·flÚÒfl ÌÂÍÓÚÓ˚Â ÍÛÒÓ˜ÌÓ-
ÎËÌÂÈÌ˚Â Ë ÍÛÒÓ˜ÌÓ-ÔÓÒÚÓflÌÌ˚Â ‚ÓÒÔÓÎÌÂÌËfl ÒÂÚÓ˜Ì˚ı ÙÛÌÍˆËÈ, ÌÂÍÓÚÓ˚Â ‰ËÒÍÂÚËÁ‡ˆËË
ÙÛÌÍˆËÈ ÌÂÔÂ˚‚ÌÓ„Ó ‡„ÛÏÂÌÚ‡, ‡ Ú‡ÍÊÂ Ëı Ò‚ÓÈÒÚ‚‡.

èÛÒÚ¸ ϑ(x), x ∈  , – ÒÂÚÓ˜Ì‡fl ÙÛÌÍˆËfl, Á‡‰‡ÌÌ‡fl Ì‡ ‰‚ÛÏÂÌÓÈ ÒÂÚÍÂ  =  ×  ⊂  . óÂ-

ÂÁ (ξ) = Phϑ(ξ), ξ ∈ Ω, ·Û‰ÂÏ Ó·ÓÁÌ‡˜‡Ú¸ ÍÛÒÓ˜ÌÓ-ÔÓÒÚÓflÌÌÓÂ ‚ÓÒÔÓÎÌÂÌËÂ Ì‡ Ω ÒÂÚÓ˜ÌÓÈ
ÙÛÌÍˆËË ϑ(x), x ∈ , ÓÔÂ‰ÂÎflÂÏÓÂ ÔÓ ÙÓÏÛÎÂ

(4.1)

ÑÎfl ÒÂÚÓ˜ÌÓÈ ÙÛÌÍˆËË ϑ1(x), Á‡‰‡ÌÌÓÈ Ì‡ ‰‚ÛÏÂÌÓÈ ÒÂÚÍÂ  ×  ∈ , ‡ Ú‡ÍÊÂ ‰Îfl ÒÂÚÓ˜ÌÓÈ

ÙÛÌÍˆËË ϑ2(x), Á‡‰‡ÌÌÓÈ Ì‡ ‰‚ÛÏÂÌÓÈ ÒÂÚÍÂ  ×  ∈  , ‚‚Â‰ÂÏ ÍÛÒÓ˜ÌÓ-ÔÓÒÚÓflÌÌ˚Â ‚ÓÒÔÓÎ-
ÌÂÌËfl Ì‡ Ω, ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ, ÔÓ ÙÓÏÛÎ‡Ï

(4.2)

(4.3)

ëÔ‡‚Â‰ÎË‚˚ ÒÎÂ‰Û˛˘ËÂ ÎÂÏÏ˚.

ãÂÏÏ‡ 4. èÛÒÚ¸ u(ξ) ∈ ( Ω), u0(ξ), ψα(ξ) ∈ ( Ω), α = 1, 2, ρ(ξ) ∈ ( Ω); (x), ρh(x), x ∈ 

Ë (x), x ∈  × , (x), x ∈  ×  – ‰ËÒÍÂÚËÁ‡ˆËË ÙÛÌÍˆËÈ u0(ξ), ρ(ξ) Ì‡ ÒÂÚÍÂ  Ë ÙÛÌÍ-

ˆËÈ ψ1(ξ), ψ2(ξ) Ì‡ ÒÂÚÍ‡ı  × ,  ×  ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ, ÓÔÂ‰ÂÎflÂÏ˚Â ÔÓ ÙÓÏÛÎ‡Ï (2.4).

èÛÒÚ¸ Phu(ξ), Ph (ξ), Phρh(ξ) – ÍÛÒÓ˜ÌÓ-ÔÓÒÚÓflÌÌ˚Â ‚ÓÒÔÓÎÌÂÌËfl Ì‡ Ω ÒÂÚÓ˜Ì˚ı ÙÛÌÍˆËÈ u(x),

(x), ρh(x), x ∈  ⊂ , ÓÔÂ‰ÂÎflÂÏ˚Â ÔÓ ÙÓÏÛÎ‡Ï, ‡Ì‡ÎÓ„Ë˜Ì˚Ï (4.1); P1h (ξ), P1h (ξ) Ë

P2h (ξ), P2h (ξ) – ÍÛÒÓ˜ÌÓ-ÔÓÒÚÓflÌÌ˚Â ‚ÓÒÔÓÎÌÂÌËfl Ì‡ Ω ÒÂÚÓ˜Ì˚ı ÙÛÌÍˆËÈ (x), (x), x ∈

∈  ×  ⊂  Ë (x), (x), x ∈  ×  ⊂ , ÓÔÂ‰ÂÎflÂÏ˚Â ÔÓ ÙÓÏÛÎ‡Ï, ‡Ì‡ÎÓ„Ë˜Ì˚Ï (4.2)
Ë (4.3) ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ. íÓ„‰‡ ÒÔ‡‚Â‰ÎË‚˚ ÓˆÂÌÍË

(4.4)

+ S
x1k

0.52–( )
x( )

Φ0h x( ) Φ0h
12–( )

x( )+
2

--------------------------------------------–
L∞ ω +2( )( )

+

+ S
x2k

0.51–( )
x( )

Φ0h
12–( )

x( ) Φ0h
11– 12–,( )

x( ) Φ0h
+12( )

x( ) Φ0h
11– +12,( )

x( )+ + +
4

-------------------------------------------------------------------------------------------------------------------–
L∞ ω +1( )( )

+

+ Φαh x( ) Sxbα x( )– L∞ ω( )

α 1=

2

∑ Φ3h x( ) Sxd x( )– L∞ ω( )+ u ξ ; g( )
W2 0,

2 Ω( )
.

Ah
a( )

Uh
α( )

ω ω ω1 ω2 Ω
ϑ

ω

ϑ h ξ( ) Phϑ ξ( ) ϑ x( ), ξ e x( ), x ω.∈∈= =

ω1
– ω2 Ω

ω1 ω2
– Ω

ϑ 1h ξ( ) P1hϑ 1 ξ( ) ϑ 1 x( ), ξ e1 x( ), x ω1
– ω2,×∈∈= =

ϑ 2h ξ( ) P2hϑ 2 ξ( ) ϑ 2 x( ), ξ e2 x( ), x ω1 ω2
–.×∈∈= =

W2
2 W2

1 W2
1 u0

h ω

ψ1
h ω1

– ω2 ψ2
h ω1 ω2

– ω

ω1
– ω2 ω1 ω2

–

u0
h

u0
h ω Ω ux1

ψ1
h

ux2
ψ2

h ux1
ψ1

h

ω1
– ω2 Ω ux2

ψ2
h ω1 ω2

– Ω

u ξ( ) Phu ξ( )– L2 Ω( ) M h u ξ( )
W2

2 Ω( )
, ∂u ξ( )

∂ξα
-------------- Pαhuxα

ξ( )–
L2 Ω( )

M h u ξ( )
W2

2 Ω( )
, α≤≤ 1 2,,=

u0 ξ( ) Phu0
h ξ( )– L2 Ω( ) 21/2 h u0 ξ( )

W2
1 Ω( )

, ρ ξ( ) Phρ
h ξ( )– L2 Ω( ) 21/2 h ρ ξ( )

W2
1 Ω( )

,≤≤

ψα ξ( ) Pαhψα
h ξ( )– L2 Ω( ) 21/2 h ψα ξ( )

W2
1 Ω( )

, α≤ 1 2.,=
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ãÂÏÏ‡ 5. èÛÒÚ¸ ‚˚ÔÓÎÌÂÌ˚ ÛÒÎÓ‚Ëfl ÎÂÏÏ˚ 4. íÓ„‰‡ ÒÔ‡‚Â‰ÎË‚˚ ÓˆÂÌÍË

(4.5)

ÑÓÍ‡Á‡ÚÂÎ¸ÒÚ‚‡ ÎÂÏÏ 4, 5 ÓÔË‡˛ÚÒfl Ì‡ ÓÔÂ‰ÂÎÂÌËÂ ÓÚÓ·‡ÊÂÌËÈ Pαh, α = 1, 2, Ph, ÓÔÂ‰ÂÎÂ-
ÌËÂ ÓÔÂ‡ÚÓ‡ ÛÒÂ‰ÌÂÌËfl ÔÓ ëÚÂÍÎÓ‚Û Sx, ‰Ó‚ÓÎ¸ÌÓ „ÓÏÓÁ‰ÍË, Ë Ï˚ Ëı ÓÔÛÒÍ‡ÂÏ ËÁ-Á‡ Ó„‡ÌË-
˜ÂÌÌÓÒÚË Ó·˙ÂÏ‡ ÒÚ‡Ú¸Ë.

éˆÂÌÍÛ ÔÓ„Â¯ÌÓÒÚË ÒÂÚÓ˜ÌÓ„Ó ÙÛÌÍˆËÓÌ‡Î‡ Jh(Φh) ˝ÍÒÚÂÏ‡Î¸Ì˚ı Á‡‰‡˜ A(0), A(1), A(2) = A(2)(p)
ÛÒÚ‡Ì‡‚ÎË‚‡ÂÚ ÒÎÂ‰Û˛˘‡fl

íÂÓÂÏ‡ 6. ÑÎfl Î˛·˚ı ÛÔ‡‚ÎÂÌËÈ g ∈ U(α) Ë Φh ∈  ˝ÍÒÚÂÏ‡Î¸Ì˚ı Á‡‰‡˜ A(a) Ë  ÒÓ-
ÓÚ‚ÂÚÒÚ‚ÂÌÌÓ Ë Î˛·˚ı h > 0 ‰Îfl ÔÓ„Â¯ÌÓÒÚË ÒÂÚÓ˜ÌÓ„Ó ÙÛÌÍˆËÓÌ‡Î‡ Jh(Φh) ˝ÍÒÚÂÏ‡Î¸Ì˚ı

Á‡‰‡˜ , α = 0, 1, 2, ÒÔ‡‚Â‰ÎË‚‡ ÓˆÂÌÍ‡

(4.6)

„‰Â M = Const > 0, ÌÂ Á‡‚ËÒfl˘‡fl ÓÚ h, y, u, Φh, g; αk = Const ≥ 0, k = 0, 1, 2, 3, α0 + α1 + α2 + α3 > 0.

ÑÓÍ‡Á‡ÚÂÎ¸ÒÚ‚Ó. èÛÒÚ¸ g ∈ U(α) Ë Φh ∈  – ÔÓËÁ‚ÓÎ¸Ì˚Â ÛÔ‡‚ÎÂÌËfl, ‡ u = u(ξ, g) Ë y =

= y(x, Φh) – ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ËÂ ËÏ Â¯ÂÌËfl Á‡‰‡˜ ÒÓÒÚÓflÌËfl ‚ ˝ÍÒÚÂÏ‡Î¸Ì˚ı Á‡‰‡˜‡ı A(a) Ë ,
α = 0, 1, 2. èËÌËÏ‡fl ‚Ó ‚ÌËÏ‡ÌËÂ (1.3), (2.1) Ë ÔÓ‚Ó‰fl ÌÂÍÓÚÓ˚Â ÔÂÓ·‡ÁÓ‚‡ÌËfl, ÔË‚Â‰ÂÏ ÔÓ-
„Â¯ÌÓÒÚ¸ θh(g, Φh) = J(g) – Jh(Φh) Í ÒÔÂˆË‡Î¸ÌÓÏÛ ‚Ë‰Û:

(4.7)

Phu0
h ξ( ) L2 Ω( ) u0 ξ( ) L2 Ω( ), u0

h x( ) L2 ω( ) u0 ξ( ) L2 Ω( ), ψ1
h ξ( ) L2 ω1

– ω2×( ) ψ1 ξ( ) L2 Ω( ),≤≤≤

Pαhψα ξ( ) L2 Ω( ) ψα ξ( ) L2 Ω( ), ρh x( ) L2 ω( ) ρ ξ( ) L2 Ω( ), ψ2
h ξ( ) L2 ω1 ω2

–×( ) ψ2 ξ( ) L2 Ω( ),≤≤≤

Phρ
h ξ( ) L2 Ω( ) ρ ξ( ) L2 Ω( ), Phu ξ( ) L2 Ω( ) u x( ) L2 ω( ) M u ξ( )

W2
2 Ω( )

,≤=≤

Pαhuxα
ξ( ) L2 Ω( ) uxα

x( )
L2 ω α–( )( )

M u ξ( )
W2

2 Ω( )
, α≤ 1 2.,= =

Uh
α( ) Ah

a( )

Ah
a( )

J g( ) Jh Φh( )– I u ξ g,( )( ) Ih y x Φh,( )( )– ≤=

≤ M α0 α1 α2 α3+ + +( ) h S
x1k

0.52–( )
x( )

Φ0h x( ) Φ0h
12–( )

x( )+
2

--------------------------------------------–
L∞ ω +2( )( )

+∫+

+ S
x2k

0.51–( )
x( )

Φ0h
12–( )

x( ) Φ0h
11– 12–,( )

x( ) Φ0h
+12( )

x( ) Φ0h
11– +12,( )

x( )+ + +
4

-------------------------------------------------------------------------------------------------------------------–
L∞ ω +1( )( )

+

+ Sxd x( ) Φ3h x( )– L∞ ω( ) Sxbα x( ) Φαh x( )– L∞ ω( )

α 1=

2

∑+ ,

Uh
α( )

Ah
a( )

θh g; Φh( ) J g( ) Jh Φh( )– α0 Ah
k( )

α 1=

2

∑ α1 Bh
k( )

α 1=

2

∑ α2 Ch
k( )

α 1=

2

∑ α3 Ch
k( )

α 3=

4

∑ ,+ + += =

Ah
1( ) ρ ξ( ) u ξ g,( ),( )L2 Ω( ) Phρ

h ξ( ) Phu ξ g,( ),( )L2 Ω( ),–=

Ah
2( ) Phρ

h ξ( ) Phu ξ g,( ),( )L2 Ω( ) ρh x( ) y x Φh,( ),( )L2 ω( ),–=

Bh
1( ) u ξ ; g( ) u0 ξ( )– L2 Ω( )

2 Phu ξ ; g( ) Phu0
h ξ( )– L2 Ω( )

2
,–=

Bh
2( ) Phu ξ ; g( ) Phu0

h ξ( )– L2 Ω( )
2

y x; Φh( ) u0
h x( )– L2 ω( )

2
,–=

Ch
2α 1–( ) ∂u ξ ; g( )

∂ξα
--------------------- ψα ξ( )–

L2 Ω( )

2
Pαhuxα

ξ ; g( ) Pαhψα
h ξ( )– L2 Ω( )

2
,–=

Ch
2α( ) Pαhuxα

ξ ; g( ) Pαhψα
h ξ( )– L2 Ω( )

2
yxα

x; Φh( ) ψα
h x( )–

L2 ω α–( )( )

2
, α– 1 2.,= =
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åÓÊÌÓ ÔÓÍ‡Á‡Ú¸, ˜ÚÓ ‰Îfl ‚ÂÎË˜ËÌ , , k = 1, 2, , m = 1, 2, 3, 4, ÒÔ‡‚Â‰ÎË‚˚ ÒÎÂ‰Û˛-
˘ËÂ ÓˆÂÌÍË:

(4.8)

Ñ‡ÎÂÂ, ÔÓ‚Ó‰fl ÓˆÂÌÍË Ô‡‚˚ı ˜‡ÒÚÂÈ ÌÂ‡‚ÂÌÒÚ‚ (4.8) Ì‡ ÓÒÌÓ‚Â ÓˆÂÌÓÍ (4.4), (4.5), (3.3), (1.7),
(2.5), (3.4), ÚÂÓÂÏ ‚ÎÓÊÂÌËfl ëÓ·ÓÎÂ‚‡ [22] Ë Ëı ‡ÁÌÓÒÚÌ˚ı ‡Ì‡ÎÓ„Ó‚ [10], [11] Ë ÔËÌËÏ‡fl ‚Ó
‚ÌËÏ‡ÌËÂ ÔÂ‰ÒÚ‡‚ÎÂÌËÂ (4.7), ÛÒÚ‡Ì‡‚ÎË‚‡ÂÏ ÓˆÂÌÍÛ (4.6).

éÔÂ‰ÂÎËÏ ÚÂÔÂ¸ ÌÂÍÓÚÓ˚Â ‚ÓÒÔÓÎÌÂÌËfl ÒÂÚÓ˜Ì˚ı ÛÔ‡‚ÎÂÌËÈ Φ0h(x), x ∈ , Φαh(x), x ∈ ω,
α = 1, 2, 3, Ì‡ Ω. ê‡ÒÒÏÓÚËÏ ÒÂÚÓ˜ÌÓÂ ÛÔ‡‚ÎÂÌËÂ Φ0h(x), x ∈ . ÑÎfl ÔÓÒÚÓÂÌËfl ÍÛÒÓ˜ÌÓ-ÎËÌÂÈ-

ÌÓ„Ó ‚ÓÒÔÓÎÌÂÌËfl ÒÂÚÓ˜ÌÓ„Ó ÛÔ‡‚ÎÂÌËfl Φ0h(x) Ì‡ Ω Í‡Ê‰Û˛ ˝ÎÂÏÂÌÚ‡ÌÛ˛ fl˜ÂÈÍÛ e+(x) ⊂  Ó·-

Î‡ÒÚË , „‰Â e+(x) = e+(x1, x2) = {ξ = (ξ1, ξ2) : xα ≤ ξα ≤ xα + hα, α = 1, 2} = (x1) × (x2), x ∈  × ,
‡ÁÓ·¸ÂÏ ‰Ë‡„ÓÌ‡Î¸˛, Ó·‡ÁÛ˛˘ÂÈ ÚÛÔÓÈ Û„ÓÎ Ò ÓÒ¸˛ ξ1, Ì‡ ‰‚‡ ÚÂÛ„ÓÎ¸ÌËÍ‡. íÂÛ„ÓÎ¸ÌËÍË, ‡Ò-
ÔÓÎÓÊÂÌÌ˚Â ‚˚¯Â ‰Ë‡„ÓÌ‡ÎË, ·Û‰ÂÏ Ó·ÓÁÌ‡˜‡Ú¸ ˜ÂÂÁ ∆–(x), ‡ ÌËÊÌËÂ – ˜ÂÂÁ ∆+(x). á‰ÂÒ¸ x = (x1,
x2) – ÛÁÂÎ, ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ËÈ ‚Â¯ËÌÂ ÔflÏÓ„Ó Û„Î‡ ÚÂÛ„ÓÎ¸ÌËÍ‡ ∆±(x). èÛÒÚ¸ r – ÛÔ‡‚Îfl˛˘ËÈ
Ô‡‡ÏÂÚ, ÔËÌËÏ‡˛˘ËÈ ÁÌ‡˜ÂÌËfl ±1. ÖÒÎË ˜ÂÂÁ (ξ) Ó·ÓÁÌ‡˜ËÚ¸ ÙÛÌÍˆË˛, ÓÔÂ‰ÂÎÂÌÌÛ˛ ‚
∆r(x), ÎËÌÂÈÌÛ˛ ÔÓ ξ1 Ë ξ2 Ë ÒÓ‚Ô‡‰‡˛˘Û˛ ‚ ‚Â¯ËÌ‡ı ÚÂÛ„ÓÎ¸ÌËÍ‡ Ò ÒÂÚÓ˜ÌÓÈ ÙÛÌÍˆËÂÈ Φ0h(x), ÚÓ

ÍÛÒÓ˜ÌÓ-ÎËÌÂÈÌÓÂ ‚ÓÒÔÓÎÌÂÌËÂ Ì‡  ÓÔÂ‰ÂÎËÚÒfl ‚ ‚Ë‰Â Φ0h(ξ) = { (ξ), ξ ∈  ∆r(x), r = –1, +1,

∆r(x) ∈ }.

çÂÚÛ‰ÌÓ Û·Â‰ËÚ¸Òfl, ˜ÚÓ fl‚Ì˚È ‚Ë‰ ‚ÓÒÔÓÎÌÂÌËfl ‚ Í‡Ê‰ÓÏ ËÁ ÚÂÛ„ÓÎ¸ÌËÍÓ‚ Ú‡ÍÓ‚:

á‡ÚÂÏ Í‡Ê‰Û˛ ˝ÎÂÏÂÌÚ‡ÌÛ˛ fl˜ÂÈÍÛ e+(x) ⊂  ‡ÁÓ·¸ÂÏ ‰Ë‡„ÓÌ‡Î¸˛, Ó·‡ÁÛ˛˘ÂÈ ÓÒÚ˚È Û„ÓÎ
Ò ÓÒ¸˛ ξ1, Ì‡ ‰‚‡ ÚÂÛ„ÓÎ¸ÌËÍ‡. íÂÛ„ÓÎ¸ÌËÍË, ‡ÒÔÓÎÓÊÂÌÌ˚Â ‚˚¯Â ‰Ë‡„ÓÌ‡ÎË, ·Û‰ÂÏ Ó·ÓÁÌ‡-
˜‡Ú¸ ˜ÂÂÁ (x), ‡ ÌËÊÌËÂ – ˜ÂÂÁ (x). á‰ÂÒ¸ x = (x1, x2) – ÛÁÂÎ, ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ËÈ ‚Â¯ËÌÂ Ôfl-

ÏÓ„Ó Û„Î‡ ÚÂÛ„ÓÎ¸ÌËÍ‡ (x). èÛÒÚ¸ r – ÛÔ‡‚Îfl˛˘ËÈ Ô‡‡ÏÂÚ, ÔËÌËÏ‡˛˘ËÈ ÁÌ‡˜ÂÌËfl ±1. óÂ-

ÂÁ (ξ) Ó·ÓÁÌ‡˜ËÏ ÙÛÌÍˆË˛, ÓÔÂ‰ÂÎÂÌÌÛ˛ ‚ (x), ÎËÌÂÈÌÛ˛ ÔÓ ξ1 Ë ξ2 Ë ÒÓ‚Ô‡‰‡˛˘Û˛ ‚

‚Â¯ËÌ‡ı ÚÂÛ„ÓÎ¸ÌËÍ‡ Ò ÒÂÚÓ˜ÌÓÈ ÙÛÌÍˆËÂÈ Φ0h(x). íÓ„‰‡ ÍÛÒÓ˜ÌÓ-ÎËÌÂÈÌÓÂ ‚ÓÒÔÓÎÌÂÌËÂ Ì‡ ,

ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ÂÂ ‰‡ÌÌÓÏÛ ‡Á·ËÂÌË˛, ÓÔÂ‰ÂÎËÚÒfl ‚ ‚Ë‰Â Φ0h(ξ) = { (ξ), ξ ∈ ( x), r = –1,

Ah
k( ) Bh

k( ) Ch
m( )

Ah
1( ) ρ ξ( ) Phρ

h ξ( )– L2 Ω( ) u ξ g,( ) L2 Ω( ) u ξ ; g( ) Phu ξ ; g( )– L2 Ω( ) Phρ
h ξ( ) L2 Ω( )+[ ] ,≤

Ah
2( ) ρh x( ) L2 ω( ) y x; Φh( ) u x g,( )– L2 ω( ),≤

Bh
1( ) u ξ ; g( ) Phu ξ ; g( )– L2 Ω( ) u0 ξ( ) Phu0

h ξ( )– L2 Ω( )+[ ] ×≤

× u ξ ; g( ) L2 Ω( ) Phu ξ ; g( ) L2 Ω( ) u0 ξ( ) L2 Ω( ) Phu0
h ξ( ) L2 Ω( )+ + +[ ] ,

Bh
2( ) y x; Φh( ) u ξ ; g( )– L2 ω( ) u x; g( ) L2 ω( ) y x; Φh( ) L2 ω( ) 2 u0

h x( ) L2 Ω( )+ +[ ] ,≤

Ch
2α 1–( ) ∂u ξ ; g( )

∂ξα
--------------------- Pαhuxα

ξ ; g( )–
L2 Ω( )

ψα ξ( ) Pαhψα
h ξ( )– L2 Ω( )+ ×=

× ∂u ξ ; g( )
∂ξα

---------------------
L2 Ω( )

Pαhuxα
ξ ; g( ) L2 Ω( ) ψα ξ( ) L2 Ω( ) Pαhψα

h ξ( ) L2 Ω( )+ + + ,

Ch
2α( ) yxα

x; Φh( ) uxα
x; g( )–

L2 ω α–( )( )
uxα

x; g( )
L2 ω α–( )( )

yxα
x; Φh( )

L2 ω α–( )( )
2 ψα

h x( ) L2 ω α–( )( )+ +[ ] ,≤

α 1 2.,=

ω
ω

Ω
Ω e1' e2' ω1

– ω2
–

Φ0hr'

Ω Fh
1( ) Φ0hr'

Ω

Fh
1( )Φ0h ξ( )

Φ0h x( ) Φ0hx1
x( ) ξ1 x1–( ) Φ0hx2

x( ) ξ2 x2–( ), ξ ∆+ x( ), x ω1
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–,×∈∈+ +

Φ0h x( ) Φ0hx1
x( ) ξ1 x1–( ) Φ0hx2
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+1, (x) ∈  }. çÂÚÛ‰ÌÓ Û·Â‰ËÚ¸Òfl, ̃ ÚÓ fl‚Ì˚È ‚Ë‰ ‚ÓÒÔÓÎÌÂÌËfl ‚ Í‡Ê‰ÓÏ ËÁ ÚÂÛ„ÓÎ¸ÌËÍÓ‚ Ú‡ÍÓ‚: 

íÂÔÂ¸ ÔÓÎÓÊËÏ

(4.9)

ê‡ÒÒÏÓÚËÏ ÒÂÚÓ˜Ì˚Â ÛÔ‡‚ÎÂÌËfl Φαh(x), x ∈ ω, α = 1, 2, 3, Ë ÓÔÂ‰ÂÎËÏ ÍÛÒÓ˜ÌÓ-ÔÓÒÚÓflÌÌ˚Â
‚ÓÒÔÓÎÌÂÌËfl Ì‡ Ω ÒÂÚÓ˜Ì˚ı ÛÔ‡‚ÎÂÌËÈ Φαh(x), x ∈ ω, α = 1, 2, 3, ÔÓ ÙÓÏÛÎÂ

(4.10)

„‰Â (x) ⊂  – ˝ÎÂÏÂÌÚ‡Ì˚Â fl˜ÂÈÍË Ó·Î‡ÒÚË :

ëÔ‡‚Â‰ÎË‚˚ ÒÎÂ‰Û˛˘ËÂ ÎÂÏÏ˚.
ãÂÏÏ‡ 6. èÛÒÚ¸ FhΦ0h(ξ) – ÍÛÒÓ˜ÌÓ-ÎËÌÂÈÌÓÂ ‚ÓÒÔÓÎÌÂÌËÂ Ì‡ Ω ÒÂÚÓ˜ÌÓ„Ó ÛÔ‡‚ÎÂÌËfl Φ0h(x),

x ∈ , ‡ Φαh(ξ) – ÍÛÒÓ˜ÌÓ-ÔÓÒÚÓflÌÌ˚Â ‚ÓÒÔÓÎÌÂÌËfl Ì‡ Ω ÒÂÚÓ˜Ì˚ı ÛÔ‡‚ÎÂÌËÈ Φαh(x), x ∈ ω,
α = 1, 2, 3, ÓÔÂ‰ÂÎflÂÏ˚Â ÙÓÏÛÎ‡ÏË (4.9) Ë (4.10) ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ. èÛÒÚ¸ Rhg0(x) ≡ Rhk(x) =
= Sxk(x), x ∈ , Ë Rhgα(x) ≡ Rhbα(x) = Sxbα(x), x ∈ ω, α = 1, 2, Rhg3(x) ≡ Rhd(x) = Sxd(x), x ∈ ω, – ‰ËÒÍÂ-
ÚËÁ‡ˆËË Ì‡ ÒÂÚÍ‡ı  Ë ω ÛÔ‡‚ÎÂÌËÈ g0(ξ) ≡ k(ξ) Ë gα(ξ) ≡ bα(ξ), α = 1, 2, g3(ξ) ≡ d(ξ) ÒÓÓÚ‚ÂÚ-

ÒÚ‚ÂÌÌÓ, „‰Â Sx =  – ÓÔÂ‡ÚÓ ÛÒÂ‰ÌÂÌËfl ÔÓ ëÚÂÍÎÓ‚Û. íÓ„‰‡ ÒÔ‡‚Â‰ÎË‚˚ ÓˆÂÌÍË

ãÂÏÏ‡ 7. Ç ÔÂ‰ÔÓÎÓÊÂÌËflı ÎÂÏÏ˚ 6 ÒÔ‡‚Â‰ÎË‚˚ ÓˆÂÌÍË

∆r' Ω

Fh
2( )Φ0h ξ( )

Φ0h x( ) Φ0hx1
x( ) ξ1 x1–( ) Φ0hx2

x( ) ξ2 x2–( ), ξ ∆+' x( ), x ω1
+ ω2

–,×∈∈+ +

Φ0h x( ) Φ0hx1
x( ) ξ1 x1–( ) Φ0hx2

x( ) ξ2 x2–( ), ξ ∆–' x( ), x ω1
– ω2

+.×∈∈+ +



=

FhΦ0h ξ( ) 1
2
---Fh

1( )Φ0h ξ( ) 1
2
---Fh

2( )Φ0h ξ( ), ξ Ω .∈+=

ĝα ξ( ) P̂hΦαh ξ( ) Φαh x( ), ξ ê x( ), x ω, α∈∈ 1 2 3,, ,= = =

ê Ω Ω

ê x1 x2,( ) e x1 x2,( ) e1 x1( ) e2 x2( ), xα× 2hα 3hα … lα 2hα , α–, , , 1 2,,= = = =

ê h1 h2,( ) 0 ξ1 1.5h1≤ ≤ 0 ξ2 1.5h2≤ ≤,{ } ;=

ê h1 x2,( ) 0 ξ1 1.5h1≤ ≤ x2 0.5h2– ξ2 x2 0.5h2+≤ ≤,{ } , x2 2h2 3h2 … l2 2h2,–, , ,= =

ê h1 l2 h2–,( ) 0 ξ1 1.5h1≤ ≤ l2 1.5h2– ξ2 l2≤ ≤,{ } ,=

ê l1 h1– h2,( ) l1 1.5h1– ξ1 l1≤ ≤ 0 ξ2 1.5h2≤ ≤,{ } ,=

ê l1 h1– x2,( ) l1 1.5h1– ξ1 l1≤ ≤ x2 0.5h2– ξ2 x2 0.5h2+≤ ≤,{ } , x2 2h2 3h2 … l2 2h2,–, , ,= =

ê l1 h1– l2 h2–,( ) l1 1.5h1– ξ1 l1≤ ≤ l2 1.5h2– ξ2 l2≤ ≤,{ } ;=

ê x1 h2,( ) x1 0.5h1– ξ1 x1 0.5h1+≤ ≤ 0 ξ2 1.5h2≤ ≤,{ } , x1 2h1 3h1 … l1 2h1,–, , ,= =

ê x1 l2 h2–,( ) x1 0.5h1– ξ1 x1 0.5h1+≤ ≤ l2 1.5h2– ξ2 l2≤ ≤,{ } , x1 2h1 3h1 … l1 2h1.–, , ,= =

ω P̂h

ω
ω

S
x1S

x2

FhΦ0h ξ( ) L1 Ω( ) Φ0h x( ) L1 ω( ), FhΦ0h ξ( ) L2 Ω( ) Φ0h x( ) L2 ω( ), Rhk x( ) L1 ω( )≤ k ξ( ) L1 Ω( ),= =

∂FhΦ0h ξ( )
∂ξα

--------------------------
L2 Ω( )

Φ0hxα
x( )

L2 ω α–( )( )
, α≤ 1 2, Rhk x( ) Lp ω( ) k ξ( ) Lp Ω( ), p 1,≥≤,=

Rhk x( )
W2

1 ω( )
2 k ξ( )

W2
1 Ω( )

2 γh
0( ), P̂hΦαh ξ( ) L2 Ω( )

2 Φαh x( ) L2 ω( )
2 γh

α( ),+≤+≤

Rhgα x( ) L2 ω( ) gα ξ( ) L2 Ω( ), α≤ 1 2 3, „‰Â 0 γh
m( )<, , O h( ) ÔË h 0, m 0 1 2 3., , ,= = =

S
x1k

0.52–( )
x( )

Rhk x( ) Rhk x( )( )
12–( )

+
2

------------------------------------------------------–
L∞ ω +2( )( )

M h ∂k ξ( )
∂ξ2

--------------
L∞ Ω( )

,≤
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ÑÓÍ‡Á‡ÚÂÎ¸ÒÚ‚‡ ÎÂÏÏ 6, 7 ÓÔË‡˛ÚÒfl Ì‡ ÓÔÂ‰ÂÎÂÌËfl ÓÚÓ·‡ÊÂÌËÈ Fh, , Ph Ë ÓÔÂ‰ÂÎÂÌËÂ

ÓÔÂ‡ÚÓ‡ ÛÒÂ‰ÌÂÌËfl ÔÓ ëÚÂÍÎÓ‚Û Sx = . ÑÓÍ‡Á‡ÚÂÎ¸ÒÚ‚‡ ‰Ó‚ÓÎ¸ÌÓ „ÓÏÓÁ‰ÍË, Ë Ï˚ Ëı
ÓÔÛÒÍ‡ÂÏ ËÁ-Á‡ Ó„‡ÌË˜ÂÌÌÓÒÚË Ó·˙ÂÏ‡ ÒÚ‡Ú¸Ë (ÒÏ. Ú‡ÍÊÂ [9]).

ÑÎfl ËÒÒÎÂ‰Ó‚‡ÌËfl ÒıÓ‰ËÏÓÒÚË ÒÂÚÓ˜Ì˚ı ˝ÍÒÚÂÏ‡Î¸Ì˚ı Á‡‰‡˜ A(0), A(1), A(2) = A(2)(p) ÔÓ ÙÛÌÍ-

ˆËÓÌ‡ÎÛ Ë ÛÔ‡‚ÎÂÌË˛ ‡ÒÒÏÓÚËÏ ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚ¸ ‡ÁÌÓÒÚÌ˚ı Á‡‰‡˜ , α = 0, 1, 2, Á‡‚Ë-

Òfl˘Ëı ÓÚ ̄ ‡„‡ h = (h1, h2) ÒÂÚÍË  =  =  ×  ⊂  ÔË |h|  0. èË˜ÂÏ ‚Ò˛‰Û ÌËÊÂ ‚ Á‡‰‡˜‡ı

A(2) = A(2)(p) Ë  = (p) ·Û‰ÂÏ Ò˜ËÚ‡Ú¸, ˜ÚÓ Ô‡‡ÏÂÚ p ÔËÌËÏ‡ÂÚ ÁÌ‡˜ÂÌËfl p = 1, 2. ÑÎfl ËÁÛ-
˜ÂÌËfl ˝ÚËı ‚ÓÔÓÒÓ‚ Ì‡Ï ÔÓÌ‡‰Ó·flÚÒfl ÂÁÛÎ¸Ú‡Ú˚, ÔÓÎÛ˜ÂÌÌ˚Â ‚˚¯Â. äÓÏÂ ÚÓ„Ó, ‰Îfl ËÒÒÎÂ‰Ó-

‚‡ÌËfl Ò‚flÁË ÏÂÊ‰Û ˝ÍÒÚÂÏ‡Î¸Ì˚ÏË Á‡‰‡˜‡ÏË  Ë A(a), α = 0, 1, 2, ‚‚Â‰ÂÏ ÓÚÓ·‡ÊÂÌËfl

(4.11)

ÍÓÚÓ˚Â ÓÔÂ‰ÂÎËÏ ÒÎÂ‰Û˛˘ËÏ Ó·‡ÁÓÏ: g = Φh, „‰Â g = (g0, g1, g2, g3) = (k(ξ), b1(ξ), b2(ξ), d(ξ)),
Φh = (Rhk(x), Rhb1(x), Rhb2(x), Rhd(x)); NhΦh = g, „‰Â Φh = (Φ0h(x), Φ1h(x), Φ2h(x), Φ3h(x)), g = (FhΦ0h(ξ),

Φ1h(ξ), Φ2h(ξ), Φ3h(ξ)). éÚÓ·‡ÊÂÌËfl Rh, Fh,  ÓÔÂ‰ÂÎÂÌ˚ ‚ ÎÂÏÏÂ 6. çÂÚÛ‰ÌÓ ÔÓÍ‡Á‡Ú¸,

˜ÚÓ ‰Îfl ÔÓËÁ‚ÓÎ¸Ì˚ı ÛÔ‡‚ÎÂÌËÈ g ∈  U(α), Φh ∈   ˝ÍÒÚÂÏ‡Î¸Ì˚ı Á‡‰‡˜ A(a) Ë , α = 0, 1, 2,

ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ ÒÔ‡‚Â‰ÎË‚˚ ‚ÍÎ˛˜ÂÌËfl g ∈  Ë N hΦh ∈ U (α), α = 0, 1, 2.

ãÂÏÏ‡ 8. èÛÒÚ¸ g ∈ U(α) Ë Φh ∈  – ÔÓËÁ‚ÓÎ¸Ì˚Â ÛÔ‡‚ÎÂÌËfl ‚ ˝ÍÒÚÂÏ‡Î¸Ì˚ı Á‡‰‡˜‡ı

A(a) Ë , α = 0, 1, 2. íÓ„‰‡ ‰Îfl Î˛·Ó„Ó h > 0 ÒÔ‡‚Â‰ÎË‚˚ ÓˆÂÌÍË

(4.12)

ÑÓÍ‡Á‡ÚÂÎ¸ÒÚ‚Ó ÎÂÏÏ˚ 8 ÓÔË‡ÂÚÒfl Ì‡ ÓÔÂ‰ÂÎÂÌËfl ÓÚÓ·‡ÊÂÌËÈ g Ë NhΦh Ë ÒÎÂ‰ÛÂÚ ËÁ ÚÂÓ-
ÂÏ˚ 6 Ë ÎÂÏÏ 6, 7.

íÂÓÂÏ‡ 7. èÛÒÚ¸  Ë  – ÌËÊÌËÂ „‡ÌË ÙÛÌÍˆËÓÌ‡ÎÓ‚ J(g) Ë Jh(Φh) ‚ ˝ÍÒÚÂÏ‡Î¸Ì˚ı Á‡-

‰‡˜‡ı A(a) Ë , α = 0, 1, 2, ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ. ëÂÏÂÈÒÚ‚‡ ÒÂÚÓ˜Ì˚ı Á‡‰‡˜ , α = 0, 1, 2, Á‡‚Ë-

Òfl˘Ëı ÓÚ ¯‡„‡ h = (h1, h2) ÒÂÚÍË  ⊂  ÔË |h|  0, ‡ÔÔÓÍÒËÏËÛ˛Ú ËÒıÓ‰Ì˚Â ˝ÍÒÚÂÏ‡Î¸-

S
x2k

0.51–( )
x( )

Rhk x( )( )
12–( )

Rhk x( )( )
11– 12–,( )

Rhk x( )( )
+12( )

Rhk x( )( )
11– +12,( )

+ + +
4

--------------------------------------------------------------------------------------------------------------------------------------------------------–
L∞ ω +1( )( )

≤

≤ M h ∂k ξ( )
∂ξα

-------------
L∞ Ω( )

,
α 1=

2

∑

S
x1 FhΦ0h[ ]

0.52–( )
x( )

Φ0h x( ) Φ0h
12–( )

x( )+
2

--------------------------------------------–
L∞ ω +2( )( )

M h Φ0hx1
x( )

L∞ ω1
– ω2×( )

,≤

S
x2 FhΦ0h[ ]

0.51–( )
x( )

Φ0h
12–( )

x( ) Φ0h
11– 12–,( )

x( ) Φ0h
+12( )

x( ) Φ0h
11– +12,( )

x( )+ + +
4

-------------------------------------------------------------------------------------------------------------------–
L∞ ω +1( )( )

M h Φ1hx2
x( )

L∞ ω1 ω2
–×( )

,≤

Sxbα x( ) Rhbα x( )– L∞ ω( ) 0, α 1 2, Sxd x( ) Rhd x( )– L∞ ω( ), 0,= = =

Sx P̂hΦαh[ ] x( ) Φαh x( )– L∞ ω( ) 0, α 1 2 3.,,= =

P̂h

S
x1S

x2

Ah
a( )

ω ωh ω1 ω2 Ω

Ah
2( ) Ah

2( )

Ah
a( )

R̃h : H Hh Ë Nh : Hh H ,

R̃h

P̂h P̂h P̂h P̂h

Uh
α( ) Ah

a( )

R̃h Uh
α( )

Uh
α( )

Ah
a( )

J g( ) Jh R̃hg( )– I u ξ g,( )( ) Ih y x R̃hg,( )( )– C h α k,
k 0=

3

∑≤=

J NhΦh( ) Jh Φh( )– I u ξ NhΦh,( )( ) Ih y x Φh,( )( )– C h α k.
k 0=

3

∑≤=

R̃h

J*
α( ) Jh*

α( )

Ah
a( ) Ah

a( )

ω Ω
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ãÛ·˚¯Â‚, å‡Ì‡ÔÓ‚‡

Ì˚Â Á‡‰‡˜Ë A(a), α = 0, 1, 2, ÔÓ ÙÛÌÍˆËÓÌ‡ÎÛ, Ú.Â. lim  =  ÔË |h|  0, Ë ÒÔ‡‚Â‰ÎË‚˚ ÓˆÂÌÍË
ÒÍÓÓÒÚË ÒıÓ‰ËÏÓÒÚË

(4.13)

ÑÓÍ‡Á‡ÚÂÎ¸ÒÚ‚Ó ÚÂÓÂÏ˚ ÒÎÂ‰ÛÂÚ ËÁ ÓˆÂÌÓÍ (4.12) Ë ÏÂÚÓ‰ËÍË ËÁ [1].

èÂ‰ÔÓÎÓÊËÏ ÚÂÔÂ¸, ˜ÚÓ ÔË Í‡Ê‰ÓÏ h = (h1, h2) Ë ÔË ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ÂÈ ÒÂÚÍÂ  =  Ò ÔÓ-

ÏÓ˘¸˛ Í‡ÍÓ„Ó-ÎË·Ó ÏÂÚÓ‰‡ ÏËÌËÏËÁ‡ˆËË ÔÓÎÛ˜ÂÌ˚ ÔË·ÎËÊÂÌÌ˚Â ÁÌ‡˜ÂÌËfl  +  ÌËÊÌËı

„‡ÌÂÈ  ÙÛÌÍˆËÓÌ‡Î‡ Jh(Φh) Ì‡  ‚ ˝ÍÒÚÂÏ‡Î¸Ì˚ı Á‡‰‡˜‡ı , α = 0, 1, 2, Ë Ì‡È‰ÂÌ˚ ÒÂ-

ÚÓ˜Ì˚Â ÛÔ‡‚ÎÂÌËfl (x) ≡ (x) ∈ , α = 0, 1, 2, ‰‡˛˘ËÂ ÔË·ÎËÊÂÌÌ˚Â Â¯ÂÌËfl ÒÓÓÚ‚ÂÚ-

ÒÚ‚Û˛˘Ëı ÒÂÚÓ˜Ì˚ı ˝ÍÒÚÂÏ‡Î¸Ì˚ı Á‡‰‡˜ , α = 0, 1, 2, ‚ ÒÎÂ‰Û˛˘ÂÏ ÒÏ˚ÒÎÂ:

(4.14)

„‰Â ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚË { }, α = 0, 1, 2, Ú‡ÍÓ‚˚, ˜ÚÓ  ≥ 0 Ë   0 ÔË |h|  0, α = 0, 1, 2.

ëÔ‡‚Â‰ÎË‚‡ ÒÎÂ‰Û˛˘‡fl

íÂÓÂÏ‡ 8. èÛÒÚ¸ ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚË ÒÂÚÓ˜Ì˚ı ÛÔ‡‚ÎÂÌËÈ { (x)} ∈ , α = 0, 1, 2,

ÓÔÂ‰ÂÎÂÌ˚ ËÁ ÛÒÎÓ‚ËÈ (4.14). íÓ„‰‡ ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚË ÛÔ‡‚ÎÂÌËÈ {Nh (ξ)}, α = 0, 1, 2, „‰Â
ÓÚÓ·‡ÊÂÌËÂ Nh : Hh  H ÓÔÂ‰ÂÎÂÌÓ ‚ (4.11), fl‚Îfl˛ÚÒfl ÏËÌËÏËÁËÛ˛˘ËÏË ‰Îfl ÙÛÌÍˆËÓÌ‡ÎÓ‚

J(g) ËÒıÓ‰Ì˚ı Á‡‰‡˜ A(a), α = 0, 1, 2, ÓÔÚËÏ‡Î¸ÌÓ„Ó ÛÔ‡‚ÎÂÌËfl, Ú.Â. limJ(Nh ) = , α = 0, 1, 2,
ÔË |h|  0 Ë ÒÔ‡‚Â‰ÎË‚˚ ÓˆÂÌÍË ÒÍÓÓÒÚË ÒıÓ‰ËÏÓÒÚË

ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚË {Nh }, α = 0, 1, 2, ÒÎ‡·Ó ‚ H = (Ω) × (L2(Ω))3 ÒıÓ‰flÚÒfl Í ÒÓÓÚ‚ÂÚ-

ÒÚ‚Û˛˘ËÏ ÏÌÓÊÂÒÚ‚‡Ï  ≠ ∅, α = 0, 1, 2, ÓÔÚËÏ‡Î¸Ì˚ı ÛÔ‡‚ÎÂÌËÈ ËÒıÓ‰Ì˚ı Á‡‰‡˜ A(a), α =
= 0, 1, 2.

ÑÓÍ‡Á‡ÚÂÎ¸ÒÚ‚Ó ÚÂÓÂÏ˚ ÔÓ‚Ó‰ËÚÒfl Ì‡ ÓÒÌÓ‚Â ÏÂÚÓ‰ËÍË ËÁ [1] Ë ÓÔË‡ÂÚÒfl Ì‡ ÔÓÎÛ˜ÂÌÌ˚Â

‚˚¯Â ÂÁÛÎ¸Ú‡Ú˚. ëÎ‡·‡fl ÒıÓ‰ËÏÓÒÚ¸ ÏËÌËÏËÁËÛ˛˘Ëı ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚÂÈ {Nh }, α = 0, 1, 2,

Í ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ËÏ ÏÌÓÊÂÒÚ‚‡Ï  ≠ ∅, α = 0, 1, 2, ÒÎÂ‰ÛÂÚ ËÁ ÚÂÓÂÏ˚ 1.

ê‡ÒÒÏÓÚËÏ ÚÂÔÂ¸ ‚ÓÔÓÒ Ó ÒËÎ¸ÌÓÈ ÒıÓ‰ËÏÓÒÚË ‚ H ÔÓ ‡„ÛÏÂÌÚÛ (ÛÔ‡‚ÎÂÌË˛) ‡ÁÌÓÒÚÌ˚ı

‡ÔÔÓÍÒËÏ‡ˆËÈ , α = 0, 1, 2. ÑÎfl Â„ÛÎflËÁ‡ˆËË ÒÂÏÂÈÒÚ‚ ÒÂÚÓ˜Ì˚ı ̋ ÍÒÚÂÏ‡Î¸Ì˚ı Á‡‰‡˜ A(0),

A(1), A(2) = A(2)(p) ‚‚Â‰ÂÏ Ì‡ U(α), α = 0, 1, 2, ÙÛÌÍˆËÓÌ‡Î-ÒÚ‡·ËÎËÁ‡ÚÓ Ω(g) = ||g , g ∈ U(α), α =

= 0, 1, 2, Ë Â„Ó ÒÂÚÓ˜Ì˚È ‡Ì‡ÎÓ„ Ωh(Φh) = ||Φh , Φh ∈ , α = 0, 1, 2. èË Í‡Ê‰ÓÏ h = (h1, h2) ‡Ò-

ÒÏÓÚËÏ Ì‡ , α = 0, 1, 2, ÒÂÚÓ˜Ì˚È ÙÛÌÍˆËÓÌ‡Î íËıÓÌÓ‚‡ ˝ÍÒÚÂÏ‡Î¸Ì˚ı Á‡‰‡˜ , α = 0, 1, 2:

(Φh) = Jh(Φh) + αhΩh(Φh), Φh ∈ , α = 0, 1, 2, „‰Â {αh} – ÔÓËÁ‚ÓÎ¸Ì‡fl ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚ¸
ÔÓÎÓÊËÚÂÎ¸Ì˚ı ˜ËÒÂÎ, ÒıÓ‰fl˘‡flÒfl Í ÌÛÎ˛ ÔË |h|  0. ê‡ÒÒÏÓÚËÏ ÚÂÔÂ¸ Á‡‰‡˜Ë ÏËÌËÏËÁ‡ˆËË

ÙÛÌÍˆËÓÌ‡Î‡ (Φh) Ì‡ , α = 0, 1, 2: ÔË Í‡Ê‰ÓÏ h = (h1, h2) ÓÔÂ‰ÂÎËÏ ÒÂÚÓ˜Ì˚Â ÛÔ‡‚ÎÂÌËfl

 = (x) ∈ , α = 0, 1, 2, Û‰Ó‚ÎÂÚ‚Ófl˛˘ËÂ ÛÒÎÓ‚ËflÏ

(4.15)

„‰Â  ≥ 0 Ë   0 ÔË |h|  0, α = 0, 1, 2.

Jh*
α( ) J*

α( )

Jh*
α( ) J*

α( )– M α0 α1 α2 α3+ + +( ) h , α≤ 0 1 2., ,=

ω ωh

Jh*
α( ) εh

α( )
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α( ) Uh

α( ) Ah
a( )

Φhεh

α( ) Φ̂h
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Uh
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Ah
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α( ) Jh Φ̂h
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Uh
α( ), α∈+≤ ≤ 0 1 2,, ,=

εh
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α( ) εh
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Φ̂h
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Uh
α( )

Φ̂h
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Φ̂h
α( )
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α( )

0 J NhΦ̂h
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α( )– C α0 α1 α2 α3+ + +( ) h εh
α( )+[ ] , α≤ ≤ 0 1 2;, ,=

Φ̂h
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W2
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Φ̂h
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Ah
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2 Uh
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Uh
α( ) Ah
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Φ̂h
α( ) Φhαhνh
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íÂÓÂÏ‡ 9. èÛÒÚ¸ ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚË ÒÂÚÓ˜Ì˚ı ÛÔ‡‚ÎÂÌËÈ { } ⊂ , α = 0, 1, 2, ÓÔÂ-

‰ÂÎÂÌ˚ ËÁ ÛÒÎÓ‚ËÈ (4.15). íÓ„‰‡ ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚË ÛÔ‡‚ÎÂÌËÈ {Nh (ξ)}, α = 0, 1, 2, „‰Â
ÓÚÓ·‡ÊÂÌËÂ Nh : Hh  H ÓÔÂ‰ÂÎÂÌÓ ‚ (4.11), fl‚Îfl˛ÚÒfl ÏËÌËÏËÁËÛ˛˘ËÏË ‰Îfl ÙÛÌÍˆËÓÌ‡ÎÓ‚

J(g) ËÒıÓ‰Ì˚ı Á‡‰‡˜ A(a), α = 0, 1, 2, ÓÔÚËÏ‡Î¸ÌÓ„Ó ÛÔ‡‚ÎÂÌËfl, Ú.Â. limJ(Nh ) = , α = 0, 1, 2,
ÔË |h|  0 Ë ÒÔ‡‚Â‰ÎË‚˚ ÓˆÂÌÍË ÒÍÓÓÒÚË ÒıÓ‰ËÏÓÒÚË

ÖÒÎË, ÍÓÏÂ ÚÓ„Ó, Ô‡‡ÏÂÚ˚ , αh ÒÓ„Î‡ÒÓ‚‡Ì˚ Ò |h| Ú‡Í, ˜ÚÓ , αh  +0 ÔË |h|  0 Ë

(|h| + )/αh  0, ÚÓ ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚË {Nh }, α = 0, 1, 2, ÒËÎ¸ÌÓ ‚ H ÒıÓ‰flÚÒfl Í ÏÌÓÊÂ-

ÒÚ‚‡Ï Ω-ÌÓÏ‡Î¸Ì˚ı (‚ ÒÏ˚ÒÎÂ ÏËÌËÏ‡Î¸ÌÓÈ ÌÓÏ˚) ÓÔÚËÏ‡Î¸Ì˚ı ÛÔ‡‚ÎÂÌËÈ , α = 0, 1, 2,
Á‡‰‡˜ A(a), α = 0, 1, 2, Ú.Â.

„‰Â  = {g∗∗  ∈  : Ω(g∗∗ ) = inf{Ω(g∗ ) : g∗  ∈ } = } – ÏÌÓÊÂÒÚ‚‡ Ω-ÌÓÏ‡Î¸Ì˚ı Â-

¯ÂÌËÈ Á‡‰‡˜ A(a), α = 0, 1, 2, ÓÔÚËÏ‡Î¸ÌÓ„Ó ÛÔ‡‚ÎÂÌËfl; Ω(g) = ||g .

ÑÓÍ‡Á‡ÚÂÎ¸ÒÚ‚Ó ÚÂÓÂÏ˚ 9 ÔÓ‚Ó‰ËÚÒfl Ì‡ ÓÒÌÓ‚Â ÏÂÚÓ‰ËÍË ËÁ [1], [23] Ë ÓÔË‡ÂÚÒfl Ì‡ ÔÓÎÛ˜ÂÌ-
Ì˚Â ‚˚¯Â ÂÁÛÎ¸Ú‡Ú˚.

èÓÎÛ˜ÂÌÌ˚Â ÂÁÛÎ¸Ú‡Ú˚ ÌÂ Á‡‚ËÒflÚ ÓÚ ÒÔÓÒÓ·‡ Â¯ÂÌËfl ‡ÁÌÓÒÚÌ˚ı Á‡‰‡˜ ÓÔÚËÏ‡Î¸ÌÓ„Ó
ÛÔ‡‚ÎÂÌËfl A(0), A(1), A(2) = A(2)(p).
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ê‡ÒÒÏÓÚÂÌ˚ ÌÂ‚˚ÔÛÍÎ˚Â Á‡‰‡˜Ë ÓÔÚËÏËÁ‡ˆËË Ò Ó„‡ÌË˜ÂÌËÂÏ-ÌÂ‡‚ÂÌÒÚ‚ÓÏ, Á‡‰‡ÌÌ˚Ï ‡Á-
ÌÓÒÚ¸˛ ‰‚Ûı ‚˚ÔÛÍÎ˚ı ÙÛÌÍˆËÈ (d.c.-ÙÛÌÍˆËÂÈ). èÂ‰ÎÓÊÂÌ˚ ‰‚‡ ÏÂÚÓ‰‡ ÔÓËÒÍ‡ ÎÓÍ‡Î¸Ì˚ı
Â¯ÂÌËÈ ‚ ̋ ÚÓÈ Á‡‰‡˜Â, ÒÓ˜ÂÚ‡˛˘ËÂ Â¯ÂÌËÂ ̃ ‡ÒÚË˜ÌÓ ÎËÌÂ‡ËÁÓ‚‡ÌÌ˚ı Á‡‰‡˜ Ë ÒÔÛÒÍ Ì‡ ÔÓ-
‚ÂıÌÓÒÚ¸ ÛÓ‚Ìfl d.c.-ÙÛÌÍˆËË. àÒÒÎÂ‰Ó‚‡Ì‡ ÒıÓ‰ËÏÓÒÚ¸ ˝ÚËı ÏÂÚÓ‰Ó‚, Ë ÔÂ‰ÎÓÊÂÌ˚ ÍËÚÂ-
ËË ÓÒÚ‡ÌÓ‚‡. èË‚Â‰ÂÌ˚ ÂÁÛÎ¸Ú‡Ú˚ ‚˚˜ËÒÎËÚÂÎ¸ÌÓ„Ó ̋ ÍÒÔÂËÏÂÌÚ‡ ÔÓ Ò‡‚ÌËÚÂÎ¸ÌÓÏÛ ÚÂ-
ÒÚËÓ‚‡ÌË˛ ÔÂ‰ÎÓÊÂÌÌ˚ı ÏÂÚÓ‰Ó‚ ÎÓÍ‡Î¸ÌÓ„Ó ÔÓËÒÍ‡. ÅË·Î. 15. í‡·Î. 4.

äÎ˛˜Â‚˚Â ÒÎÓ‚‡: ‡ÁÌÓÒÚ¸ ‰‚Ûı ‚˚ÔÛÍÎ˚ı ÙÛÌÍˆËÈ, ÎÓÍ‡Î¸Ì˚È ÔÓËÒÍ, ÎËÌÂ‡ËÁÓ‚‡ÌÌ‡fl Á‡-
‰‡˜‡, ÔÓ‚ÂıÌÓÒÚ¸ ÛÓ‚Ìfl, ÍËÚË˜ÂÒÍ‡fl ÚÓ˜Í‡.

1. ÇÇÖÑÖçàÖ

ä‡Í ËÁ‚ÂÒÚÌÓ (ÒÏ. [1], [2]), ‚ ÌÂ‚˚ÔÛÍÎ˚ı Á‡‰‡˜‡ı ÏÓÊÂÚ ÒÛ˘ÂÒÚ‚Ó‚‡Ú¸ ·ÓÎ¸¯ÓÂ ÍÓÎË˜ÂÒÚ‚Ó
ÎÓÍ‡Î¸Ì˚ı Ë ÒÂ‰ÎÓ‚˚ı Â¯ÂÌËÈ, ‡ Ú‡ÍÊÂ ÒÚ‡ˆËÓÌ‡Ì˚ı (ääí) ÚÓ˜ÂÍ, ‚ÂÒ¸Ï‡ ‰‡ÎÂÍËı ÓÚ „ÎÓ·‡Î¸-
ÌÓ„Ó ÓÔÚËÏÛÏ‡ (ÏÌÓ„Ó˝ÍÒÚÂÏ‡Î¸ÌÓÒÚ¸, ÒÏ. [1]–[6]). à, Í‡Í ÒÎÂ‰ÒÚ‚ËÂ, ÍÎ‡ÒÒË˜ÂÒÍËÂ ÏÂÚÓ‰˚ ‚˚-
ÔÛÍÎÓÈ ÓÔÚËÏËÁ‡ˆËË ˜‡˘Â ‚ÒÂ„Ó ‰ÂÏÓÌÒÚËÛ˛Ú Ò‚Ó˛ ÌÂ˝ÙÙÂÍÚË‚ÌÓÒÚ¸ ÔË Â¯ÂÌËË ÌÂ‚˚ÔÛÍ-
Î˚ı Á‡‰‡˜.

èÓ˝ÚÓÏÛ ‡Á‚ËÚËÂ “„ÎÓ·‡Î¸ÌÓÈ” ÓÔÚËÏËÁ‡ˆËË Ì‡fl‰Û Ò ÏÂÚÓ‰‡ÏË ‚ÂÚ‚ÂÈ Ë „‡ÌËˆ Ë ÓÚÒÂ˜ÂÌËÈ
‚ Ì‡ÒÚÓfl˘ËÈ ÏÓÏÂÌÚ ‚ÍÎ˛˜‡ÂÚ ‚ ÒÂ·fl ÔÓÒÚÓÂÌËÂ Ë ËÒÒÎÂ‰Ó‚‡ÌËÂ ÏÂÚÓ‰Ó‚ Â¯ÂÌËfl ÒÔÂˆË‡Î¸Ì˚ı
ÍÎ‡ÒÒÓ‚ ÌÂ‚˚ÔÛÍÎ˚ı Á‡‰‡˜ (ÒÏ. [4]–[12]). ÇÂÒ¸Ï‡ ÔË‚ÎÂÍ‡ÚÂÎ¸Ì˚ÏË ‚ ˝ÚÓÏ ÔÎ‡ÌÂ ‚˚„Îfl‰flÚ Á‡‰‡-
˜Ë Ò d.c.-ÙÛÌÍˆËflÏË, ÔÂ‰ÒÚ‡‚ËÏ˚ÏË ‚ ‚Ë‰Â ‡ÁÌÓÒÚË ‰‚Ûı ‚˚ÔÛÍÎ˚ı ÙÛÌÍˆËÈ (d.c.-ÓÔÚËÏËÁ‡-
ˆËfl).

àÁ‚ÂÒÚÌÓ (ÒÏ. [4]–[6]), ˜ÚÓ Î˛·Û˛ ÌÂÔÂ˚‚ÌÛ˛ Á‡‰‡˜Û ÓÔÚËÏËÁ‡ˆËË ÏÓÊÌÓ Ò Î˛·ÓÈ ÚÓ˜ÌÓ-
ÒÚ¸˛ ÔË·ÎËÁËÚ¸ ÌÂÍÓÚÓÓÈ d.c.-Á‡‰‡˜ÂÈ. Ç ̃ ‡ÒÚÌÓÒÚË, Á‡‰‡˜Ë Ò d.c.-Ó„‡ÌË˜ÂÌËflÏË ÚËÔ‡ ÌÂ‡‚ÂÌ-
ÒÚ‚‡ ÓÍ‡Á˚‚‡˛ÚÒfl ‚ÂÒ¸Ï‡ Ó·¯ËÌ˚Ï ÍÎ‡ÒÒÓÏ Á‡‰‡˜ ÓÔÚËÏËÁ‡ˆËË. çÂÍÓÚÓ˚Â ‡‚ÚÓ˚ (ÒÏ., Ì‡-
ÔËÏÂ, [5]) Ò‚Ó‰flÚ Í ˝ÚÓÏÛ ÍÎ‡ÒÒÛ ÔÓ˜ÚË ‚ÒÂ ‰Û„ËÂ ÌÂ‚˚ÔÛÍÎ˚Â Á‡‰‡˜Ë. Ç ˜‡ÒÚÌÓÒÚË, d.c.-Ó„‡-
ÌË˜ÂÌËflÏË ÓÔËÒ˚‚‡ÂÚÒfl Ó·˙Â‰ËÌÂÌËÂ ÍÓÌÂ˜ÌÓ„Ó ÒÂÏÂÈÒÚ‚‡ ÏÌÓ„Ó„‡ÌÌËÍÓ‚ (ÒÏ. [3]). ä ÚÓÏÛ ÊÂ
ÍÓÌÂ˜ÌÓÂ ̃ ËÒÎÓ d.c.-Ó„‡ÌË˜ÂÌËÈ ÌÂÚÛ‰ÌÓ Ò‚ÂÒÚË Í Ó‰ÌÓÏÛ (ÒÏ. [5], [6]). èÓ˝ÚÓÏÛ ÔÓÒÚÓÈ ‚Ë‰ Á‡-
‰‡˜Ë

(P)

„‰Â f(·), g(·), h(·) – ‚˚ÔÛÍÎ˚Â ÙÛÌÍˆËË, ‡ S – ‚˚ÔÛÍÎÓÂ ÏÌÓÊÂÒÚ‚Ó ËÁ �n, ÌÂ ‰ÓÎÊÂÌ Ó·Ï‡Ì˚‚‡Ú¸
ËÒÒÎÂ‰Ó‚‡ÚÂÎfl. ùÚÓ Ó˜ÂÌ¸ ÚÛ‰Ì‡fl Á‡‰‡˜‡ ÔË ÛÒÎÓ‚ËË, ˜ÚÓ Ó„‡ÌË˜ÂÌËÂ F(x) ≥ 0 ‡ÍÚË‚ÌÓ (ÒÏ. [4]–
[6]). àÌ‡˜Â, Â¯‡fl ÂÎ‡ÍÒËÓ‚‡ÌÌÛ˛ Á‡‰‡˜Û

f(x) ↓ min, x ∈ S, (PW)

ÏÓÊÌÓ ÓÚ˚ÒÍ‡Ú¸ Â¯ÂÌËfl Ë ‰Îfl Á‡‰‡˜Ë (P). èÓ˝ÚÓÏÛ Ï˚ ·Û‰ÂÏ ÔÂ‰ÔÓÎ‡„‡Ú¸ ‚ ‰‡Î¸ÌÂÈ¯ÂÏ ‚˚-
ÔÓÎÌÂÌËÂ Ó‰ÌÓ„Ó ËÁ ÛÒÎÓ‚ËÈ Â„ÛÎflÌÓÒÚË (ÒÏ. [4]–[6]), Ì‡ÔËÏÂ

(H0)

„‰Â V(P)  (x) | x ∈ S, F(x) ≥ 0} – (ÓÔÚËÏ‡Î¸ÌÓÂ) ÁÌ‡˜ÂÌËÂ Á‡‰‡˜Ë ( P).

1) ê‡·ÓÚ‡ ‚˚ÔÓÎÌÂÌ‡ ÔË ÙËÌ‡ÌÒÓ‚ÓÈ ÔÓ‰‰ÂÊÍÂ êîîà (ÍÓ‰ ÔÓÂÍÚ‡ 05-01-00110) Ë îÓÌ‰‡ ÒÓ‰ÂÈÒÚ‚Ëfl ÓÚÂ˜ÂÒÚ‚ÂÌÌÓÈ
Ì‡ÛÍÂ.

f x( ) ↓  min, x S,∈
F x( ) g x( ) h x( )– 0,≥=�

v∃ S, F v( ) 0 : f v( ) f *< <∈ V P( ),=�

=� f{
x

inf

ìÑä 519.852.6
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ÉÛÁ‰Â‚‡, ëÚÂÍ‡ÎÓ‚ÒÍËÈ

é‰ÌËÏ ËÁ ÒÎÂ‰ÒÚ‚ËÈ ÛÒÎÓ‚Ëfl Â„ÛÎflÌÓÒÚË (H0) fl‚ÎflÂÚÒfl ÚÓ, ˜ÚÓ, Â¯‡fl ÂÎ‡ÍÒËÓ‚‡ÌÌÛ˛ Á‡-
‰‡˜Û (PW) Ó‰ÌËÏ ËÁ ÒÓ‚ÂÏÂÌÌ˚ı ÏÂÚÓ‰Ó‚ ‚˚ÔÛÍÎÓÈ ÓÔÚËÏËÁ‡ˆËË (ÒÏ. [1]–[3]) Ë ËÒıÓ‰fl ËÁ ÔÓËÁ-
‚ÓÎ¸ÌÓÈ ÒÚ‡ÚÓ‚ÓÈ ÚÓ˜ÍË x0 ∈ S, F(x0) > 0, Ï˚ ÌÂÔÂÏÂÌÌÓ “Òfl‰ÂÏ” Ì‡ Ó„‡ÌË˜ÂÌËÂ F(x) = 0 ËÎË
Ì‡È‰ÂÏ ÚÓ˜ÍÛ v, Û‰Ó‚ÎÂÚ‚Ófl˛˘Û˛ ÛÒÎÓ‚Ë˛ (H0). ùÚÓÚ Ù‡ÍÚ ËÒÔÓÎ¸ÁÛÂÚÒfl ‡ÁÎË˜Ì˚ÏË ‡‚ÚÓ‡ÏË
‰Îfl „ÎÓ·‡Î¸ÌÓ„Ó ÔÓËÒÍ‡ ‚ Á‡‰‡˜Â (P) (ÒÏ. [4]–[6]). 

ë‡Ï‡ ÒıÂÏ‡ „ÎÓ·‡Î¸ÌÓ„Ó ÔÓËÒÍ‡ ̃ ‡˘Â ‚ÒÂ„Ó ÌÓÒËÚ ‰‚ÛıÒÚÛÔÂÌ˜‡Ú˚È ı‡‡ÍÚÂ: ÒÌ‡˜‡Î‡ ÎÓÍ‡Î¸-
Ì˚È ÔÓËÒÍ, ‡ Á‡ÚÂÏ ÔÓˆÂ‰Û˚ „ÎÓ·‡Î¸ÌÓ„Ó ÔÓËÒÍ‡ (ËÏÂ˛˘ËÂ ÔÓÓÈ ‰‡ÊÂ ÌÂÏ‡ÚÂÏ‡ÚË˜ÂÒÍÛ˛
ÔËÓ‰Û), Ì‡ÔËÏÂ ÔÓˆÂ‰Û˚ ‚ÂÚ‚ÂÈ Ë „‡ÌËˆ, ÓÚÒÂ˜ÂÌËÈ (ÒÏ. [4], [5]), ÒÚ‡ÚÂ„ËË „ÎÓ·‡Î¸ÌÓ„Ó
ÔÓËÒÍ‡ (ÒÏ. [6]), ÔÓˆÂ‰Û˚ ÒÏÂÌ˚ ÓÍÂÒÚÌÓÒÚÂÈ („ÂÌÂÚË˜ÂÒÍËÂ, Ú‡·Û Ë Ú.‰.). èË ˝ÚÓÏ ÒÔÂˆË‡Î¸-
Ì˚Ï ÏÂÚÓ‰‡Ï ÎÓÍ‡Î¸ÌÓ„Ó ÔÓËÒÍ‡ ÔË‰‡ÂÚÒfl ‚ÂÒ¸Ï‡ ‚‡ÊÌÓÂ ÁÌ‡˜ÂÌËÂ (ÒÏ. [4]–[6]). ùÚÓ Ó·˙flÒÌflÂÚ-
Òfl, ‚ ˜‡ÒÚÌÓÒÚË, ÚÂÏ, ˜ÚÓ ÔËÏÂÌÂÌËÂ Ì‡ÔflÏÛ˛ ÏÂÚÓ‰Ó‚ ‚˚ÔÛÍÎÓÈ ÓÔÚËÏËÁ‡ˆËË Í ÏÌÓ„Ó˝ÍÒÚÂ-
Ï‡Î¸Ì˚Ï Á‡‰‡˜‡Ï ÏÓÊÂÚ ÔË‚ÂÒÚË (Ë ˜‡˘Â ‚ÒÂ„Ó ÔË‚Ó‰ËÚ) Í ÌÂÓÊË‰‡ÌÌ˚Ï ˝ÙÙÂÍÚ‡Ï (ÒÏ. [1],
[2], [6]), ÍÓ„‰‡, Ì‡ÔËÏÂ, ÏÂÚÓ‰ ‰Îfl Á‡‰‡˜Ë ÏËÌËÏËÁ‡ˆËË ÔÓÔ‡‰‡ÂÚ ‚ ÓÍÂÒÚÌÓÒÚ¸ ÎÓÍ‡Î¸ÌÓ„Ó
Ï‡ÍÒËÏÛÏ‡ Ë ÌÂ ÏÓÊÂÚ ÓÚÚÛ‰‡ “‚˚ÒÍÓ˜ËÚ¸” (ÒÏ. [2, Ò. 167]).

ç‡¯ ‚˚˜ËÒÎËÚÂÎ¸Ì˚È ÓÔ˚Ú (ÒÏ. [6]) Ò‚Ë‰ÂÚÂÎ¸ÒÚ‚ÛÂÚ Ó ÚÓÏ, ˜ÚÓ ‰Îfl Í‡Ê‰Ó„Ó ÍÎ‡ÒÒ‡ ÌÂ‚˚ÔÛÍ-
Î˚ı Á‡‰‡˜ ÌÛÊÌÓ ‡Á‡·‡Ú˚‚‡Ú¸ ÒÔÂˆË‡Î¸Ì˚Â ÏÂÚÓ‰˚ ÎÓÍ‡Î¸ÌÓ„Ó ÔÓËÒÍ‡, ‚ÍÎ˛˜‡fl ‚ ÌËı ËÁ‚ÂÒÚ-
Ì˚Â ÏÂÚÓ‰˚ ‚˚ÔÛÍÎÓÈ ÓÔÚËÏËÁ‡ˆËË Í‡Í ÒÓÒÚ‡‚ÌÛ˛ ˜‡ÒÚ¸.

ç‡ÒÚÓfl˘‡fl ‡·ÓÚ‡ Í‡Í ‡Á Ë ÔÓÒ‚fl˘ÂÌ‡ ˝ÚÓÈ ÔÓ·ÎÂÏ‡ÚËÍÂ. í‡Í, ‚ ‡Á‰. 2 ÔÂ‰Î‡„‡ÂÚÒfl ÒÔÂ-
ˆË‡Î¸Ì˚È ÏÂÚÓ‰ ÎÓÍ‡Î¸ÌÓ„Ó ÔÓËÒÍ‡, ÔÓÓÊ‰ÂÌÌ˚È ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÈ ÎËÌÂ‡ËÁ‡ˆËÂÈ ‡ÒÒÓˆËËÓ-
‚‡ÌÌÓÈ (ÒÏ. [4], [5]) Ò (P) Á‡‰‡˜Ë d.c.-Ï‡ÍÒËÏËÁ‡ˆËË

F(x) ↑ max, x ∈ S, f(x) ≤ β. (Qβ)

èË ˝ÚÓÏ ËÒÒÎÂ‰ÛÂÚÒfl ÒıÓ‰ËÏÓÒÚ¸ Ò‡ÏÓ„Ó ÏÂÚÓ‰‡ Ë ÒÓÒÚ‡‚Îfl˛˘Ëı Â„Ó ÔÓˆÂ‰Û.
Ñ‡ÎÂÂ, ‚ ‡Á‰. 3 ÔÂ‰Î‡„‡ÂÚÒfl ‰Û„‡fl ÒıÂÏ‡ ÎÓÍ‡Î¸ÌÓ„Ó ÔÓËÒÍ‡, ‡Á‚Ë‚‡˛˘‡fl Ë‰Â˛ êÓÁÂÌ‡ (ÒÏ.

[13], [14]) ‰Îfl Ó·‡ÚÌÓ-‚˚ÔÛÍÎÓÈ Á‡‰‡˜Ë Ì‡ Á‡‰‡˜Û Ò d.c.-Ó„‡ÌË˜ÂÌËÂÏ. í‡ÍÊÂ ËÒÒÎÂ‰ÛÂÚÒfl ÒıÓ‰Ë-
ÏÓÒÚ¸ ‡Á‡·ÓÚ‡ÌÌ˚ı ÔÓˆÂ‰Û.

Ç Á‡ÍÎ˛˜ÂÌËÂ ÔË‚Ó‰flÚÒfl ÂÁÛÎ¸Ú‡Ú˚ ˜ËÒÎÂÌÌÓ„Ó Â¯ÂÌËfl ÔÂ‰ÎÓÊÂÌÌ˚ÏË ‡Î„ÓËÚÏ‡ÏË ÒÂ-
ËÈ ÚÂÒÚÓ‚˚ı Á‡‰‡˜, ‡ Ú‡ÍÊÂ ‡Ì‡ÎËÁËÛ˛ÚÒfl ÂÁÛÎ¸Ú‡Ú˚ ˜ËÒÎÂÌÌÓ„Ó ˝ÍÒÔÂËÏÂÌÚ‡.

2. ëÔÂˆË‡Î¸Ì˚È ÏÂÚÓ‰ ÎÓÍ‡Î¸ÌÓ„Ó ÔÓËÒÍ‡

èÂ‰ÔÓÎÓÊËÏ, ̃ ÚÓ ‚ Á‡‰‡˜Â (P) ÙÛÌÍˆËË f(·), g(·), h(·) ‚˚ÔÛÍÎ˚, ‡ g(·) Â˘Â Ë ‰ËÙÙÂÂÌˆËÛÂÏ‡ Ì‡
ÌÂÍÓÚÓÓÏ ‚˚ÔÛÍÎÓÏ ÓÚÍ˚ÚÓÏ ÏÌÓÊÂÒÚ‚Â Ω ËÁ �n, S – ‚˚ÔÛÍÎÓÂ ÏÌÓÊÂÒÚ‚Ó, S ∈  Ω, {x ∈  �n |
F(x) = 0} ⊂ Ω.

èÂ‰Î‡„‡ÂÚÒfl Ó‰ËÌ ÏÂÚÓ‰ ÎÓÍ‡Î¸ÌÓ„Ó ÔÓËÒÍ‡, ÒÓÒÚÓfl˘ËÈ ËÁ ‰‚Ûı ÔÓˆÂ‰Û. èÂ‚‡fl ÔÓˆÂ‰Û‡
Ì‡˜ËÌ‡ÂÚÒfl Ò ÌÂÍÓÚÓÓÈ ‰ÓÔÛÒÚËÏÓÈ ÚÓ˜ÍË y ∈ S, F(y) ≥ 0 Ë ÒÚÓËÚ ÚÓ˜ÍÛ x(y) ∈ S ÒÓ Ò‚ÓÈÒÚ‚‡ÏË
F(x(y)) = 0, f(x(y)) ≤ f(y).

ÇÚÓ‡fl ÔÓˆÂ‰Û‡ Á‡ÍÎ˛˜‡ÂÚÒfl ‚ ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÏ Â¯ÂÌËË ÎËÌÂ‡ËÁÓ‚‡ÌÌ˚ı Á‡‰‡˜ (ÍÓÚÓ-
˚Â, Í‡Í ÌÂÚÛ‰ÌÓ ‚Ë‰ÂÚ¸, ‚˚ÔÛÍÎ˚)

(2.1)
„‰Â Ô‡‡ÏÂÚ˚ u Ë β ·Û‰ÛÚ ÓÔÂ‰ÂÎÂÌ˚ ÌËÊÂ. á‡‰‡˜‡ (LQ(u, β)) fl‚ÎflÂÚÒfl ˜‡ÒÚË˜ÌÓÈ ÎËÌÂ‡ËÁ‡ˆË-
ÂÈ Á‡‰‡˜Ë d.c.-Ï‡ÍÒËÏËÁ‡ˆËË (Qβ), ‡ÒÒÓˆËËÓ‚‡ÌÌÓÈ Ò Á‡‰‡˜ÂÈ (P) (β – ÌÂÍÓÚÓ˚È Ô‡‡ÏÂÚ).

èÂÂÈ‰ÂÏ Í ·ÓÎÂÂ ‰ÂÚ‡Î¸ÌÓÏÛ ÓÔËÒ‡ÌË˛ ÔÓˆÂÒÒ‡ ‚˚˜ËÒÎÂÌËÈ.
èÓˆÂ‰Û‡ 1. èÛÒÚ¸ Á‡‰‡Ì‡ ‰ÓÔÛÒÚËÏ‡fl ÚÓ˜Í‡ y ∈  S, F(y) ≥ 0. ÖÒÎË F(y) = 0, ÚÓ ÔÓÎ‡„‡ÂÏ x(y) = y. ÖÒÎË

ÊÂ F(y) > 0, ÚÓ, ÔÓÒÍÓÎ¸ÍÛ 0 > F(v) ÒÓ„Î‡ÒÌÓ (H0), ÔÓ ÌÂÔÂ˚‚ÌÓÒÚË ÙÛÌÍˆËË F(·) Ì‡È‰ÂÚÒfl λ ∈  ]0, 1[
Ú‡ÍÓÂ, ˜ÚÓ F(xλ) = 0, „‰Â xλ = λv + (1 – λ)y. Ç ˝ÚÓÏ ÒÎÛ˜‡Â ÔÓÎ‡„‡ÂÏ x(y) := xλ.

Ñ‡ÎÂÂ, ‚ ÒËÎÛ ‚˚ÔÛÍÎÓÒÚË f(·) ÒÔ‡‚Â‰ÎË‚‡ ÒÎÂ‰Û˛˘‡fl ˆÂÔÓ˜Í‡:
(2.2)

Ú‡Í ˜ÚÓ f(x(y)) < f(y), ˜ÚÓ Ë ÚÂ·Ó‚‡ÎÓÒ¸.
èÓˆÂ‰ÛÛ 1 ËÌÓ„‰‡ Ì‡Á˚‚‡˛Ú Ò‚Ó·Ó‰Ì˚Ï (ÓÚ Ó„‡ÌË˜ÂÌËfl F(x) ≥ 0) ÒÔÛÒÍÓÏ.
èÓˆÂ‰Û‡ 2 ÒÚ‡ÚÛÂÚ ËÁ ‰ÓÔÛÒÚËÏÓÈ ÚÓ˜ÍË  ∈ S, F( ) = 0 Ë ÒÚÓËÚ ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚ¸ {ur}

Ú‡ÍÛ˛, ˜ÚÓ (r = 0, 1, …)

(2.3)

„‰Â u0 := , β := f( ).

LQ u β,( )( ) :   h x( ) ∇ g u( ) x,〈 〉  ↓  min, x– S, f x( ) β,≤∈

f xλ( ) λ f v( )≤ 1 λ–( ) f y( )+ λ f *< 1 λ–( ) f y( )+ f y( ),≤

x̃ x̃

ur S, F ur( ) 0, f ur( ) β,≤≥∈
x̃ x̃
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èÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚ¸ {ur} ÒÚÓËÚÒfl ÔÓ ÒÎÂ‰Û˛˘ÂÏÛ Ô‡‚ËÎÛ.
ÖÒÎË ËÁ‚ÂÒÚÌ‡ ÚÓ˜Í‡ ur, r ≥ 0, Û‰Ó‚ÎÂÚ‚Ófl˛˘‡fl ÛÒÎÓ‚Ë˛ (2.3), ÚÓ ÒÎÂ‰Û˛˘‡fl ÚÓ˜Í‡ ur + 1 ÒÚÓ-

ËÚÒfl Í‡Í ÔË·ÎËÊÂÌÌÓÂ Â¯ÂÌËÂ ÎËÌÂ‡ËÁÓ‚‡ÌÌÓÈ ‚˚ÔÛÍÎÓÈ Á‡‰‡˜Ë

(2.4)

ÑÛ„ËÏË ÒÎÓ‚‡ÏË, ÒÔ‡‚Â‰ÎË‚Ó ÌÂ‡‚ÂÌÒÚ‚Ó

(2.5)

„‰Â ˜ËÒÎÓ‚‡fl ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚ¸ {δr} Ú‡ÍÓ‚‡, ˜ÚÓ

(2.6)

èË ˝ÚÓÏ ·Û‰ÂÏ ÔÂ‰ÔÓÎ‡„‡Ú¸, ˜ÚÓ ÔÓËÒÍ ur + 1, Û‰Ó‚ÎÂÚ‚Ófl˛˘Â„Ó ÌÂ‡‚ÂÌÒÚ‚Û (2.5), Ì‡˜ËÌ‡-
ÂÚÒfl Ò ÚÓ˜ÍË ur, Ú‡Í ˜ÚÓ

(2.7)

ÖÒÚÂÒÚ‚ÂÌÌÓ, ˝ÚÓ ÌËÍ‡Í ÌÂ Ó„‡ÌË˜Ë‚‡ÂÚ Ó·˘ÌÓÒÚË ‡ÒÒÏÓÚÂÌËÈ.
èÂ‰ÎÓÊÂÌËÂ 1. èÂ‰ÔÓÎÓÊËÏ, ˜ÚÓ ÁÌ‡˜ÂÌËÂ ‡ÒÒÓˆËËÓ‚‡ÌÌÓÈ Ò (P) Á‡‰‡˜Ë (Qζ) ÍÓÌÂ˜ÌÓ ‰Îfl

ÌÂÍÓÚÓÓ„Ó ζ ≥ β:

(2.8)

ÙÛÌÍˆËË g(·) Ë h(·) fl‚Îfl˛ÚÒfl ‚˚ÔÛÍÎ˚ÏË, ‡ g(·) Â˘Â Ë ÌÂÔÂ˚‚ÌÓ ‰ËÙÙÂÂÌˆËÛÂÏÓÈ Ì‡ ÓÚÍ˚-
ÚÓÈ Ó·Î‡ÒÚË Ω, ÒÓ‰ÂÊ‡˘ÂÈ ÏÌÓÊÂÒÚ‚Ó S ∪ {x ∈ �

n | F(x) = 0}.
(i) íÓ„‰‡ ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚ¸ {ur}, „ÂÌÂËÛÂÏ‡fl ÔÓˆÂ‰ÛÓÈ 2, Û‰Ó‚ÎÂÚ‚ÓflÂÚ ÛÒÎÓ‚Ë˛

(2.9)

(ii) èË ˝ÚÓÏ ‰Îfl ‚ÒflÍÓÈ ÔÂ‰ÂÎ¸ÌÓÈ ÚÓ˜ÍË u∗  ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚË {ur} ÒÔ‡‚Â‰ÎË‚˚ ÌÂ‡-
‚ÂÌÒÚ‚‡

(2.10)

(2.11)

(iii) Ç ÒÎÛ˜‡Â Á‡ÏÍÌÛÚÓÒÚË S ˝Ú‡ ÔÂ‰ÂÎ¸Ì‡fl ÚÓ˜Í‡ u∗  fl‚ÎflÂÚÒfl Â¯ÂÌËÂÏ ÎËÌÂ‡ËÁÓ‚‡ÌÌÓÈ
(‚ ˝ÚÓÈ ÚÓ˜ÍÂ u∗ ) Á‡‰‡˜Ë (LQ(u∗ , β)) Ë ÌÓÏ‡Î¸ÌÓ ÒÚ‡ˆËÓÌ‡ÌÓÈ ‚ ‡ÒÒÓˆËËÓ‚‡ÌÌÓÈ Á‡‰‡˜Â (Qβ).

ÑÓÍ‡Á‡ÚÂÎ¸ÒÚ‚Ó. Ç ÒËÎÛ ‚˚ÔÛÍÎÓÒÚË g(·), ËÁ (2.5) ‚˚ÚÂÍ‡ÂÚ

(2.12)

éÚÒ˛‰‡ ÔÓÎÛ˜‡ÂÏ

Ú‡Í ˜ÚÓ ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚ¸ {F(ur)} fl‚ÎflÂÚÒfl ÔÓ˜ÚË ÏÓÌÓÚÓÌÌÓ ‚ÓÁ‡ÒÚ‡˛˘ÂÈ. èÓ˝ÚÓÏÛ, ÔËÌË-
Ï‡fl ‚Ó ‚ÌËÏ‡ÌËÂ (2.6), ÔÓ ÎÂÏÏÂ 3 ËÁ [1, §2.6, c. 87] Á‡ÍÎ˛˜‡ÂÏ, ˜ÚÓ ÒÛ˘ÂÒÚ‚ÛÂÚ ÍÓÌÂ˜Ì˚È ÔÂ‰ÂÎ
˝ÚÓÈ ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚË, ÔÓÒÍÓÎ¸ÍÛ ÔÓ ÙÓÏÛÎÂ (2.8) ÙÛÌÍˆËfl F(·) Ó„‡ÌË˜ÂÌ‡ Ò‚ÂıÛ Ì‡ ÏÌÓÊÂ-
ÒÚ‚Â �β := {x ∈ S | f (x) ≤ β}. Ä ÚÓ„‰‡ ËÁ (2.12) ÒÎÂ‰ÛÂÚ (2.9).

Ñ‡ÎÂÂ, ÔË ÔÂÂıÓ‰Â ËÁ ur ‚ ur + 1 ÌÂ ÔÓËÒıÓ‰ËÚ “ÛıÛ‰¯ÂÌËfl” ˆÂÎÂ‚ÓÈ ÙÛÌÍˆËË Á‡‰‡˜Ë (2.4) (ÒÏ.
(2.7)). Ä ÚÓ„‰‡ ËÁ ‚˚ÔÛÍÎÓÒÚË ÙÛÌÍˆËË g(·) ÔÓÎÛ˜‡ÂÏ

LQ ur β,( )( ):  h x( ) ∇ g ur( ) x,〈 〉  ↓ min, x– S, f x( ) β.≤∈

h ur 1+( ) ∇ g ur( ) ur 1+,〈 〉– δr– h x( ) ∇ g ur( ) x,〈 〉  | x– S, f x( ) β≤∈{ } ,
x

inf≤

δr 0, r> 0 1 2 …, δr

r 0=

∞

∑, , , +∞.<=

h ur 1+( ) ∇ g ur( ) ur 1+,〈 〉– h ur( ) ∇ g ur( ) ur,〈 〉 .–≤

V Qζ( ) := F x( ) | x S∈ f x( ), ζ≤{ }
x

sup +∞,<

h x( ) h ur( )– ∇ g ur( ) x ur–,〈 〉  | x– S∈ f x( ), β≤{ }
x

inf[ ]
r ∞→
lim 0.=

h x( ) ∇ g u*( ) x,〈 〉– h u*( )≥ ∇ g u*( ) u*,〈 〉 x∀– S : f x( )∈ β ,≤

F u*( ) g u*( ) h u*( )– 0.≥=∆

0 h x( ) h ur( )– ∇ g ur( ) x ur–,〈 〉  | x– S f x( ), β≤∈{ } ≥
x

inf≥

≥ h ur 1+( ) h ur( )– ∇ g ur( ) ur 1+, ur–〈 〉– δr ≥–

≥ h ur 1+( ) h ur( )– g ur 1+( )– g ur( ) δr–+ F ur( ) F ur 1+( )– δr.–=

F ur( ) F ur 1+( )≤ δr,+

0 h ur 1+( )≥ h ur( )– ∇ g ur( ) ur 1+, ur–〈 〉– F ur( ) F ur 1+( ),–≥
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Ú‡Í ˜ÚÓ F(ur + 1) ≥ F(ur). èÓ˝ÚÓÏÛ ËÁ F(u0) = 0 ‚˚ÚÂÍ‡ÂÚ F(ur) ≥ 0 ∀r = 0, 1, …, ÓÚÍÛ‰‡ Ë ÒÎÂ‰ÛÂÚ ÒÔ‡-
‚Â‰ÎË‚ÓÒÚ¸ (2.11).

ç‡ÍÓÌÂˆ, ÂÒÎË ur  u∗ , ÚÓ (2.10) ÒÎÂ‰ÛÂÚ ÔÓ ÌÂÔÂ˚‚ÌÓÒÚË ∇g(·) Ë h(·) ËÁ (2.9), ‡ Ú‡ÍÊÂ ËÁ Ó˜Â-
‚Ë‰ÌÓ„Ó ÌÂ‡‚ÂÌÒÚ‚‡

ÔË ÔÓËÁ‚ÓÎ¸ÌÓÏ, ÌÓ ÙËÍÒËÓ‚‡ÌÌÓÏ x ∈ S, f (x) ≤ β.
ìÒÎÓ‚ËÂ (2.10) ÓÁÌ‡˜‡ÂÚ, ˜ÚÓ ÂÒÎË u∗  ∈ S, ÚÓ ÚÓ˜Í‡ u∗  fl‚ÎflÂÚÒfl Â¯ÂÌËÂÏ ÎËÌÂ‡ËÁÓ‚‡ÌÌÓÈ Á‡-

‰‡˜Ë (LQ(u∗ , β)). èÓ˝ÚÓÏÛ ‚ ÒÎÛ˜‡Â ‰ËÙÙÂÂÌˆËÛÂÏÓÒÚË ‚ ÚÓ˜ÍÂ u∗  ÙÛÌÍˆËË h(·) Ì‡È‰ÛÚÒfl ÏÌÓ-
ÊËÚÂÎË λ0, λ ≥ 0, λ 0 + λ > 0, ÔË ÍÓÚÓ˚ı ÒÔ‡‚Â‰ÎË‚˚ ÒÓÓÚÌÓ¯ÂÌËfl

èË ˝ÚÓÏ ËÁ ÛÒÎÓ‚Ëfl (H0) ÒÎÂ‰ÛÂÚ, ˜ÚÓ

ùÚÓ ÓÁÌ‡˜‡ÂÚ, ˜ÚÓ ‚ Á‡‰‡˜Â (LQ(u∗ , β)) ‚˚ÔÓÎÌÂÌÓ ÛÒÎÓ‚ËÂ ëÎÂÈÚÂ‡. èÓ˝ÚÓÏÛ λ > 0, ˜ÚÓ Ë Á‡‚Â-
¯‡ÂÚ ‰ÓÍ‡Á‡ÚÂÎ¸ÒÚ‚Ó.

íÂÔÂ¸ ÔÂÂÈ‰ÂÏ Í ‚ÓÔÓÒÛ Ó ÚÓÏ, Í‡Í Ò ÔÓÏÓ˘¸˛ ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚË {ur}, „‰Â u0 := , β = f( ),
ÓÔÂ‰ÂÎËÚ¸ ÚÓ˜ÍÛ y( ). ÑÎfl ˝ÚÓ„Ó Á‡‰‡‰ËÏÒfl ÌÂÍÓÚÓ˚Ï ˜ËÒÎÓÏ ε > 0, Ë ÔÛÒÚ¸ r ≥ 0. íÓ„‰‡ ÂÒÎË
δr ≤ ε/2 Ë ÒÔ‡‚Â‰ÎË‚Ó ÌÂ‡‚ÂÌÒÚ‚Ó

(2.13)

ÚÓ ÔÓÎ‡„‡ÂÏ y = y( , ε) := ur. èË ˝ÚÓÏ ‚ÏÂÒÚÓ (2.13) ÏÓÊÌÓ ËÒÔÓÎ¸ÁÓ‚‡Ú¸ ÌÂ‡‚ÂÌÒÚ‚Ó

Ç Ó·ÓËı ÒÎÛ˜‡flı ËÁ (2.12) ‚˚ÚÂÍ‡ÂÚ, ˜ÚÓ ÚÓ˜Í‡ y = y( , ε) Û‰Ó‚ÎÂÚ‚ÓflÂÚ ÛÒÎÓ‚Ë˛

Ú.Â. fl‚ÎflÂÚÒfl ε-ÔË·ÎËÊÂÌÌ˚Ï Â¯ÂÌËÂÏ Á‡‰‡˜Ë (LQ(y, β)) – (2.4), „‰Â β = f( ).
íÂÔÂ¸ Ó·˙Â‰ËÌËÏ ÔÓˆÂ‰Û˚ 1 Ë 2 ‚ Ó‰ËÌ ÏÂÚÓ‰ Ë Á‡ÔË¯ÂÏ Â„Ó ‚ ·ÓÎÂÂ ‡Î„ÓËÚÏË˜ÂÒÍÓÈ

ÙÓÏÂ. èÛÒÚ¸ Á‡‰‡Ì‡ ‰ÓÔÛÒÚËÏ‡fl ÚÓ˜Í‡ x0 ∈ S, F(x0) ≥ 0, ‡ Ú‡ÍÊÂ ‰‚Â ˜ËÒÎÓ‚˚Â ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ-
ÒÚË: {δr}, Û‰Ó‚ÎÂÚ‚Ófl˛˘‡fl ÛÒÎÓ‚Ë˛ (2.6), Ë {εs} Ú‡Í‡fl, ˜ÚÓ

(2.14)

ëÔÂˆË‡Î¸Ì˚È ÏÂÚÓ‰ ÎÓÍ‡Î¸ÌÓ„Ó ÔÓËÒÍ‡ (ëåãè)
ò‡„ 0 (ËÌËˆË‡ÎËÁ‡ˆËfl). èÓÎÓÊËÚ¸ s := 0, xs := x0, βs := f(xs).
ò‡„ 1 (ÔÓˆÂ‰Û‡ 2). ç‡˜ËÌ‡fl ËÁ ÚÓ˜ÍË xs, ÔÓÒÚÓËÚ¸ ÚÓ˜ÍÛ ys = y(xs, εs):

fl‚Îfl˛˘Û˛Òfl εs-Â¯ÂÌËÂÏ ÎËÌÂ‡ËÁÓ‚‡ÌÌÓÈ Á‡‰‡˜Ë (LQ(ys, βs)), Ú.Â.

ò‡„ 2 (ÍËÚÂËÈ ÓÒÚ‡ÌÓ‚‡). ÖÒÎË F(ys) ≤ 0, ÚÓ STOP.
ò‡„ 3 (ÔÓˆÂ‰Û‡ 1). ë ÔÓÏÓ˘¸˛ ys ÔÓÒÚÓËÚ¸ ÚÓ˜ÍÛ u := x(ys):

ò‡„ 4. èÓÎÓÊËÚ¸ s := s + 1, xs := u, βs := f(u) Ë ‚ÂÌÛÚ¸Òfl Ì‡ ¯‡„ 1.

h x( ) h ur( )– ∇ g ur( ) x ur–,〈 〉 ≥–

≥ h u( ) h ur( )– ∇ g ur( ) u ur–,〈 〉  | u– S∈ f u( ), β≤{ }
u

inf

λ ∇ h u*( ) ∇ g u*( )–( ) λ0∇ f u*( )+ x u*–,〈 〉 0 x∀≥ S,∈
λ0 f u*( ) β–[ ] 0.=

v∃ S, f v( )∈ f * f u*( ) β.≤ ≤<

x̃ x̃
x̃

h ur 1+( ) h ur( )– ∇ g ur( ) ur 1+, ur–〈 〉– ε/2,≤

x̃

F ur 1+( ) F ur( )– ε/2.≤

x̃

h x( ) h y( )– ∇ g y( ) x, y–〈 〉  | x– S∈ f x( ), β≤{ }
x

inf ε,–≥

x̃

εs 0, s> 0 1 2 …, εs ↓  0 s +∞( )., , ,=

ys S, F ys( )∈ 0, f ys( ) βs,≤≥

h x( ) h ys( )– ∇ g ys( ) x ys–,〈 〉– εs x∀–≥ S : f x( )∈ β s.≤

u S, F u( )∈ 0, f u( ) f ys( ) βs.≤<=
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ãÂÏÏ‡ 1. åÂÚÓ‰ ÎÓÍ‡Î¸ÌÓ„Ó ÒÔÛÒÍ‡, ÓÔËÒ‡ÌÌ˚È ‚˚¯Â, Ó·Î‡‰‡ÂÚ Ú‡ÍËÏË Ò‚ÓÈÒÚ‚‡ÏË:
(‡) ÎË·Ó ÍÓÌÂ˜ÂÌ, ÔË˜ÂÏ F(yN) = 0, „‰Â N – ËÚÂ‡ˆËfl ÓÒÚ‡ÌÓ‚‡,
(·) ÎË·Ó „ÂÌÂËÛÂÚ ‰‚Â ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚË {xs} Ë {ys} ÒÓ Ò‚ÓÈÒÚ‚‡ÏË

(2.15)

(2.16)

èË ˝ÚÓÏ ÒÔ‡‚Â‰ÎË‚Ó ‡‚ÂÌÒÚ‚Ó

(2.17)

ÑÓÍ‡Á‡ÚÂÎ¸ÒÚ‚Ó. (‡) ëÓ„Î‡ÒÌÓ ÍËÚÂË˛ ÓÒÚ‡ÌÓ‚‡ (¯‡„ 2), ÂÒÎË N – ËÚÂ‡ˆËfl ÓÒÚ‡ÌÓ‚‡ Ò˜ÂÚ‡,
ÚÓ F(yN) ≤ 0. Ä ÔÓÒÍÓÎ¸ÍÛ ËÁ ‰ÓÍ‡Á‡ÚÂÎ¸ÒÚ‚‡ ÔÂ‰ÎÓÊÂÌËfl 1 ‚Ë‰ÌÓ, ˜ÚÓ F(ur) ≥ 0, r = 1, 2, …, ÚÓ Ë
F(ys) ≥ 0, s = 0, 1, …. èÓ˝ÚÓÏÛ F(yN) = 0.

(·) ÖÒÎË ÔÓˆÂÒÒ Ò˜ÂÚ‡ ÔÓ ëåãè ·ÂÒÍÓÌÂ˜ÂÌ, ÒÓ„Î‡ÒÌÓ ÓÔËÒ‡ÌËflÏ ÏÂÚÓ‰‡ Ë ÔÓˆÂ‰Û˚ 1, ÚÓ
F(ys) ≥ 0 Ë ·Î‡„Ó‰‡fl ‚˚ÔÛÍÎÓÒÚË f(·) ËÏÂÂÏ

(2.18)

˜ÚÓ Ë ‰ÓÍ‡Á˚‚‡ÂÚ (2.16). Ä ÔÓÒÍÓÎ¸ÍÛ

(2.19)

ÚÓ ÒÛ˘ÂÒÚ‚ÛÂÚ ÔÂ‰ÂÎ limβs = β∗  ≥ f∗ , ÓÚÍÛ‰‡ Ò ÔÓÏÓ˘¸˛ (2.19) ÔÓÎÛ˜‡ÂÏ (2.17).

íÂÓÂÏ‡ 1. èÛÒÚ¸ ÙÛÌÍˆËfl f(·) Ë ÏÌÓÊÂÒÚ‚Ó S ‚˚ÔÛÍÎ˚, ÏÌÓÊÂÒÚ‚Ó �0 = {x ∈ S | f(x) ≤ f(x0)}
Ó„‡ÌË˜ÂÌÓ Ë ‚˚ÔÓÎÌÂÌÓ ÛÒÎÓ‚ËÂ (H0).

íÓ„‰‡ ÒÔÂˆË‡Î¸Ì˚È ÏÂÚÓ‰ ÎÓÍ‡Î¸ÌÓ„Ó ÔÓËÒÍ‡ ËÏÂÂÚ ÓÒÓ·ÂÌÌÓÒÚË:
‡) ÔË ÍÓÌÂ˜ÌÓÏ ˜ËÒÎÂ ËÚÂ‡ˆËÈ ÔÓÎÛ˜‡ÂÚ ÚÓ˜ÍÛ yN ∈ S, F(yN) = 0, ÍÓÚÓ‡fl fl‚ÎflÂÚÒfl εN-Â-

¯ÂÌËÂÏ ÎËÌÂ‡ËÁÓ‚‡ÌÌÓÈ Á‡‰‡˜Ë (LQ(yN, βN), „‰Â N – ÌÓÏÂ ËÚÂ‡ˆËË ÓÒÚ‡ÌÓ‚‡;
·) ÔË ·ÂÒÍÓÌÂ˜ÌÓÏ ˜ËÒÎÂ ËÚÂ‡ˆËÈ ‰Îfl ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚÂÈ {xs} Ë {ys} ‚ ‰ÓÔÓÎÌÂÌËÂ Í

Ò‚ÓÈÒÚ‚‡Ï (2.15)–(2.17) ‚˚ÔÓÎÌÂÌ˚ ÛÒÎÓ‚Ëfl

(2.20)

(2.21)

‰Îfl ÌÂÍÓÚÓÓ„Ó x∗  ∈ �
n, F(x∗ ) = 0.

äÓÏÂ ÚÓ„Ó, ‚ ÒÎÛ˜‡Â Á‡ÏÍÌÛÚÓÒÚË ÏÌÓÊÂÒÚ‚‡ S ÚÓ˜Í‡ x∗  fl‚ÎflÂÚÒfl Â¯ÂÌËÂÏ ÎËÌÂ‡ËÁÓ-
‚‡ÌÌÓÈ Á‡‰‡˜Ë (LQ(x∗ , β∗ )), ÍÓÚÓÓÂ ı‡‡ÍÚÂËÁÛÂÚÒfl ÛÒÎÓ‚ËÂÏ

(2.22)

‡ x∗  ÓÍ‡Á˚‚‡ÂÚÒfl Ú‡ÍÊÂ ÌÓÏ‡Î¸ÌÓ ÒÚ‡ˆËÓÌ‡ÌÓÈ ‚ ‡ÒÒÓˆËËÓ‚‡ÌÌÓÈ Á‡‰‡˜Â ( ).

ÑÓÍ‡Á‡ÚÂÎ¸ÒÚ‚Ó. ìÚ‚ÂÊ‰ÂÌËÂ ‡) ‚˚ÚÂÍ‡ÂÚ ËÁ ÎÂÏÏ˚ 1, ÛÚ‚ÂÊ‰ÂÌËÂ ·) – ËÁ (2.16)–(2.18),
ÓÚÍÛ‰‡ ÒÎÂ‰ÛÂÚ βs + 1 ≤ λs[f(v) – f(ys)] + f(ys), ËÎË

èÓ˝ÚÓÏÛ ËÁ (2.17) ÔÓÎÛ˜‡ÂÏ

(2.23)

ÔÓÒÍÓÎ¸ÍÛ f(ys) ≥ f∗  > f(v).
èÓ ÔÓÒÚÓÂÌË˛ ËÏÂÂÏ f(x0) = β0, {xs} ⊂ �0, ‡ �0 Ó„‡ÌË˜ÂÌÓ. èÓ˝ÚÓÏÛ Ò ÚÓ˜ÌÓÒÚ¸˛ ‰Ó ÔÓ‰ÔÓ-

ÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚË ÏÓÊÌÓ Ò˜ËÚ‡Ú¸, ˜ÚÓ xs  x∗ .

xs S, F xs( )∈ 0, ys S, F ys( ) 0,>∈=

βs 1+  := f xs 1+( ) f ys( ) βs := f xs( ).≤<

β* := βs
s ∞→
lim f ys( ).

s ∞→
lim=

βs 1+  := f xs 1+( ) f λ sv 1 λ s–( )ys+( ) λ s f v( )≤ 1 λ s–( ) f ys( ) <+=

< λ s f * 1 λ s–( ) f ys( )+ f ys( ) βs,≤ ≤

∞– f * βs 1+ f ys( ) βs, s≤< < < 0 1 …,, ,=

0 F xs( ) F ys( ),
s ∞→
lim= =

x* xs

s ∞→
lim ys

s ∞→
lim= =

∇ h x*( ) ∇ g x*( )– x x*–,〈 〉 0 x∀≥ S : f x( )∈ β *,≤

Qβ*

0 λ s f * f v( )–[ ] λ s f ys( ) f v( )–[ ] f ys( )≤ ≤ ≤ βs 1+ .–

λ s
s ∞→
lim 0, λ s ]0, 1[,∈=

4
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Ñ‡ÎÂÂ, ÔÓÒÍÓÎ¸ÍÛ xs + 1 = ys + λs(v – ys), ÚÓ

(2.24)

‰Îfl ÌÂÍÓÚÓÓ„Ó K > 0 Ú‡ÍÓ„Ó, ˜ÚÓ ||ys – v || ≤ K.

èÓÒÎÂ‰Ìflfl ÓˆÂÌÍ‡ ÒÔ‡‚Â‰ÎË‚‡, ÔÓÒÍÓÎ¸ÍÛ ÔÓ ÔÓÒÚÓÂÌË˛ ys ∈ �0, s = 0, 1, 2, …. èË ˝ÚÓÏ ‡-
‚ÂÌÒÚ‚Ó limys = x∗  ÒÎÂ‰ÛÂÚ ËÁ (2.23) Ë (2.24). èÓ˝ÚÓÏÛ ‚ ÒËÎÛ ‡‚ÂÌÒÚ‚ F(xs) = 0, s = 0, 1, …, Ë ÌÂÔÂ-
˚‚ÌÓÒÚË F(·) ËÏÂÂÏ

Ú‡Í ˜ÚÓ (2.20) Ë (2.21) ‰ÓÍ‡Á‡Ì˚.
Ñ‡ÎÂÂ Ì‡ÔÓÏÌËÏ, ˜ÚÓ ÔÓ ÔÓÒÚÓÂÌË˛ ‰Îfl Í‡Ê‰Ó„Ó ys = y(xs, εs) ÔË Î˛·ÓÏ s = 0, 1, … ÒÔ‡‚Â‰-

ÎË‚Ó ÌÂ‡‚ÂÌÒÚ‚Ó

(2.25)

Ä ÔÓÒÍÓÎ¸ÍÛ ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚ¸ {βs} ÒÚÓ„Ó Û·˚‚‡˛˘‡fl: βs + 1 < βs, ÚÓ Ó˜Â‚Ë‰ÌÓ ‚ÍÎ˛˜ÂÌËÂ
X∗  ⊂ X s, „‰Â X∗   {x ∈ S | f(s) ≤ β∗ }, Xs  {x ∈ S | f(x) ≤ βs}. èÓ˝ÚÓÏÛ ÌÂ‡‚ÂÌÒÚ‚Ó (2.25) ÒÔ‡‚Â‰ÎË‚Ó
ÔË Î˛·ÓÏ ÙËÍÒËÓ‚‡ÌÌÓÏ x ∈ X∗ . èÂÂıÓ‰fl ‚ (2.25) Í ÔÂ‰ÂÎÛ (s  ∞) ÔË Ú‡ÍÓÏ x ∈ X∗ , ËÏÂÂÏ

ùÚÓ Ë ÓÁÌ‡˜‡ÂÚ, ˜ÚÓ x∗  ∈ Sol(LQ(x ∗ , β∗ )) ‚ ÒÎÛ˜‡Â Á‡ÏÍÌÛÚÓÒÚË ÏÌÓÊÂÒÚ‚‡ S.

çÓÏ‡Î¸Ì‡fl ÒÚ‡ˆËÓÌ‡ÌÓÒÚ¸ ÚÓ˜ÍË x∗  ‰ÓÍ‡Á˚‚‡ÂÚÒfl Ú‡Í ÊÂ, Í‡Í ‚ ÔÂ‰ÎÓÊÂÌËË 1.

á‡ÏÂ˜‡ÌËÂ 1. ÖÒÎË ÍËÚÂËÈ ÓÒÚ‡ÌÓ‚‡ ëåãè F(ys) ≤ 0 Á‡ÏÂÌËÚ¸ Ì‡ ·ÓÎÂÂ Â‡ÎËÒÚË˜Ì˚È Ë Á‡ÍÎ˛˜‡˛-
˘ËÈÒfl, ÒÍ‡ÊÂÏ, ‚ Ó‰ÌÓ‚ÂÏÂÌÌÓÏ ‚˚ÔÓÎÌÂÌËË ÚÂı ÒÎÂ‰Û˛˘Ëı ÌÂ‡‚ÂÌÒÚ‚:

(2.26)

„‰Â ρ – Á‡‰‡ÌÌ‡fl ÚÓ˜ÌÓÒÚ¸, ÚÓ ÌÂÚÛ‰ÌÓ ‚Ë‰ÂÚ¸, ˜ÚÓ ëåãè ÓÍ‡ÊÂÚÒfl ÍÓÌÂ˜Ì˚Ï. 

èË ˝ÚÓÏ ‚ Í‡˜ÂÒÚ‚Â ‚˚ıÓ‰‡ ÓÌ ·Û‰ÂÚ ‚˚‰‡‚‡Ú¸ ÚÓ˜ÍÛ yN ÒÓ Ò‚ÓÈÒÚ‚‡ÏË

˜ÚÓ ‚ÔÓÎÌÂ ÔËÂÏÎÂÏÓ ‰Îfl ÎÓÍ‡Î¸ÌÓ„Ó ÔÓËÒÍ‡.

3. åÓ‰ËÙËˆËÓ‚‡ÌÌ˚È ÏÂÚÓ‰ êÓÁÂÌ‡

ëÎÂ‰Û˛˘ËÈ ÏÂÚÓ‰ ÎÓÍ‡Î¸ÌÓ„Ó ÔÓËÒÍ‡ ÍÓÏ·ËÌËÛÂÚ ÔÂ‰ÎÓÊÂÌÌÛ˛ ‚ [13] ‰Îfl ̃ ‡ÒÚÌÓ„Ó ÒÎÛ˜‡fl
Á‡‰‡˜Ë (P) – Ó·‡ÚÌÓ-‚˚ÔÛÍÎÓÈ Á‡‰‡˜Ë – Ë‰Â˛ ÎËÌÂ‡ËÁ‡ˆËË ÔÓ ·‡ÁÓ‚ÓÈ ÌÂ‚˚ÔÛÍÎÓÒÚË ‚ Ó„‡ÌË-
˜ÂÌËË (Ú.Â. ÔÓ ÙÛÌÍˆËË g(·)) Ë ÔÓˆÂ‰ÛÛ Ò‚Ó·Ó‰ÌÓ„Ó ÒÔÛÒÍ‡.

ê‡ÒÒÏÓÚËÏ ÎËÌÂ‡ËÁÓ‚‡ÌÌ˚Â Á‡‰‡˜Ë ‚Ë‰‡

(3.1)

á‰ÂÒ¸, ‚ ÓÚÎË˜ËÂ ÓÚ Á‡‰‡˜Ë (LQ(u, β)), ˆÂÎÂ‚‡fl ÙÛÌÍˆËfl Á‡‰‡˜Ë (P) ÓÒÚ‡ÂÚÒfl Ì‡ ÏÂÒÚÂ (ÌÂ ÔÂÂ-
ıÓ‰ËÚ ‚ Ó„‡ÌË˜ÂÌËÂ, Í‡Í ‚ Á‡‰‡˜Â (LQ(u, β)), ‡ ÎËÌÂ‡ËÁÛÂÚÒfl Ó„‡ÌË˜ÂÌËÂ F(x) = g(x) – h(x) ≥ 0,
ÔË˜ÂÏ ÎË¯¸ ˜‡ÒÚË˜ÌÓ ÔÓ ÙÛÌÍˆËË g(·)).

èÂ‰ÔÓÎÓÊËÏ, ˜ÚÓ ‚ Á‡‰‡˜Â (P) ÚÓ˜Í‡ u ∈ S, ‚ ÍÓÚÓÓÈ ÔÓËÁ‚Ó‰ËÚÒfl ÎËÌÂ‡ËÁ‡ˆËfl ÙÛÌÍˆËË
g(·), fl‚ÎflÂÚÒfl ‰ÓÔÛÒÚËÏÓÈ: u ∈ D = {x ∈ S | F(x) ≥ 0} ≠ .

èË ˝ÚÓÏ Á‡‰‡˜‡ (3.1) ÓÍ‡Á˚‚‡ÂÚÒfl ‚˚ÔÛÍÎÓÈ Ë ÂÂ ‰ÓÔÛÒÚËÏÓÂ ÏÌÓÊÂÒÚ‚Ó ÌÂÔÛÒÚÓ:

(3.2)

ys x*– xs 1+ λ s ys
v–( ) x*–+ ≤=

≤ xs 1+ x*– λ s ys
v–+ xs 1+ x*–≤ λ sK+

0 F xs( ) F x*( ) F ys( ),
s ∞→
lim= = =

h x( ) h ys( )– ∇ g ys( ) x ys–,〈 〉– εs x∀–≥ S, f x( ) βs.≤∈

=� =�

h x( ) ∇ g x*( ) x,〈 〉– h x*( )≥ ∇ g x*( ) x*,〈 〉 .–

F ys( ) ρ, εs ρ, βs 1– βs– ρ,≤ ≤ ≤

F yN( ) ρ, f yN( ) βN ,≤ ≤

∇ g yN( ) x yN–,〈 〉 h x( )– h yN( )+ ρ x∀≤ S : f x( )∈ β N ,≤

PL u( )( ):  f x( ) ↓  min, x S, h x( )∈ ∇ g u( ) x u–,〈 〉– g u( )– 0.≤

0

D u( ) x S | h x( )∈ ∇ g u( ) x u–,〈 〉– g u( )– 0≤{ } 0,≠=�
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ÔÓÒÍÓÎ¸ÍÛ u ∈ D(u). ë ‰Û„ÓÈ ÒÚÓÓÌ˚, ÌÂÚÛ‰ÌÓ ‚Ë‰ÂÚ¸, ˜ÚÓ D(u) ⊂ D, ÔÓÒÍÓÎ¸ÍÛ ËÁ ‚˚ÔÛÍÎÓÒÚË
g(·) ÒÎÂ‰ÛÂÚ ÌÂ‡‚ÂÌÒÚ‚Ó

ÍÓÚÓÓÂ Ë Ó·ÂÒÔÂ˜Ë‚‡ÂÚ ÚÂ·ÛÂÏÓÂ ‚ÍÎ˛˜ÂÌËÂ.
Ñ‡ÎÂÂ ·Û‰ÂÚ ‡ÒÒÏÓÚÂÌÓ ÒÎÂ‰Û˛˘ÂÂ ÛÒÎÓ‚ËÂ (ÒÏ. [6], [7], [9]):

(3.3)

‡ Ú‡ÍÊÂ ÛÒÎÓ‚ËÂ Â„ÛÎflÌÓÒÚË (H0).
åÂÚÓ‰ ÎÓÍ‡Î¸ÌÓ„Ó ÔÓËÒÍ‡ ÒÓÒÚÓËÚ ËÁ ÔÓˆÂ‰Û˚ 1 ËÁ ëåãè Ë ÒÎÂ‰Û˛˘ÂÈ ÔÓˆÂ‰Û˚ ÔÓÒÎÂ-

‰Ó‚‡ÚÂÎ¸ÌÓ„Ó Â¯ÂÌËfl Á‡‰‡˜Ë (PL(u)).

èÓˆÂ‰Û‡ 3 ÒÚ‡ÚÛÂÚ ËÁ ‰ÓÔÛÒÚËÏÓÈ ÚÓ˜ÍË  ∈ S, F( ) = 0 Ë ÒÚÓËÚ ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚ¸ {ur}
Ú‡ÍÛ˛, ˜ÚÓ

(3.4)

ÔË˜ÂÏ u0 := . èÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚ¸ {ur} ÒÚÓËÚÒfl ÔÓ ÒÎÂ‰Û˛˘ÂÏÛ Ô‡‚ËÎÛ.
ÖÒÎË ËÁ‚ÂÒÚÌ‡ ÚÓ˜Í‡ ur, r ≥ 0, Û‰Ó‚ÎÂÚ‚Ófl˛˘‡fl ÛÒÎÓ‚Ë˛ (3.4), ÚÓ ÒÎÂ‰Û˛˘‡fl ÚÓ˜Í‡ ur + 1 ÒÚÓ-

ËÚÒfl Í‡Í ÔË·ÎËÊÂÌÌÓÂ Â¯ÂÌËÂ ‚˚ÔÛÍÎÓÈ Á‡‰‡˜Ë

(3.5)

íÓ˜ÌÂÂ „Ó‚Ófl, ÒÔ‡‚Â‰ÎË‚Ó ÌÂ‡‚ÂÌÒÚ‚Ó

(3.6)

„‰Â {δr} – ˜ËÒÎÓ‚‡fl ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚ¸, Û‰Ó‚ÎÂÚ‚Ófl˛˘‡fl ÛÒÎÓ‚Ë˛ (2.6).
é·ÓÁÌ‡˜ËÏ ‰ÓÔÛÒÚËÏÓÂ ÏÌÓÊÂÒÚ‚Ó Á‡‰‡˜Ë (PLr), ‡ ËÏÂÌÌÓ (3.5), ˜ÂÂÁ Dr:

ä‡Í Ë ‚˚¯Â, ÏÓÊÌÓ ÔÓÍ‡Á‡Ú¸, ˜ÚÓ ur ∈ Dr ⊂ D, ‚ ˜‡ÒÚÌÓÒÚË F(ur) ≥ 0, r = 0, 1, …. èË ˝ÚÓÏ
ur + 1 ∈ D r ∩ Dr + 1 ÔÓ ÔÓÒÚÓÂÌË˛, ÔÓ˝ÚÓÏÛ ur + 1 ∈ D = {x ∈ S | F(x) ≥ 0}.

èÂ‰ÎÓÊÂÌËÂ 2. èÂ‰ÔÓÎÓÊËÏ, ˜ÚÓ ÁÌ‡˜ÂÌËÂ Á‡‰‡˜Ë (P) ÍÓÌÂ˜ÌÓ, ‡ ÙÛÌÍˆËË f(·), g(·) Ë h(·) ‚˚-
ÔÛÍÎ˚ Ë ‚˚ÔÓÎÌÂÌÓ ÛÒÎÓ‚ËÂ (3.3).

èÛÒÚ¸, ÍÓÏÂ ÚÓ„Ó, ÙÛÌÍˆËfl g(·) ÌÂÔÂ˚‚ÌÓ ‰ËÙÙÂÂÌˆËÛÂÏ‡ Ì‡ ÓÚÍ˚ÚÓÈ Ó·Î‡ÒÚË Ω,
ÒÓ‰ÂÊ‡˘ÂÈ ÏÌÓÊÂÒÚ‚Ó S.

(i) íÓ„‰‡ ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚ¸ {ur}, „ÂÌÂËÛÂÏ‡fl ÔÓˆÂ‰ÛÓÈ 3, Û‰Ó‚ÎÂÚ‚ÓflÂÚ ÛÒÎÓ‚Ë˛

(3.7)

(ii) èË ˝ÚÓÏ ÂÒÎË ÏÌÓÊÂÒÚ‚Ó � = {x ∈ S | f(x) ≤ f(u0) + } Ó„‡ÌË˜ÂÌÓ, ÚÓ ‚ÒflÍ‡fl ÔÂ-

‰ÂÎ¸Ì‡fl ÚÓ˜Í‡  ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚË {ur} Û‰Ó‚ÎÂÚ‚ÓflÂÚ ÌÂ‡‚ÂÌÒÚ‚Û

(3.8)

(iii) Ç ÒÎÛ˜‡Â Á‡ÏÍÌÛÚÓÒÚË ÏÌÓÊÂÒÚ‚‡ S ÔÂ‰ÂÎ¸Ì‡fl ÚÓ˜Í‡  fl‚ÎflÂÚÒfl Â¯ÂÌËÂÏ Á‡‰‡˜Ë

 (PL( ))

(iv) Ç ÒÎÛ˜‡Â ‰ËÙÙÂÂÌˆËÛÂÏÓÒÚË f(·) ‚ ÚÓ˜ÍÂ  ̋ Ú‡ ÔÂ‰ÂÎ¸Ì‡fl ÚÓ˜Í‡  ÓÍ‡Á˚‚‡ÂÚÒfl ÌÓ-
Ï‡Î¸ÌÓ ÒÚ‡ˆËÓÌ‡ÌÓÈ ‚ Á‡‰‡˜Â (P).

ÑÓÍ‡Á‡ÚÂÎ¸ÒÚ‚Ó. (i) àÁ ÌÂ‡‚ÂÌÒÚ‚‡ (3.6) Ò ÔÓÏÓ˘¸˛ ‚ÍÎ˛˜ÂÌËfl ur ∈ D r ËÏÂÂÏ

(3.9)

0 ∇ g u( ) x u–,〈 〉≤ g u( ) h x( )–+ F x( ),≤

y∀ S F y( )∈ 0 d∃ d y( ) S :∈= =

h d( ) h y( )– ∇ g y( ) d y–,〈 〉 ,<

x̃ x̃

ur S, F ur( ) 0, f ur( ) f x̃( ), r≤≥∈ 0 1 …,, ,=

x̃

PLr( ):  f x( ) ↓ min, x S, h x( )∈ ∇ g ur( ) x ur–,〈 〉– g ur( )– 0.≤

f ur 1+( ) f x( ) | x S∈ h x( ), ∇ g ur( ) x ur–,〈 〉– g ur( )– 0≤{ }
x

inf≤ δr,+

Dr := D ur( ) x S | h x( )∈ ∇ g ur( ) x ur–,〈 〉– g ur( )– 0≤{ } .=�

f x( ) f ur 1+( ) | x– Dr∈{ }
x

inf[ ]
r ∞→
lim 0.=

δrr 0=
∞∑

û

f û( ) f x( ) x∀≤ D û( ).∈

û

f x( ) ↓  min,  x D û( ).∈ û

û û

δr– f x( ) | x Dr∈{ }
x

inf≤ f ur 1+( )  =–

=  f x( ) f ur( ) | x– Dr∈{ }
x

inf f ur( ) f ur 1+( )–+ f ur( ) f ur 1+( ).–≤

4*
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ÉÛÁ‰Â‚‡, ëÚÂÍ‡ÎÓ‚ÒÍËÈ

éÚÒ˛‰‡ ÔÓÎÛ˜‡ÂÏ

Ú‡Í ˜ÚÓ ˜ËÒÎÓ‚‡fl ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚ¸ {f(ur)} ÓÍ‡Á˚‚‡ÂÚÒfl ÔÓ˜ÚË ÏÓÌÓÚÓÌÌÓ Û·˚‚‡˛˘ÂÈ. èËÌË-
Ï‡fl ‚Ó ‚ÌËÏ‡ÌËÂ Ó„‡ÌË˜ÂÌÌÓÒÚ¸ ÒÌËÁÛ ÙÛÌÍˆËË f(·) Ì‡ ‰ÓÔÛÒÚËÏÓÏ ÏÌÓÊÂÒÚ‚Â Á‡‰‡˜Ë (P), ÔÓ ÎÂÏ-

ÏÂ 2 ËÁ [1, §2.6, c. 87] Á‡ÍÎ˛˜‡ÂÏ, ˜ÚÓ ÒÛ˘ÂÒÚ‚ÛÂÚ ÍÓÌÂ˜Ì˚È ÔÂ‰ÂÎ  ˜ËÒÎÓ‚ÓÈ ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸-
ÌÓÒÚË {f(ur)}:

èÂÂıÓ‰fl Í ÔÂ‰ÂÎÛ ‚ ÒÓÓÚÌÓ¯ÂÌËflı (3.9), ÔÓÎÛ˜‡ÂÏ (3.7).

(ii) èÓ ÔÓÒÚÓÂÌË˛ (3.6), ur + 1 ∈ Dr ⊂ S Ë f(ur + 1) ≤ f(ur) + δr ≤ f(u0) + , Ú‡Í ˜ÚÓ {ur} ⊂ �,

‡ � Ó„‡ÌË˜ÂÌÓ. èÓ˝ÚÓÏÛ Ò ÚÓ˜ÌÓÒÚ¸˛ ‰Ó ÔÓ‰ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚË ÏÓÊÌÓ Ò˜ËÚ‡Ú¸, ˜ÚÓ ur  
‰Îfl ÌÂÍÓÚÓÓ„Ó  ∈ �

n.

Ç‚Â‰ÂÏ Ó·ÓÁÌ‡˜ÂÌËÂ Vr := (x) | x ∈ D r}. íÓ„‰‡ ËÁ (3.9) ÒÎÂ‰ÛÂÚ

(3.10)

äÓÏÂ ÚÓ„Ó, ÔÓÒÍÓÎ¸ÍÛ F(ur) ≥ 0, ÚÓ ÔÓ ÌÂÔÂ˚‚ÌÓÒÚË F(·) = g(·) – h(·) ÔÓÎÛ˜‡ÂÏ
F( ) = (ur) ≥ 0. íÂÔÂ¸ ÔÓÎÓÊËÏ

(3.11)

Ë ÔÓÍ‡ÊÂÏ, ˜ÚÓ

(3.12)

ë Ó‰ÌÓÈ ÒÚÓÓÌ˚, ÔÓ (3.11) Ë ÒÓ„Î‡ÒÌÓ ‚ÍÎ˛˜ÂÌË˛  ∈  D( ) ÒÔ‡‚Â‰ÎË‚Ó ÌÂ‡‚ÂÌÒÚ‚Ó  ≤ f( ).
ÑÎfl ‰ÓÍ‡Á‡ÚÂÎ¸ÒÚ‚‡ ÔÓÚË‚ÓÔÓÎÓÊÌÓ„Ó ÌÂ‡‚ÂÌÒÚ‚‡ ÔÓÍ‡ÊÂÏ ÔÂÊ‰Â ‚ÒÂ„Ó, ˜ÚÓ ‰Îfl Î˛·ÓÈ ÚÓ˜-
ÍË w ∈ D( ) Ë Î˛·Ó„Ó ˜ËÒÎ‡ η > 0 ÒÛ˘ÂÒÚ‚Û˛Ú ˜ËÒÎÓ p = p(w, η) ∈ Z+  {0, 1, …} Ë ‚ÂÍÚÓ wp ∈ Dp

Ú‡ÍËÂ, ˜ÚÓ ||wp – w || ≤ η.
1) ÖÒÎË w ∈ S Ú‡ÍÓ‚Ó, ˜ÚÓ Ψ(w) < 0, „‰Â

ÚÓ, ÔÓÒÍÓÎ¸ÍÛ Ψr(w)  Ψ(w) (r  +∞), ÒÛ˘ÂÒÚ‚ÛÂÚ ̃ ËÒÎÓ p = p(w) : Ψp(w) ≤ 0. èÓ˝ÚÓÏÛ ÔÓÎ‡„‡ÂÏ
wp := w.

2) èÛÒÚ¸ ÚÂÔÂ¸ Ψ(w) = 0, w ∈ S. èÓÍ‡ÊÂÏ, ˜ÚÓ ÌÂÔÂÏÂÌÌÓ Ì‡È‰ÂÚÒfl ˝ÎÂÏÂÌÚ

 ∈ S Ú‡ÍÓÈ, ˜ÚÓ Ψ( ) < 0. (3.13)

ÑÂÈÒÚ‚ËÚÂÎ¸ÌÓ, ÂÒÎË F( ) > 0, ÚÓ ËÏÂÂÏ Ψ( ) = h( ) – g( ) = –F( ) < 0, Ú‡Í ˜ÚÓ  = . ÖÒÎË
ÊÂ F( ) = 0, ÚÓ, ÔÓ ÛÒÎÓ‚Ë˛ (3.3), ÔË y =  ÔÓÎÛ˜‡ÂÏ, ˜ÚÓ ÒÛ˘ÂÒÚ‚ÛÂÚ d = d( ):

Ψ(d)  h(d) – 〈∇g( ), d – 〉 – g( ) < h( ) – g( ) = 0.

àÚ‡Í, ÔË  = d( ) ÛÒÎÓ‚ËÂ (3.13) Ú‡ÍÊÂ ‚˚ÔÓÎÌÂÌÓ.
Ñ‡ÎÂÂ, ‚ ÒËÎÛ ‚˚ÔÛÍÎÓÒÚË Ψ(·) ÔË wλ = λ  + (1 – λ)w, λ ∈ ]0, 1[, ËÏÂÂÏ

èË ˝ÚÓÏ Ó˜Â‚Ë‰ÌÓ, ˜ÚÓ wλ ∈ S, wλ  w (λ ↓ 0). èÓ˝ÚÓÏÛ ÔÓÎ‡„‡ÂÏ wp := wλ, „‰Â λ Ú‡ÍÓ‚Ó, ˜ÚÓ
||wλ – w || ≤ η, ‡ ‰Îfl ÌÓÏÂ‡ p = p(w, η) ÒÔ‡‚Â‰ÎË‚Ó ÌÂ‡‚ÂÌÒÚ‚Ó Ψp(wλ) ≤ 0.

3) Ñ‡ÎÂÂ, ËÁ (3.11) ÒÎÂ‰ÛÂÚ, ˜ÚÓ ∀ε > 0 ∃v ε ∈ D( ), ‰Îfl ÍÓÚÓÓ„Ó ËÏÂÂÏ

(3.14)

f ur 1+( ) δr f ur( ),≤–

f̂

f ur( )
r ∞→
lim f̂ .=

δkk 0=
r∑

û

û

f{
x

inf

Vr
r ∞→
lim f ur( )

r ∞→
lim f û( ) f̂ .= = =

û F
r ∞→
lim

V̂  := f x( ) | x D û( )∈{ }
x

inf

V̂ f̂ f û( ).= =

û û V̂ û

û =�

Ψ x( ) h x( ) ∇ g û( ) x û–,〈 〉– g û( ),–=�

Ψr x( ) h x( ) ∇ g ur( ) x ur–,〈 〉– g ur( ),–=�

w w

û û û û û w û
û û û

=� û û û û û

w û
w

Ψ wλ( ) λΨ w( ) 1 λ–( )Ψ w( )+≤ λΨ w( ) 0.<=

û

f v ε( ) ε/2– V̂ .≤
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èÓ ÌÂÔÂ˚‚ÌÓÒÚË f(·) Ì‡È‰ÂÚÒfl η = η(ε) > 0 Ú‡ÍÓÂ, ˜ÚÓ

ÓÚÍÛ‰‡, ‚ ˜‡ÒÚÌÓÒÚË, ÒÎÂ‰ÛÂÚ ÌÂ‡‚ÂÌÒÚ‚Ó

(3.15)

ëÓ„Î‡ÒÌÓ ‰ÓÍ‡Á‡ÌÌÓÏÛ ‚˚¯Â (ÒÏ. 1) Ë 2)), ‰Îfl Î˛·Ó„Ó ε > 0 ÒÛ˘ÂÒÚ‚Û˛Ú η = η(ε) Ë p = p(ε) ∈ Z+,
‡ Ú‡ÍÊÂ wp ∈ Dp Ú‡ÍËÂ, ˜ÚÓ ||wp – vε|| ≤ η. Ä ÚÓ„‰‡ Ò ÔÓÏÓ˘¸˛ (3.15) ÔÓÎÛ˜‡ÂÏ f(vε) ≥ f(wp) – ε/2,

ÓÚÍÛ‰‡ ‚ ÒËÎÛ (3.14) ËÏÂÂÏ f(wp) – ε ≤ .

èÓÒÍÓÎ¸ÍÛ wp ∈ D p, ÚÓ ËÁ ÔÓÒÎÂ‰ÌÂ„Ó ÌÂ‡‚ÂÌÒÚ‚‡ ‚˚ÚÂÍ‡ÂÚ ÌÂ‡‚ÂÌÒÚ‚Ó

(3.16)

íÂÔÂ¸ ‡ÒÒÏÓÚËÏ ÌÂÍÓÚÓÛ˛ ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚ¸ {εk}, εk > 0, k ∈ Z+, εk ↓ 0 (k  ∞). èÓ ‰Ó-
Í‡Á‡ÌÌÓÏÛ ‚˚¯Â, ∀k ∈ Z + ∃p = p(k) ∈ Z + Ú‡ÍÓÂ, ˜ÚÓ, ÒÓ„Î‡ÒÌÓ (3.16), ‚ÂÌÓ ÌÂ‡‚ÂÌÒÚ‚Ó

éÚÒ˛‰‡ ÔË k  ∞ Ò Û˜ÂÚÓÏ (3.10) ÔÓÎÛ˜‡ÂÏ  ≤ , ˜ÚÓ Ë ÚÂ·Ó‚‡ÎÓÒ¸.

àÚ‡Í, (3.12) ‰ÓÍ‡Á‡ÌÓ, ‡ ‚ÏÂÒÚÂ Ò ÌËÏ Ë ÌÂ‡‚ÂÌÒÚ‚Ó (3.8).

(iii) àÁ (3.8) ‚ ÒÎÛ˜‡Â Á‡ÏÍÌÛÚÓÒÚË ÏÌÓÊÂÒÚ‚‡ S ÒÎÂ‰ÛÂÚ, ˜ÚÓ  ∈ Sol(PL( )).

(iv) àÁ (iii) ‚˚ÚÂÍ‡ÂÚ, ˜ÚÓ Ì‡È‰ÛÚÒfl ÏÌÓÊËÚÂÎË λ0, λ ≥ 0, λ0 + λ > 0, ÔË ÍÓÚÓ˚ı ÒÔ‡‚Â‰ÎË‚˚
ÛÒÎÓ‚Ëfl

(3.17)

é·‡ÚËÏ ‚ÌËÏ‡ÌËÂ Ì‡ ÚÓ, ˜ÚÓ (3.17) fl‚ÎflÂÚÒfl ääí-ÒËÒÚÂÏÓÈ ÓÔÚËÏ‡Î¸ÌÓÒÚË Ë ‰Îfl Á‡‰‡˜Ë (P).
èÛÒÚ¸ λ0 = 0. íÓ„‰‡ λ > 0 Ë ËÁ ÒËÒÚÂÏ˚ (3.17) ÔÓÎÛ˜‡ÂÏ F( ) = 0,

éÚÒ˛‰‡ ‚ ÒËÎÛ ‚˚ÔÛÍÎÓÒÚË ÙÛÌÍˆËË h(·) ‚˚ÚÂÍ‡ÂÚ

˜ÚÓ ÔÓÚË‚ÓÂ˜ËÚ ÛÒÎÓ‚Ë˛ Â„ÛÎflÌÓÒÚË (3.3). áÌ‡˜ËÚ, λ0 > 0.

á‡ÏÂ˜‡ÌËÂ 2. ÖÒÎË ‚ (3.17) λ = 0, ÚÓ 〈∇f ( ), x – ) ≥ 0 ËÎË f( ) ≤ f(x) ∀x ∈ S. èÓÒÎÂ‰ÌÂÂ, Ó˜Â‚Ë‰ÌÓ,

ÔÓÚË‚ÓÂ˜ËÚ ÛÒÎÓ‚Ë˛ (H0), Ú‡Í Í‡Í F( ) ≥ 0. èÓ˝ÚÓÏÛ λ > 0, F( ) = 0.

íÂÔÂ¸ ‡ÒÒÏÓÚËÏ ‚ÓÔÓÒ Ó ÚÓÏ, Í‡Í Ò ÔÓÏÓ˘¸˛ ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚË {ur}, „‰Â u0 = , ÓÔÂ-
‰ÂÎËÚ¸ ÚÓ˜ÍÛ y( ). ÑÎfl ˝ÚÓ„Ó Á‡‰‡‰ËÏ ˜ËÒÎÓ ε > 0. íÓ„‰‡ ÂÒÎË δr ≤ ε Ë ÒÔ‡‚Â‰ÎË‚Ó ÌÂ‡‚ÂÌÒÚ‚Ó

(3.18)

ÚÓ ÔÓÎ‡„‡ÂÏ y = y( , ε) = ur + 1, ÔÓÒÍÓÎ¸ÍÛ ‚ ˝ÚÓÏ ÒÎÛ˜‡Â ËÁ (3.9) Ë (3.18) ‚˚ÚÂÍ‡ÂÚ y ∈ D r ⊂ D,

Ú‡Í ˜ÚÓ y = ur + 1 fl‚ÎflÂÚÒfl ε-Â¯ÂÌËÂÏ ÎËÌÂ‡ËÁÓ‚‡ÌÌÓÈ ‚ ÚÓ˜ÍÂ y Á‡‰‡˜Ë (PLr).
é·˙Â‰ËÌËÏ ÔÓˆÂ‰Û˚ 1 Ë 3 ‚ Ó‰ËÌ ÏÂÚÓ‰ Ë Á‡ÔË¯ÂÏ Â„Ó ‚ ·ÓÎÂÂ ‡Î„ÓËÚÏË˜ÂÒÍÓÈ ÙÓÏÂ.

èÛÒÚ¸ Á‡‰‡Ì˚ ÚÓ˜Í‡ x0 ∈ S, F(x0) ≥ 0, Ë ˜ËÒÎÓ‚˚Â ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚË {δr} Ë {εs}, Û‰Ó‚ÎÂÚ‚Ófl˛-
˘ËÂ ÛÒÎÓ‚ËflÏ (2.6) Ë (2.14) ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ.

åÓ‰ËÙËˆËÓ‚‡ÌÌ˚È ÏÂÚÓ‰ êÓÁÂÌ‡

ò‡„ 0 (ËÌËˆË‡ÎËÁ‡ˆËfl). èÓÎÓÊËÚ¸ s := 0, xs := x0.

f z( ) f v ε( )– ε/2   z : z v ε–∀ η ,≤ ≤

f v ε( ) f z( )≥ ε/2   z : z v ε–∀– η .≤

V̂

V p ε– V̂ .≤

V p k( ) εk– V̂ .≤

f̂ V̂

û û

λ0∇ f û( ) λ∇ F û( )– x û–,〈 〉 0 x∀≥ S,∈
λF û( ) 0.=

û

∇ g û( ) x û–,〈 〉 ∇ h û( ) x û–,〈 〉– ∇ F û( ) x û–,〈 〉 0 x∀≤ S.∈=

F û( ) 0, h x( ) h û( )– ∇ g û( ) x û–,〈 〉  x∀ S,∈≥=

û û û
û û

x̃
x̃

f ur( ) f ur 1+( )– ε,≤

x̃

f y( ) ε– f ur 1+( ) ε f x( ) | x Dr∈{ } ,
x

inf≤–=
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ò‡„ 1 (ÔÓˆÂ‰Û‡ 3). ç‡˜ËÌ‡fl Ò ÚÓ˜ÍË xs, ÔÓÒÚÓËÚ¸ ÚÓ˜ÍÛ ys = y(xs, εs), fl‚Îfl˛˘Û˛Òfl εs-Â¯Â-
ÌËÂÏ ÎËÌÂ‡ËÁÓ‚‡ÌÌÓÈ Á‡‰‡˜Ë (PLs) – (3.5), Ú.Â.

ò‡„ 2 (ÍËÚÂËÈ ÓÒÚ‡ÌÓ‚‡). ÖÒÎË F(ys) ≤ 0, ÚÓ Stop.
ò‡„ 3 (ÔÓˆÂ‰Û‡ 1). ë ÔÓÏÓ˘¸˛ ys ÔÓÒÚÓËÚ¸ ÚÓ˜ÍÛ u := x(ys):

ò‡„ 4. èÓÎÓÊËÚ¸ xs + 1 := u, s := s + 1 Ë ‚ÂÌÛÚ¸Òfl Ì‡ ¯‡„ 1.
ãÂÏÏ‡ 2. åÓ‰ËÙËˆËÓ‚‡ÌÌ˚È ÏÂÚÓ‰ êÓÁÂÌ‡ Ó·Î‡‰‡ÂÚ ÒÎÂ‰Û˛˘ËÏË Ò‚ÓÈÒÚ‚‡ÏË:
(‡) ÎË·Ó ÍÓÌÂ˜ÂÌ, ÔË˜ÂÏ F(yN) = 0, „‰Â N – ËÚÂ‡ˆËfl ÓÒÚ‡ÌÓ‚‡;
(·) ÎË·Ó „ÂÌÂËÛÂÚ ‰‚Â ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚË {xs} Ë {ys} ÒÓ Ò‚ÓÈÒÚ‚‡ÏË

(3.19)

(3.20)

èË ˝ÚÓÏ ÒÔ‡‚Â‰ÎË‚Ó ÔÂ‰ÂÎ¸ÌÓÂ ÒÓÓÚÌÓ¯ÂÌËÂ

(3.21)

ÑÓÍ‡Á‡ÚÂÎ¸ÒÚ‚Ó. (‡) ëÓ„Î‡ÒÌÓ ÍËÚÂË˛ ÓÒÚ‡ÌÓ‚‡ (¯‡„ 2), ÂÒÎË N – ËÚÂ‡ˆËfl ÓÒÚ‡ÌÓ‚ÍË Ò˜ÂÚ‡,
ÚÓ F(yN) ≤ 0. Ä ÔÓÒÍÓÎ¸ÍÛ Í‡Ê‰‡fl ÚÓ˜Í‡ ur + 1, r = 0, 1, …, ‰ÓÔÛÒÚËÏ‡ ‚ ÎËÌÂ‡ËÁÓ‚‡ÌÌÓÈ Á‡‰‡˜Â
(PL(ur)), ÚÓ Ë F(ys) ≥ 0, s = 0, 1, …. èÓ˝ÚÓÏÛ F(yN) = 0.

(·) ÖÒÎË ÔÓˆÂÒÒ Ò˜ÂÚ‡ ·ÂÒÍÓÌÂ˜ÂÌ, ÚÓ, ÒÓ„Î‡ÒÌÓ ÓÔËÒ‡ÌË˛ ÏÂÚÓ‰‡, ·Î‡„Ó‰‡fl ‚˚ÔÛÍÎÓÒÚË f(·)
Ë ÒÔÓÒÓ·Û ÔÓÒÚÓÂÌËfl ÚÓ˜ÍË xs + 1 = λsv + (1 – λs)ys, ‚ ÒËÎÛ (H0) ÔÓÎÛ˜‡ÂÏ (3.20). èÓÒÍÓÎ¸ÍÛ f(·) Ó„‡-
ÌË˜ÂÌ‡ ÒÌËÁÛ ‚ Á‡‰‡˜Â (P), ÚÓ ÒÛ˘ÂÒÚ‚ÛÂÚ ÔÂ‰ÂÎ (xs) > f(v), ÓÚÍÛ‰‡ Ò ÔÓÏÓ˘¸˛ (3.20) ÔÓÎÛ˜‡-

ÂÏ (3.21).
íÂÓÂÏ‡ 2. èÛÒÚ¸ ÙÛÌÍˆËfl f(·) Ë ÏÌÓÊÂÒÚ‚Ó S ‚˚ÔÛÍÎ˚, ÏÌÓÊÂÒÚ‚Ó �0 = {x ∈ S | f(x) ≤ f(x0) +

+ } Ó„‡ÌË˜ÂÌÓ Ë ÒÔ‡‚Â‰ÎË‚˚ ÛÒÎÓ‚Ëfl (H0) Ë (3.3).

íÓ„‰‡ ÏÓ‰ËÙËˆËÓ‚‡ÌÌ˚È ÏÂÚÓ‰ êÓÁÂÌ‡ Ó·Î‡‰‡ÂÚ ÒÎÂ‰Û˛˘ËÏË Ò‚ÓÈÒÚ‚‡ÏË:
‡) ÔË ÍÓÌÂ˜ÌÓÏ ˜ËÒÎÂ ËÚÂ‡ˆËÈ ÔÓÎÛ˜‡ÂÚ ÚÓ˜ÍÛ yN ∈ S, F(yN) = 0, ÍÓÚÓ‡fl fl‚ÎflÂÚÒfl εN-Â-

¯ÂÌËÂÏ ÎËÌÂ‡ËÁÓ‚‡ÌÌÓÈ Á‡‰‡˜Ë (PLN) – (3.5), „‰Â N – ÌÓÏÂ ËÚÂ‡ˆËË ÓÒÚ‡ÌÓ‚‡;
·) ÔË ·ÂÒÍÓÌÂ˜ÌÓÏ ˜ËÒÎÂ ËÚÂ‡ˆËÈ ‰Îfl ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚÂÈ {ys} Ë {xs} ‚ ‰ÓÔÓÎÌÂÌËÂ Í

Ò‚ÓÈÒÚ‚‡Ï (3.19)–(3.21) ÒÔ‡‚Â‰ÎË‚˚ Ú‡ÍÊÂ ÛÒÎÓ‚Ëfl

(3.22)

(3.23)

‰Îfl ÌÂÍÓÚÓÓ„Ó x∗  ∈ �
n, F(x∗ ) = 0.

äÓÏÂ ÚÓ„Ó, ÚÓ˜Í‡ x∗  fl‚ÎflÂÚÒfl Â¯ÂÌËÂÏ ÎËÌÂ‡ËÁÓ‚‡ÌÌÓÈ Á‡‰‡˜Ë

(3.24)

Ë ÌÓÏ‡Î¸ÌÓ ÒÚ‡ˆËÓÌ‡ÌÓÈ ‚ Á‡‰‡˜Â (P).
ÑÓÍ‡Á‡ÚÂÎ¸ÒÚ‚Ó. ìÚ‚ÂÊ‰ÂÌËÂ ‡) ‚˚ÚÂÍ‡ÂÚ ËÁ ÎÂÏÏ˚ 2 Ë (3.19). ÑÎfl ·) ËÁ (3.20), (3.21) Ë ‚˚ÔÛÍ-

ÎÓÒÚË ÙÛÌÍˆËË f(·) ÒÎÂ‰ÛÂÚ

ËÎË

f x( ) εs+ f ys( ) x∀ S : h x( ) ∇ g ys( ) x ys–,〈 〉– g ys( )–∈ 0.≤≥

u S, F u( )∈ 0, f u( ) f ys( ) f xs( ).≤<=

xs S, F xs( )∈ 0, ys S, F ys( ) 0,>∈=

f xs 1+( ) f ys( ) f xs( ).≤<

f xs( )
s ∞→
lim f ys( ).

s ∞→
lim=

f
s ∞→
lim

δrr 0=
∞∑

0 F xs( ) F ys( ),
s ∞→
lim= =

x* xs

s ∞→
lim ys

s ∞→
lim= =

PL*( ):   f x( ) ↓  min, x S, g x*( ) h x( )– ∇ g x*( ) x x*–,〈 〉+ 0,≥∈

f xs 1+( ) λ s f v( ) f ys( )–[ ]≤ f ys( ),+

0 λ s f * f v( )–[ ] λ s f ys( ) f v( )–[ ] f ys( )≤ ≤ ≤ f xs 1+( ),–
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„‰Â f∗   V(P). èÓ˝ÚÓÏÛ ËÁ (3.21), ÔÓÒÍÓÎ¸ÍÛ f(ys) ≥ f∗  > f(v), ÔÓÎÛ˜‡ÂÏ

(3.25)

èÓ ÔÓÒÚÓÂÌË˛, {xs} ⊂ �0, ‡ �0 Ó„‡ÌË˜ÂÌÓ. èÓ˝ÚÓÏÛ Ò ÚÓ˜ÌÓÒÚ¸˛ ‰Ó ÔÓ‰ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚË
ÏÓÊÌÓ Ò˜ËÚ‡Ú¸, ˜ÚÓ xs  x∗ .

Ñ‡ÎÂÂ, ÔÓÒÍÓÎ¸ÍÛ xs + 1 = ys + λs(v – ys), ÚÓ

‰Îfl ÌÂÍÓÚÓÓ„Ó K > 0 Ú‡ÍÓ„Ó, ˜ÚÓ ||ys – v || ≤ K. ùÚ‡ ÓˆÂÌÍ‡ ÒÔ‡‚Â‰ÎË‚‡, ÔÓÒÍÓÎ¸ÍÛ ys ∈ �0,
s = 0, 1, …. èÓ˝ÚÓÏÛ ‚ ÒËÎÛ ‡‚ÂÌÒÚ‚‡ F(xs) = 0, s = 0, 1, …, Ë ÌÂÔÂ˚‚ÌÓÒÚË F(·) ËÏÂÂÏ 0 = F(xs) =
= (ys) = 0 = F(x∗ ), ÚÂÏ Ò‡Ï˚Ï (3.22) Ë (3.23) ‰ÓÍ‡Á‡Ì˚.

ç‡ÍÓÌÂˆ, ÔÓ ÔÓÒÚÓÂÌË˛ (ÒÏ. (3.20)), ‰Îfl Í‡Ê‰Ó„Ó ys = y(xs, εs) ÒÓ„Î‡ÒÌÓ (3.9) Ë (3.18) ÒÔ‡‚Â‰-
ÎË‚Ó ÌÂ‡‚ÂÌÒÚ‚Ó (x) – f(ys) | x ∈ Ds} ≤ εs, ÓÚÍÛ‰‡, ‡Ì‡ÎÓ„Ë˜ÌÓ Ô. (ii) ‰ÓÍ‡Á‡ÚÂÎ¸ÒÚ‚‡ ÔÂ‰ÎÓ-

ÊÂÌËfl 2, ÔË s  ∞ ÔÓÎÛ˜‡ÂÏ

Ú.Â. ÚÓ˜Í‡ x∗  fl‚ÎflÂÚÒfl Â¯ÂÌËÂÏ ÎËÌÂ‡ËÁÓ‚‡ÌÌÓÈ Á‡‰‡˜Ë (3.24).
çÓÏ‡Î¸Ì‡fl ÒÚ‡ˆËÓÌ‡ÌÓÒÚ¸ ÚÓ˜ÍË x∗  ‰ÓÍ‡Á˚‚‡ÂÚÒfl Ú‡Í ÊÂ, Í‡Í ‚ ÔÂ‰ÎÓÊÂÌËË 2.

4. íÂÒÚËÓ‚‡ÌËÂ ÏÂÚÓ‰Ó‚ ÎÓÍ‡Î¸ÌÓ„Ó ÔÓËÒÍ‡

ë‡‚ÌËÚÂÎ¸ÌÓÂ ÚÂÒÚËÓ‚‡ÌËÂ ÔÂ‰ÎÓÊÂÌÌ˚ı ÏÂÚÓ‰Ó‚ ÎÓÍ‡Î¸ÌÓ„Ó ÔÓËÒÍ‡ – ÒÔÂˆË‡Î¸ÌÓ„Ó ÏÂÚÓ‰‡
(ëåãè) Ë ÏÓ‰ËÙËˆËÓ‚‡ÌÌÓ„Ó ÏÂÚÓ‰‡ êÓÁÂÌ‡ (ååê) – ·˚ÎÓ ÔÓ‚Â‰ÂÌÓ Ì‡ ‰‚Ûı ÒÂËflı Á‡‰‡˜.

èÂ‚‡fl ÒÓÒÚÓflÎ‡ ËÁ Í‚‡‰‡ÚË˜Ì˚ı Á‡‰‡˜ ‚Ë‰‡

 (P1)

„‰Â C Ë D ÒËÏÏÂÚË˜Ì˚Â (C = CÚ, D = DÚ), ÔÓÎÓÊËÚÂÎ¸ÌÓ-ÓÔÂ‰ÂÎÂÌÌ˚Â (C > 0, D > 0) Ï‡ÚËˆ˚
(n × n); ‚ÂÍÚÓ p ∈ �

n Ë ˜ËÒÎÓ γ ∈ � ÒÓ„Î‡ÒÓ‚‡Ì˚ Ò ‡ÁÏÂ‡ÏË Ô‡‡ÎÎÂÎÂÔËÔÂ‰‡ Π Ú‡Í, ˜ÚÓ·˚ „ÎÓ-
·‡Î¸Ì˚È ÏËÌËÏÛÏ ÙÛÌÍˆËË f(·) Ì‡ �n ÎÂÊ‡Î ‚ Π, ÌÓ ·˚Î ÌÂ‰ÓÔÛÒÚËÏ ÔÓ Ó„‡ÌË˜ÂÌË˛ F(x) ≥ 0
(v = p = argmin(f, �n)).

éÚÏÂÚËÏ, ˜ÚÓ ‰Îfl ÔÓÒÚÓÂÌËfl Á‡‰‡˜ (P1) ÒÎÛ˜‡ÈÌ˚Ï Ó·‡ÁÓÏ „ÂÌÂËÓ‚‡Î‡Ò¸ ÁÌ‡ÍÓÌÂÓÔÂ‰Â-
ÎÂÌÌ‡fl Ï‡ÚËˆ‡ A = C – D, ‡ Á‡ÚÂÏ ËÁ‚ÂÒÚÌ˚Ï ÒÔÓÒÓ·ÓÏ (ÒÏ. [6, c. 270]) ÒÚÓËÎÓÒ¸ d.c.-ÔÂ‰ÒÚ‡‚ÎÂ-
ÌËÂ Í‚‡‰‡ÚË˜ÌÓÈ ÙÛÌÍˆËË.

èÓÒÍÓÎ¸ÍÛ ÎËÌÂ‡ËÁÓ‚‡ÌÌ˚Â Á‡‰‡˜Ë (LQ(u, β)) Ë (PL(u)) ‚ ëåãè Ë ååê ËÏÂ˛Ú ‰ÓÒÚ‡ÚÓ˜ÌÓ
ÔÓÒÚÛ˛ ÒÚÛÍÚÛÛ, ÚÓ Ëı Â¯ÂÌËÂ ÔÓ‚Ó‰ËÎÓÒ¸ ‚ ‰‚‡ ˝Ú‡Ô‡. ÇÌ‡˜‡ÎÂ ÔË·ÎËÊÂÌÌÓÂ Â¯ÂÌËÂ
ÓÚ˚ÒÍË‚‡ÎÓÒ¸ ÍÓÏ·ËÌ‡ˆËÂÈ ‡Ì‡ÎËÚË˜ÂÒÍÓ„Ó ÔÓ‰ıÓ‰‡ Ë ÏÂÚÓ‰‡ ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸Ì˚ı ÔÓÂÍˆËÈ Ì‡
Ô‡‡ÎÎÂÎÂÔËÔÂ‰ Π. èË ˝ÚÓÏ Û˜ËÚ˚‚‡ÎÓÒ¸, ˜ÚÓ ÚÓ˜Í‡ xc = D–1Cu fl‚ÎflÂÚÒfl ÚÓ˜ÍÓÈ ‡·ÒÓÎ˛ÚÌÓ„Ó
ÏËÌËÏÛÏ‡ ‚˚ÔÛÍÎÓÈ ÙÛÌÍˆËË ψ(x, u)  〈x, Dx〉 – 2 〈Cu, x〉 + 〈u, x〉. á‡ÚÂÏ Ì‡È‰ÂÌÌ‡fl ÚÓ˜Í‡ ‚˚·Ë‡-
Î‡Ò¸ ‚ Í‡˜ÂÒÚ‚Â ÒÚ‡ÚÓ‚ÓÈ ‰Îfl Í‚‡ÁËÌ¸˛ÚÓÌÓ‚ÒÍÓ„Ó ÏÂÚÓ‰‡ ËÁ [1], ÍÓÚÓ˚Ï ÔÓËÁ‚Ó‰ËÎÒfl ÔÓËÒÍ
ÏËÌËÏÛÏ‡ ÏÓ‰ËÙËˆËÓ‚‡ÌÌÓÈ ÙÛÌÍˆËË ã‡„‡ÌÊ‡ (ÒÏ. [1]) Á‡‰‡˜ (LQ(u, β)) Ë (PL(u)).

Ñ‡ÎÂÂ, ÒÓ„Î‡ÒÌÓ ÚÂÓÂÏÂ 1 Ó ÒıÓ‰ËÏÓÒÚË ëåãè, ‚ Í‡˜ÂÒÚ‚Â ÍËÚÂËfl ÓÒÚ‡ÌÓ‚‡ ÏÓÊÌÓ ‚˚·Ë-
‡Ú¸ Ó‰ÌÓ‚ÂÏÂÌÌÓÂ ‚˚ÔÓÎÌÂÌËÂ ÌÂ‡‚ÂÌÒÚ‚ (2.26), Ó‰Ì‡ÍÓ ‚˚˜ËÒÎËÚÂÎ¸Ì˚Â ˝ÍÒÔÂËÏÂÌÚ˚ ÔÓ-
Í‡Á‡ÎË, ˜ÚÓ ‚ÚÓÓÂ ÌÂ‡‚ÂÌÒÚ‚Ó βs – 1 – βs ≤ ρ fl‚ÎflÂÚÒfl ÒÎÂ‰ÒÚ‚ËÂÏ ÔÂ‚Ó„Ó ÌÂ‡‚ÂÌÒÚ‚‡ F(ys) ≤ ρ.
Ç ÚÓ ÊÂ ‚ÂÏfl, ÒÓ„Î‡ÒÌÓ ÚÂÓÂÏÂ 2 Ó ÒıÓ‰ËÏÓÒÚË ååê, Á‡ ÍËÚÂËÈ ÓÒÚ‡ÌÓ‚‡ ‚˚·Ë‡ÂÚÒfl ÌÂ‡-
‚ÂÌÒÚ‚Ó F(ys) ≤ ρ. èÓ˝ÚÓÏÛ ÔË ÔÓ‚Â‰ÂÌËË ˜ËÒÎÂÌÌÓ„Ó ÚÂÒÚËÓ‚‡ÌËfl ‚ Ó·ÓËı ÏÂÚÓ‰‡ı ÓÒÚ‡ÌÓ‚
ÔÓËÁ‚Ó‰ËÎÒfl ÔË ‚˚ÔÓÎÌÂÌËË F(ys) ≤ ρ, „‰Â ρ = 10–4.

Ç Ú‡·Î. 1 Ë 2 ÔË‚Â‰ÂÌ˚ ÂÁÛÎ¸Ú‡Ú˚ ˜ËÒÎÂÌÌÓ„Ó ÚÂÒÚËÓ‚‡ÌËfl ÏÂÚÓ‰Ó‚ ÎÓÍ‡Î¸ÌÓ„Ó ÔÓËÒÍ‡ Ì‡
ÒÂËË Á‡‰‡˜ (P1), „‰Â ‚ Í‡˜ÂÒÚ‚Â Ì‡˜‡Î¸Ì˚ı ÔË·ÎËÊÂÌËÈ ·˚ÎË ‚˚·‡Ì˚ ÚË ‡ÁÎË˜Ì˚Â ÚÓ˜ÍË (x1,
x2, x3), ÔË˜ÂÏ x1 ‚˚·Ë‡Î‡Ò¸ Ò‡ÏÓÈ ‰‡ÎÂÍÓÈ ÔÓ ÁÌ‡˜ÂÌË˛ ̂ ÂÎÂ‚ÓÈ ÙÛÌÍˆËË (‰Îfl Í‡Ê‰ÓÈ ÚÂÒÚÓ‚ÓÈ

=�

λ s
s ∞→
lim 0, λ s ]0, 1[.∈=

ys x*– xs 1+ λ s ys
v–( ) x*–+ xs 1+ x*–≤ λ s ys

v–+ xs 1+ x*–≤ λ sK+=

F
s ∞→
lim

f{
x

inf

f x( ) f x*( ) x∀≥ S : ∇ g x*( ) x x*–,〈 〉∈ g x*( ) h x( )–+ 0,≥

f x( ) x p– 2 ↓ min, x S∈ Π 1; 5–[ ] n,= = =

F x( ) x Cx,〈 〉 x Dx,〈 〉– γ– 0,≥=

�

�

�

=�
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Á‡‰‡˜Ë – ̋ ÚÓ ÔÂ‚‡fl ÒÚÓÍ‡ ‚ Ú‡·ÎËˆÂ). óÚÓ·˚ Ì‡ÈÚË Ú‡ÍÛ˛ ÚÓ˜ÍÛ, Â¯‡Î‡Ò¸ ÂÎ‡ÍÒËÓ‚‡ÌÌ‡fl Á‡-
‰‡˜‡ Ò ÔÓÚË‚ÓÔÓÎÓÊÌÓÈ ˆÂÎ¸˛ (Ì‡ Ï‡ÍÒËÏÛÏ):

f(x) ↑ max, x ∈ S,

‡ Á‡ÚÂÏ ÔÓÎÛ˜ÂÌÌ‡fl ÚÓ˜Í‡ ÔÓ‚ÂflÎ‡Ò¸ Ì‡ ‰ÓÔÛÒÚËÏÓÒÚ¸ ÔÓ Ó„‡ÌË˜ÂÌË˛ F(x) ≥ 0.

Ç Ú‡·ÎËˆ‡ı ËÒÔÓÎ¸ÁÓ‚‡Ì˚ ÒÎÂ‰Û˛˘ËÂ Ó·ÓÁÌ‡˜ÂÌËfl: n – ‡ÁÏÂÌÓÒÚ¸ ÚÂÒÚÓ‚ÓÈ Á‡‰‡˜Ë, f0 – ÁÌ‡-
˜ÂÌËÂ ˆÂÎÂ‚ÓÈ ÙÛÌÍˆËË ‚ ÒÚ‡ÚÓ‚ÓÈ ÚÓ˜ÍÂ. Ñ‡ÎÂÂ ‰Îfl Í‡Ê‰Ó„Ó ÏÂÚÓ‰‡ ÔË‚Â‰ÂÌ˚ f∗  – ÁÌ‡˜ÂÌËÂ
ˆÂÎÂ‚ÓÈ ÙÛÌÍˆËË ‚ ÔÓÎÛ˜ÂÌÌÓÈ ÍËÚË˜ÂÒÍÓÈ ÚÓ˜ÍÂ; PL – ÍÓÎË˜ÂÒÚ‚Ó Â¯ÂÌÌ˚ı ÎËÌÂ‡ËÁÓ‚‡Ì-
Ì˚ı Á‡‰‡˜; Time – ‚ÂÏfl Â¯ÂÌËfl ‚ ÒÂÍÛÌ‰‡ı.

êÂÁÛÎ¸Ú‡Ú˚ ̃ ËÒÎÂÌÌÓ„Ó ̋ ÍÒÔÂËÏÂÌÚ‡ ÔÓÍ‡Á˚‚‡˛Ú, ̃ ÚÓ ÏÂÚÓ‰˚ ‚Ó ‚ÒÂı ÚÂÒÚÓ‚˚ı Á‡‰‡˜‡ı ‚Ë‰‡
(P1) Ì‡¯ÎË ‡ÁÌ˚Â ÍËÚË˜ÂÒÍËÂ ÚÓ˜ÍË. èÓ Í‡˜ÂÒÚ‚Û Ò˜ÂÚ‡ ÎÛ˜¯Â ÒÂ·fl Á‡ÂÍÓÏÂÌ‰Ó‚‡Î ååê, ÍÓ-
ÚÓ˚È ‚Ó ‚ÒÂı Á‡‰‡˜‡ı Ì‡¯ÂÎ ÎÛ˜¯Û˛ ÔÓ ÁÌ‡˜ÂÌË˛ ˆÂÎÂ‚ÓÈ ÙÛÌÍˆËË ÚÓ˜ÍÛ, ‡ ÔÓ ‚ÂÏÂÌË Ò˜ÂÚ‡ ‚
ÓÒÌÓ‚ÌÓÏ ÔÂËÏÛ˘ÂÒÚ‚Ó ÒÓı‡ÌflÂÚÒfl Á‡ ëåãè (Ï‡ÍÒËÏ‡Î¸ÌÓÂ ‚ÂÏfl ÌÂ ÔÂ‚˚ÒËÎÓ 1 ÏËÌ 15 Ò).
èË˜ÂÏ ‚ Á‡‰‡˜Â ÔË n = 600 (‰Îfl x2) ååê ‡·ÓÚ‡Î ‚ 11 ‡Á ÏÂ‰ÎÂÌÌÂÂ, ‡ ‚ Á‡‰‡˜Â ÔË n = 300 (‰Îfl

í‡·ÎËˆ‡ 1

n f0
ëåãè ååê

f∗ PL Time f∗ PL Time

144,75 11,61 31 0.00 11,87 9 0.00

10 43,95 11,31 57 0.00 11,77 42 0.00

46,94 11,61 49 0.00 11,77 45 0.00

300,01 23,73 32 0.00 23,75 36 0.00

20 78,77 23,72 30 0.00 23,75 32 0.00

114,16 23,73 39 0.00 23,16 15 0.00

474,79 42,82 87 0.00 44,16 74 0.00

30 113,94 42,84 54 0.00 42,81 51 0.00

150,42 42,84 45 0.00 42,81 40 0.00

561,93 61,06 37 0.00 59,64 56 0.00

40 99,89 61,07 37 0.00 59,66 40 0.00

216,75 61,49 45 0.00 61,27 43 0.00

714,48 89,81 62 0.00 88,67 20 0.00

50 128,62 89,82 86 0.00 88,79 66 0.00

283,51 89,74 116 0.00 88,49 68 0.00

905,31 112,15 74 0.00 109,42 97 0.02

60 245,05 111,76 58 0.00 109,07 55 0.04

332,84 112,11 57 0.00 109,42 96 0.02

1155,38 137,27 70 0.00 133,34 58 0.01

70 241,41 137,26 79 0.00 133,76 69 0.01

336,04 137,38 79 0.00 133,41 84 0.01

1334,67 149,83 43 0.00 148,62 73 0.02

80 319,59 149,99 100 0.01 148,55 80 0.02

372,81 149,85 133 0.03 148,51 99 0.03

1378,19 221,87 206 0.05 215,96 301 0.13

90 410,57 221,83 64 0.02 213,35 61 0.03

429,39 222,01 182 0.03 214,14 111 0.05
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x3) – ‚ 14 ‡Á ÏÂ‰ÎÂÌÌÂÂ ëåãè. Ç ÚÓ ÊÂ ‚ÂÏfl ÂÒÚ¸ ÔËÏÂ˚, ÍÓ„‰‡ ååê Ë ‡·ÓÚ‡Î ·˚ÒÚÂÂ, Ë
Ì‡¯ÂÎ ÎÛ˜¯Û˛ ÚÓ˜ÍÛ (ÒÏ. n = 700, 800 (‰Îfl x2), n = 900 (‰Îfl x1)).

àÚ‡Í, ëåãè ‡·ÓÚ‡ÂÚ, „Û·Ó „Ó‚Ófl, ·˚ÒÚÂÂ, ÌÓ ååê Ì‡ıÓ‰ËÚ ÎÛ˜¯Û˛ ÍËÚË˜ÂÒÍÛ˛ ÚÓ˜ÍÛ,
ÔÓ˝ÚÓÏÛ ÏÓÊÌÓ ÔÂ‰ÎÓÊËÚ¸ ËÒÔÓÎ¸ÁÓ‚‡Ú¸ ÔË Â¯ÂÌËË Á‡‰‡˜ Ò Í‚‡‰‡ÚË˜ÌÓÈ ˆÂÎÂ‚ÓÈ ÙÛÌÍˆËÂÈ

í‡·ÎËˆ‡ 2

n f0
ëåãè ååê

f∗ PL Time f∗ PL Time

1714,94 240,39 57 0.00 236,75 40 0.03

100 339,35 233,69 102 0.02 232,01 110 0.06

517,78 233,67 104 0.02 231,17 58 0.03

2997,07 680,09 253 0.22 654,93 377 0.73

200 1059,33 679,97 416 0.36 654,93 390 0.77

1255,27 680,02 864 0.73 654,93 634 1.14

4414,71 1259,24 618 1.83 1199,15 278 1.78

300 1980,58 1259,41 460 1.36 1199,21 231 1.53

1888,77 1256,31 192 0.58 1199,14 1468 8.34

5549,62 1962,91 90 0.47 1850,72 336 4.64

400 2925,71 1963,65 432 2.25 1850,72 688 8.52

3216,72 1963,98 462 2.42 1850,72 519 6.66

6762,64 2853,51 551 4.49 2576,89 238 6.03

500 3920,82 2857,28 1228 10.05 2576,72 1192 22.36

4067,11 2856,78 2154 17.63 2576,72 1223 22.94

8153,71 3886,08 495 5.81 3495,74 171 7.64

600 5333,28 3902,14 357 4.17 3491,73 1784 47.16

5786,36 3828,41 739 8.67 3516,54 543 16.77

9448,22 4904,27 371 5.91 4346,63 311 15.80

700 6605,56 4901,76 2130 33.83 4346,48 823 32.80

6687,46 4929,57 364 5.80 4346,46 655 28.13

10758,15 6130,58 300 6.22 5349,19 663 36.94

800 8489,67 6069,38 1839 38.13 5344,53 456 27.92

8246,92 6068,98 888 18.41 5346,07 1473 72.52

11895,77 7397,63 2854 74.92 6340,01 606 44.92

900 9967,62 7481,64 974 25.53 6341,24 2047 124.17

10110,39 7372,61 1048 27.49 6341,14 2206 134.42

13154,19 8889,71 780 25.22 7503,44 665 61.08

1000 11439,69 8989,36 1804 58.33 7503,85 1733 133.38

11638,25 8970,38 1512 49.02 7503,88 2190 167.42

14455,83 10272,76 462 18.19 8521,44 415 55.25

1100 12837,48 10409,45 1556 61.02 8521,68 769 84.36

13048,76 10458,61 792 31.02 8538,52 715 79.86

15877,89 11860,39 909 42.34 9804,54 1141 139.14

1200 14448,15 11791,89 1234 57.45 9804,66 972 124.67

14616,48 12314,38 823 38.28 9804,73 1298 154.49
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í‡·ÎËˆ‡ 3

Name n f0
ëåãè ååê

f∗ PL Time f∗ PL Time

0 67,087 31 0.03 67,051 43 0.03
c-fat200-1 200 2,546 66,259 36 0.03 66,510 29 0.02

3,472 66,259 62 0.06 68,249 29 0.02

0 2,435 3 0.00 2,435 3 0.00
c-fat200-2 200 2,426 66,372 40 0.05 66,372 20 0.02

1,755 66,372 38 0.04 66,372 21 0.02

0 1,523 2 0.00 1,523 2 0.00
c-fat200-5 200 1,228 11,848 319 0.28 50,173 36 0.03

1,083 11,694 502 0.45 48,737 40 0.05

0 12,947 196 0.17 37,405 74 0.08
san200_0.7_1 200 1,048 15,232 276 0.27 36,100 55 0.05

1,086 13,492 298 0.28 36,411 61 0.06

0 18,732 351 0.31 1,210 5 0.00
san200_0.7_2 200 1,051 20,245 168 0.16 29,565 49 0.05

1,082 19,253 256 0.25 33,641 56 0.05

0 8,171 430 0.39 31,429 93 0.09
san200_0.9_1 200 1,041 7,275 325 0.30 28,705 77 0.08

0,771 6,729 343 0.31 26,902 81 0.08

0 7,733 317 0.30 28,458 95 0.09
san200_0.9_2 200 1,027 8,561 437 0.39 25,986 80 0.08

0,775 8,719 321 0.30 29,291 75 0.06

0 73,085 78 0.23 116,932 21 0.06
p_hat300-1 300 1,606 73,229 85 0.27 117,437 23 0.08

1,763 72,464 87 0.27 117,183 31 0.09

0 64,281 132 0.39 112,262 40 0.13
p_hat300-2 300 1,198 65,524 100 0.30 111,750 32 0.09

1,213 63,583 120 0.36 111,775 28 0.08

0 21,849 256 0.76 57,796 46 0.14
p_hat300-3 300 0,992 19,485 295 0.88 58,151 44 0.14

1,158 21,359 200 0.59 58,447 42 0.14

0 58,157 65 0.36 96,940 66 0.34
san400_0.5_1 400 1,345 57,611 52 0.28 106,408 51 0.27

1,201 57,291 113 0.59 112,228 97 0.52

0 18,393 443 2.33 62,860 109 0.58
san400_0.7_1 400 1,13 18,634 325 1.70 57,170 80 0.42

1,177 17,993 372 1.95 60,826 88 0.47

0 8,578 907 4.76 45,897 150 0.78
san400_0.9_1 400 0,931 9,133 684 3.59 45,117 113 0.59

0,929 7,885 601 3.16 44,459 121 0.64

0 28,703 232 1.20 80,849 65 0.34
sanr400_0.5 400 1,326 26,524 482 2.53 80,099 56 0.30

1,191 27,882 288 1.52 82,197 61 0.33

0 20,326 366 1.92 60,361 96 0.50
sanr400_0.7 400 1,084 19,494 329 1.73 59,979 73 0.38

1,1667 16,342 391 2.05 58,196 77 0.41
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í‡·ÎËˆ‡ 4

Name n f0
ëåãè ååê

f∗ PL Time f∗ PL Time

0 1,631 1 0.00 1,631 1 0.00

c-fat500-10 500 1,541 184,248 63 0.53 184,248 23 0.19

1,469 184,248 65 0.53 184,248 25 0.22

0 172,463 119 0.98 176,058 41 0.34

c-fat500-2 500 3,233 189,088 44 0.38 189,088 21 0.17

2,764 189,088 44 0.36 189,088 24 0.20

0 2,304 2 0.02 2,304 2 0.02

c-fat500-5 500 1,925 185,473 52 0.44 185,473 22 0.19

1,939 185,473 55 0.47 185,473 25 0.20

0 115,631 112 0.91 184,601 35 0.30

p_hat500-1 500 1,808 113,164 100 0.81 184,159 28 0.24

1,667 113,749 118 0.97 183,352 30 0.25

0 104,777 104 0.86 179,628 29 0.23

p_hat500-2 500 1,198 105,821 132 1.08 179,628 28 0.23

1,272 106,517 179 1.47 179,795 28 0.23

0 23,289 355 2.91 85,419 55 0.45

p_hat500-3 500 0,998 20,431 396 3.23 85,435 49 0.41

1,001 22,374 419 3.44 84,543 49 0.41

0 158,368 143 2.30 259,655 30 0.48

p_hat700-1 700 1,874 157,008 165 2.64 259,666 30 0.48

1,758 158,355 128 2.05 259,933 31 0.50

0 151,693 119 1.91 252,518 34 0.55

p_hat700-2 700 1,475 152,269 122 1.94 253,038 30 0.48

1,363 152,914 149 2.38 252,101 37 0.58

0 26,554 624 9.92 118,456 61 0.98

p_hat700-3 700 1,079 25,124 410 6.52 118,924 49 0.78

1,151 27,238 583 9.30 117,649 52 0.84

0 23,865 962 19.94 74,711 180 3.74

brock800_1 800 1,221 23,333 1182 24.55 73,594 135 2.81

1,144 21,489 1051 21.84 73,178  164 3.41

0 24,087 1196 24.84 77,866 175 3.64

brock800_2 800 1,855 21,559 971 20.13 74,208 143 2.97

1,131 20,707 1201 24.95 76,679 145 3.02

0 25,621 1204 24.98 76,171 165 3.42

brock800_3 800 1,191 20,466 976 20.23 74,514 141 2.94

1,312 23,899 1007 20.91 73,771 144 3.00

0 22,096 1073 22.28 74,113 164 3.41

brock800_4 800 1,229 19,337 1036 21.52 72,489 136 2.84

. 1,151 23,573 1037 21.52 75,489 148 3.09
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Ë Í‚‡‰‡ÚË˜Ì˚Ï d.c.-Ó„‡ÌË˜ÂÌËÂÏ ‚ Í‡˜ÂÒÚ‚Â ÏÂÚÓ‰‡ ÎÓÍ‡Î¸ÌÓ„Ó ÔÓËÒÍ‡ ÌÂÍÛ˛ ÍÓÏ·ËÌ‡ˆË˛
˝ÚËı ‰‚Ûı ÏÂÚÓ‰Ó‚.

èÂÂıÓ‰fl Í ÓÔËÒ‡ÌË˛ ‚ÚÓÓÈ ˜‡ÒÚË ‚˚˜ËÒÎËÚÂÎ¸ÌÓ„Ó ˝ÍÒÔÂËÏÂÌÚ‡, Á‡ÏÂÚËÏ, ˜ÚÓ ˜‡ÒÚÌ˚Ï
ÒÎÛ˜‡ÂÏ Á‡‰‡˜Ë (Qβ), ‡ÒÒÓˆËËÓ‚‡ÌÌÓÈ Ò Á‡‰‡˜ÂÈ (P), fl‚ÎflÂÚÒfl Ï‡ÍÒËÏËÁ‡ˆËfl ÁÌ‡ÍÓÌÂÓÔÂ‰ÂÎÂÌ-
ÌÓÈ Í‚‡‰‡ÚË˜ÌÓÈ ÙÓÏ˚ Ì‡ Í‡ÌÓÌË˜ÂÒÍÓÏ ÒËÏÔÎÂÍÒÂ (ÒÏ. [6, „Î. 7]). ùÚ‡ ˝ÍÒÚÂÏ‡Î¸Ì‡fl Á‡‰‡˜‡
ÓÔËÒ˚‚‡ÂÚ ËÁ‚ÂÒÚÌÛ˛ ‰ËÒÍÂÚÌÛ˛ Á‡‰‡˜Û Ì‡ıÓÊ‰ÂÌËfl Ï‡ÍÒËÏ‡Î¸ÌÓÈ ÍÎËÍË ‚ ÌÂÓËÂÌÚËÓ‚‡Ì-
ÌÓÏ „‡ÙÂ ‚ ÌÂÔÂ˚‚ÌÓÈ ÔÓÒÚ‡ÌÓ‚ÍÂ åÓˆÍËÌ‡–òÚ‡ÛÒ‡ (ÒÏ. [15]). èËÌËÏ‡fl ‚Ó ‚ÌËÏ‡ÌËÂ ˝ÚÓÚ
Ù‡ÍÚ, ÁÌ‡ÍÓÌÂÓÔÂ‰ÂÎÂÌÌ˚Â Ï‡ÚËˆ˚ Ä ‚ÚÓÓÈ ÒÂËË ÚÂÒÚÓ‚˚ı Á‡‰‡˜

(P2)

·‡ÎË ËÁ ·Ë·ÎËÓÚÂÍË DIMACS (Discrete Mathematics and Computer Science). éÌË ‡ÒÔÓÎÓÊÂÌ˚ ‚
àÌÚÂÌÂÚÂ Ì‡ Ò‡ÈÚÂ ftp://dimacs.rutgers.edu/pub/challenge/graph/benchmarks. á‰ÂÒ¸ A – Ï‡ÚËˆ‡
ÒÏÂÊÌÓÒÚË „‡Ù‡ (n × n), e = (1, …, 1) ∈ �

n, ̃ ËÒÎÓ γ∗  Ò‚flÁ‡ÌÓ Ò ‡ÁÏÂÌÓÒÚ¸˛ Ï‡ÍÒËÏ‡Î¸ÌÓÈ ÍÎËÍË
K∗ , Ì‡È‰ÂÌÌÓÈ ‚ „‡ÙÂ: γ∗  = 1 – 1/K∗ .

Å˚ÎÓ Â¯ÂÌÓ 45 Á‡‰‡˜ ‡ÁÏÂÌÓÒÚË ÓÚ 200 ‰Ó 800. Ç Ú‡·Î. 3 Ë 4 ÔË‚Â‰ÂÌ˚ ÌÂÍÓÚÓ˚Â Ì‡Ë·Ó-
ÎÂÂ ËÌÚÂÂÒÌ˚Â ÂÁÛÎ¸Ú‡Ú˚ ̃ ËÒÎÂÌÌÓ„Ó ÚÂÒÚËÓ‚‡ÌËfl ÏÂÚÓ‰Ó‚ ÎÓÍ‡Î¸ÌÓ„Ó ÔÓËÒÍ‡ Ì‡ ̋ ÚÓÈ ÚÂÒÚÓ-
‚ÓÈ ÒÂËË. ä Ó·ÓÁÌ‡˜ÂÌËflÏ, ‚‚Â‰ÂÌÌ˚Ï ‚ Ú‡·Î. 1 Ë 2, ‰Ó·‡‚ÎÂÌÓ name – Ì‡Á‚‡ÌËÂ ÚÂÒÚÓ‚Ó„Ó ÔË-
ÏÂ‡.

ÄÌ‡ÎÓ„Ë˜ÌÓ ÔÂ‰˚‰Û˘ÂÈ ÒÂËË ÚÂÒÚÓ‚˚ı Á‡‰‡˜, ‚˚·Ë‡ÎËÒ¸ ÚË ‡ÁÎË˜Ì˚Â ÒÚ‡ÚÓ‚˚Â ÚÓ˜ÍË
(x1, x2, x3) Ë ‚ Í‡˜ÂÒÚ‚Â ÍËÚÂËfl ÓÒÚ‡ÌÓ‚‡ ËÒÔÓÎ¸ÁÓ‚‡ÎÓÒ¸ ÌÂ‡‚ÂÌÒÚ‚Ó F(ys) ≤ ρ, „‰Â ρ = 10–4.

êÂÁÛÎ¸Ú‡Ú˚ ˜ËÒÎÂÌÌÓ„Ó ÚÂÒÚËÓ‚‡ÌËfl, ÔË‚Â‰ÂÌÌ˚Â ‚ Ú‡·Î. 3 Ë 4, ÔÓÍ‡Á˚‚‡˛Ú, ˜ÚÓ ÂÒÚ¸ Á‡‰‡-
˜Ë, ‚ ÍÓÚÓ˚ı Ó·‡ ÏÂÚÓ‰‡ ÎÓÍ‡Î¸ÌÓ„Ó ÔÓËÒÍ‡ Ò‡·ÓÚ‡ÎË ÔËÏÂÌÓ Ó‰ËÌ‡ÍÓ‚Ó Ë ÔÓ ‚ÂÏÂÌË, Ë ÔÓ
Í‡˜ÂÒÚ‚Û Â¯ÂÌËfl (ÒÏ. c-fat200-1, c-fat200-2). Ç Á‡‰‡˜‡ı c-fat ‡ÁÏÂÌÓÒÚË n = 500 ÁÌ‡˜ÂÌËfl f∗  ˆÂ-
ÎÂ‚ÓÈ ÙÛÌÍˆËË ‚ ÔÓÎÛ˜ÂÌÌ˚ı ‡Î„ÓËÚÏ‡ÏË ÍËÚË˜ÂÒÍËı ÚÓ˜Í‡ı ÓÍ‡Á‡ÎËÒ¸ ‡‚Ì˚ÏË (Á‡ ËÒÍÎ˛-
˜ÂÌËÂÏ Á‡‰‡˜Ë c-fat500-2 ‰Îfl x1), Ó‰Ì‡ÍÓ ååê Ì‡¯ÂÎ Ëı ·˚ÒÚÂÂ.

Ç ˆÂÎÓÏ ÔÂËÏÛ˘ÂÒÚ‚Ó Ë ÔÓ Í‡˜ÂÒÚ‚Û Â¯ÂÌËfl, Ë ÔÓ ‚ÂÏÂÌË Ò˜ÂÚ‡ ‚ ˝ÚÓÈ ÒÂËË ÚÂÒÚÓ‚ ÒÓı‡-
ÌflÂÚÒfl Á‡ ååê. ç‡ÔËÏÂ, ‰Îfl Á‡‰‡˜ san_200_0.9_1 Ë san_400_0.9_1 Â¯ÂÌËÂ, ÔÓÎÛ˜ÂÌÌÓÂ ååê,
‚ 4–6 ‡Á “ÎÛ˜¯Â”, ˜ÂÏ ÔÓÎÛ˜ÂÌÌÓÂ ëåãè, ‡ ‰Îfl Á‡‰‡˜ brock ‡ÁÏÂÌÓÒÚË n = 800 ååê ‡·ÓÚ‡Î
‚ 7–8 ‡Á ·˚ÒÚÂÂ ëåãè (Ï‡ÍÒËÏ‡Î¸ÌÓÂ ‚ÂÏfl ÌÂ ÔÂ‚˚ÒËÎÓ 3 Ò). é‰Ì‡ÍÓ ‚ Ó‰ÌÓÈ Á‡‰‡˜Â
(san_200_0.7_2 ‰Îfl x1) ëåãè Ì‡¯ÂÎ ÎÛ˜¯Û˛ ÔÓ ÁÌ‡˜ÂÌË˛ ˆÂÎÂ‚ÓÈ ÙÛÌÍˆËË ÚÓ˜ÍÛ ( f∗  = 18,732, ‚
ÚÓ ‚ÂÏfl Í‡Í ååê – ÚÓ˜ÍÛ f∗  = 1.21), ÌÓ ‰Îfl ˝ÚÓ„Ó ÔÓÚÂ·Ó‚‡ÎÓÒ¸ Â¯ËÚ¸ 351 ÎËÌÂ‡ËÁÓ‚‡ÌÌÛ˛
Á‡‰‡˜Û (LQ(u, β)). àÚ‡Í, ÚÂÒÚËÓ‚‡ÌËÂÏ ‚˚fl‚ÎÂÌÓ ÌÂÍÓÚÓÓÂ ÔÂËÏÛ˘ÂÒÚ‚Ó ååê Ì‡‰ ëåãè ÔË
Â¯ÂÌËË Á‡‰‡˜ Ò ÎËÌÂÈÌÓÈ ˆÂÎÂ‚ÓÈ ÙÛÌÍˆËÂÈ Ë Í‚‡‰‡ÚË˜Ì˚Ï d.c.-Ó„‡ÌË˜ÂÌËÂÏ, ˜ÚÓ ÛÊÂ Ì‡-
·Î˛‰‡ÎÓÒ¸ ÔË ÚÂÒÚËÓ‚‡ÌËË ÏÂÚÓ‰Ó‚ ÎÓÍ‡Î¸ÌÓ„Ó ÔÓËÒÍ‡, ‡Á‡·ÓÚ‡ÌÌ˚ı ‰Îfl Ó·‡ÚÌÓ-‚˚ÔÛÍ-
ÎÓÈ Á‡‰‡˜Ë [6], [10], [11] – ˜‡ÒÚÌÓ„Ó ÒÎÛ˜‡fl Á‡‰‡˜Ë Ò d.c.-Ó„‡ÌË˜ÂÌËÂÏ.

Ç Á‡ÍÎ˛˜ÂÌËÂ ÓÚÏÂÚËÏ, ˜ÚÓ, ÌÂÒÏÓÚfl Ì‡ ÚÛ‰ÌÓÒÚ¸ Á‡‰‡˜ Ò d.c.-Ó„‡ÌË˜ÂÌËflÏË, Û‰‡ÎÓÒ¸
‡Á‡·ÓÚ‡Ú¸ ‰‚‡ ‚‡Ë‡ÌÚ‡ ÏÂÚÓ‰Ó‚ ÎÓÍ‡Î¸ÌÓ„Ó ÔÓËÒÍ‡, Ó‰ËÌ ËÁ ÍÓÚÓ˚ı (ëåãè) Ò‚flÁ‡Ì Ò ÛÒÎÓ-
‚ËflÏË „ÎÓ·‡Î¸ÌÓÈ ÓÔÚËÏ‡Î¸ÌÓÒÚË [6], [10], ‡ ‚ÚÓÓÈ (ååê) fl‚ÎflÂÚÒfl ‡Á‚ËÚËÂÏ Ë‰ÂË êÓÁÂÌ‡
(ÒÏ. [13]). èÓ‚Â‰ÂÌÓ Ò‡‚ÌËÚÂÎ¸ÌÓÂ ÚÂÒÚËÓ‚‡ÌËÂ ÔÂ‰ÎÓÊÂÌÌ˚ı ÏÂÚÓ‰Ó‚ Ì‡ Á‡‰‡˜‡ı Ò d.c.-Ó„‡-
ÌË˜ÂÌËÂÏ, ˆÂÎÂ‚‡fl ÙÛÌÍˆËfl ‚ ÍÓÚÓ˚ı Á‡‰‡‚‡Î‡Ò¸ Í‡Í Í‚‡‰‡ÚË˜ÌÓÈ ÙÓÏÓÈ, Ú‡Í Ë ÎËÌÂÈÌÓÈ.

àÌÚÂÂÒÌ˚Ï, Ì‡ Ì‡¯ ‚Á„Îfl‰, ÓÍ‡Á‡ÎÒfl ÚÓÚ Ù‡ÍÚ, ̃ ÚÓ ̋ ÚË ÏÂÚÓ‰˚ ‚Â‰ÛÚ ÒÂ·fl ‚ ÚÂÒÚÓ‚˚ı Á‡‰‡˜‡ı
ÔÓ-‡ÁÌÓÏÛ: ëåãè “ÎÛ˜¯Â ÔÓÍ‡Á‡Î ÒÂ·fl” Ì‡ Á‡‰‡˜‡ı (P1) Ò Í‚‡‰‡ÚË˜ÌÓÈ ˆÂÎÂ‚ÓÈ ÙÛÌÍˆËÂÈ, ‡
ååê – Ì‡ Á‡‰‡˜‡ı (P2), ˆÂÎÂ‚‡fl ÙÛÌÍˆËfl ÍÓÚÓ˚ı ÎËÌÂÈÌ‡. èÓ˝ÚÓÏÛ ‚ ‰‡Î¸ÌÂÈ¯ÂÏ ÔË ÔÓÒÚÓÂ-
ÌËË ‡Î„ÓËÚÏ‡ „ÎÓ·‡Î¸ÌÓ„Ó ÔÓËÒÍ‡ ÔÂ‰ÔÓÎ‡„‡ÂÚÒfl ËÒÔÓÎ¸ÁÓ‚‡Ú¸ ÍÓÏ·ËÌ‡ˆË˛ ÔÂ‰ÒÚ‡‚ÎÂÌÌ˚ı
Á‰ÂÒ¸ ÎÓÍ‡Î¸Ì˚ı ÏÂÚÓ‰Ó‚.
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ÑÎfl Û‡‚ÌÂÌËfl å‡Ú¸Â ‡ÒÒÏ‡ÚË‚‡˛ÚÒfl ÒÎÂ‰Û˛˘ËÂ ‚ÓÔÓÒ˚: Ì‡ıÓÊ‰ÂÌËÂ ÒÓ·ÒÚ‚ÂÌÌ˚ı ÁÌ‡˜Â-
ÌËÈ Ò ÌÛÊÌ˚Ï ÌÓÏÂÓÏ (Ò ËÒÔÓÎ¸ÁÓ‚‡ÌËÂÏ ÓÒˆËÎÎflˆËÓÌÌ˚ı ÚÂÓÂÏ ‰Îfl ‚ÓÁÌËÍ‡˛˘Ëı ‡Á-
ÌÓÒÚÌ˚ı Û‡‚ÌÂÌËÈ); ÛÒÚÓÈ˜Ë‚ÓÒÚ¸ Â¯ÂÌËÈ ‡ÁÌÓÒÚÌ˚ı Û‡‚ÌÂÌËÈ; ÍÓÂÍÚÌÓÂ ÓÔÂ‰ÂÎÂÌËÂ
Ë ‚˚˜ËÒÎÂÌËÂ ÒÓ·ÒÚ‚ÂÌÌ˚ı ÁÌ‡˜ÂÌËÈ Ë ÙÛÌÍˆËÈ å‡Ú¸Â Ò ÌÂˆÂÎ˚Ï ÌÓÏÂÓÏ; ÍÓÂÍÚÌÓÂ ÓÔÂ-
‰ÂÎÂÌËÂ Ë ‚˚˜ËÒÎÂÌËÂ ı‡‡ÍÚÂËÒÚË˜ÂÒÍÓ„Ó ÔÓÍ‡Á‡ÚÂÎfl å‡Ú¸Â; ‚˚˜ËÒÎÂÌËÂ ÁÌ‡˜ÂÌËÈ Â¯Â-
ÌËÈ Û‡‚ÌÂÌËfl å‡Ú¸Â ‰Îfl ·ÓÎ¸¯Ëı ÁÌ‡˜ÂÌËÈ ‡„ÛÏÂÌÚ‡. ÑÎfl ˜ËÒÎÂÌÌÓ„Ó Â¯ÂÌËfl ÛÍ‡Á‡ÌÌ˚ı
ÔÓ·ÎÂÏ ÔÂ‰ÎÓÊÂÌ˚ ‚˚˜ËÒÎËÚÂÎ¸Ì˚Â ‡Î„ÓËÚÏ˚. ÅË·Î. 14. îË„. 5. í‡·Î. 1.

äÎ˛˜Â‚˚Â ÒÎÓ‚‡: ÙÛÌÍˆËË å‡Ú¸Â, ÓÒˆËÎÎflˆËÓÌÌ˚Â ÚÂÓÂÏ˚, ÂÍÛÂÌÚÌ˚Â ÙÓÏÛÎ˚, ˜ËÒ-
ÎÂÌÌ‡fl ÛÒÚÓÈ˜Ë‚ÓÒÚ¸. 

1. ÇÇÖÑÖçàÖ 

ì‡‚ÌÂÌËÂ å‡Ú¸Â 

(1.1)

„‰Â –∞ < t < ∞, p, q – ‚Â˘ÂÒÚ‚ÂÌÌ˚Â ˜ËÒÎ‡, Ë„‡ÂÚ ‚‡ÊÌÛ˛ ÓÎ¸ ‚Ó ÏÌÓ„Ëı ‡Á‰ÂÎ‡ı Ï‡ÚÂÏ‡ÚË˜Â-
ÒÍÓÈ ÙËÁËÍË Ë ‚ ÚÂ˜ÂÌËÂ ‰ÓÎ„Ó„Ó ‚ÂÏÂÌË fl‚ÎflÂÚÒfl Ó·˙ÂÍÚÓÏ ÒËÒÚÂÏ‡ÚË˜ÂÒÍÓ„Ó ËÒÒÎÂ‰Ó‚‡ÌËfl.
éÒÌÓ‚Ì˚Â Ù‡ÍÚ˚, Í‡Ò‡˛˘ËÂÒfl Û‡‚ÌÂÌËfl (1.1), ÔÂ‰ÒÚ‡‚ÎÂÌ˚ ‚ ÍÎ‡ÒÒË˜ÂÒÍËı ÛÍÓ‚Ó‰ÒÚ‚‡ı [1],
[2]. ëÓ‚ÂÏÂÌÌ˚Â ‡·ÓÚ˚ ÒÓÒÂ‰ÓÚÓ˜Ë‚‡˛ÚÒfl Ì‡ ÍÓÌÍÂÚÌ˚ı ‚ÓÔÓÒ‡ı: ÔÓÎÛ˜ÂÌËÂ ‡ÒËÏÔÚÓÚË˜Â-
ÒÍËı ÔÂ‰ÒÚ‡‚ÎÂÌËÈ ‰Îfl ÒÓ·ÒÚ‚ÂÌÌ˚ı ÁÌ‡˜ÂÌËÈ (ëá) ÔË Ï‡Î˚ı Ë ·ÓÎ¸¯Ëı ÁÌ‡˜ÂÌËflı q (ÒÏ. [3],
[4]), ‡ÔÔÓÍÒËÏ‡ˆËfl, ÌÓÏËÓ‚Í‡ Ë ‡‚ÚÓÏÓ‰ÂÎ¸ÌÓÂ ÔÓ‚Â‰ÂÌËÂ ‰Îfl ëá (ÒÏ. [5]), ‡ Ú‡ÍÊÂ Ì‡ ‡ÁÎË˜-
Ì˚ı ‚˚˜ËÒÎËÚÂÎ¸Ì˚ı ‡ÒÔÂÍÚ‡ı (ÒÏ. [6]–[8]), ‚ÍÎ˛˜‡fl ‚˚˜ËÒÎÂÌËÂ ëá ‚ ÒÎÛ˜‡Â ÌÂ‚Â˘ÂÒÚ‚ÂÌÌÓ„Ó
q (ÒÏ. [9]). Ç ‰‡ÌÌÓÈ ‡·ÓÚÂ ‡ÒÒÏ‡ÚË‚‡ÂÚÒfl fl‰ ‚ÓÔÓÒÓ‚ Í‡Í ‡Ì‡ÎËÚË˜ÂÒÍÓ„Ó, Ú‡Í Ë ‚˚˜ËÒÎË-
ÚÂÎ¸ÌÓ„Ó ı‡‡ÍÚÂ‡, ‰Ó Ì‡ÒÚÓfl˘Â„Ó ‚ÂÏÂÌË ÓÒÚ‡‚‡‚¯ËıÒfl ÌÂ ÔÓÎÌÓÒÚ¸˛ ËÒÒÎÂ‰Ó‚‡ÌÌ˚ÏË. 

ëÓ‰ÂÊ‡ÌËÂ ÒÚ‡Ú¸Ë ÒÎÂ‰Û˛˘ÂÂ. Ç ‡Á‰. 2 ‰‡ÂÚÒfl ÍÓÂÍÚÌÓÂ ÓÔÂ‰ÂÎÂÌËÂ ëá Ë ÙÛÌÍˆËÈ å‡-
Ú¸Â Ò ÔÓËÁ‚ÓÎ¸Ì˚Ï (ÌÂÓÚËˆ‡ÚÂÎ¸Ì˚Ï) ‚Â˘ÂÒÚ‚ÂÌÌ˚Ï ÌÓÏÂÓÏ. èÂ‰ÎÓÊÂÌ ÏÂÚÓ‰ ‚˚˜ËÒÎÂÌËfl
ëá Ë ÒÓ·ÒÚ‚ÂÌÌ˚ı ÙÛÌÍˆËÈ (ëî) Ò Á‡‰‡ÌÌ˚Ï ÌÓÏÂÓÏ. éÚ˚ÒÍ‡ÌËÂ ıÓÓ¯Â„Ó ÔË·ÎËÊÂÌËfl Í ëá
‰Îfl ÔÓÒÎÂ‰Û˛˘Â„Ó ÔËÏÂÌÂÌËfl ÏÂÚÓ‰Ó‚ ÚËÔ‡ ç¸˛ÚÓÌ‡ fl‚ÎflÂÚÒfl ÚÛ‰ÌÓÈ Ò‡ÏÓÒÚÓflÚÂÎ¸ÌÓÈ Á‡‰‡-
˜ÂÈ (˝ÚÓ ÓÚÏÂ˜ÂÌÓ, ‚ ̃ ‡ÒÚÌÓÒÚË, ‚ [5]). èÂ‰ÎÓÊÂÌÌ˚È ‚ Ì‡ÒÚÓfl˘ÂÈ ÒÚ‡Ú¸Â ÏÂÚÓ‰ ÌÂ ÚÂ·ÛÂÚ ÔÂ‰-
‚‡ËÚÂÎ¸ÌÓ„Ó ÔÓËÒÍ‡ ÔË·ÎËÊÂÌÌÓ„Ó ÁÌ‡˜ÂÌËfl. åÂÚÓ‰ ÓÒÌÓ‚‡Ì Ì‡ Ó‰ÌÓÈ ÓÒˆËÎÎflˆËÓÌÌÓÈ ÚÂÓÂ-
ÏÂ ‰Îfl ‚ÓÁÌËÍ‡˛˘Ëı ‡ÁÌÓÒÚÌ˚ı Û‡‚ÌÂÌËÈ, ÍÓÚÓ‡fl, Í‡Í Ë ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘‡fl ‚ÓÁÏÓÊÌÓÒÚ¸
ÌÂÔÓÒÂ‰ÒÚ‚ÂÌÌÓ„Ó Ì‡ıÓÊ‰ÂÌËfl ëá Ë ëî, fl‚ÎflÂÚÒfl ÌÓ‚ÓÈ ÛÊÂ ‰Îfl ÒÎÛ˜‡fl ÍÎ‡ÒÒË˜ÂÒÍÓÈ ÔÂËÓ-
‰Ë˜ÂÒÍÓÈ Á‡‰‡˜Ë å‡Ú¸Â. Ç ‡Á‰. 3 ËÒÒÎÂ‰ÛÂÚÒfl ‡Ì‡ÎËÚË˜ÂÒÍ‡fl Á‡‚ËÒËÏÓÒÚ¸ ı‡‡ÍÚÂËÒÚË˜ÂÒÍÓ„Ó
ÔÓÍ‡Á‡ÚÂÎfl Á‡‰‡˜Ë (1.1) ÓÚ Ô‡‡ÏÂÚ‡ p, ‚ ÂÁÛÎ¸Ú‡ÚÂ ˜Â„Ó ÔÓÎÛ˜‡ÂÚÒfl ‰Û„‡fl (˝Í‚Ë‚‡ÎÂÌÚÌ‡fl
ÔÂ‰˚‰Û˘ÂÏÛ ÓÔÂ‰ÂÎÂÌË˛) ı‡‡ÍÚÂËÁ‡ˆËfl ëá Ò ÔÓËÁ‚ÓÎ¸Ì˚Ï ‚Â˘ÂÒÚ‚ÂÌÌ˚Ï ÌÓÏÂÓÏ, ‡ Ú‡Í-
ÊÂ ÏÂÚÓ‰ Â„Ó ‚˚˜ËÒÎÂÌËfl. Ñ‡ÎÂÂ, ÔÓ‚Â‰ÂÌÌ˚È ‡Ì‡ÎËÁ ÔË‚Ó‰ËÚ Í ÍÓÂÍÚÌÓÏÛ ÓÔÂ‰ÂÎÂÌË˛ ı‡-
‡ÍÚÂËÒÚË˜ÂÒÍÓ„Ó ÔÓÍ‡Á‡ÚÂÎfl å‡Ú¸Â, ÓÒÌÓ‚‡ÌÌÓÏÛ Ì‡ ÍÓÌÒÚÛÍˆËË ‡Ì‡ÎËÚË˜ÂÒÍÓ„Ó ÔÓ‰ÓÎÊÂ-
ÌËfl. èË ˝ÚÓÏ ÛÒÚ‡ÌflÂÚÒfl (flÍÓ·˚ ËÏÂ˛˘‡flÒfl) Â„Ó ÌÂÓ‰ÌÓÁÌ‡˜ÌÓÒÚ¸ Ò ÚÓ˜ÌÓÒÚ¸˛ ‰Ó ÒÎ‡„‡ÂÏÓ„Ó
‚Ë‰‡ 2k, „‰Â k – ÔÓËÁ‚ÓÎ¸ÌÓÂ ˆÂÎÓÂ. Ç ˝ÚÓÏ ‚ÓÔÓÒÂ ‚ ÎËÚÂ‡ÚÛÂ ‡ÒÔÓÒÚ‡ÌÂÌ˚ Ó¯Ë·Ó˜Ì˚Â
ÔÂ‰ÒÚ‡‚ÎÂÌËfl, ÍÓÚÓ˚Â Ú‡ÍÊÂ ‚ÓÒÔÓËÁ‚Ó‰flÚÒfl ‚ ÌÂÍÓÚÓ˚ı ËÁ‚ÂÒÚÌ˚ı ÒÓ‚ÂÏÂÌÌ˚ı Ï‡ÚÂÏ‡ÚË-
˜ÂÒÍËı Ô‡ÍÂÚ‡ı. Ç ‡Á‰. 4 ÔÂ‰ÎÓÊÂÌ ÏÂÚÓ‰ ÛÒÚÓÈ˜Ë‚Ó„Ó ‚˚˜ËÒÎÂÌËfl ÁÌ‡˜ÂÌËÈ Â¯ÂÌËfl Û‡‚ÌÂ-
ÌËfl (1.1) ‰Îfl ·ÓÎ¸¯Ëı ÁÌ‡˜ÂÌËÈ ‡„ÛÏÂÌÚ‡ t. Ç ‡Á‰. 5 Í‡ÚÍÓ ÓÔËÒ‡Ì‡ ̃ ËÒÎÂÌÌ‡fl Â‡ÎËÁ‡ˆËfl ÔÂ‰-
ÎÓÊÂÌÌ˚ı ÏÂÚÓ‰Ó‚ Ë ÔË‚Â‰ÂÌ˚ ÔËÏÂ˚ ‡Ò˜ÂÚÓ‚. 

1) ê‡·ÓÚ‡ ‚˚ÔÓÎÌÂÌ‡ ÔË ÙËÌ‡ÌÒÓ‚ÓÈ ÔÓ‰‰ÂÊÍÂ êîîà (ÍÓ‰ ÔÓÂÍÚ‡ 05-01-00257).

y'' p 2q 2tcos–( )y+ 0,=

ìÑä 519.624.2+517.589
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2. ëÓ·ÒÚ‚ÂÌÌ˚Â ÁÌ‡˜ÂÌËfl Ë ÙÛÌÍˆËË å‡Ú¸Â
Ò ÔÓËÁ‚ÓÎ¸Ì˚Ï (ÌÂÓÚËˆ‡ÚÂÎ¸Ì˚Ï) ‚Â˘ÂÒÚ‚ÂÌÌ˚Ï ÌÓÏÂÓÏ 

Ç ÍÎ‡ÒÒË˜ÂÒÍÓÈ ÔÓÒÚ‡ÌÓ‚ÍÂ Á‡‰‡˜Ë Ì‡ ëá ‰Îfl Û‡‚ÌÂÌËfl (1.1), „‰Â p – ÒÔÂÍÚ‡Î¸Ì˚È Ô‡‡ÏÂÚ,
ÒÚ‡‚flÚÒfl ÛÒÎÓ‚Ëfl ÔÂËÓ‰Ë˜ÌÓÒÚË ËÎË ‡ÌÚËÔÂËÓ‰Ë˜ÌÓÒÚË Ì‡ ÔÓÏÂÊÛÚÍÂ [0, π]. ëÓÓÚ‚ÂÚÒÚ‚Û˛-
˘ËÂ ëá Ó·‡ÁÛ˛Ú ‚ÓÁ‡ÒÚ‡˛˘ËÂ ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚË an, n = 0, 1, …, bn, n = 1, 2, …, ÒÓÓÚ‚ÂÚÒÚ‚ÂÌ-
ÌÓ, ‰Îfl ˜ÂÚÌ˚ı Ë ÌÂ˜ÂÚÌ˚ı Â¯ÂÌËÈ Û‡‚ÌÂÌËfl (1.1). èÓÎÛ˜‡˛˘ËÂÒfl ÔË ˝ÚÓÏ ëî – ˜ÂÚÌ˚Â ce2m
(ÔÂËÓ‰‡ π), ce2m + 1 (ÔÂËÓ‰‡ 2π) Ë ÌÂ˜ÂÚÌ˚Â se2m (ÔÂËÓ‰‡ π), se2m + 1 (ÔÂËÓ‰‡ 2π) – ËÏÂ˛Ú ÔÓ m
ÌÛÎÂÈ Ì‡ ËÌÚÂ‚‡ÎÂ (0, π/2). é·Ó·˘ÂÌËÂ ˝ÚËı ÔÓÌflÚËÈ Ì‡ ÌÂˆÂÎ˚Â ‡ˆËÓÌ‡Î¸Ì˚Â ÌÓÏÂ‡ ëá
(ÒÏ. [1]) ‰ÓÒÚË„‡ÂÚÒfl Ò ËÒÔÓÎ¸ÁÓ‚‡ÌËÂÏ Í‡ÚÌ˚ı ÔÂËÓ‰Ó‚, ÔË ˝ÚÓÏ ëá ÓÍ‡Á˚‚‡˛ÚÒfl ‰‚ÛÍ‡ÚÌ˚-
ÏË (aµ = bµ ÔË µ ∈ �\�; ‰‡ÎÂÂ ‰Îfl Ú‡ÍËı ëá ·Û‰ÂÏ ËÒÔÓÎ¸ÁÓ‚‡Ú¸ Ó·ÓÁÌ‡˜ÂÌËÂ pµ). ÑÎfl Ó·Ó·˘ÂÌËfl
Ì‡ ÒÎÛ˜‡È ÔÓËÁ‚ÓÎ¸Ì˚ı (Ë‡ˆËÓÌ‡Î¸Ì˚ı) µ ‰‡ÎÂÂ ÔÂ‰ÎÓÊÂÌ‡ ÍÓÌÒÚÛÍˆËfl, ÒÛ˘ÂÒÚ‚ÂÌÌÓ ÛÚÓ˜-
Ìfl˛˘‡fl ËÁ‚ÂÒÚÌÓÂ ÓÔÂ‰ÂÎÂÌËÂ, ÓÒÌÓ‚‡ÌÌÓÂ Ì‡ ÚÂÓÂÏÂ îÎÓÍÂ (ÒÏ., Ì‡ÔËÏÂ, [10]). 

ùÚÓÚ ‚ÓÔÓÒ ÏÓÊÂÚ ·˚Ú¸ ÔÓÒÚ‡‚ÎÂÌ Ú‡ÍÊÂ ÒÎÂ‰Û˛˘ËÏ Ó·‡ÁÓÏ. èË q = 0, 0 < p = µ2 ÙÛÌÍˆËË
y1(t) = cosµt Ë y2(t) = (sinµt)/µ fl‚Îfl˛ÚÒfl Â¯ÂÌËflÏË Û‡‚ÌÂÌËfl å‡Ú¸Â. ä‡Í ÔÓ‰ÓÎÊËÚ¸ ˝ÚË Â¯Â-
ÌËfl Ì‡ ÁÌ‡˜ÂÌËfl q ≠ 0? éÚÏÂÚËÏ, ˜ÚÓ ÔË ˆÂÎÓÏ ÔÓÎÓÊËÚÂÎ¸ÌÓÏ µ ‚ Í‡˜ÂÒÚ‚Â Ú‡ÍËı ÙÛÌÍˆËÈ ‚ÓÁ-
ÌËÍ‡˛Ú ÙÛÌÍˆËË å‡Ú¸Â ceµ(t) Ë seµ(t). Ç‡ÊÌÓ, ˜ÚÓ ‚ ˝ÚÓÈ Á‡‰‡˜Â ÔË q ≠ 0 ˜ËÒÎÓ p ÛÊÂ ÌÂ fl‚ÎflÂÚÒfl
Á‡‰‡ÌÌ˚Ï, Á‰ÂÒ¸ ‚ÓÁÌËÍ‡ÂÚ Á‡‰‡˜‡ Ì‡ ëá.

Ç ‰‡ÌÌÓÏ ‡Á‰ÂÎÂ Ò ˆÂÎ¸˛ ÚÂıÌË˜ÂÒÍËı ÛÔÓ˘ÂÌËÈ Ò‰ÂÎ‡ÂÏ ‚ (1.1) Á‡ÏÂÌÛ q  –q, ˜ÚÓ ÔË‚Ó-
‰ËÚ Í ÒÎÂ‰Û˛˘ÂÈ ÙÓÏÂ Û‡‚ÌÂÌËfl å‡Ú¸Â: 

(2.1)

ÑÓÒÚ‡ÚÓ˜ÌÓ ‡ÒÒÏÓÚÂÚ¸ ÒÎÛ˜‡È q ≥ 0. ëÎÛ˜‡È q < 0 ÔË‚Ó‰ËÚÒfl Í ‡ÒÒÏ‡ÚË‚‡ÂÏÓÏÛ Á‡ÏÂÌÓÈ
t  t + π/2. 

èÛÒÚ¸ 0 ≤ p = µ2 Ë q = 0 ‚ (2.1). ì‡‚ÌÂÌËÂ (2.1) ËÏÂÂÚ Â¯ÂÌËÂ ‚Ë‰‡ 

(2.2)

èË ÙËÍÒËÓ‚‡ÌÌÓÏ µ ÔÓ‰ÓÎÊÂÌËÂÏ ÔÓ q, q ≠ 0, Â¯ÂÌËfl ‚Ë‰‡ (2.2) ÂÒÚÂÒÚ‚ÂÌÌÓ Ò˜ËÚ‡Ú¸ ÙÛÌÍˆË˛,
ÔÓÎÛ˜ÂÌÌÛ˛ ÒÎÂ‰Û˛˘ËÏ Ó·‡ÁÓÏ (ÒÏ., Ì‡ÔËÏÂ, [11]). ç‡‰Ó Ì‡ÈÚË Ú‡ÍÓÂ p = p(µ), ÔË ÍÓÚÓÓÏ
Û‡‚ÌÂÌËÂ (2.1) ËÏÂÂÚ Â¯ÂÌËÂ îÎÓÍÂ ‚Ë‰‡ F(t) = eiµtP(t), „‰Â P(t) fl‚ÎflÂÚÒfl π-ÔÂËÓ‰Ë˜ÌÓÈ, P(t) � 0. 

àÒÒÎÂ‰ÛÂÏ ÔÓÎÛ˜ÂÌÌÛ˛ Á‡‰‡˜Û. èÂ‰ÒÚ‡‚Ë‚ P(t) = ckei2kt, ÔÓÎÛ˜ËÏ 

(2.3)

àÁ (2.3) ‚Ë‰ÌÓ, ˜ÚÓ ‚ÂÏÂÌÌÓ ÏÓÊÌÓ ÔÓÎÓÊËÚ¸ 0 ≤ µ < 2, Ú‡Í Í‡Í ËÁÏÂÌÂÌËÂ µ Ì‡ ˜ÂÚÌÓÂ ˆÂÎÓÂ
˜ËÒÎÓ ÏÓÊÂÚ ·˚Ú¸ ÍÓÏÔÂÌÒËÓ‚‡ÌÓ Ò‰‚Ë„ÓÏ ‚ ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚË ËÌ‰ÂÍÒÓ‚ Ë ÌÂ ÏÂÌflÂÚ Ò‚ÓÈÒÚ‚
‚ÓÁÌËÍ¯ÂÈ Á‡‰‡˜Ë. é‰Ì‡ÍÓ (Ò. [10]) ËÏÂÂÚÒfl Â‰ËÌÒÚ‚ÂÌÌ˚È ÂÒÚÂÒÚ‚ÂÌÌ˚È ‚˚·Ó ̋ ÚÓ„Ó ÒÎ‡„‡ÂÏÓ-
„Ó. Ñ‡ÎÂÂ Ó‰ÌÓÁÌ‡˜ÌÓÒÚ¸ ·Û‰ÂÚ ‚ÓÒÒÚ‡ÌÓ‚ÎÂÌ‡. 

á‡‰‡˜‡ (2.3) – ÒÔÂÍÚ‡Î¸Ì‡fl Á‡‰‡˜‡ ‚ „ËÎ¸·ÂÚÓ‚ÓÏ ÔÓÒÚ‡ÌÒÚ‚Â ‰‚ÛÒÚÓÓÌÌËı ÔÓÒÎÂ‰Ó‚‡-

ÚÂÎ¸ÌÓÒÚÂÈ {ck} Ú‡ÍËı, ˜ÚÓ |ck|2 < ∞, ÒÓ ÒÍ‡ÎflÌ˚Ï ÔÓËÁ‚Â‰ÂÌËÂÏ ({ck}, {dk}) = ck .
àÒÒÎÂ‰ÛÂÏ ÌÂÍÓÚÓ˚Â ÂÂ Ò‚ÓÈÒÚ‚‡. ÇÓÁ¸ÏÂÏ Í‡ÍÓÂ-ÎË·Ó ‚Â˘ÂÒÚ‚ÂÌÌÓÂ Q ·ÓÎ¸¯ÂÂ, ˜ÂÏ 2q. èË-
‚Â‰ÂÏ (2.3) Í ‚Ë‰Û 

(2.4)

éÔÂ‡ÚÓ ‚ ÎÂ‚ÓÈ ˜‡ÒÚË ËÏÂÂÚ ‚Ë‰ L + S, „‰Â L ˝ÏËÚÓ‚ Ë ÔÓÎÓÊËÚÂÎ¸ÌÓ ÓÔÂ‰ÂÎÂÌ, L–1 ‚ÔÓÎÌÂ
ÌÂÔÂ˚‚ÂÌ, |L–1| ≤ 1/Q, S ˝ÏËÚÓ‚, |S| = 2q. íÓ„‰‡ (L + S)–1 = L–1/2(I + L–1/2SL–1/2)–1L–1/2, |L1/2SL–1/2| ≤

≤ 2q  < 1. èÓ˝ÚÓÏÛ (I + L–1/2SL–1/2)–1 ÒÛ˘ÂÒÚ‚ÛÂÚ Ë Ó„‡ÌË˜ÂÌ. ëÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ, (L + S)–1 ÒÛ˘Â-

ÒÚ‚ÛÂÚ Ë ‚ÔÓÎÌÂ ÌÂÔÂ˚‚ÂÌ, ‡ ÒÔÂÍÚ L + S ‰ËÒÍÂÚÂÌ Ë ÒÓ·ÒÚ‚ÂÌÌ˚Â ˝ÎÂÏÂÌÚ˚ ÓÔÂ‡ÚÓ‡ L + S
Ó·‡ÁÛ˛Ú ·‡ÁËÒ. í‡Í Í‡Í ‚ÒÂ ÌÛÊÌ˚Â p ÒÛÚ¸ Cá ˝ÏËÚÓ‚‡ ÓÔÂ‡ÚÓ‡, ÚÓ ÓÌË ‚Â˘ÂÒÚ‚ÂÌÌ˚; ÒÎÂ‰Ó‚‡-
ÚÂÎ¸ÌÓ, ÏÓÊÌÓ Ó„‡ÌË˜ËÚ¸Òfl ‚Â˘ÂÒÚ‚ÂÌÌ˚ÏË {ck} (ÂÒÎË {ck} – Â¯ÂÌËÂ Û‡‚ÌÂÌËfl (2.3), ÚÓ {ck + }

Ë i{ck – } – Â¯ÂÌËÂ Û‡‚ÌÂÌËfl (2.3)). Ñ‡ÎÂÂ ‚ÒÂ ‚ÂÎË˜ËÌ˚ Ò˜ËÚ‡˛ÚÒfl ‚Â˘ÂÒÚ‚ÂÌÌ˚ÏË. 

y'' p 2q 2tcos+( )y+ 0.=

y t( ) eiµt.=

Σk ∞–=
+∞

µ 2k+( )2ck q ck 1– ck 1++( )– pck, k 0 1± 2± …., , ,= =

Σk ∞–=
+∞ Σk ∞–=

+∞ dk

µ 2k+( )2 Q+( )ck q ck 1– ck 1++( )– λck, k 0 1± 2± …, λ, , , p Q.+= = =

1

Q
-------- 1

Q
--------

ck

ck
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Ä·‡ÏÓ‚, äÛÓ˜ÍËÌ

àÁ (2.3) ËÏÂÂÏ 

ÑÎfl Ò‡ÏÓ„Ó ÎÂ‚Ó„Ó ëá Á‡‰‡˜Ë (2.3) (Ó·ÓÁÌ‡˜ËÏ Â„Ó ˜ÂÂÁ p1) ÔÓÎÛ˜‡ÂÏ 

éÚÒ˛‰‡ Ò‡ÁÛ ÒÎÂ‰ÛÂÚ, ˜ÚÓ p1 ≥ –2q. í‡Í Í‡Í (ck + 1 – ck)2 ≥ (|ck + 1| – |ck|)2, ÚÓ ÌÛÊÌ˚Â ‰Îfl ÏËÌËÏÛÏ‡
‚ÂÎË˜ËÌ˚ ck ‚ÒÂ ÎË·Ó ÌÂÓÚËˆ‡ÚÂÎ¸Ì˚, ÎË·Ó ÌÂÔÓÎÓÊËÚÂÎ¸Ì˚. èÓ‰fl‰ ‰‚Ûı ck Ë ck + 1, ‡‚Ì˚ı ÌÛ-
Î˛, ·˚Ú¸ ÌÂ ÏÓÊÂÚ, Ú‡Í Í‡Í ÙÓÏÛÎ‡ (2.3) ÚÂı˜ÎÂÌÌ‡fl Ë ‚ÒÂ ck ÒÚ‡ÎË ·˚ ÌÛÎflÏË. ëËÚÛ‡ˆËË ck = 0,
ck + 1ck – 1 > 0 Ú‡ÍÊÂ ·˚Ú¸ ÌÂ ÏÓÊÂÚ (ÒÏ. (2.3)). èÓ˝ÚÓÏÛ ‰Îfl p1 ‚ÒÂ ck ÓÚÎË˜Ì˚ ÓÚ ÌÛÎfl Ë Ó‰ÌÓ„Ó ÁÌ‡Í‡
(·ÂÁ Ó„‡ÌË˜ÂÌËfl ·Û‰ÂÏ Ò˜ËÚ‡Ú¸ Ëı ÔÓÎÓÊËÚÂÎ¸Ì˚ÏË). éÚÒ˛‰‡ ÒÎÂ‰ÛÂÚ ÌÂÍ‡ÚÌÓÒÚ¸ p1 (‰‡ÎÂÂ Ï˚
Û‚Ë‰ËÏ, ˜ÚÓ Í‡Ê‰ÓÂ ëá Á‡‰‡˜Ë (2.3) ÌÂÍ‡ÚÌÓÂ). 

ÑÓÒÚ‡ÚÓ˜ÌÓ ÔÓÎÌÓÂ ËÒÒÎÂ‰Ó‚‡ÌËÂ ÌÛÊÌ˚ı Ì‡Ï Ò‚ÓÈÒÚ‚ Á‡‰‡˜Ë (2.3) ÏÓÊÂÚ ·˚Ú¸ ÔÓ‚Â‰ÂÌÓ ÚÂ-
ÏË ÊÂ ÏÂÚÓ‰‡ÏË, ÍÓÚÓ˚ÏË ËÒÒÎÂ‰Ó‚‡Î‡Ò¸ ‡Ì‡ÎÓ„Ë˜Ì‡fl Á‡‰‡˜‡ ‚ [12]. èÓ˝ÚÓÏÛ Ï˚ Ó„‡ÌË˜ËÏÒfl
ÙÓÏÛÎËÓ‚Í‡ÏË ÌÛÊÌ˚ı Ì‡Ï ‚˚‚Ó‰Ó‚ Ë ÙËÍÒ‡ˆËÂÈ ‚ÓÁÌËÍ‡˛˘Ëı ˜ËÒÎÂÌÌ˚ı ‡Î„ÓËÚÏÓ‚. 

ä‡Ê‰ÓÂ ëá Á‡‰‡˜Ë (2.3) ÌÂÍ‡ÚÌÓÂ. óÂÂÁ pm Ó·ÓÁÌ‡˜ËÏ m-Â (ÔË ÔÂÂ˜ËÒÎÂÌËË ÒÎÂ‚‡ Ì‡Ô‡‚Ó)
ëá Á‡‰‡˜Ë (2.3). íÓ„‰‡ ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘‡fl pm ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚ¸ ck ËÏÂÂÚ m – 1 ÔÂÂÏÂÌ ÁÌ‡Í‡ (Ú.Â.
Ó‚ÌÓ ‚ m – 1 ÏÂÒÚ‡ı ËÏÂÂÚ ÏÂÒÚÓ ckck – 1 < 0 ËÎË ck = 0, ck – 1ck + 1 < 0), ÒËÚÛ‡ˆËfl ck = 0, ck – 1ck + 1 > 0 ÌÂ-
‚ÓÁÏÓÊÌ‡. àÁ (2.3) ÔÓÎÛ˜‡ÂÏ 

(2.5)

„‰Â Mk = [(µ+ 2k)2 – p]/q. èÛÒÚ¸ α ≤ p ≤ β. ÇÓÁ¸ÏÂÏ Ú‡ÍÓÂ kf, ˜ÚÓ [(µ+ 2k)2 – β]/q ≥ 2 ÔË k ≥ kf.
íÓ„‰‡ ÔË α ≤ p ≤ β ∧ k ≥ k f ÌÂÔÂ˚‚Ì‡fl ‰Ó·¸ 

ÒıÓ‰ËÚÒfl, ÂÂ ÁÌ‡˜ÂÌËÂ – ÌÂÔÂ˚‚Ì‡fl ÔÓÎÓÊËÚÂÎ¸Ì‡fl ÌÂÛ·˚‚‡˛˘‡fl ÙÛÌÍˆËfl p, Ó·ÓÁÌ‡˜ËÏ ÂÂ ̃ Â-
ÂÁ ϕ(p); ck/ck – 1 = ϕ(p) ÔË k = kf. ÄÌ‡ÎÓ„Ë˜ÌÓ ÔÓÎÛ˜‡ÂÏ ck – 1/ck = ψ(p) ÔË k = –kf – 1, ψ(p) – ÌÂÔÂ-
˚‚Ì‡fl ÔÓÎÓÊËÚÂÎ¸Ì‡fl ÌÂÛ·˚‚‡˛˘‡fl ÙÛÌÍˆËfl. èÓ˝ÚÓÏÛ Á‡‰‡˜Û (2.3) ÏÓÊÌÓ Â¯‡Ú¸ ÌÂ ÔË k =
= 0, ±1, ±2, …, ‡ ÔË –kf ≤ k ≤ kf – 1, ËÒÔÓÎ¸ÁÛfl “„‡ÌË˜Ì˚Â ÛÒÎÓ‚Ëfl” 

(2.6)

àÒÔÓÎ¸ÁÛfl ÔË‚Â‰ÂÌÌ˚Â ÛÚ‚ÂÊ‰ÂÌËfl, ÔÓÎÛ˜‡ÂÏ ÒÎÂ‰Û˛˘ËÈ ‡Î„ÓËÚÏ Â¯ÂÌËfl Á‡‰‡˜Ë (2.3).
Ç ÒÓÓÚ‚ÂÚÒÚ‚ËË Ò ÔÓflÒÌÂÌËflÏË Í ÙÓÏÛÎÂ (2.3) ·ÂÂÏ 0 ≤ µ < 2. îËÍÒËÛÂÏ m. èÛÒÚ¸ ËÁ Í‡ÍËı-ÚÓ
ÒÓÓ·‡ÊÂÌËÈ Ï˚ ÁÌ‡ÂÏ ÓˆÂÌÍÛ α ≤ pm ≤ β. ÑÎfl ˝ÚÓ„Ó β ÓÔÂ‰ÂÎflÂÏ kf. ÅÂÂÏ Í‡ÍÓÂ-ÎË·Ó p ËÁ ÛÍ‡-
Á‡ÌÌÓ„Ó ‰Ë‡Ô‡ÁÓÌ‡. Ç˚˜ËÒÎflÂÏ (ÔË·ÎËÁËÚÂÎ¸ÌÓ, Ó·Ó‚‡‚ ˆÂÌÌ˚Â ‰Ó·Ë) ÁÌ‡˜ÂÌËfl ϕ(p) Ë ψ(p).
Ç˚˜ËÒÎflÂÏ ÔÓ (2.5) ÁÌ‡˜ÂÌËfl ck + 1/ck ‰Ó k0, ·ÎËÁÍÓ„Ó Í ÌÛÎ˛. ÄÌ‡ÎÓ„Ë˜ÌÓ ÒÎÂ‚‡ Ì‡Ô‡‚Ó ‚˚˜ËÒÎfl-
ÂÏ ck/ck + 1. áÌ‡˜ÂÌËÂ k0 ·ÂÂÏ Ú‡ÍËÏ, ˜ÚÓ·˚ ( )r – ÁÌ‡˜ÂÌËÂ, ‚˚˜ËÒÎÂÌÌÓÂ ÔË Ò˜ÂÚÂ ÒÔ‡‚‡

Ì‡ÎÂ‚Ó, Ë ( )l – ÁÌ‡˜ÂÌËÂ, ‚˚˜ËÒÎÂÌÌÓÂ ÔË Ò˜ÂÚÂ ÒÎÂ‚‡ Ì‡Ô‡‚Ó, ·˚ÎË ·˚ ÔÓÎÓÊËÚÂÎ¸Ì˚-
ÏË. íÓ„‰‡ ‚ÂÌÓ ÒÎÂ‰Û˛˘ÂÂ: 

– ÒÛÏÏ‡ÌÓÂ (ÓÚ –kf – 1 ‰Ó kf) ˜ËÒÎÓ ÔÂÂÏÂÌ ÁÌ‡Í‡ ‚ {ck} ·ÓÎ¸¯Â m – 1 ⇒ p > p m; 
– ÒÛÏÏ‡ÌÓÂ ˜ËÒÎÓ ÔÂÂÏÂÌ ÁÌ‡Í‡ ‚ {ck} ÏÂÌ¸¯Â m – 1 ⇒ p < p m; 

– ÒÛÏÏ‡ÌÓÂ ˜ËÒÎÓ ÔÂÂÏÂÌ ÁÌ‡Í‡ ‡‚ÌÓ m – 1 Ë ( )r( )l > 1 ⇒ p > p m; 

– ÒÛÏÏ‡ÌÓÂ ˜ËÒÎÓ ÔÂÂÏÂÌ ÁÌ‡Í‡ ‡‚ÌÓ m – 1 Ë ( )r( )l < 1 ⇒ p < p m; 

– ÒÛÏÏ‡ÌÓÂ ˜ËÒÎÓ ÔÂÂÏÂÌ ÁÌ‡Í‡ ‡‚ÌÓ m – 1 Ë ( )r( )l = 1 ⇒ p = p m. 

µ 2k+( )2ck
2

k ∞–=

∞

∑ q ck 1+ ck–( )2

k ∞–=

∞

∑+ p 2q+( ) ck
2.

k ∞–=

∞

∑=

p1 2q min µ 2k+( )2ck
2

k ∞–=

∞

∑ ck 1+ ck–( )2

k ∞–=

∞

∑+ / ck
2

k ∞–=

∞

∑
 
 
 

.+–=
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Ç Í‡˜ÂÒÚ‚Â ‡Î„ÓËÚÏ‡ ‚˚˜ËÒÎÂÌËfl ÌÛÊÌÓ„Ó ÁÌ‡˜ÂÌËfl pm ÏÓÊÌÓ ‚ÁflÚ¸ ‡Î„ÓËÚÏ, ÔÂ‰ÎÓÊÂÌ-
Ì˚È ‚ [12]. 

Ç˚˜ËÒÎË‚ ‰ÓÒÚ‡ÚÓ˜ÌÓ ÚÓ˜ÌÓ pm, ÔÂÂıÓ‰ËÏ Í ‚˚˜ËÒÎÂÌË˛ ÌÛÊÌÓÈ ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚË {ck}.
ÑÎfl ˝ÚÓ„Ó, ËÒÔÓÎ¸ÁÛfl “„‡ÌË˜Ì˚Â ÛÒÎÓ‚Ëfl” (2.6), ‚˚˜ËÒÎflÂÏ ÓÚÌÓ¯ÂÌËfl ck/ck + 1, Ë‰fl ÓÚ –kf – 1 ÒÎÂ-
‚‡ Ì‡Ô‡‚Ó, Ë ÓÚÌÓ¯ÂÌËfl ck + 1/ck, Ë‰fl ÓÚ kf ÒÔ‡‚‡ Ì‡ÎÂ‚Ó. í‡Í Í‡Í Ò ‰ÓÒÚ‡ÚÓ˜ÌÓÈ ÚÓ˜ÌÓÒÚ¸˛ ËÏÂÂÚ
ÏÂÒÚÓ ‡‚ÂÌÒÚ‚Ó

ÚÓ ÙËÍÒËÛÂÏ Í‡ÍÓÂ-ÎË·Ó ÌÂÌÛÎÂ‚ÓÂ ÁÌ‡˜ÂÌËÂ  Ë, ËÒÔÓÎ¸ÁÛfl Ì‡È‰ÂÌÌÓÂ ÓÚÌÓ¯ÂÌËÂ ÒÓÒÂ‰ÌËı

˜ÎÂÌÓ‚, ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ ‚˚˜ËÒÎflÂÏ , , …, , , … (Ó ÌÓÏËÓ‚ÍÂ ÌÛÊÌ˚ı Â-
¯ÂÌËÈ ËÒıÓ‰ÌÓ„Ó Û‡‚ÌÂÌËfl (2.1) ÒÍ‡Á‡ÌÓ ÌËÊÂ). ÇÓÁÏÓÊÌÓÂ ÓÒÎÓÊÌÂÌËÂ ‚ ‚˚˜ËÒÎÂÌËflı – Ó·‡-
˘ÂÌËÂ Í‡ÍÓ„Ó-ÎË·Ó ËÁ ck ‚ 0 Ë ÚÂÏ Ò‡Ï˚Ï ÌÂ‚ÓÁÏÓÊÌÓÒÚ¸ ËÒÔÓÎ¸ÁÓ‚‡Ú¸ ck + 1/ck (ËÎË ck – 1/ck). èÓ-
ÒÚÓÈ ÒÔÓÒÓ· ÔÂÓ‰ÓÎÂÌËfl ˝ÚÓ„Ó ÓÒÎÓÊÌÂÌËfl – ËÒÔÓÎ¸ÁÓ‚‡ÌËÂ ÙÓÏÛÎ˚ (2.5) ÌÂ ‰Îfl ÔÓÎÛ˜ÂÌËfl
˜‡ÒÚÌÓ„Ó ck/ck – 1, ‡ ‰Îfl ÔÓÎÛ˜ÂÌËfl “ÔÓÂÍÚË‚ÌÓ„Ó ÓÚÌÓ¯ÂÌËfl” ck : ck – 1, Ú.Â. ‚‚Â‰ÂÌËÂ Ì‡ Í‡Ê‰ÓÏ Ú‡-
ÍÓÏ ¯‡„Â Í‡ÍÓÈ-ÎË·Ó Ô‡˚ ˜ËÒÂÎ, ÓÚÌÓ¯ÂÌËÂ ÍÓÚÓ˚ı ‡‚ÌÓ ck : ck – 1; ÂÒÎË ck ≈ 0, ÚÓ ÓÚÌÓ¯ÂÌËÂ
ck + 1 : ck – 1 ÓÔÂ‰ÂÎflÂÚÒfl ËÒÔÓÎ¸ÁÓ‚‡ÌËÂÏ (2.3). 

ï‡‡ÍÚÂËÒÚË˜ÂÒÍÓÂ Û‡‚ÌÂÌËÂ Ì‡ k-Ï ¯‡„Â ‰Îfl (2.3) ËÏÂÂÚ ‚Ë‰ 

äÓÌË Â„Ó ÔË ·ÓÎ¸¯Ëı k2 – ‚ÂÎË˜ËÌ˚ ÔÓfl‰Í‡ q/(4k2) Ë 4k2/q, Ó‰ËÌ ÍÓÂÌ¸ Ó˜ÂÌ¸ Ï‡ÎÂÌ¸ÍËÈ Ë
Ó‰ËÌ Ó˜ÂÌ¸ ·ÓÎ¸¯ÓÈ. çÛÊÌ˚Â Ì‡Ï ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚË ·˚ÒÚÓ Û·˚‚‡˛Ú ‚ Í‡Ê‰ÓÏ ËÁ ‰‚Ûı Ì‡-

Ô‡‚ÎÂÌËÈ: ck + 1/ck = ck – 1/ck = q/4; fl‰ ‰Îfl P(t) ·˚ÒÚÓ ÒıÓ‰ËÚÒfl. ÇÒÎÂ‰ÒÚ‚ËÂ Ì‡ÎË˜Ëfl

·ÓÎ¸¯Ó„Ó ÍÓÌfl, ‚˚˜ËÒÎË‚  Ë , ÌÂˆÂÎÂÒÓÓ·‡ÁÌÓ ‚˚˜ËÒÎflÚ¸ , , …, ËÒÔÓÎ¸ÁÛfl
ÙÓÏÛÎÛ (2.3) (‡Ì‡ÎÓ„Ë˜ÌÓ ÔË Ò˜ÂÚÂ Ì‡ÎÂ‚Ó); ÔË Ú‡ÍÓÏ ‚˚˜ËÒÎÂÌËË ‚ÎËflÌËÂ ‰‡ÊÂ Ï‡Î˚ı ÔÓ-
„Â¯ÌÓÒÚÂÈ ‚ ËÒıÓ‰Ì˚ı ‰‡ÌÌ˚ı (Ì‡ÔËÏÂ, Ï‡Î‡fl ÔÓ„Â¯ÌÓÒÚ¸ ‚ pm) Ë ÔÓ„Â¯ÌÓÒÚÂÈ ‡ËÙÏÂÚË-
˜ÂÒÍËı ÓÔÂ‡ˆËÈ Í‡Ú‡ÒÚÓÙË˜ÂÒÍË Ì‡‡ÒÚ‡ÂÚ. ÇÓÁÏÓÊÌÓ, Á‡ÙËÍÒËÓ‚‡‚ , Â¯‡Ú¸ ‰‚Â ‚ÓÁÌËÍ-

¯ËÂ “Í‡Â‚˚Â Á‡‰‡˜Ë” (ÂÍÛÂÌÚÌ‡fl ÙÓÏÛÎ‡ (2.3), ÁÌ‡˜ÂÌËÂ , Ó‰ÌÓ ËÁ ÛÒÎÓ‚ËÈ (2.6)), ËÒÔÓÎ¸-
ÁÛfl ÏÂÚÓ‰, ÔÂ‰ÎÓÊÂÌÌ˚È ‚ [13]. 

ä‡Í ÛÍ‡Á‡ÌÓ ‚ ÔÓflÒÌÂÌËË Í ÙÓÏÛÎÂ (2.3), ËÁÏÂÌÂÌËÂ µ Ì‡ ˜ÂÚÌÓÂ ˜ËÒÎÓ ÌÂ ÏÂÌflÂÚ ÒÔÂÍÚ Á‡-
‰‡˜Ë. çÓ Ú‡ÍÓÂ ËÁÏÂÌÂÌËÂ ÏÂÌflÂÚ ÌÓÏÂ m ÌÛÊÌÓ„Ó pm (ÒÏ. ‚˚¯Â). èË‚Â‰ÂÏ ÓÍÓÌ˜‡ÚÂÎ¸Ì˚È Â-
ˆÂÔÚ ÔÓÎÛ˜ÂÌËfl ÚÂı Â¯ÂÌËÈ Á‡‰‡˜Ë, ÍÓÚÓ˚Â fl‚Îfl˛ÚÒfl ÔÓ‰ÓÎÊÂÌËÂÏ ÙÛÌÍˆËÈ cosµt Ë (sinµt)/µ,
‚ÓÁÌËÍ¯Ëı ÔË q = 0. Ñ‡ÎÂÂ ‚ÒÂ ÙÓÏÛÎËÛÂÏ ‰Îfl q > 0, µ ≥ 0. 

íÓÚ ÌÓÏÂ m, ÍÓÚÓ˚È ÌÛÊÂÌ ‰Îfl ÔÓ‰ÓÎÊÂÌËfl cosµt (Ó·ÓÁÌ‡˜ËÏ Â„Ó ˜ÂÂÁ mcos), Ë ÚÓÚ ÌÓÏÂ
m, ÍÓÚÓ˚È ÌÛÊÂÌ ‰Îfl ÔÓ‰ÓÎÊÂÌËfl (sinµt)/µ (Ó·ÓÁÌ‡˜ËÏ Â„Ó ˜ÂÂÁ msin), ‚˚˜ËÒÎfl˛ÚÒfl ÔÓ ÒÎÂ‰Û-
˛˘ËÏ ÙÓÏÛÎ‡Ï: 

– ‰Îfl µ ÌÂˆÂÎÓ„Ó mcos(µ) = msin(µ) = entier(µ) + 1, 

– ‰Îfl µ ˆÂÎÓ„Ó mcos(µ) = µ + 1 ÔË µ ≥ 0, msin(µ) = µ ÔË µ ≥ 1. 

ÑÎfl ÌÂˆÂÎÓ„Ó µ ·ÂÂÏ ÛÍ‡Á‡ÌÌÓÂ ‚˚¯Â m, Ì‡ıÓ‰ËÏ ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ÂÂ pm. Ç˚˜ËÒÎË‚ P(t) =

= ckei2kt, ÔÓÎÛ˜ËÏ y(t) = eiµtP(t). ÅÂÂÏ [y(t) + y(–t)]/[2y(0)] ‚ Í‡˜ÂÒÚ‚Â ÔÓ‰ÓÎÊÂÌËfl cosµt Ë
[y(t) – y(–t)]/[2y'(0)] ‚ Í‡˜ÂÒÚ‚Â ÔÓ‰ÓÎÊÂÌËfl (sinµt)/µ. ÖÒÎË µ – ‡ˆËÓÌ‡Î¸ÌÓÂ ˜ËÒÎÓ, µ = 2k/l, „‰Â
k, l – ˆÂÎ˚Â, ÚÓ Ú‡Í ÔÓÎÛ˜ÂÌÌ˚Â ÙÛÌÍˆËË fl‚Îfl˛ÚÒfl lπ-ÔÂËÓ‰Ë˜ÂÒÍËÏË. 

ÑÎfl ˆÂÎÓ„Ó ˜ÂÚÌÓ„Ó µ, ·Âfl mcos(µ) Ë ‚˚˜ËÒÎflfl pm, ÔÓÎÛ˜‡ÂÏ ˜ÂÚÌÓÂ π-ÔÂËÓ‰Ë˜ÂÒÍÓÂ Â¯ÂÌËÂ, ‡
·Âfl msin(µ) Ë ‚˚˜ËÒÎflfl pm, ÔÓÎÛ˜‡ÂÏ ÌÂ˜ÂÚÌÓÂ π-ÔÂËÓ‰Ë˜ÂÒÍÓÂ Â¯ÂÌËÂ. ùÚÓ ÙÛÌÍˆËË ceµ(t) Ë seµ(t). 

ÑÎfl ˆÂÎÓ„Ó ÌÂ˜ÂÚÌÓ„Ó µ ÔÓÎÛ˜‡ÂÏ, ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ, 2π-ÔÂËÓ‰Ë˜ÂÒÍËÂ Â¯ÂÌËfl ceµ(t) Ë seµ(t),
ÌÂ fl‚Îfl˛˘ËÂÒfl π-ÔÂËÓ‰Ë˜ÂÒÍËÏË. 
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3. ï‡‡ÍÚÂËÒÚË˜ÂÒÍËÈ ÔÓÍ‡Á‡ÚÂÎ¸ å‡Ú¸Â 

ï‡‡ÍÚÂËÒÚË˜ÂÒÍËÈ ÔÓÍ‡Á‡ÚÂÎ¸ (ïè) å‡Ú¸Â ÓÔÂ‰ÂÎflÂÚÒfl ËÁ ÒÓÓÚÌÓ¯ÂÌËfl 

(3.1)

„‰Â Fµ – Â¯ÂÌËÂ îÎÓÍÂ Û‡‚ÌÂÌËfl (1.1), P(t) ÂÒÚ¸ π-ÔÂËÓ‰Ë˜ÂÒÍ‡fl ÙÛÌÍˆËfl (ÒÏ. [1], [2]). ëÓÓÚÌÓ-
¯ÂÌËÂ (3.1) ÌÂ ÓÔÂ‰ÂÎflÂÚ µ Ó‰ÌÓÁÌ‡˜Ì˚Ï Ó·‡ÁÓÏ. èÓ‚Â‰ÂÌÌ˚È ‰‡ÎÂÂ ‡Ì‡ÎËÁ ÔÓÁ‚ÓÎflÂÚ ÛÚÓ˜-
ÌËÚ¸ ˝ÚÓÚ ‚ÓÔÓÒ. 

èÛÒÚ¸ y1(t) Ë y2(t) – ÙÛÌ‰‡ÏÂÌÚ‡Î¸Ì‡fl ÒËÒÚÂÏ‡ Â¯ÂÌËÈ Û‡‚ÌÂÌËfl (1.1), ÓÔÂ‰ÂÎflÂÏ‡fl Ì‡˜‡Î¸-
Ì˚ÏË ÛÒÎÓ‚ËflÏË 

(3.2)

(3.3)

èË ˝ÚÓÏ, ‚ ÒËÎÛ ˜ÂÚÌÓÒÚË ÍÓ˝ÙÙËˆËÂÌÚÓ‚ Û‡‚ÌÂÌËfl (1.1), y1(t) – ˜ÂÚÌ‡fl ÙÛÌÍˆËfl, y2(t) – ÌÂ˜ÂÚ-
Ì‡fl ÙÛÌÍˆËfl. Ç‚Â‰ÂÏ ‚ÂÎË˜ËÌÛ 

(ÓÔËÒ‡ÌÌ‡fl ‰‡ÎÂÂ ÔÓˆÂ‰Û‡ ÔËÏÂÌËÏ‡ Í Î˛·ÓÏÛ Û‡‚ÌÂÌË˛ Ò ÔÂËÓ‰Ë˜ÂÒÍËÏ ÔÓÚÂÌˆË‡ÎÓÏ Ë ÌÂ
ËÒÔÓÎ¸ÁÛÂÚ ÚÓ„Ó Ù‡ÍÚ‡, ˜ÚÓ ‰Îfl Û‡‚ÌÂÌËfl å‡Ú¸Â ÒÎ‡„‡ÂÏ˚Â ‚ Ô‡‚ÓÈ ˜‡ÒÚË ‡‚Ì˚).

Ñ‡ÎÂÂ ÁÌ‡˜ÂÌËÂ Ô‡‡ÏÂÚ‡ q ÔÂ‰ÔÓÎ‡„‡ÂÚÒfl Á‡ÙËÍÒËÓ‚‡ÌÌ˚Ï. íÓ„‰‡ (ÒÏ., Ì‡ÔËÏÂ, [14],
„Î. I, § 4]) ‚ÂÌÓ ÒÎÂ‰Û˛˘ÂÂ: 

1) p fl‚ÎflÂÚÒfl ëá ÔÂËÓ‰Ë˜ÂÒÍÓÈ Á‡‰‡˜Ë (‚ Ó·ÓÁÌ‡˜ÂÌËflı [1], an Ë bn Ò ˜ÂÚÌ˚Ï n) ⇔ S(p) = 2; 

2) p fl‚ÎflÂÚÒfl ëá ‡ÌÚËÔÂËÓ‰Ë˜ÂÒÍÓÈ Á‡‰‡˜Ë (an Ë bn Ò ÌÂ˜ÂÚÌ˚Ï n) ⇔ S(p) = –2. 

Ñ‡ÎÂÂ, ËÁ ‡ÒËÏÔÚÓÚËÍ ‰Îfl Â¯ÂÌËÈ (1.1) ÒÎÂ‰ÛÂÚ, ˜ÚÓ ÔË p  –∞ ËÏÂÂÚ ÏÂÒÚÓ S(p) ~

~ 2   +∞ Ë ÔË p  +∞ ÁÌ‡˜ÂÌËÂ S(p) ÍÓÎÂ·ÎÂÚÒfl ÓÚ 2 Í –2 Ë Ó·‡ÚÌÓ. 

èÛÒÚ¸ λ0, λ1, … – ÍÓÌË Û‡‚ÌÂÌËfl S(p) = 2, µ0, µ1, … – ÍÓÌË Û‡‚ÌÂÌËfl S(p) = –2. Ç ‚˚ÓÊ‰ÂÌ-
Ì˚ı ÒÎÛ˜‡flı ˝ÚË Û‡‚ÌÂÌËfl ÏÓ„ÛÚ ËÏÂÚ¸ Í‡ÚÌ˚Â ÍÓÌË (Ú.Â. λk = λk + 1 ËÎË µk = µk + 1), Ó‰Ì‡ÍÓ
(ÒÏ. [1]) ‰Îfl Û‡‚ÌÂÌËfl å‡Ú¸Â Ú‡Í ·Û‰ÂÚ ÎË¯¸ ‚ ÚË‚Ë‡Î¸ÌÓÏ ÒÎÛ˜‡Â q = 0. èÓÏÂÊÛÚÍË [µ0, µ1],
(λ1, λ2), [µ2, µ3], (λ3, λ4) Ì‡Á˚‚‡˛ÚÒfl Î‡ÍÛÌ‡ÏË. É‡ÙËÍ ÙÛÌÍˆËË S(p) ‰Îfl Û‡‚ÌÂÌËfl (1.1) ÔË q ≠ 0
ÒıÂÏ‡ÚË˜ÌÓ ËÁÓ·‡ÊÂÌ Ì‡ ÙË„. 1. àÁ Ò‚ÓÈÒÚ‚ ÒËÏÏÂÚËË ÍÓ˝ÙÙËˆËÂÌÚÓ‚ Û‡‚ÌÂÌËfl (1.1) Ë ÓÒˆËÎ-
ÎflˆËÓÌÌ˚ı ÚÂÓÂÏ òÚÛÏ‡ ‚˚ÚÂÍ‡ÂÚ ÒÎÂ‰Û˛˘ÂÂ:

1) a0 = λ0; 

2) ÔË q > 0 ËÏÂÂÚ ÏÂÒÚÓ b1 = µ0, a1 = µ1, b2 = λ1, a2 = λ2, …; 

3) ÔË q < 0 ËÏÂÂÚ ÏÂÒÚÓ a1 = µ0, b1 = µ1, b2 = λ1, a2 = λ2, …; 

4) ÔË q = 0 ËÏÂÂÚ ÏÂÒÚÓ µ0 = µ1 = a1 = b1, λ1 = λ2 = a2 = b2, …. 

Fµ t( ) eiµtP t( ),=

y1 0( ) 1, y1' 0( ) 0,= =

y2 0( ) 0, y2' 0( ) 1.= =

S p( ) y1 π( ) y2' π( )+=

cosh π p( )

S(p)

p
ã‡ÍÛÌ‡

ã‡ÍÛÌ‡
áÓÌ‡
ÛÒÚÓÈ˜Ë‚ÓÒÚË

áÓÌ‡
ÛÒÚÓÈ˜Ë‚ÓÒÚË

λ0 µ0 µ1 λ1 λ2 µ2

îË„. 1.
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Ñ‡ÎÂÂ, ËÁ ÔÂËÓ‰Ë˜ÌÓÒÚË ÍÓ˝ÙÙËˆËÂÌÚÓ‚ Û‡‚ÌÂÌËfl (1.1) ÒÎÂ‰ÛÂÚ, ˜ÚÓ ‰Îfl Î˛·Ó„Ó Â„Ó Â¯Â-
ÌËfl y(t) ËÏÂÂÚ ÏÂÒÚÓ ÒÓÓÚÌÓ¯ÂÌËÂ

(3.4)

ëá Ï‡ÚËˆ˚, ÒÚÓfl˘ÂÈ ‚ Ô‡‚ÓÈ ˜‡ÒÚË, ‡‚Ì˚ 

ÑÎfl p ∈ (– ∞, λ0) Ë ‚ Î‡ÍÛÌ‡ı κ± ‚Â˘ÂÒÚ‚ÂÌÌ˚, |κ+| < 1, |κ–| > 1 (Ó·Î‡ÒÚË ÌÂÛÒÚÓÈ˜Ë‚ÓÒÚË). ÑÎfl p
‚ÌÂ Î‡ÍÛÌ |κ±| = 1 Ë ÍÓÏÔÎÂÍÒÌÓ ÒÓÔflÊÂÌ˚ (Ó·Î‡ÒÚË ÛÒÚÓÈ˜Ë‚ÓÒÚË). Ç [14, „Î. II, § 6] ÛÍ‡Á‡ÌÓ, ˜ÚÓ
κ± ÔË ‡ÁÎË˜Ì˚ı p fl‚Îfl˛ÚÒfl ‡Ì‡ÎËÚË˜ÂÒÍËÏË ÔÓ‰ÓÎÊÂÌËflÏË ‰Û„ ‰Û„‡. ê‡ÒÒÏÓÚËÏ ·ÓÎÂÂ ÔÓ-
‰Ó·ÌÓ ‡Ì‡ÎËÚË˜ÂÒÍÛ˛ Á‡‚ËÒËÏÓÒÚ¸ S(p) Ë κ± ÓÚ p. èÛÒÚ¸ p ÔÓıÓ‰ËÚ ‚Â˘ÂÒÚ‚ÂÌÌÛ˛ ÓÒ¸ ‚ ÔÓÎÓ-
ÊËÚÂÎ¸ÌÓÏ Ì‡Ô‡‚ÎÂÌËË, Ó·ıÓ‰fl ëá ak Ë bk (ÚÓ˜ÍË ‚ÂÚ‚ÎÂÌËfl κ±) Ò‚ÂıÛ. ì˜ÚÂÏ, ̃ ÚÓ Ì‡ ÔÓÏÂÊÛÚ-
Í‡ı [λ0, µ0], [λ2, µ2], … ·Û‰ÂÚ S'(p) < 0, ‡ Ì‡ ÔÓÏÂÊÛÚÍ‡ı [µ1, λ1], [µ3, λ3], … ·Û‰ÂÚ S'(p) > 0. 

íÓ„‰‡ S(p) ·Û‰ÂÚ ‰‚Ë„‡Ú¸Òfl ÔÓ “„‡ÌÚÂÎÂ” ÓÚ –2 Í 2, Ó·ıÓ‰fl ˝ÚË ÚÓ˜ÍË ÔÓ ˜‡ÒÓ‚ÓÈ ÒÚÂÎÍÂ. Ñ‚Ë-
ÊÂÌËÂ κ+ ·Û‰ÂÚ ÒÎÂ‰Û˛˘ËÏ (ÒÏ. ÙË„. 2): ËÁ ÌÛÎfl κ = +0 (p = –∞) ‚Ô‡‚Ó ‰Ó κ = 1 (p = λ0), Á‡ÚÂÏ ÔÓ
ÓÍÛÊÌÓÒÚË |κ| = 1 ÔÓÚË‚ ˜‡ÒÓ‚ÓÈ ÒÚÂÎÍË ‰Ó κ = –1 (p = µ0), Á‡ÚÂÏ (‚ Î‡ÍÛÌÂ [µ0, µ1]) ÔÓ ‚Â˘Â-
ÒÚ‚ÂÌÌÓÈ ÓÒË ‚Ô‡‚Ó (ÌÂ ‰ÓıÓ‰fl ‰Ó κ = 0) Ë Ó·‡ÚÌÓ ‰Ó κ = –1 (p = µ1), Á‡ÚÂÏ ÔÓ ÓÍÛÊÌÓÒÚË ÔÓÚË‚
˜‡ÒÓ‚ÓÈ ÒÚÂÎÍË ‰Ó κ = 1 (p = λ1), Ë Ú.‰. 

èÓ‚Â‰ÂÌÌ˚È ‡Ì‡ÎËÁ ÔÓÁ‚ÓÎflÂÚ ‰‡Ú¸ Â˘Â Ó‰ÌÓ ÓÔÂ‰ÂÎÂÌËÂ ëá Ò ÔÓËÁ‚ÓÎ¸Ì˚Ï ‚Â˘ÂÒÚ‚ÂÌ-
Ì˚Ï ÌÓÏÂÓÏ: ÔË ÔÓËÁ‚ÓÎ¸ÌÓÏ r ∈ �

+
 ÁÌ‡˜ÂÌËÂ pr Ó‰ÌÓÁÌ‡˜ÌÓ ÓÔÂ‰ÂÎflÂÚÒfl ÒÎÂ‰Û˛˘ËÏË ÛÒÎÓ-

‚ËflÏË: 
1) 

(3.5)

2) ˜ËÒÎÓ ÔÓÎÌ˚ı Ó·ÓÓÚÓ‚, ÍÓÚÓÓÂ Ò‰ÂÎ‡ÎÓ κ+(p) ÔË ËÁÏÂÌÂÌËË p ÓÚ –∞ ‰Ó pr ‡‚ÌÓ ˆÂÎÓÈ ˜‡-
ÒÚË ÓÚ r/2. 

á‡ÏÂ˜‡ÌËÂ. ÑÎfl Ë‡ˆËÓÌ‡Î¸Ì˚ı r Ó·ÓÁÌ‡˜ÂÌËfl ar, br ‚ÏÂÒÚÓ pr, ÔÓ-‚Ë‰ËÏÓÏÛ, ·˚ÎË ·˚ ÌÂÛ‰‡˜Ì˚ÏË,
Ú‡Í Í‡Í ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ËÂ Â¯ÂÌËfl Û‡‚ÌÂÌËfl å‡Ú¸Â ÌÂ ÏÓ„ÛÚ ·˚Ú¸ Óı‡‡ÍÚÂËÁÓ‚‡Ì˚ Í‡Í ÒÓ·ÒÚ‚ÂÌÌ˚Â
ÙÛÌÍˆËË ÔÂËÓ‰Ë˜ÂÒÍÓÈ Í‡Â‚ÓÈ Á‡‰‡˜Ë Ì‡ Í‡ÚÌÓÏ ÔÓÏÂÊÛÚÍÂ. 

éÔËÒ‡ÌÌ‡fl ÍÓÌÒÚÛÍˆËfl ÔÓÁ‚ÓÎflÂÚ Ó‰ÌÓÁÌ‡˜ÌÓ Ë ÍÓÂÍÚÌÓ ÓÔÂ‰ÂÎËÚ¸ ‚Â˘ÂÒÚ‚ÂÌÌÛ˛ ˜‡ÒÚ¸
ïè å‡Ú¸Â, ‡ ËÏÂÌÌÓ ËÁ·ÂÊ‡Ú¸ ÌÂÓÔÂ‰ÂÎÂÌÌÓ„Ó ÒÎ‡„‡ÂÏÓ„Ó ‚Ë‰‡ 2k, „‰Â k ˆÂÎÓÂ. ÑÎfl ˝ÚÓ„Ó ÌÛÊ-
ÌÓ ÒÙÓÏÛÎËÓ‚‡ÌÌ˚Â ‚˚¯Â ÛÒÎÓ‚Ëfl 1), 2) ËÒÔÓÎ¸ÁÓ‚‡Ú¸ ‚ Ó·‡ÚÌÛ˛ ÒÚÓÓÌÛ – ÓÚ p Í r: ÌÛÊÌÓ
‚ÁflÚ¸ ‡Ì‡ÎËÚË˜ÂÒÍÓÂ ÔÓ‰ÓÎÊÂÌËÂ ÎÓ„‡ËÙÏ‡ ‚‰ÓÎ¸ ÔÛÚË (–∞, p]. Ç ˜‡ÒÚÌÓÒÚË, ‚ Î‡ÍÛÌ‡ı ‚Â˘Â-

y π( )
y' π( ) 

 
  y1 π( ) y2 π( )

y1' π( ) y2' π( ) 
 
  y 0( )

y' 0( ) 
 
 

.=

κ± S p( ) S2 p( ) 4–+− /2.=

κ+ pr( ) eiπr;=

i

–i

p = µ0
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p = –∞

0
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îË„. 2.
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Ä·‡ÏÓ‚, äÛÓ˜ÍËÌ

ÒÚ‚ÂÌÌ‡fl ˜‡ÒÚ¸ ïè ‡‚Ì‡ Û‰‚ÓÂÌÌÓÏÛ ˜ËÒÎÛ Ó·ÓÓÚÓ‚, ÍÓÚÓ˚Â Í ˝ÚÓÏÛ ÏÓÏÂÌÚÛ Ò‰ÂÎ‡ÎÓ κ+(p).
ÇÚÓÓÈ ïè ÓÔÂ‰ÂÎflÂÚÒfl Í‡Í ÍÓÏÔÎÂÍÒÌÓ-ÒÓÔflÊÂÌÌ˚È Í ÔÂ‚ÓÏÛ. 

èÓ Ó·ÒÛÊ‰‡ÂÏÓÏÛ ‚ÓÔÓÒÛ ‚ [1, 20.3.5] Ë ‚ [2, 16.2] ÛÚ‚ÂÊ‰‡ÂÚÒfl, ̃ ÚÓ ïè ÓÔÂ‰ÂÎflÂÚÒfl ‚ ÔËÌ-
ˆËÔÂ ÌÂÓ‰ÌÓÁÌ‡˜ÌÓ. Ç ÌÂÍÓÚÓ˚ı ‰Û„Ëı ÚÂÍÒÚ‡ı Ó¯Ë·Ó˜ÌÓ ÛÚ‚ÂÊ‰‡ÂÚÒfl, ˜ÚÓ ïè Ó‰ÌÓÁÌ‡˜ÌÓ
ÓÔÂ‰ÂÎflÂÚÒfl ÛÊÂ ËÁ ËÁ‚ÂÒÚÌÓ„Ó ÒÓÓÚÌÓ¯ÂÌËfl cosπµ = y1(π) = (π). Ç ÔÓ„‡ÏÏÌ˚ı Â‡ÎËÁ‡ˆËflı
‚ÒÚÂ˜‡˛ÚÒfl Ú‡ÍÊÂ ‡ÁÎË˜Ì˚Â ÔÓËÁ‚ÓÎ¸Ì˚Â ‚˚·Ó˚ ‚Â˘ÂÒÚ‚ÂÌÌÓÈ ̃ ‡ÒÚË Ë ÁÌ‡Í‡ ÏÌËÏÓÈ ̃ ‡ÒÚË
Ò Ò‡ÏÓÔÓËÁ‚ÓÎ¸Ì˚ÏË ÒÍ‡˜Í‡ÏË. éÔÂ‰ÂÎÂÌÌ˚È ÊÂ ÓÔËÒ‡ÌÌ˚Ï ‚˚¯Â Ó·‡ÁÓÏ ïè å‡Ú¸Â, ÔÓÏË-
ÏÓ ÓÔÂ‰ÂÎfl˛˘Â„Ó ÒÓÓÚÌÓ¯ÂÌËfl (3.2), Û‰Ó‚ÎÂÚ‚ÓflÂÚ ‚ÒÂÏ ÂÒÚÂÒÚ‚ÂÌÌ˚Ï ÚÂ·Ó‚‡ÌËflÏ ÌÂÔÂ-
˚‚ÌÓÒÚË. 

4. Ç˚˜ËÒÎÂÌËÂ ÁÌ‡˜ÂÌËÈ Â¯ÂÌËÈ Û‡‚ÌÂÌËfl å‡Ú¸Â
ÔË ·ÓÎ¸¯Ëı ÁÌ‡˜ÂÌËflı ‡„ÛÏÂÌÚ‡ 

èÛÒÚ¸ ËÏÂÂÚÒfl Í‡ÍÓÈ-ÎË·Ó ÒÔÓÒÓ· ‚˚˜ËÒÎÂÌËfl Â¯ÂÌËÈ Û‡‚ÌÂÌËfl å‡Ú¸Â ‚ ÙÓÏÂ (2.1) Ò ÛÒÎÓ-
‚ËflÏË (3.1) Ë (3.2) Ë Ëı ÔÓËÁ‚Ó‰Ì˚ı ÔË 0 < t ≤ π/2. èÛÒÚ¸ |t| ‚ÂÎËÍÓ; Í‡Í ÛÒÚÓÈ˜Ë‚Ó ‚˚˜ËÒÎËÚ¸
y1(t), y2(t), (t), (t) ‰Îfl Ú‡ÍÓ„Ó t? èÂÊ‰Â ‚ÒÂ„Ó ÓÚÏÂÚËÏ, ˜ÚÓ ‚˚·‡ÌÌ˚È ÔË 0 < t ≤ π/2 ÒÔÓÒÓ·
‚˚˜ËÒÎÂÌËfl ˝ÚËı ÙÛÌÍˆËÈ ‰‡ÂÚ ‚ÓÁÏÓÊÌÓÒÚ¸ ÎÂ„ÍÓ ‚˚˜ËÒÎËÚ¸ Ëı ÔË π/2 < t ≤ π. ÑÂÈÒÚ‚ËÚÂÎ¸ÌÓ,
‡ÒÒÏÓÚËÏ Ú‡ÍÊÂ Û‡‚ÌÂÌËÂ ‚ ÙÓÏÂ (1.1): 

(4.1)

Ë ‰‚‡ Â„Ó Â¯ÂÌËfl: (t) Ë (t), „‰Â 

(4.2)

(4.3)

é˜Â‚Ë‰ÌÓ, ˜ÚÓ (t – π/2) Ë (t – π/2) – Â¯ÂÌËfl Û‡‚ÌÂÌËfl (1.1) Ë Ú‡Í Í‡Í (t) –  ≡ 1, ÚÓ 

(4.4)

èÓ˝ÚÓÏÛ, ËÒÔÓÎ¸ÁÛfl ÛÔÓÏflÌÛÚ˚È ‚˚¯Â ÒÔÓÒÓ· Â¯ÂÌËfl Û‡‚ÌÂÌËfl (2.1) ÔË 0 < t ≤ π/2 Ë ÔË-
ÏÂÌflfl Â„Ó Í Û‡‚ÌÂÌË˛ (4.1), ÔÓÎÛ˜‡ÂÏ ‡ÒÔÓÒÚ‡ÌÂÌËÂ ˝ÚÓ„Ó ÒÔÓÒÓ·‡ Ì‡ ‰Ë‡Ô‡ÁÓÌ (0, π]. 

ê‡ÒÒÏÓÚËÏ Á‡‰‡˜Û ‚˚˜ËÒÎÂÌËfl y1(t + kπ) Ë y2(t + kπ), „‰Â k ˆÂÎÓÂ, ‚ÓÁÏÓÊÌÓ ·ÓÎ¸¯ÓÂ. ùÚË ‰‚Â
ÙÛÌÍˆËË Ú‡ÍÊÂ fl‚Îfl˛ÚÒfl Â¯ÂÌËflÏË Û‡‚ÌÂÌËfl (2.1). èÓ˝ÚÓÏÛ ËÏÂÂÏ

(4.5)

„‰Â ÍÓÌÒÚ‡ÌÚ˚ crs Á‡‚ËÒflÚ ÓÚ k, Ëı ÌÂÒÎÓÊÌÓ ‚˚˜ËÒÎËÚ¸. Ñ‡ÎÂÂ Ï˚ ËÒÔÓÎ¸ÁÛÂÏ Ù‡ÍÚ ÒÛ˘ÂÒÚ‚Ó‚‡-
ÌËfl ‰Îfl Û‡‚ÌÂÌËfl (2.1) Â¯ÂÌËfl îÎÓÍÂ

(4.6)

„‰Â P(t) ÂÒÚ¸ π-ÔÂËÓ‰Ë˜ÂÒÍ‡fl ÙÛÌÍˆËfl, P(t) � 0; µ – ı‡‡ÍÚÂËÒÚË˜ÂÒÍËÈ ÔÓÍ‡Á‡ÚÂÎ¸. Ç ÓÍÓÌ˜‡-
ÚÂÎ¸Ì˚È ‡Î„ÓËÚÏ ÙÛÌÍˆËfl P(t) ÌÂ ‚ıÓ‰ËÚ, ËÒÔÓÎ¸ÁÛÂÚÒfl ÚÓÎ¸ÍÓ ÙÓÏÛÎ‡ ‰Îfl ÓÔÂ‰ÂÎÂÌËfl µ: 

(4.7)

ÔÓÎ¸ÁÛflÒ¸ ÛÔÓÏflÌÛÚ˚Ï ‚˚¯Â ÒÔÓÒÓ·ÓÏ ‚˚˜ËÒÎÂÌËfl y1(t), (t), y2(t), (t) ‚ ‰Ë‡Ô‡ÁÓÌÂ (0, π], ‚˚-
˜ËÒÎflÂÏ Í‡ÍÓÂ-ÎË·Ó (‚ÓÁÏÓÊÌÓ, ÌÂ‚Â˘ÂÒÚ‚ÂÌÌÓÂ) ÁÌ‡˜ÂÌËÂ µ. 

Ç˚‚Ó‰fl ÙÓÏÛÎ˚ ‰Îfl crs, ‚ÂÏÂÌÌÓ ÔÂ‰ÔÓÎÓÊËÏ, ˜ÚÓ F(0) ≠ 0 Ë F '(0) ≠ 0. íÓ„‰‡ ËÏÂÂÏ

y2'

y1' y2'

y''˜ p 2q 2tcos–( ) ỹ+ 0=

ỹ1 ỹ2

ỹ1 0( ) 1, ỹ1' 0( ) 0,= =

ỹ2 0( ) 0, ỹ2' 0( ) 1.= =

ỹ1 ỹ2 ỹ1 ỹ2' ỹ2 ỹ1'

y1 t( ) ỹ2'
π
2
--- 

  ỹ1 t
π
2
---– 

  ỹ1'
π
2
--- 

  ỹ2 t
π
2
---– 

  ,+=

y2 t( ) ỹ2
π
2
--- 

  ỹ1 t
π
2
---– 

  ỹ1
π
2
--- 

  ỹ2 t
π
2
---– 

  .+=

y1 t kπ+( ) c11y1 t( ) c12y2 t( ),+=

y2 t kπ+( ) c21y1 t( ) c22y2 t( ),+=

F t( ) eiµtP t( ),=

µπcos y1 π( ) y2' π( ) 1 2y1'
π
2
--- 

  y2
π
2
--- 

  ;+= = =

y1' y2'
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(4.8)

éÚÒ˛‰‡, Û˜ËÚ˚‚‡fl (4.6), ÔÓÎÛ˜‡ÂÏ 

(4.9)

àÒÍÎ˛˜Ë‚ ËÁ (4.8), (4.9) ‚ÂÎË˜ËÌ˚ F(t) Ë F(–t), ÔÓÎÛ˜ËÏ 

(4.10)

(4.11)

àÁ (4.10) ËÏÂÂÏ 

(4.12)

èÓÎÓÊË‚ t = 0, k = 1 ‚ (4.11), (4.12), ÔÓÎÛ˜ËÏ 

ÑÓÔÓÎÌËÚÂÎ¸ÌÓ ÔÂ‰ÔÓÎÓÊË‚, ˜ÚÓ µ ÌÂ fl‚ÎflÂÚÒfl ˆÂÎ˚Ï, ÔÓÎÛ˜ËÏ 

èÓ‰ÒÚ‡‚Ë‚ ˝ÚË ÁÌ‡˜ÂÌËfl ‚ (4.10) Ë (4.11), ÓÍÓÌ˜‡ÚÂÎ¸ÌÓ ÔÓÎÛ˜ËÏ

(4.13)

í‡Í Í‡Í (sinkπµ)/sinπµ Ë coskπµ ÒÛÚ¸ ÏÌÓ„Ó˜ÎÂÌ˚ ÓÚ cosπµ, ‡ cosπµ = y1(π) = (π) (ÒÏ. (4.7)),

ÚÓ ÍÓ˝ÙÙËˆËÂÌÚ˚ crs ‚ (4.5) ÒÛÚ¸ ÏÌÓ„Ó˜ÎÂÌ˚ ÓÚ y1(π), (π), y2(π), (π). àÒÔÓÎ¸ÁÓ‚‡Ú¸ ˝ÚÓ Ó·-
ÒÚÓflÚÂÎ¸ÒÚ‚Ó ‰Îfl ÌÂÔÓÒÂ‰ÒÚ‚ÂÌÌ˚ı ‚˚˜ËÒÎÂÌËÈ, ÔÓ-‚Ë‰ËÏÓÏÛ, ÌÂ‡ÁÛÏÌÓ, ÌÓ ‰Îfl Ó·ÓÒÌÓ‚‡ÌËfl
‡ÒÒÏ‡ÚË‚‡ÂÏÓ„Ó ‰‡ÎÂÂ ÔÂ‰ÂÎ¸ÌÓ„Ó ÔÂÂıÓ‰‡ ÓÌÓ ÒÛ˘ÂÒÚ‚ÂÌÌÓ. àÏÂÌÌÓ ÙÓÏÛÎ‡ (4.13) ·˚Î‡
‰ÓÍ‡Á‡Ì‡ ÔË ‰ÓÔÓÎÌËÚÂÎ¸ÌÓÏ ÔÂ‰ÔÓÎÓÊÂÌËË, ˜ÚÓ F(0) ≠ 0, F '(0) ≠ 0 Ë µ ÌÂ fl‚ÎflÂÚÒfl ˆÂÎ˚Ï. ëÎÛ-
˜‡È ÌÂÒÓ·Î˛‰ÂÌËfl ˝ÚÓ„Ó ÔÂ‰ÔÓÎÓÊÂÌËfl ÔÓÎÛ˜‡ÂÏ Í‡Í ÔÂ‰ÂÎ¸Ì˚È. èÓ˝ÚÓÏÛ ÙÓÏÛÎ‡ (4.13)
‚ÂÌ‡ Ë ‚ Ó·˘ÂÏ ÒÎÛ˜‡Â. 

5. é ˜ËÒÎÂÌÌÓÈ Â‡ÎËÁ‡ˆËË 
éÔËÒ‡ÌÌ˚Â ÏÂÚÓ‰˚ ·˚ÎË Â‡ÎËÁÓ‚‡Ì˚ ‚ ÒËÒÚÂÏÂ ‚˚˜ËÒÎÂÌËÈ Ò ÔÓËÁ‚ÓÎ¸ÌÓÈ ÚÓ˜ÌÓÒÚ¸˛.

ÑÎfl ÓÔÂ‰ÂÎÂÌËfl ‚ÌÛÚÂÌÌËı Ô‡‡ÏÂÚÓ‚, Ú‡ÍËı Í‡Í ˜ËÒÎÓ ‚ÁflÚ˚ı ˜ÎÂÌÓ‚ fl‰‡, ÏÂÒÚÓ Ó·˚‚‡
ˆÂÔÌ˚ı ‰Ó·ÂÈ Ë ‰., ÔÓÚÂ·Ó‚‡ÎÓÒ¸ ‡Á‡·ÓÚ‡Ú¸ ÒÔÂˆË‡Î¸Ì˚Â ÏÂÚÓ‰˚ ÍÓÌÚÓÎfl ÚÓ˜ÌÓÒÚË. çËÊÂ
ÔË‚Â‰ÂÌ˚ ÌÂÍÓÚÓ˚Â ÂÁÛÎ¸Ú‡Ú˚ ‡Ò˜ÂÚÓ‚. 

Ç Ú‡·ÎËˆÂ, fl‚Îfl˛˘ÂÈÒfl “ÔÓ‰ÓÎÊÂÌËÂÏ” Ú‡·Î. 4.1 ËÁ [6], ÔÂ‰ÒÚ‡‚ÎÂÌ˚ ëá b2n ÔË q = 25. êÂ-
ÁÛÎ¸Ú‡Ú˚ ‡Ò˜ÂÚÓ‚ Ò 40 ÁÌ‡˜‡˘ËÏË ˆËÙ‡ÏË ÔÓ‰Ú‚ÂÊ‰‡˛ÚÒfl (‚ÓÒÔÓËÁ‚Ó‰flÚÒfl) ÔË ‡Ò˜ÂÚ‡ı Ò

y1 t( ) F t( ) F t–( )+
2F 0( )

------------------------------,=

y2 t( ) F t( ) F t–( )–
2F ' 0( )

------------------------------.=

y1 t kπ+( ) eiµkπF t( ) e iµkπ– F t–( )+
2F 0( )

-------------------------------------------------------,=

y2 t kπ+( ) eiµkπF t( ) e iµkπ– F t–( )–
2F ' 0( )

------------------------------------------------------.=

y1 t kπ+( ) kπµcos( )y1 t( ) i
F ' 0( )
F 0( )
-------------- kπµsin( )y2 t( ),+=

y2 t kπ+( ) i
F 0( )
F ' 0( )
-------------- kπµsin( )y1 t( ) kπµcos( )y2 t( ).+=

y1' t kπ+( ) kπµcos( )y1' t( ) i
F ' 0( )
F 0( )
-------------- kπµsin( )y2' t( ).+=

y2 π( ) i
F 0( )
F ' 0( )
-------------- πµ, y1' π( )sin i

F ' 0( )
F 0( )
-------------- πµ.sin= =

i
F 0( )
F ' 0( )
-------------- kπµsin y2 π( ) kπµsin

πµsin
------------------,=

i
F ' 0( )
F 0( )
-------------- kπµsin y1' π( ) kπµsin

πµsin
------------------.=

y1 t kπ+( ) kπµcos( )y1 t( ) y1' π( ) kπµsin
πµsin

------------------y2 t( ),+=

y2 t kπ+( ) y2 π( ) kπµsin
πµsin

------------------y1 t( ) kπµcos( )y2 t( ).+=

y2'
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Ä·‡ÏÓ‚, äÛÓ˜ÍËÌ

·óÎ¸¯ËÏ ˜ËÒÎÓÏ ˆËÙ (60, 100 Ë Ú.‰.). éÚÏÂÚËÏ, ˜ÚÓ Ì‡¯Ë ÂÁÛÎ¸Ú‡Ú˚ ÌÂÒÍÓÎ¸ÍÓ ÓÚÎË˜‡˛ÚÒfl ÓÚ
ÂÁÛÎ¸Ú‡ÚÓ‚ ËÁ [6] ‚ b6, …, b12, ‡ ‚ b14, b16 ÓÚÎË˜‡˛ÚÒfl ·ÓÎÂÂ ÒÛ˘ÂÒÚ‚ÂÌÌÓ. ç‡Ó·ÓÓÚ, ÔÓÎÛ˜ÂÌÓ
ÔÓÎÌÓÂ ÔÓ‰Ú‚ÂÊ‰ÂÌËÂ ÂÁÛÎ¸Ú‡ÚÓ‚ ËÁ [8] ÒÓ ‚ÒÂÏË ÔË‚Â‰ÂÌÌ˚ÏË Ú‡Ï ÁÌ‡˜‡˘ËÏË ˆËÙ‡ÏË. 

ç‡ ÙË„. 3 ÔÂ‰ÒÚ‡‚ÎÂÌ „‡ÙËÍ ı‡‡ÍÚÂËÒÚË˜ÂÒÍÓ„Ó ÔÓÍ‡Á‡ÚÂÎfl (‚ÂıÌflfl ÍË‚‡fl – ‚Â˘ÂÒÚ‚ÂÌ-
Ì‡fl ˜‡ÒÚ¸, ÌËÊÌflfl ÍË‚‡fl – ÏÌËÏ‡fl ˜‡ÒÚ¸) ‰Îfl ÁÌ‡˜ÂÌËÈ Ô‡‡ÏÂÚÓ‚ q = 10, 0 < p < 32. ä‡Í ‚Ë‰ÌÓ,
Ó·Â ÍË‚˚Â ÌÂÔÂ˚‚Ì˚, ‡ ‚Â˘ÂÒÚ‚ÂÌÌ‡fl ̃ ‡ÒÚ¸ ÏÓÌÓÚÓÌÌÓ ‚ÓÁ‡ÒÚ‡ÂÚ ‚ ÔÓÏÂÊÛÚÍ‡ı ‚ÌÂ Î‡ÍÛÌ. 

ç‡ ÙË„. 4, 5 ÔË‚Â‰ÂÌ˚ „‡ÙËÍË Â¯ÂÌËfl Û‡‚ÌÂÌËfl å‡Ú¸Â Ì‡ ‰ÓÒÚ‡ÚÓ˜ÌÓ ·ÓÎ¸¯Ëı ÔÓÏÂÊÛÚ-
Í‡ı ËÁÏÂÌÂÌËfl ‡„ÛÏÂÌÚ‡. àÒÔÓÎ¸ÁÓ‚‡Î‡Ò¸ Ó·˚˜Ì‡fl (Ò. [1, ËÒ. 20.2 Ë 20.3]) ÌÓÏËÓ‚Í‡ ÛÒÎÓ‚Ë-
flÏË ‚Ë‰‡ (3.2), (3.3), ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ, ‰Îfl ˜ÂÚÌ˚ı Ë ÌÂ˜ÂÚÌ˚ı Â¯ÂÌËÈ Ò ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ÂÈ ÔÂÂ-
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1.5

îË„. 4.

0 8 16 24 32

1

2

3

4

5

6

îË„. 3.

í‡·ÎËˆ‡

ëá [1] [8] [6] ê‡Ò˜ÂÚ˚ ‡‚ÚÓÓ‚

b2 –21.31486062 –21.314860622 –21.3148606222499 –21.31486062224985085431466497257381226977

b4 – 12.986489953 12.9864899527425 12.98648995274245978696086926962446752855

b6 – 41.801071292 41.8010712918115 41.80107129181058013238706064957626657798

b8 – 69.057988351 69.0579883512758 69.05798835128618256012392585342334608242

b10 103.22568004 103.225680042 103.225680042418 103.2256800423734700047997305444380455190

b12 – 146.207674647 146.207674647279 146.2076746474580792325359615455730525781

b14 – 197.611164916 197.611164920589 197.6111649156508603480957728194897503429

b16 – 257.229284862 257.22928528627 257.2292848625012979647682267875409801588
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ÌÓÏËÓ‚ÍÓÈ ÍÓ˝ÙÙËˆËÂÌÚÓ‚ ck. îË„. 4 ÒÓÓÚ‚ÂÚÒÚ‚ÛÂÚ Ô‡‡ÏÂÚ‡Ï p = 2.0, q = 1.0, 300 < t < 400
(ÁÓÌ‡ ÛÒÚÓÈ˜Ë‚ÓÒÚË a1 < p < b2), ÙË„. 5 – Ô‡‡ÏÂÚ‡Ï p = 1.85, q = 1.0, 0 < t < 100 (Î‡ÍÛÌ‡ b1 < p < a1). 
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ê‡ÒÒÏ‡ÚË‚‡ÂÚÒfl Â¯ÂÌËÂ ÒËÌ„ÛÎflÌÓ ‚ÓÁÏÛ˘ÂÌÌÓ„Ó Ô‡‡·ÓÎË˜ÂÒÍÓ„Ó Û‡‚ÌÂÌËfl, ËÏÂ˛˘ÂÂ
‚ÌÛÚÂÌÌËÂ Ë ÔÓ„‡ÌË˜Ì˚Â ÒÎÓË, ‡ÒÚflÌÛÚ˚Â ÔÂÂÏÂÌÌ˚Â ÍÓÚÓ˚ı ÏÓ„ÛÚ Á‡‚ËÒÂÚ¸ ÓÚ ‡ÁÎË˜-
Ì˚ı ÒÚÂÔÂÌÂÈ Ô‡‡ÏÂÚ‡ ‚ÓÁÏÛ˘ÂÌËfl. èÓ‚Ó‰ËÚÒfl ÔÓÒÚÓÂÌËÂ Ë Ó·ÓÒÌÓ‚‡ÌËÂ ‡ÒËÏÔÚÓÚËÍË
˝ÚÓ„Ó Â¯ÂÌËfl, Ë ‰‡ÂÚÒfl ‰ÓÍ‡Á‡ÚÂÎ¸ÒÚ‚Ó Â„Ó ÛÒÚÓÈ˜Ë‚ÓÒÚË. ÅË·Î. 12. 

äÎ˛˜Â‚˚Â ÒÎÓ‚‡: ÒËÌ„ÛÎflÌ˚Â ‚ÓÁÏÛ˘ÂÌËfl, ÍÓÌÚ‡ÒÚÌ˚Â ÒÚÛÍÚÛ˚ ÚËÔ‡ ÒÚÛÔÂÌ¸ÍË, ÏÂÚÓ‰
ÔÓ„‡ÌË˜Ì˚ı ÙÛÌÍˆËÈ, ÏÂÚÓ‰ ‰ËÙÙÂÂÌˆË‡Î¸Ì˚ı ÌÂ‡‚ÂÌÒÚ‚, ÛÒÚÓÈ˜Ë‚ÓÒÚ¸ Â¯ÂÌËÈ Ô‡‡-
·ÓÎË˜ÂÒÍËı Û‡‚ÌÂÌËÈ. 

1. èÓÒÚ‡ÌÓ‚Í‡ Á‡‰‡˜Ë 

ç‡ÒÚÓfl˘‡fl ‡·ÓÚ‡ ÔÓÒ‚fl˘ÂÌ‡ ËÒÒÎÂ‰Ó‚‡ÌË˛ Í‡Â‚ÓÈ Á‡‰‡˜Ë ‰Îfl ÒÎÂ‰Û˛˘Â„Ó Ô‡‡·ÓÎË˜ÂÒÍÓ-
„Ó Û‡‚ÌÂÌËfl Ò ÛÒÎÓ‚ËÂÏ ÔÂËÓ‰Ë˜ÌÓÒÚË ÔÓ ‚ÂÏÂÌÌóÏÛ ‡„ÛÏÂÌÚÛ: 

(1.1)

„‰Â ε > 0 – Ï‡Î˚È Ô‡‡ÏÂÚ, A, B, y0 Ë y1 ÒÛÚ¸ T-ÔÂËÓ‰Ë˜ÂÒÍËÂ ÔÓ t ÙÛÌÍˆËË. èÓÒÚ‡ÌÓ‚Í‡ (1.1) fl‚-
ÎflÂÚÒfl ÂÒÚÂÒÚ‚ÂÌÌ˚Ï Ó·Ó·˘ÂÌËÂÏ Á‡‰‡˜Ë, ‡ÒÒÏÓÚÂÌÌÓÈ ‡ÌÂÂ ‚ ‡·ÓÚÂ [1]: 

(1.2)

éÚÏÂÚËÏ, ˜ÚÓ (1.1) ÔÂ‰ÒÚ‡‚ÎflÂÚ ÒÓ·ÓÈ (1.2) ‚ ÒÎÛ˜‡Â, ÍÓ„‰‡ ‚ÒÂ ‚ıÓ‰fl˘ËÂ ‚ ÌÂÂ ‚ÂÎË˜ËÌ˚,
‚ÍÎ˛˜‡fl Ò‡ÏÓ Â¯ÂÌËÂ, ÌÂ Á‡‚ËÒflÚ ÓÚ t. 

Ç [1] Ò ÔÓÏÓ˘¸˛ ÏÂÚÓ‰‡ ÔÓ„‡ÌË˜Ì˚ı ÙÛÌÍˆËÈ (ÒÏ. [2]) ·˚Î‡ ÔÓÒÚÓÂÌ‡ ‡ÒËÏÔÚÓÚËÍ‡ Â¯Â-
ÌËÈ Á‡‰‡˜Ë (1.2), Ó·Î‡‰‡˛˘Ëı ‰‚ÛÏfl ÔÓ„‡ÌË˜Ì˚ÏË Ë Ó‰ÌËÏ ‚ÌÛÚÂÌÌËÏ ÒÎÓflÏË, Ë Ò ÔÓÏÓ˘¸˛
ÏÂÚÓ‰‡ ‰ËÙÙÂÂÌˆË‡Î¸Ì˚ı ÌÂ‡‚ÂÌÒÚ‚ (ÒÏ. [3]) ÔÓ‚Â‰ÂÌÓ ÂÂ Ó·ÓÒÌÓ‚‡ÌËÂ. èË ̋ ÚÓÏ ‚ÌÛÚÂÌÌËÈ
ÒÎÓÈ ÓÔËÒ˚‚‡Î ÔÂÂıÓ‰ ÏÂÊ‰Û ÌÂÍÓÚÓ˚ÏË ‰‚ÛÏfl Â¯ÂÌËflÏË ‚˚ÓÊ‰ÂÌÌÓ„Ó Û‡‚ÌÂÌËfl. êÂ¯Â-
ÌËfl Ò ‚ÌÛÚÂÌÌËÏË ÔÂÂıÓ‰Ì˚ÏË ÒÎÓflÏË ÌÓÒflÚ Ì‡Á‚‡ÌËÂ ÍÓÌÚ‡ÒÚÌ˚ı ÒÚÛÍÚÛ ÚËÔ‡ ÒÚÛÔÂÌ¸ÍË
(äëíë). 

ï‡‡ÍÚÂÌÓÈ ÓÒÓ·ÂÌÌÓÒÚ¸˛ Á‡‰‡˜Ë (1.2) fl‚ÎflÂÚÒfl ÚÓ, ˜ÚÓ Í‡Í ÔÓ„‡ÌÒÎÓÈÌ˚Â, Ú‡Í Ë ‚ÌÛÚÂÌ-
ÌËÂ ÔÂÂıÓ‰Ì˚Â ÒÓÒÚ‡‚Îfl˛˘ËÂ ÂÂ Â¯ÂÌËÈ ÏÓ„ÛÚ ·˚Ú¸ ÙÛÌÍˆËflÏË ‡ÒÚflÌÛÚ˚ı ÔÂÂÏÂÌÌ˚ı ‡Á-
ÌÓ„Ó ÔÓfl‰Í‡ ÓÚÌÓÒËÚÂÎ¸ÌÓ Ô‡‡ÏÂÚ‡ ‚ÓÁÏÛ˘ÂÌËfl (ÔÓ ˝ÚÓÏÛ ÔÓ‚Ó‰Û ÒÏ. Ú‡ÍÊÂ [4]). Ç ÒÓÓÚ‚ÂÚ-
ÒÚ‚ËË Ò ˝ÚËÏ ‚˚‰ÂÎfl˛Ú ÔÓ„‡ÌË˜Ì˚Â Ë ÔÂÂıÓ‰Ì˚Â ÒÎÓË ‰‚Ûı ‚Ë‰Ó‚: ÂÁÍÓ„Ó (‡ÒÚflÌÛÚ‡fl ÔÂÂ-
ÏÂÌÌ‡fl ~1/ε3) Ë ÔÎ‡‚ÌÓ„Ó (‡ÒÚflÌÛÚ‡fl ÔÂÂÏÂÌÌ‡fl ~1/ε). 

1) ê‡·ÓÚ‡ ‚˚ÔÓÎÌÂÌ‡ ÔË ÙËÌ‡ÌÒÓ‚ÓÈ ÔÓ‰‰ÂÊÍÂ êîîà (ÍÓ‰ ÔÓÂÍÚ‡ 04-01-00710).

L y[ ] ε 4 ∂2y

∂x2
-------- ∂y

∂t
-----– 

  ε∂y
∂x
------A y x t, ,( )– B y x t, ,( )–≡ 0,=

y x t T+ ε, ,( ) y x t ε, ,( ), x t,( ) Ω 0 1,( ) �,×≡∈=

y 0 t ε, ,( ) y0 t( ), y 1 t ε, ,( ) y1 t( ), t �,∈= =

ε4d2y

dx2
-------- εdy

dx
------A y x,( ) B y x,( ), x 0 1,( ),∈+=

y 0 ε,( ) y0, y 1 ε,( ) y1.= =

ìÑä 519.624.2
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êÂ¯ÂÌËÂ Á‡‰‡˜Ë (1.1), Ú‡Í ÊÂ Í‡Í Ë Â¯ÂÌËÂ Á‡‰‡˜Ë (1.2), ÏÓÊÂÚ Ó·Î‡‰‡Ú¸ Í‡Í ÔÓ„‡ÌË˜Ì˚ÏË,
Ú‡Í Ë ‚ÌÛÚÂÌÌËÏË ÔÂÂıÓ‰Ì˚ÏË ÒÎÓflÏË. çËÊÂ ÒÚÓËÚÒfl Ë Ó·ÓÒÌÓ‚˚‚‡ÂÚÒfl ‡ÒËÏÔÚÓÚËÍ‡ Â¯Â-
ÌËfl, Ó·Î‡‰‡˛˘Â„Ó ‰‚ÛÏfl ÔÓ„‡ÌË˜Ì˚ÏË (‚ ÓÍÂÒÚÌÓÒÚflı „‡ÌË˜Ì˚ı ÔflÏ˚ı x = 0 Ë x = 1) Ë Ó‰ÌËÏ
‚ÌÛÚÂÌÌËÏ (‚ ÓÍÂÒÚÌÓÒÚË ÌÂÍÓÚÓÓÈ ‚ÌÛÚÂÌÌÂÈ ÍË‚ÓÈ x = x*(t, ε)) ÒÎÓflÏË. èË ˝ÚÓÏ ‚ÌÛÚÂÌ-
ÌËÈ ÔÂÂıÓ‰Ì˚È ÒÎÓÈ ÓÔËÒ˚‚‡ÂÚÒfl ÙÛÌÍˆËÂÈ, Á‡‚ËÒfl˘ÂÈ ÓÚ ‡ÒÚflÌÛÚÓÈ ÔÂÂÏÂÌÌÓÈ ~1/ε. äÓÏÂ
ÚÓ„Ó, ·Û‰ÂÚ ÔÓ‚Â‰ÂÌÓ ËÒÒÎÂ‰Ó‚‡ÌËÂ Ì‡ ÛÒÚÓÈ˜Ë‚ÓÒÚ¸ ÛÍ‡Á‡ÌÌÓ„Ó Â¯ÂÌËfl Û‡‚ÌÂÌËfl (1.1), ‡Ò-
ÒÏ‡ÚË‚‡ÂÏÓ„Ó Í‡Í ÒÚ‡ˆËÓÌ‡ÌÓÂ Â¯ÂÌËÂ ÒÎÂ‰Û˛˘ÂÈ Ì‡˜‡Î¸ÌÓ-Í‡Â‚ÓÈ Á‡‰‡˜Ë: 

(1.3)

„‰Â ÙÛÌÍˆËfl y0(x) Û‰Ó‚ÎÂÚ‚ÓflÂÚ ÛÒÎÓ‚ËflÏ ÒÓ„Î‡ÒÓ‚‡ÌËfl ÔÓfl‰Í‡ ÌÛÎ¸: y0(0) = y0(0), y0(1) = y1(0). 

2. èÓÒÚÓÂÌËÂ ‡ÒËÏÔÚÓÚËÍË
èÛÒÚ¸ Û‡‚ÌÂÌËÂ B(y, x, t) = 0 ËÏÂÂÚ ÚË ÍÓÌfl y = ϕi(x, t), i = 1, 2, 3, ÔË˜ÂÏ 

íÓ„‰‡ ÔË ÓÔÂ‰ÂÎÂÌÌ˚ı ÛÒÎÓ‚Ëflı ÏÓÊÂÚ ‚ÓÁÌËÍÌÛÚ¸ äëíë Ò ÔÂÂıÓ‰ÓÏ Ò ϕ1(x, t) Ì‡ ϕ3(x, t) ‚
ÓÍÂÒÚÌÓÒÚË ÌÂÍÓÚÓÓÈ ÍË‚ÓÈ x = x*(t, ε). Ç Á‡‚ËÒËÏÓÒÚË ÓÚ ÁÌ‡ÍÓ‚ A Ì‡ ϕ1 Ë ϕ3 ÔË x = x*(t, 0) = x0(t)
‚ÌÛÚÂÌÌËÈ ÒÎÓÈ fl‚ÎflÂÚÒfl ÙÛÌÍˆËÂÈ ÒÎÂ‰Û˛˘Ëı ‡ÒÚflÌÛÚ˚ı ÔÂÂÏÂÌÌ˚ı: 

1) ÂÒÎË A(ϕ1(x0, t), x0, t) > 0, A(ϕ3(x0, t), x0, t) < 0, ÚÓ η = (x – x*(t, ε))/ε3, – äëíë ÂÁÍÓ„Ó ‚Ë‰‡, 
2) ÂÒÎË A(ϕ1(x0, t), x0, t) < 0, A(ϕ3(x0, t), x0, t) > 0, ÚÓ η = (x – x*(t, ε))/ε, – äëíë ÔÎ‡‚ÌÓ„Ó ‚Ë‰‡. 
ä‡Í ÛÊÂ ·˚ÎÓ ÒÍ‡Á‡ÌÓ, Ï˚ Ó„‡ÌË˜ËÏÒfl ‡ÒÒÏÓÚÂÌËÂÏ ÒÎÛ˜‡fl 2), ÍÓ„‰‡ ÔÂÂıÓ‰Ì‡fl ÔÂÂÏÂÌ-

Ì‡fl η ËÏÂÂÚ ÔÓfl‰ÓÍ 1/ε. 
áÌ‡˜ÂÌËÂ ÙÛÌÍˆËË y(x, t, ε) Ì‡ ÔÂÂıÓ‰ÌÓÈ ÍË‚ÓÈ x = x*(t, ε) Ó·ÓÁÌ‡˜ËÏ ˜ÂÂÁ y(x*, t, ε) = γ(t, ε)

(ϕ1(x0, t) < γ(t, 0) < ϕ3(x0, t)). 
àÚ‡Í, Ë˘ÂÏ Â¯ÂÌËÂ ‚Ë‰‡ 

„‰Â

Á‰ÂÒ¸, ‚ Ò‚Ó˛ Ó˜ÂÂ‰¸, 

‡ ÔÓfl‰ÓÍ ÔÓ„‡ÌÒÎÓÈÌ˚ı ÔÂÂÏÂÌÌ˚ı ÓÔÂ‰ÂÎflÂÚÒfl ÁÌ‡ÍÓÏ A Ì‡ Â¯ÂÌËflı ‚˚ÓÊ‰ÂÌÌÓ„Ó Û‡‚-
ÌÂÌËfl ‚ ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘Ëı ÚÓ˜Í‡ı: τ = x/ε3 ÔË A(ϕ1(0, t), 0, t) < 0 Ë τ = x/ε ÔË A(ϕ1(0, t), 0, t) > 0,
ρ = (x – 1)/ε ÔË A(ϕ3(1, t), 1, t) < 0 Ë ρ = (x – 1)/ε3 ÔË A(ϕ3(1, t), 1, t) > 0. 

çËÊÂ ÒÚÓËÏ ÚÓÎ¸ÍÓ ‚ÌÛÚÂÌÌËÂ ÔÂÂıÓ‰Ì˚Â ÒÎÓË, Ë·Ó Â„ÛÎflÌ˚Â Ë ÔÓ„‡ÌË˜Ì˚Â ˜‡ÒÚË ÔÓ
ÒÛ˘ÂÒÚ‚Û ÛÊÂ ÔÓÒÚÓÂÌ˚ ‚ [5]. 

èÂ‰ÒÚ‡‚Îflfl x*, γ*, , , T(–), T(+) ‚ ‚Ë‰Â fl‰Ó‚ ÔÓ Ï‡ÎÓÏÛ Ô‡‡ÏÂÚÛ, ‡ ËÏÂÌÌÓ

L y[ ] 0, x t,( ) Ω+ 0 1,( ) 0 +∞,( )× ,≡∈=

y x 0 ε, ,( ) y0 x( ), x 0 1,[ ] ,∈=

y 0 t ε, ,( ) y0 t( ), y 1 t ε, ,( ) y1 t( ), t �
+

0 +∞),,[≡∈= =

ϕ1 x t,( ) ϕ2 x t,( ) ϕ3 x t,( ),< <

By ϕ1 3, x t,( ) x t, ,( ) 0, By ϕ2 x t,( ) x t, ,( ) 0,<>

A ϕ1 0 t,( ) 0 t, ,( ) 0, A ϕ3 1 t,( ) 1 t, ,( ) 0.≠≠

y x t ε, ,( ) ỹ x t ε, ,( ) Π τ t ε, ,( ) Q ρ t ε, ,( ), x t,( ) Ω,∈+ +=

ỹ x t ε, ,( )
ym x t ε, ,( ) T –( ) η t ε, ,( ), x t,( ) Ωl,∈+

yp x t ε, ,( ) T +( ) η t ε, ,( ), x t,( ) Ωr;∈+



=

Ωl 0 x* t ε,( ),( ) �,×=

Ωr x* t ε,( ) 1,( ) �,×=

ym yp

x* t ε,( ) x0 t( ) εx1 t( ) …,+ +=

γ* t ε,( ) γ0 t( ) εγ1 t( ) …,+ +=

ym x* ηε+ t ε, ,( ) y0
m x* ηε+ t,( ) εy1

m x* ηε+ t,( ) …+ + y0
–( ) t( ) εy1

–( ) t η,( ) …,+ += =
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ÅÛÍÊ‡Îfi‚, Ç‡ÒËÎ¸Â‚‡

ÒÓ„Î‡ÒÌÓ ÏÂÚÓ‰Û ÔÓ„‡ÌË˜Ì˚ı ÙÛÌÍˆËÈ ÔÓÎÛ˜‡ÂÏ fl‰ Á‡‰‡˜ ‰Îfl ÓÔÂ‰ÂÎÂÌËfl ÔÂÂıÓ‰Ì˚ı ˜ÎÂÌÓ‚

‡ÒËÏÔÚÓÚËÍË. èÓÒÍÓÎ¸ÍÛ ÒÚÛÍÚÛ˚ Á‡‰‡˜ ‰Îfl  Ë  ÔÓÎÌÓÒÚ¸˛ Ë‰ÂÌÚË˜Ì˚, ÌËÊÂ Ó„‡ÌË˜Ë-
‚‡ÂÏÒfl ÔÓÒÚÓÂÌËÂÏ ÔÂ‚˚ı. 

éÚÏÂÚËÏ, ̃ ÚÓ ̃ ÎÂÌ˚ ÔÂÂıÓ‰ÌÓ„Ó fl‰‡ ·Û‰ÛÚ ÓÔÂ‰ÂÎflÚ¸Òfl ËÁ Û‡‚ÌÂÌËÈ ÔÂ‚Ó„Ó ÔÓfl‰Í‡, Ú‡Í
˜ÚÓ Ëı „Î‡‰ÍÓÒÚ¸ ‚ ÔÂÂıÓ‰ÌÓÈ ÚÓ˜ÍÂ ·Û‰ÂÚ ÒÎÂ‰ÒÚ‚ËÂÏ Ëı ÌÂÔÂ˚‚ÌÓÒÚË. èÓ˝ÚÓÏÛ ‰Îfl ÓÔÂ‰Â-
ÎÂÌËfl ÒÓÒÚ‡‚Îfl˛˘Ëı x*(t, ε) ÔË‰ÂÚÒfl Á‡‰ÂÈÒÚ‚Ó‚‡Ú¸ ÌÂ Ò‚flÁ‡ÌÌ˚Â Ò „Î‡‰ÍÓÒÚ¸˛ (Í‡Í ˝ÚÓ Ì‡Ë·Ó-
ÎÂÂ ˜‡ÒÚÓ ·˚‚‡ÂÚ) ÒÓÓ·‡ÊÂÌËfl. ùÚË ÒÓÓ·‡ÊÂÌËfl, Í‡Í ·Û‰ÂÚ ÔÓÍ‡Á‡ÌÓ ÌËÊÂ, Ò‚flÁ‡Ì˚ Ò ‚ÓÁÏÓÊ-
ÌÓÒÚ¸˛ ‡ÁÂ¯ËÏÓÒÚË ‚ÓÁÌËÍ‡˛˘Ëı ‰Îfl ˜ÎÂÌÓ‚ ÔÂÂıÓ‰ÌÓ„Ó fl‰‡ Û‡‚ÌÂÌËÈ. 

Ç ÌÛÎÂ‚ÓÏ ÔË·ÎËÊÂÌËË ËÏÂÂÏ 

(2.1)

ÇÒÔÓÏËÌ‡fl, ˜ÚÓ By(ϕ1(x0, t), x0, t) > 0, ‡ A(ϕ1(x0, t), x0, t) < 0, ÎÂ„ÍÓ Û·ÂÊ‰‡ÂÏÒfl ‚ ÚÓÏ, ˜ÚÓ  = 0 –
ÛÒÚÓÈ˜Ë‚‡fl ÚÓ˜Í‡ ÔÓÍÓfl ÔË η  –∞. áÌ‡˜ËÚ, ÂÒÎË γ0 – ϕ1 ÔËÌ‡‰ÎÂÊËÚ ÂÂ Ó·Î‡ÒÚË ‚ÎËflÌËfl, ÚÓ

(–∞, t) = 0. ÄÌ‡ÎÓ„Ë˜ÌÓÂ ÚÂ·Ó‚‡ÌËÂ ‚ÓÁÌËÍ‡ÂÚ Ë ÔË ‡ÒÒÏÓÚÂÌËË ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ÂÈ Á‡‰‡˜Ë

‰Îfl . 

ÑÎfl ‚˚ÔÓÎÌÂÌËfl ÛÒÎÓ‚Ëfl ‰‡ÌÌÓÈ ÔËÌ‡‰ÎÂÊÌÓÒÚË ÌÂÓ·ıÓ‰ËÏÓ, ˜ÚÓ·˚ P(–)( , t) Ë P(+)( , t) ≡

≡ –B(ϕ3 + , x0, t)/A(ϕ3 + , x0, t) ÌÂ Ó·‡˘‡ÎËÒ¸ ‚ ÌÛÎ¸ Ì‡ (0, γ0 – ϕ1] × � Ë [γ0 – ϕ3, 0) × � ÒÓ-
ÓÚ‚ÂÚÒÚ‚ÂÌÌÓ. èÓ˝ÚÓÏÛ ÔËıÓ‰ËÏ Í ‚˚‚Ó‰Û, ˜ÚÓ 

(2.2)

ËÌ‡˜Â (‚ ÒËÎÛ B(ϕ2(x0(t), t), x0(t), t) = 0)  P(–)( , t) ÔË  = ϕ2 – ϕ1 ÎË·Ó P(+)( , t) ÔË  =

= ϕ2 − ϕ3 ·Û‰ÂÚ ‡‚ÌÓ ÌÛÎ˛. èË˜ÂÏ ‰Îfl ÚÓ„Ó, ˜ÚÓ·˚ ( , t) ÔË ˝ÚÓÏ ‰ÂÈÒÚ‚ËÚÂÎ¸ÌÓ ÌÂ Ó·-
‡˘‡ÎÓÒ¸ ‚ ÌÛÎ¸ (ËÎË ·ÂÒÍÓÌÂ˜ÌÓÒÚ¸), ÔÓÚÂ·ÛÂÏ ‚˚ÔÓÎÌÂÌËfl ÛÒÎÓ‚ËÈ

(2.3)

(‚ ˝ÚÓÏ ÒÎÛ˜‡Â By ·Û‰ÂÚ ÏÂÌ¸¯Â ÌÛÎfl, ‡ Ay – ·ÓÎ¸¯Â). 

äÓÏÂ ÚÓ„Ó, P(–)( , t) Ë P(+)( , t) ÌÂ ‰ÓÎÊÌ˚ Ó·‡˘‡Ú¸Òfl ‚ ·ÂÒÍÓÌÂ˜ÌÓÒÚ¸ ‚Ò˛‰Û Ì‡ [0, γ0 – ϕ1]
Ë [γ0 – ϕ3, 0] ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ. éÚÒ˛‰‡ ÔËıÓ‰ËÏ Í Â˘Â Ó‰ÌÓÏÛ ÚÂ·Ó‚‡ÌË˛ Ì‡ x0(t): 

(2.4)

(ÔË Â„Ó ‚˚ÔÓÎÌÂÌËË Ì‡ ÔÂ‚ÓÏ ÔÓÎÛËÌÚÂ‚‡ÎÂ A, ÂÒÚÂÒÚ‚ÂÌÌÓ, ·Û‰ÂÚ ËÏÂÚ¸ ÓÚËˆ‡ÚÂÎ¸Ì˚È ÁÌ‡Í,
‡ Ì‡ ‚ÚÓÓÏ – ÔÓÎÓÊËÚÂÎ¸Ì˚È). 

Ç˚‡ÊÂÌËfl (2.2), (2.3), (2.4) ÏÓÊÌÓ ‡ÒÒÏ‡ÚË‚‡Ú¸ Í‡Í ÒËÒÚÂÏÛ ÒÓÓÚÌÓ¯ÂÌËÈ ‰Îfl ÓÔÂ‰ÂÎÂÌËfl
x0(t). ÅÛ‰ÂÏ Ò˜ËÚ‡Ú¸, ˜ÚÓ ÒÛ˘ÂÒÚ‚ÛÂÚ ÂÂ Â¯ÂÌËÂ x = x0(t) Ú‡ÍÓÂ, ˜ÚÓ 

(2.5)

yp x* ηε+ t ε, ,( ) y0
p x* ηε+ t,( ) εy1

p x* ηε+ t,( ) …+ + y0
+( ) t( ) εy1

+( ) t η,( ) …,+ += =

T –( ) η t ε, ,( ) T0
–( ) η t,( ) εT1

–( ) η t,( ) …,+ +=

T +( ) η t ε, ,( ) T0
+( ) η t,( ) εT1

+( ) η t,( ) …,+ +=

Tn
–( ) Tn

+( )

∂T0
–( )

∂η
------------ P –( ) T0

–( ) t,( )
B ϕ1 T0

–( )+ x0 t, ,( )
A ϕ1 T0

–( )+ x0 t, ,( )
------------------------------------------,–≡=

T0
–( ) 0 t,( ) γ0 t( ) ϕ1 x0 t( ) t,( ),–=

T0
–( ) ∞– t,( ) 0.=

T0
–( )

T0
–( )

T0
+( )

T0
–( ) T0

+( )

T0
+( ) T0

+( )

A ϕ2 x0 t,( ) x0 t, ,( ) I x0 t,( )≡ 0,=

T0
–( ) T0

–( ) T0
+( ) T0

+( )

P )+−( T0
)+−(

Ay ϕ2 x0 t( ) t,( ) x0 t( ) t, ,( ) 0, By ϕ2 x0 t( ) t,( ) x0 t( ) t, ,( ) 0≠≠

T0
–( ) T0

+( )

A y x0 t( ) t, ,( ) 0 ÔË y ϕ1 x0 t( ) t,( ) ϕ3 x0 t( ) t,( ),[ ] \ϕ2 x0 t( ) t,( )∈≠

0 x0 t( ) 1, t �,∈< <

Ix x t,( )
x x0 t( )=

B̃y Ãx B̃x Ãy–

B̃y

------------------------------
x0 x0 t( )=

0, t �.∈<=
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á‰ÂÒ¸, ‡ Ú‡ÍÊÂ ‰Îfl ÓÔËÒ‡ÌËfl ÒÚ‡¯Ëı ÔË·ÎËÊÂÌËÈ ËÒÔÓÎ¸ÁÓ‚‡Ì˚ Ó·ÓÁÌ‡˜ÂÌËfl 

„‰Â ‚ Í‡˜ÂÒÚ‚Â ÙÛÌÍˆËË E ÏÓ„ÛÚ ‚˚ÒÚÛÔ‡Ú¸ A Ë B, ‡ Ú‡ÍÊÂ Ëı ˜‡ÒÚÌ˚Â ÔÓËÁ‚Ó‰Ì˚Â. 

äÓÏÂ ÚÓ„Ó, Ó·‡ÚËÏ ‚ÌËÏ‡ÌËÂ Ì‡ ÚÓÚ Ù‡ÍÚ, ˜ÚÓ, Ì‡˜ËÌ‡fl Ò n = 1,  ÏÓÊÂÚ ·˚Ú¸ ÔÂ‰ÒÚ‡‚ÎÂ-
ÌÓ ‚ ‚Ë‰Â 

„‰Â ∆  fl‚ÎflÂÚÒfl ÙÛÌÍˆËÂÈ (x0, t), …, (x0, t) Ë Ëı ÔÓËÁ‚Ó‰Ì˚ı ‚ ÚÓ˜ÍÂ (x0(t), t), ‡ Ú‡ÍÊÂ x1(t) + η,

x2(t), …, xn – 1(t) Ë ÌÂ Á‡‚ËÒËÚ ÓÚ xn(t). çËÊÂ ÔÓ‰ ∆  ÔÓÌËÏ‡ÂÏ Â„Ó ÁÌ‡˜ÂÌËÂ ÔË η = 0. èË ÔÓÒÚ‡-

ÌÓ‚ÍÂ Á‡‰‡˜ ‰Îfl  ËÒÔÓÎ¸ÁÛÂÚÒfl Ó·ÓÁÌ‡˜ÂÌËÂ ∆ , ËÏÂ˛˘ÂÂ ‡Ì‡ÎÓ„Ë˜Ì˚È ÒÏ˚ÒÎ. 

èÂ‚ÓÂ ÔË·ÎËÊÂÌËÂ: 

(2.6)

êÂ¯ÂÌËÂÏ Û‡‚ÌÂÌËÈ (2.6) ·Û‰ÂÚ 

(2.7)

èÛÒÚ¸ ‰Îfl ÓÔÂ‰ÂÎÂÌÌÓÒÚË (t) ≤ γ0(t) < (t). íÓ„‰‡ Ó·‡ÚËÏ ‚ÌËÏ‡ÌËÂ Ì‡ ÚÓ Ó·ÒÚÓflÚÂÎ¸ÒÚ‚Ó,
˜ÚÓ ÔÓ‰˚ÌÚÂ„‡Î¸ÌÓÂ ‚˚‡ÊÂÌËÂ ËÁ (2.7) ËÏÂÂÚ ÒÏ˚ÒÎ, ‚ÓÓ·˘Â „Ó‚Ófl, ÌÂ ÔË ‚ÒÂı ÁÌ‡˜ÂÌËflı ‡-

„ÛÏÂÌÚ‡, ‡ ËÏÂÌÌÓ ÔË η = η* : (η*, t) = (t) – (t), ÒÚÓfl˘ÂÂ ‚ ÁÌ‡ÏÂÌ‡ÚÂÎÂ , Ó·‡˘‡ÂÚÒfl
‚ ÌÛÎ¸. èÓ˝ÚÓÏÛ ‰Îfl Ó·ÂÒÔÂ˜ÂÌËfl ÍÓÂÍÚÌÓÒÚË ÓÔÂ‰ÂÎÂÌËfl (2.7) (‡ ‚ÏÂÒÚÂ Ò ÚÂÏ Ë Ò‡ÏÓÈ ÔÓÒÚ‡-

ÌÓ‚ÍË (2.6)) ÔÓÚÂ·ÛÂÏ, ˜ÚÓ·˚ (η*, t) = 0: 

Ç ÒËÎÛ (2.5) Ë (2.3), ÔÓÒÎÂ‰ÌÂÂ Û‡‚ÌÂÌËÂ ‡ÁÂ¯ËÏÓ Ë x1(t) ÏÓÊÌÓ Ò˜ËÚ‡Ú¸ ÓÔÂ‰ÂÎÂÌÌ˚Ï:
x1(t) = −η*(γ0, t). èÓ‰˜ÂÍÌÂÏ, ˜ÚÓ x1 ÓÔÂ‰ÂÎÂÌÓ ‚ ÚÓÏ ÒÏ˚ÒÎÂ, ˜ÚÓ Ï˚ Ì‡¯ÎË Ò‚flÁ¸ ÏÂÊ‰Û

yn
–( ) t( ) yn

m x0 t( ) t,( ), yn
+( ) t( ) yn

p x0 t( ) t,( ),= =

E
–( )

t( ) E y0
–( ) t( ) x0 t( ) t, ,( ), E

+( )
t( ) E y0

+( ) t( ) x0 t( ) t, ,( ),= =

Ẽ
–( ) η t,( ) E y0

–( ) t( ) T0
–( ) η t,( )+ x0 t( ) t, ,( ),=

Ẽ t( ) E ϕ2 x0 t( ) t,( ) x0 t( ) t, ,( ), P̃
–( ) η t,( ) P –( ) T0

–( ) η t,( ) t,( ),= =

P̃0
–( ) η t,( ) P̃

–( ) η t,( )/P̃
–( )

0 t,( ),=

ϕ1 ϕ1 t( ) ϕ1 x0 t( ) t,( )≡ y0
–( ) t( ),= =

ϕ3 ϕ3 t( ) ϕ3 x0 t( ) t,( )≡ y0
+( ) t( ),= =

yn
–( )

yn
–( ) ∂y0

–( )

∂x
----------- t( )xn ∆yn

–( ),+=

yn
–( ) y0

m yn
m
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–( )
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+( )

Ã
–( )∂T1

–( )

∂η
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P̃

–( )
Ãy
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+( )T1
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–( )

+ + 0,=

T1
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∂y0
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--------

–( )

t( )x1 t( )– y1
–( ) t( ).–=

T1
–( ) γ1 t( )

∂y0

∂x
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–( )

t( )x1 t( )– y1
–( ) t( )– 

  P̃0
–( ) η t,( ) P̃

–( ) η t,( )
P̃

–( )
s t,( )
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s t,( )
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s t,( )

--------------------- s.d
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η

∫–=

ϕ2 ϕ3

T0
–( ) ϕ2 ϕ1 Ã
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G̃1
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G̃1
–( ) η* t,( )

∂y0

∂x
--------
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Ã
∂y0
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x1 η*+( ) y1
–( )+ 
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  Ãy x1 η*+( ) B̃
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Ãy

----------------------------------- 0.= =



428

ÜìêçÄã ÇõóàëãàíÖãúçéâ åÄíÖåÄíàäà à åÄíÖåÄíàóÖëäéâ îàáàäà      ÚÓÏ 47      ‹ 3      2007

ÅÛÍÊ‡Îfi‚, Ç‡ÒËÎ¸Â‚‡

ÙÛÌÍˆËflÏË x1(t) Ë γ0(t). îÛÌÍˆËfl ÊÂ γ0(t) ÏÓÊÂÚ ·˚Ú¸ ‚˚·‡Ì‡ ÔÓËÁ‚ÓÎ¸ÌÓ (Ò˜ËÚ‡ÂÏ ÚÓÎ¸ÍÓ, ˜ÚÓ
, Ë ˜ÚÓ γ0(t) ·ÂÒÍÓÌÂ˜ÌÓ ‰ËÙÙÂÂÌˆËÛÂÏ‡).

ÑÓÍ‡ÊÂÏ ‚Á‡ËÏÌÓ Ó‰ÌÓÁÌ‡˜ÌÛ˛ Á‡‚ËÒËÏÓÒÚ¸ ÏÂÊ‰Û η* Ë γ0 (‡ ÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ, Ë ÏÂÊ‰Û x1 Ë γ0).

í‡Í Í‡Í  ≠ 0 (Ò˜ËÚ‡ÂÏ, ˜ÚÓ  = (η, t, γ0)), ÚÓ η ÏÓÊÂÚ ·˚Ú¸ Ó‰ÌÓÁÌ‡˜ÌÓ ‚˚‡ÊÂÌÓ ˜Â-

ÂÁ , t Ë γ0 : η = η( , t, γ0). äÓÏÂ ÚÓ„Ó, ËÁ (2.1) ÔÓÎÛ˜‡ÂÏ 

áÌ‡˜ÂÌËÂ ∂η/∂γ0, Ú‡ÍËÏ Ó·‡ÁÓÏ, ÌÂ Á‡‚ËÒËÚ ÓÚ  Ë ÔË ‚ÒÂı  (‡ ÁÌ‡˜ËÚ, Ë ÔË  =  – )
ÌÂ ‡‚ÌÓ ÌÛÎ˛, ˜ÚÓ Ë ‰ÓÍ‡Á˚‚‡ÂÚ ‚˚ÒÍ‡Á‡ÌÌÓÂ ÛÚ‚ÂÊ‰ÂÌËÂ. 

ÑÎfl ‚ÒÂı ÔË·ÎËÊÂÌËÈ, Ì‡˜ËÌ‡fl ÒÓ ‚ÚÓÓ„Ó, ÏÓÊÌÓ ÔÓÎÛ˜ËÚ¸ 

(2.8)

„‰Â Ikn – ÌÂÍÓÚÓÓÂ ËÁ‚ÂÒÚÌÓÂ ‚ ‰‡ÌÌÓÏ ÍÓÌÚÂÍÒÚÂ ‚˚‡ÊÂÌËÂ. 
ÑÎfl ÔÂÂıÓ‰Ì˚ı ̃ ÎÂÌÓ‚ ‡ÒËÏÔÚÓÚËÍË ÏÓ„ÛÚ ·˚Ú¸ ÛÒÚ‡ÌÓ‚ÎÂÌ˚ ÒÎÂ‰Û˛˘ËÂ ̋ ÍÒÔÓÌÂÌˆË‡Î¸Ì˚Â

ÓˆÂÌÍË (ÔÓ ÔÓ‚Ó‰Û ÏÂÚÓ‰‡ Ëı ÔÓÎÛ˜ÂÌËfl ÒÏ. [5]): 

3. é·ÓÒÌÓ‚‡ÌËÂ ‡ÒËÏÔÚÓÚËÍË

èË Ó·ÓÒÌÓ‚‡ÌËË ‡ÒËÏÔÚÓÚËÍË ËÒÔÓÎ¸ÁÛÂÏ ÒÎÂ‰Û˛˘ËÂ Ó·ÓÁÌ‡˜ÂÌËfl: 

C Ë c – ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ, ‰ÓÒÚ‡ÚÓ˜ÌÓ ·ÓÎ¸¯ËÂ Ë ‰ÓÒÚ‡ÚÓ˜ÌÓ Ï‡Î˚Â ÔÓÎÓÊËÚÂÎ¸Ì˚Â (ÓÚ ε ÌÂ Á‡‚Ë-
Òfl˘ËÂ) ÔÓÒÚÓflÌÌ˚Â. 
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ÑÓÍ‡Á‡ÚÂÎ¸ÒÚ‚Ó ÒÛ˘ÂÒÚ‚Ó‚‡ÌËfl äëíë ÔÓ‚Ó‰ËÚÒfl ÏÂÚÓ‰ÓÏ ‰ËÙÙÂÂÌˆË‡Î¸Ì˚ı ÌÂ‡‚ÂÌÒÚ‚ Ò
ÔËÏÂÌÂÌËÂÏ ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ÂÈ ÚÂÓÂÏ˚ ‰Îfl Ô‡‡·ÓÎË˜ÂÒÍÓ„Ó Û‡‚ÌÂÌËfl, ‰ÓÍ‡Á‡ÌÌÓÈ ÄÏ‡ÌÌÓÏ
‚ [6]. àÁÎÓÊËÏ ÌÂÓ·ıÓ‰ËÏ˚Â ˝ÎÂÏÂÌÚ˚ ˝ÚÓ„Ó ÏÂÚÓ‰‡. 

ê‡ÒÒÏÓÚËÏ Á‡‰‡˜Û 

(3.1)

„‰Â k = const > 0, f, u0 Ë u1 ÒÛÚ¸ T-ÔÂËÓ‰Ë˜ÂÒÍËÂ ÔÓ t ÙÛÌÍˆËË. 
éÔÂ‰ÂÎÂÌËÂ 1. çËÊÌËÏ Ë ‚ÂıÌËÏ (·‡¸ÂÌ˚ÏË) Â¯ÂÌËflÏË Á‡‰‡˜Ë (3.1) Ì‡Á˚‚‡˛ÚÒfl, ÒÓÓÚ‚ÂÚ-

ÒÚ‚ÂÌÌÓ, T-ÔÂËÓ‰Ë˜ÂÒÍËÂ ÔÓ t ÙÛÌÍˆËË α = α(x, t) Ë β = β(x, t), ÔËÌ‡‰ÎÂÊ‡˘ËÂ C2( ) Ë Ú‡ÍËÂ, ˜ÚÓ 

é·ÓÁÌ‡˜ËÏ ˜ÂÂÁ B Ó·Î‡ÒÚ¸ (α, β) × Ω, ‡ ˜ÂÂÁ B* – Ó·Î‡ÒÚ¸ � × B. 
éÔÂ‰ÂÎÂÌËÂ 2. ÅÛ‰ÂÏ „Ó‚ÓËÚ¸, ˜ÚÓ ÙÛÌÍˆËfl f(z, u, x, t) ÔËÌ‡‰ÎÂÊËÚ ÍÎ‡ÒÒÛ A ‚ Ó·Î‡ÒÚË

B(f ∈ A(B)), ÂÒÎË f(z, u, x, t) = O(z 2) ÔË |z|  ∞ , (u, x, t) ∈ . 

Ç [6] ·˚Î‡ ‰ÓÍ‡Á‡Ì‡ ÒÎÂ‰Û˛˘‡fl ÚÂÓÂÏ‡ (ÚÓ˜ÌÂÂ – ÂÂ ·ÓÎÂÂ Ó·˘ËÈ ‚‡Ë‡ÌÚ, „‰Â, ‚ ˜‡ÒÚÌÓÒÚË,
‚ Í‡˜ÂÒÚ‚Â x ·‡Î‡Ò¸ ÚÓ˜Í‡ n-ÏÂÌÓ„Ó ÔÓÒÚ‡ÌÒÚ‚‡). 

íÂÓÂÏ‡ 1. èÛÒÚ¸ ÒÛ˘ÂÒÚ‚Û˛Ú ÌËÊÌÂÂ α(x, t) Ë ‚ÂıÌÂÂ β(x, t) Â¯ÂÌËfl Á‡‰‡˜Ë (3.1), Ó·‡ÁÛ˛-
˘ËÂ ÛÔÓfl‰Ó˜ÂÌÌÛ˛ Ì‡  Ô‡Û (α, β). Ñ‡ÎÂÂ, ÔÛÒÚ¸ ÙÛÌÍˆËfl f(z, u, x, t) ∈ C1( ) ∩ A(B), u0(t),
u1(t) ∈ C 2(�). 

íÓ„‰‡ ÒÛ˘ÂÒÚ‚ÛÂÚ Â¯ÂÌËÂ Á‡‰‡˜Ë (3.1) Ú‡ÍÓÂ, ˜ÚÓ 

ÇÂıÌÂÂ β = βn + 1(x, t, ε) Ë ÌËÊÌÂÂ α = α n + 1(x, t, ε) Â¯ÂÌËfl Û‡‚ÌÂÌËÈ (1.1) ÙÓÏËÛ˛ÚÒfl Ì‡ ÓÒ-
ÌÓ‚Â ÔÓÒÚÓÂÌÌÓÈ ‡ÒËÏÔÚÓÚËÍË. çËÊÂ ËÒÒÎÂ‰ÛÂÏ ÎË¯¸ ÌËÊÌÂÂ Â¯ÂÌËÂ Ë ÎÂ‚Û˛ ÓÍÂÒÚÌÓÒÚ¸ ÎË-
ÌËË ÔÂÂıÓ‰‡ [xl(t), Xn + 2(t, ε)], 0 < xl(t) < x0(t): 

„‰Â

„‰Â, ‚ Ò‚Ó˛ Ó˜ÂÂ‰¸, ϒ = const > 0, ‡ , , Π(n + 1)α, Q(n + 1)α ÓÔÂ‰ÂÎfl˛ÚÒfl ËÁ Á‡‰‡˜, ‡Ì‡ÎÓ-
„Ë˜Ì˚ı Á‡‰‡˜‡Ï ‰Îfl ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘Ëı ˜ÎÂÌÓ‚ ÙÓÏ‡Î¸ÌÓÈ ‡ÒËÏÔÚÓÚËÍË, Ë ÓÚÎË˜‡˛ÚÒfl ÓÚ ÌËı ‰Ó-

·‡‚ÎÂÌËÂÏ ‚ Û‡‚ÌÂÌËflı ̋ ÍÒÔÓÌÂÌˆË‡Î¸ÌÓ Û·˚‚‡˛˘Ëı ÌÂ‚flÁÓÍ Ë Á‡ÏÂÌÓÈ (x0, t) Ì‡ (x0, t) – ϒ.

Lu kuxx ut– f ux u x t, , ,( )–≡ 0,=

u x t T+,( ) u x t,( ), x t,( ) Ω 0 1,( ) �,×≡∈=

u 0 t,( ) u0 t( ), u 1 t,( ) u1 t( ), t �,∈= =

Ω

α 0 t,( ) u0 t( ) β 0 t,( ), α 1 t,( ) u1 t( ) β 1 t,( ),  t �,∈≤ ≤≤ ≤

Lα x t,( ) ψα x t,( )– 0, Lβ x t,( ) +ψβ x t,( ) 0, x t,( ) Ω.∈>=<=

B

Ω B*

α x t,( ) u x t,( ) β x t,( ).≤ ≤

αn 1+ x t ε, ,( ) α Tα Πα Q α ,+ + +=

α x t ε, ,( )
Yn 1+

–( )
x t ε, ,( ) εn 2+ yn 2+

m x t,( ) ϒ–( ), x t,( ) 0 Xn 2+ t ε,( ),[ ] �,×∈+

Yn 1+
+( )

x t ε, ,( ) εn 2+ yn 2+
p x t,( ) ϒ–( ), x t,( ) Xn 2+ t ε,( ) 1,[ ] �,×∈+




=

Tnα η n 1+ t ε, ,( )

Tn
–( )Y ηn 1+ t ε, ,( ) εn 1+ T n 1+( )α

–( ) ηn 1+ t,( ) εn 2+ T n 2+( )α
–( ) ηn 1+ t,( ) εn 3+ Ψα ηn 1+ t ε, ,( )+ + ,+

ηn 1+ t,( ) ( ∞– 0], �,×∈

Tn
+( )Y ηn 1+ t ε, ,( ) εn 1+ T n 1+( )α

+( ) ηn 1+ t,( ) εn 2+ T n 2+( )α
+( ) ηn 1+ t,( )+ ,+

ηn 1+ t,( ) [0 +∞), �,×∈







=

Πα τ t ε, ,( ) ΠnY τ t ε, ,( ) εn 1+ Π n 1+( )α τ t,( ),+=

Qα ρ t ε, ,( ) QnY ρ t ε, ,( ) εn 1+ Q n 1+( )α ρ t,( ),+=

T n 2+( )α
–( ) T n 2+( )α

+( )

yn 2+
m p, yn 2+

m p,
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Ç ˜‡ÒÚÌÓÒÚË, 

 

Á‰ÂÒ¸ ψl(η, t) – ÌÂÍÓÚÓ‡fl ˝ÍÒÔÓÌÂÌˆË‡Î¸ÌÓ Û·˚‚‡˛˘‡fl ÙÛÌÍˆËfl, ÓÔÂ‰ÎÂÌÌ‡fl ÌËÊÂ. 
çÂ‚flÁÍ‡ ψl(η, t) ÔÓÏËÏÓ ‚ÒÂ„Ó ÔÓ˜Â„Ó ÓÔÂ‰ÂÎflÂÚÒfl ËÁ ÒÓÓ·‡ÊÂÌËÈ „Î‡‰ÍÓÒÚË Â¯ÂÌËfl ÔË

ηn + 1 = 0. éÌ‡ ·ÂÂÚÒfl ‚ ‚Ë‰Â 

„‰Â Cψ > 0 – ÌÂÍÓÚÓ‡fl Ò‚Ó·Ó‰Ì‡fl ÔÓÎÓÊËÚÂÎ¸Ì‡fl ÔÓÒÚÓflÌÌ‡fl, ‡ 

ÄÌ‡ÎÓ„Ë˜ÌÓ, ÔË ÔÓÒÚ‡ÌÓ‚ÍÂ Á‡‰‡˜Ë ‰Îfl  ËÒÔÓÎ¸ÁÛÂÚÒfl ÌÂ‚flÁÍ‡ 

èÓ‰Ó·Ì˚È ‚˚·Ó ψl Ë ψr Ò‚flÁ‡Ì Ò ÚÂÏ, ˜ÚÓ 

‡ ÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ, Ò ÓÒÛ˘ÂÒÚ‚ÎÂÌËÂÏ ÚÂ·Ó‚‡ÌËfl, ˜ÚÓ·˚ ‚˚ÔÓÎÌflÎËÒ¸ ÛÒÎÓ‚Ëfl

àÌ‰ÂÍÒ α Û  Ò‚flÁ‡Ì Ò ÚÂÏ, ˜ÚÓ ÁÌ‡˜ÂÌËÂ γn + 1 Á‡‚ËÒËÚ ÓÚ ÚÓ„Ó, Í‡ÍÓÂ ·‡¸ÂÌÓÂ Â¯ÂÌËÂ
‡ÒÒÏ‡ÚË‚‡ÂÚÒfl (‰Îfl ÌËÊÌÂ„Ó Ó·ÓÁÌ‡˜ËÏ Â„Ó ˜ÂÂÁ γ(n + 1)α, ‰Îfl ‚ÂıÌÂ„Ó – ˜ÂÂÁ γ(n + 1)β). ãËÌË˛
ÔÂÂıÓ‰‡ Xn + 2(t, ε) Ò˜ËÚ‡ÂÏ ÙËÍÒËÓ‚‡ÌÌÓÈ. 

ëÎ‡„‡ÂÏÓÂ Ψα(ηn + 1, t, ε) ‚ ÔÂ‰ÒÚ‡‚ÎÂÌËË Tα ÌÂÓ·ıÓ‰ËÏÓ ‰Îfl Ó·ÂÒÔÂ˜ÂÌËfl „Î‡‰ÍÓÒÚË ‚ ÔÂÂ-
ıÓ‰ÌÓÈ ÚÓ˜ÍÂ. éÌÓ ËÏÂÂÚ ‚Ë‰ 

„‰Â –  < χ1 < χ2 < χ3, ‡ C1(t, ε), C2(t, ε), C3(t, ε) Ì‡ıÓ‰flÚÒfl ËÁ ÒËÒÚÂÏ˚ Û‡‚ÌÂÌËÈ 

Ã
–( )∂T n 2+( )α

–( )

∂η
-------------------- B̃y

–( )
P̃

–( )
Ãy

–( )
+( )T n 2+( )α

–( ) G̃ n 2+( )α
–( ) ψl+ + + 0,=

T n 2+( )α
–( ) 0 t,( ) γn 2+ t( ) yn 2+

–( ) t( );–=

ψl η t,( ) Cψ ϒB
+( )

+( ) By
–( )

A
–( )---------η–

 
 
 

exp Cψ χ lη{ } ,exp–=

χ l t( ) 1
ϒBy

+( )

Cψ
-------------+ 

  By
–( )

A
–( )---------–

 
 
  By

–( )

A
–( )---------.–>=

T n 1+( )α
+( )

ψr η t,( ) Cψ ϒB
–( )

+( ) By
+( )

A
+( )---------η–

 
 
 

exp Cψ χrη{ } ,exp–=

χr t( ) 1
ϒBy

–( )

Cψ
-------------+ 

  By
+( )

A
+( )---------–

 
 
  By

+( )

A
+( )---------.–>=

∂
∂η
------ T n 2+( )α

–( ) yn 2+
–( )+( ) ∂

∂η
------ T n 2+( )α

+( ) yn 2+
+( )+( )–

η 0=

ϒBy
+( ) ψr+

Ã
+( )-------------------------

ϒBy
–( ) ψl+

Ã
–( )------------------------–

η 0=

,=

∂2

∂η2
--------- T n 2+( )α

–( ) yn 2+
–( )+( ) ∂2

∂η2
--------- T n 2+( )α

+( ) yn 2+
+( )+( )–

η 0=

1

Ã
+( )---------

∂ψr

∂η
--------- 1

Ã
–( )---------

∂ψl

∂η
--------–

η 0=

,=

ϒBy
–( ) ψl+ ϒBy

+( ) ψr,+=

∂ψl

∂η
-------- 0 t,( )

∂ψr

∂η
--------- 0 t,( ).=

T n 1+( )α
)+−(

Ψα η t ε, ,( ) C1 t ε,( )e
χ1η

C2 t ε,( )e
χ2η

C3 t ε,( )e
χ3η

,+ +=

By
–( )

/A
–( )

C1 C2 C3+ + αn 1+ Xn 2+ t ε,( ) 0+ t ε, ,( ) αn 1+ Xn 2+ t ε,( ) 0– t ε, ,( ),–=
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Ç ÒËÎÛ ÚÓ„Ó, ˜ÚÓ ÂÂ ÓÔÂ‰ÂÎËÚÂÎ¸ (χ3 – χ2) + (χ1 – χ3) + (χ2 – χ1) > 0 (Ú‡Í Í‡Í χ1 ≠ χ2 ≠ χ3),
ÓÌ‡ Ó‰ÌÓÁÌ‡˜ÌÓ ‡ÁÂ¯ËÏ‡. 

èÛÒÚ¸

èÓÍ‡ÊÂÏ ÔÓÎÓÊËÚÂÎ¸ÌÓÒÚ¸ Lεα. 

ë ÚÓ˜ÌÓÒÚ¸˛ ‰Ó ˝ÍÒÔÓÌÂÌˆË‡Î¸ÌÓ ·ÂÒÍÓÌÂ˜ÌÓ Ï‡Î˚ı ËÏÂÂÏ Lεαn + 1 = + TLα, „‰Â 

çÂÒÎÓÊÌÓ Û·Â‰ËÚ¸Òfl, ˜ÚÓ ÒÔ‡‚Â‰ÎË‚Ó ÌÂ‡‚ÂÌÒÚ‚Ó

Ñ‡ÎÂÂ TLα ÔÂ‰ÒÚ‡‚ËÏ ‚ ‚Ë‰Â 

(3.2)

ÑÎfl R(ηn + 1, t, ε) ÏÓÊÂÚ ·˚Ú¸ ÔÓÎÛ˜ÂÌ‡ ÓˆÂÌÍ‡ 

éÚÒ˛‰‡ Ë ËÁ (3.2) ‚Ë‰ÌÓ, ˜ÚÓ TLα > 0 ÔË |ηn + 1| < c/ . èË ·óÎ¸¯Ëı ÁÌ‡˜ÂÌËflı |ηn + 1| ‚ÂÎË-
˜ËÌ‡ TLα ÔÂÌÂ·ÂÊËÏÓ Ï‡Î‡. áÌ‡˜ËÚ, Lεαn + 1 > 0. 

èÓÍ‡ÊÂÏ ÔÓÎÓÊËÚÂÎ¸ÌÓÒÚ¸ ‡ÁÌÓÒÚË ‚ÂıÌÂ„Ó Ë ÌËÊÌÂ„Ó Â¯ÂÌËÈ:

(3.3)

ê‡ÒÒÏÓÚËÏ ÔÂ‚Û˛ ÒÍÓ·ÍÛ: 

ÑÎfl ‚ÓÁÏÓÊÌÓÒÚË ÔÓÒÚÓÂÌËfl ·‡¸ÂÌ˚ı Â¯ÂÌËÈ ÌÂÓ·ıÓ‰ËÏÓ ‚˚ÔÓÎÌÂÌËÂ ÛÒÎÓ‚Ëfl (2.8)
(Ò Û˜ÂÚÓÏ ‚‡Ë‡ˆËÈ, ‚ÌÓÒËÏ˚ı ‚ ·‡¸ÂÌ˚Â Â¯ÂÌËfl), ËÁ ÍÓÚÓÓ„Ó ÔÓÎÛ˜‡ÂÏ

„‰Â

χ1C1 χ2C2 χ3C3+ +
∂αn 1+

∂x
--------------- Xn 2+ t ε,( ) 0+ t ε, ,( )

∂αn 1+

∂x
--------------- Xn 2+ t ε,( ) 0– t ε, ,( ),–=

χ1
2C1 χ2

2C2 χ3
2C3+ +

∂2αn 1+

∂x2
----------------- Xn 2+ t ε,( ) 0+ t ε, ,( )

∂2αn 1+

∂x2
----------------- Xn 2+ t ε,( ) 0– t ε, ,( ).–=

χ1
2 χ2

2 χ3
2

Lεy x t ε, ,( ) Lε y x t ε, ,( )[ ] ε 4∂2
y

∂x2
-------- ε∂y

∂t
-----– ε∂y

∂x
------A y x t, ,( )– B y x t, ,( ).–= =

Lα

Lα x t ε, ,( ) Lεα x t ε, ,( ),≡

TLα η n 1+ t ε, ,( ) Lε α Xn 2+ t ε,( ) ηn 1+ ε+ t ε, ,( ) Tα η n 1+ t ε, ,( )+( ) Lεα Xn 2+ t ε,( ) ηn 1+ ε+ t ε, ,( ).–≡

Lα x t ε, ,( ) εn 2+ ϒBy y0
m x t,( ) x t, ,( ) O εn 3+( )+ 0.>=

TLα η n 1+ t ε, ,( ) T0Lα η n 1+ t,( ) … εn 2+ Tn 2+ Lα η n 1+ t,( ) εn 3+ R ηn 1+ t ε, ,( )  =+ + +=

=  εn 2+ ψl ηn 1+ t,( ) εn 3+ R ηn 1+ t ε, ,( ).+

R C 1 ηn 1+
3n 7++( ) By

–( )
/A

–( )( )ηn 1+–{ } .exp<

ε3n 7+

βn 1+ x t ε, ,( ) αn 1+ x t ε, ,( )  =–

=  2ϒεn 2+ T n 1+( )β
–( ) T n 1+( )α

–( )–( )εn 1+ T n 2+( )β
–( ) T n 2+( )α

–( )–( )εn 2+ Ψβ Ψα–( )εn 3+ .+ + +

T n 1+( )β
–( ) T n 1+( )α

–( )– γ n 1+( )β γ n 1+( )α–( )P̃0
–( ) ηn 1+( ).=

γ n 1+( )β γ n 1+( )α–
2∆ ηn 1+* t,( )

P̃0
–( ) ηn 1+* t,( )

------------------------------,=

∆ η( )
γBy

–( ) ψl η t,( )+[ ] P̃
–( ) η t,( ) d

dx0
-------- Ã

1–

, η 0,≤–

γBy
+( ) ψr η t,( )+[ ] P̃

+( ) η t,( ) d
dx0
-------- Ã

1–

, η 0,≥–








=
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‡  ÓÁÌ‡˜‡ÂÚ ‚ÂÎË˜ËÌÛ ηn + 1, ÔË ÍÓÚÓÓÈ  = ϕ2 – ϕ1. 

í‡ÍËÏ Ó·‡ÁÓÏ, ‰Îfl ÔÂ‚ÓÈ ‡ÁÌÓÒÚË ËÁ (3.3) ÔÓÎÛ˜‡ÂÏ 

éÒÚ‡‚¯ËÂÒfl ‚ (3.3) ‡ÁÌÓÒÚË ÔÓ ‡·ÒÓÎ˛ÚÌÓÈ ‚ÂÎË˜ËÌÂ ÌÂ ÔÂ‚ÓÒıÓ‰flÚ εn + 2C(1 +

+ |ηn + 1|2n + 4)exp{–( )ηn + 1}, Ú‡Í ˜ÚÓ ÔË |ηn + 1| < c/  ÓÌË ÔÓ ÏÓ‰ÛÎ˛ ÏÂÌ¸¯Â ÔÂ‚ÓÈ
ÒÍÓ·ÍË. èË ·óÎ¸¯Ëı |ηn + 1| ‚ÒÂ ÒÍÓ·ÍË ÔÂÂÍ˚‚‡˛ÚÒfl ÔÂ‚˚Ï ÒÎ‡„‡ÂÏ˚Ï. áÌ‡˜ËÚ, β – α > 0. 

íÂÔÂ¸, ËÒÔÓÎ¸ÁÛfl ÚÂÓÂÏÛ ÄÏ‡ÌÌ‡, ÔËıÓ‰ËÏ Í ÚÂÓÂÏÂ ÒÛ˘ÂÒÚ‚Ó‚‡ÌËfl Ë ‡ÒËÏÔÚÓÚË˜ÂÒÍÓ„Ó
ÔÂ‰ÒÚ‡‚ÎÂÌËfl Â¯ÂÌËfl Á‡‰‡˜Ë (1.1) 

íÂÓÂÏ‡ 2. èÛÒÚ¸ ‚˚ÔÓÎÌÂÌ fl‰ ÚÂ·Ó‚‡ÌËÈ: 
1) ‚˚ÓÊ‰ÂÌÌÓÂ Û‡‚ÌÂÌËÂ B(y, x, t) = 0 ËÏÂÂÚ ÍÓÌË y = ϕ1(x, t), (x, t) ∈ [0, xr(t)] × �, y = ϕ2(x, t),

(x, t) ∈ [ xl(t), xr(t)] × �, y = ϕ3(x, t), (x, t) ∈ [ xl(t), 1] × �, 0 ≤ xl(t) < xr(t) ≤ 1, Û‰Ó‚ÎÂÚ‚Ófl˛˘ËÂ ÛÒÎÓ‚ËflÏ 

2) ÔÂÂıÓ‰ÌÓÂ Û‡‚ÌÂÌËÂ (2.2) ËÏÂÂÚ ÍÓÂÌ¸ x0 = x0(t), Û‰Ó‚ÎÂÚ‚Ófl˛˘ËÈ ÛÒÎÓ‚ËflÏ (2.3), (2.4)
Ë (2.5); ÍÓÏÂ ÚÓ„Ó, 

3) A Ë B fl‚Îfl˛ÚÒfl ‰ÓÒÚ‡ÚÓ˜ÌÓ „Î‡‰ÍËÏË ÙÛÌÍˆËflÏË Ò‚ÓËı ‡„ÛÏÂÌÚÓ‚ 

4) „‡ÌË˜Ì˚Â ÙÛÌÍˆËË y0(t) Ë y1(t) ÔËÌ‡‰ÎÂÊ‡Ú Ó·Î‡ÒÚflÏ ‚ÎËflÌËfl ÍÓÌÂÈ ‚˚ÓÊ‰ÂÌÌÓ„Ó
Û‡‚ÌÂÌËfl y = ϕ1(x, t) Ë y = ϕ3(x, t) ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ. 

íÓ„‰‡ ÔË ‰ÓÒÚ‡ÚÓ˜ÌÓ Ï‡Î˚ı ε (0 < ε ≤ ε0) ÒÛ˘ÂÒÚ‚ÛÂÚ Â¯ÂÌËÂ y = y(x, ε) Á‡‰‡˜Ë (1.1), ‰Îfl
ÍÓÚÓÓ„Ó ÒÔ‡‚Â‰ÎË‚Ó ÒÎÂ‰Û˛˘ÂÂ ‡ÒËÏÔÚÓÚË˜ÂÒÍÓÂ ÔÂ‰ÒÚ‡‚ÎÂÌËÂ: 

(3.4)

4. éˆÂÌÍ‡ ÔÓËÁ‚Ó‰ÌÓÈ ÔÓ ÔÓÒÚ‡ÌÒÚ‚ÂÌÌÓÏÛ ‡„ÛÏÂÌÚÛ 
ÇÌÓ‚¸ ‡ÒÒÏÓÚËÏ Á‡‰‡˜Û (3.1). 
é·ÓÁÌ‡˜ËÏ ˜ÂÂÁ BM Ó·Î‡ÒÚ¸ (αx – M, βx + M) × B, „‰Â α(x, t) Ë β(x, t) – ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ, ÌËÊÌÂÂ

Ë ‚ÂıÌÂÂ Â¯ÂÌËfl (3.1), Ë ÔÓÚÂ·ÛÂÏ, ˜ÚÓ·˚ ‚˚ÔÓÎÌflÎËÒ¸ ÌÂ‡‚ÂÌÒÚ‚‡

Ç‚Â‰ÂÏ
éÔÂ‰ÂÎÂÌËÂ 3. ÅÛ‰ÂÏ „Ó‚ÓËÚ¸, ˜ÚÓ ÙÛÌÍˆËfl f(z, y, x, t) ÔËÌ‡‰ÎÂÊËÚ ÍÎ‡ÒÒÛ A1 ‚ Ó·Î‡ÒÚË BM

(f ∈ A1(B M)), ÂÒÎË ÒÛ˘ÂÒÚ‚ÛÂÚ Ú‡ÍÓÂ ÔÓÎÓÊËÚÂÎ¸ÌÓÂ ˜ËÒÎÓ M, ˜ÚÓ ‚ÂÌ˚ ÌÂ‡‚ÂÌÒÚ‚‡

ηn 1+* T0
–( )

T n 1+( )β
–( ) T n 1+( )α

–( )–
2∆ ηn 1+* t,( )

P̃
–( ) ηn 1+* t,( )

------------------------------P̃
–( ) ηn 1+ t,( ) c By

–( )
/A

–( )( )ηn 1+–{ } .exp>=

By
–( )

/A
–( ) ε2n 4+

ϕ1 x t,( ) ϕ2 x t,( ) ϕ3 x t,( ), x t,( ) xl t( ) xr t( ),[ ] �× ,∈< <

By ϕ1 x t,( ) x t, ,( ) 0, x t,( ) 0 xr t( ),[ ] �× ,∈>

By ϕ2 x t,( ) x t, ,( ) 0, x t,( ) xl t( ) xr t( ),[ ] �× ,∈<

By ϕ3 x t,( ) x t, ,( ) 0, x t,( ) xl t( ) 1,[ ] �× ,∈>

A ϕ1 0 t,( ) 0 t, ,( ) 0, A ϕ3 1 t,( ) 1 t, ,( ) 0, t �;∈< <

x0 t,( ) xl t( ) xr t( ),( ) �,×∈
A ϕ1 t( ) x0 t( ) t, ,( ) 0, A ϕ3 t( ) x0 t( ) t, ,( ) 0;><

A y x t, ,( ) Cn 6+
� Ω×( ), B y x t, ,( ) Cn 4+

� Ω×( );∈ ∈

y

Yn
–( )

x t ε, ,( ) ΠnY
x

ε3
---- t ε, , 

  Tn
–( )Y

x Xn 1+–
ε

-------------------- t ε, , 
  O εn 1+( ), 0 x Xn 1+ t ε,( ),≤ ≤+ + +

Yn
+( )

x t ε, ,( ) QnY
x 1–

ε
----------- t ε, , 

  Tn
+( )Y

x Xn 1+–
ε

-------------------- t ε, , 
  O εn 1+( ), Xn 1+ t ε,( ) x 1.≤ ≤+ + +









=

β α– C Ω( ) l, ψα C Ω( ) ∆α , ψβ C Ω( ) ∆β, f z C B
M( )

f 1 M( ), f y C B
M( )

f 2 M( ).<<<<<

M 4l/ b a–( ),>

M 2l f 1 4 l f 1( )2 4l f 2l ∆α ∆β+ +( ) 2l2+ + .+>
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ÑÎfl ÓˆÂÌÍË ÔÓËÁ‚Ó‰ÌÓÈ ∂y/∂x ËÒÔÓÎ¸ÁÛÂÚÒfl (ÒÏ. [7]) ÒÎÂ‰Û˛˘‡fl
íÂÓÂÏ‡ 3. èÛÒÚ¸ ‚˚ÔÓÎÌÂÌ˚ ÚÂ·Ó‚‡ÌËfl ÚÂÓÂÏ˚ 1 Ò ÚÂÏ ËÁÏÂÌÂÌËÂÏ, ˜ÚÓ ÙÛÌÍˆËfl

f(z, y, x, t) ∈ C 1( ) ∩ A1(BM). 
íÓ„‰‡ ÒÛ˘ÂÒÚ‚ÛÂÚ Â¯ÂÌËÂ Á‡‰‡˜Ë (3.1) Ú‡ÍÓÂ, ˜ÚÓ 

ÔË˜ÂÏ ‰Îfl Í‡Ê‰Ó„Ó Ú‡ÍÓ„Ó Â¯ÂÌËfl ÒÔ‡‚Â‰ÎË‚Ó ÌÂ‡‚ÂÌÒÚ‚Ó

èËÏÂÌflfl ÚÂÓÂÏÛ 3 Í Á‡‰‡˜Â (1.1), ÌÂÒÎÓÊÌÓ Û·Â‰ËÚ¸Òfl ‚ ÚÓÏ, ˜ÚÓ ‰Îfl ÔÓËÁ‚Ó‰ÌÓÈ ÔÓ x Î˛-
·Ó„Ó Â¯ÂÌËfl, Á‡ÍÎ˛˜ÂÌÌÓ„Ó ÏÂÊ‰Û ÔÓÒÚÓÂÌÌ˚ÏË ‚ ÔÂ‰˚‰Û˘ÂÏ ‡Á‰ÂÎÂ ·‡¸Â‡ÏË αn + 1 Ë
βn + 1, ÒÔ‡‚Â‰ÎË‚Ó ÒÎÂ‰Û˛˘ÂÂ ÔÂ‰ÒÚ‡‚ÎÂÌËÂ: 

(4.1)

5. àÒÒÎÂ‰Ó‚‡ÌËÂ Ì‡ ÛÒÚÓÈ˜Ë‚ÓÒÚ¸

ã˛·ÓÂ Â¯ÂÌËÂ Á‡‰‡˜Ë (3.1) ÏÓÊÂÚ ‡ÒÒÏ‡ÚË‚‡Ú¸Òfl Í‡Í ÒÚ‡ˆËÓÌ‡ÌÓÂ Â¯ÂÌËÂ Á‡‰‡˜Ë ‚Ë‰‡ 

(5.1)

(5.1)

èÛÒÚ¸ D ≡ {u0(x) | 0 < x < 1} – ÔÓËÁ‚ÓÎ¸ÌÓÂ ÔÓ‰ÏÌÓÊÂÒÚ‚Ó ÙÛÌÍˆËÈ ËÁ C2[0, 1], Û‰Ó‚ÎÂÚ‚Ófl˛-
˘Ëı Í‡Â‚˚Ï ÛÒÎÓ‚ËflÏ 

(5.2)

Ç‚Â‰ÂÏ ÒÎÂ‰Û˛˘ËÂ ÓÔÂ‰ÂÎÂÌËfl (ÒÏ. Ú‡ÍÊÂ [8]). 
éÔÂ‰ÂÎÂÌËÂ 4. êÂ¯ÂÌËÂ u = us(x, t) Á‡‰‡˜Ë (3.1) Ì‡Á˚‚‡ÂÚÒfl ÛÒÚÓÈ˜Ë‚˚Ï ÔÓ ãflÔÛÌÓ‚Û Ì‡

ÏÌÓÊÂÒÚ‚Â D, ÂÒÎË ‰Îfl Î˛·Ó„Ó ε > 0 ÒÛ˘ÂÒÚ‚ÛÂÚ δ = δ(ε) Ú‡ÍÓÂ, ˜ÚÓ ‰Îfl Í‡Ê‰ÓÈ ÙÛÌÍˆËË u0(x) ∈
∈  D : |us(x, 0) – u0(x)| ≤ δ(ε) ÒÛ˘ÂÒÚ‚ÛÂÚ Â¯ÂÌËÂ u = u(x, t) Á‡‰‡˜Ë (5.1), ÔË˜ÂÏ ‰Îfl Í‡Ê‰Ó„Ó

Ú‡ÍÓ„Ó Â¯ÂÌËfl 

éÔÂ‰ÂÎÂÌËÂ 5. êÂ¯ÂÌËÂ u = us(x, t) Á‡‰‡˜Ë (3.1) Ì‡Á˚‚‡ÂÚÒfl ‡ÒËÏÔÚÓÚË˜ÂÒÍË ÛÒÚÓÈ˜Ë‚˚Ï Ì‡
D, ÂÒÎË ÓÌÓ ÛÒÚÓÈ˜Ë‚Ó Ì‡ D Ë ÂÒÎË ‰Îfl Î˛·ÓÈ ÙÛÌÍˆËË u0(x) ∈ D ÒÛ˘ÂÒÚ‚ÛÂÚ Â¯ÂÌËÂ u = u(x, t)
Á‡‰‡˜Ë (5.1), ÔË˜ÂÏ ‰Îfl Í‡Ê‰Ó„Ó Ú‡ÍÓ„Ó Â¯ÂÌËfl 

èË ˝ÚÓÏ ÏÌÓÊÂÒÚ‚Ó D Ì‡Á˚‚‡ÂÚÒfl Ó·Î‡ÒÚ¸˛ ‚ÎËflÌËfl Â¯ÂÌËfl us(x, t). 
éÔÂ‰ÂÎÂÌËÂ 6. êÂ¯ÂÌËÂ u = us(x, t) Á‡‰‡˜Ë (3.1) Ì‡Á˚‚‡ÂÚÒfl ˝ÍÒÔÓÌÂÌˆË‡Î¸ÌÓ ÛÒÚÓÈ˜Ë‚˚Ï Ì‡

D, ÂÒÎË ÓÌÓ ‡ÒËÏÔÚÓÚË˜ÂÒÍË ÛÒÚÓÈ˜Ë‚Ó Ì‡ D Ë ÂÒÎË ÒÛ˘ÂÒÚ‚Û˛Ú ÔÓÒÚÓflÌÌ˚Â C > 0 Ë τ > 0 Ú‡ÍËÂ, ˜ÚÓ
‰Îfl Î˛·ÓÈ ÙÛÌÍˆËË u0(x) ∈  D ÓÚ‚Â˜‡˛˘ËÂ ÂÈ Â¯ÂÌËfl Á‡‰‡˜Ë (5.1) Û‰Ó‚ÎÂÚ‚Ófl˛Ú ÌÂ‡‚ÂÌÒÚ‚Û 

(5.3)

íÓ˜Ì‡fl ÌËÊÌflfl „‡Ì¸ ÁÌ‡˜ÂÌËÈ τ, ÔË ÍÓÚÓ˚ı ÒÔ‡‚Â‰ÎË‚‡ ÓˆÂÌÍ‡ (5.3) (ÔË ˝ÚÓÏ, ‚ÓÓ·˘Â „Ó‚Ó-
fl, C = C(τ)), Ì‡Á˚‚‡ÂÚÒfl ‚ÂÏÂÌÂÏ ‚˚ıÓ‰‡ Ì‡ ÒÚ‡ˆËÓÌ‡Ì˚È ÂÊËÏ. 

B
M

α x t,( ) y x t,( ) β x t,( ),≤ ≤

α x M– yx βx M.+< <

∂y
∂x
------ = 

∂Yn 3–
–( )

∂x
-------------- x t ε, ,( ) ε 3– ∂ΠnY

∂τ
-------------- x

ε3
---- t ε, , 

  ε 1– ∂Tn 2–
–( ) Y

∂η
------------------

x Xn – 1–
ε

--------------------- t ε, , 
  O εn 2–( ),  0 x Xn 1+ t ε,( ),≤ ≤+ + +

∂Yn 3–
+( )

∂x
-------------- x t ε, ,( ) ε 1– ∂Qn 2– Y

∂ρ
------------------- x 1–

ε
----------- t ε, , 

  ε 1– ∂Tn 2–
+( ) Y

∂η
------------------

x Xn – 1–
ε

--------------------- t ε, , 
  O εn 2–( ), Xn 1+ t ε,( ) x 1.≤ ≤+ + +









Lu 0, x t,( ) Ω+,∈=

u 0 t,( ) u0 t( ), u 1 t,( ) u1 t( ), t �
+
,∈= =

u x 0,( ) u0 x( ), x 0 1,[ ] .∈=

u0 0( ) u0 0( ), u0 1( ) u1 0( ).= =

x 0 1,[ ]∈
max

u x t,( ) us x t,( )–
x t,( ) Ω+∈
max ε.≤

u x t,( ) us x t,( )–
x 0 1,[ ]∈
max

t +∞→
lim 0.=

u x t,( ) us x t,( )–
x 0 1,[ ]∈
max C t/τ–( ).exp≤

6
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éÔÂ‰ÂÎÂÌËÂ 7. çËÊÌËÏ Ë ‚ÂıÌËÏ (·‡¸ÂÌ˚ÏË) Â¯ÂÌËflÏË Á‡‰‡˜Ë (5.1) Ì‡Á˚‚‡˛ÚÒfl, ÒÓÓÚ-

‚ÂÚÒÚ‚ÂÌÌÓ, ÙÛÌÍˆËË α = α(x, t) Ë β = β(x, t), ÔËÌ‡‰ÎÂÊ‡˘ËÂ C2( ) Ë Ú‡ÍËÂ, ̃ ÚÓ ‚˚ÔÓÎÌflÂÚÒfl ÒÎÂ-
‰Û˛˘ÂÂ:

ÑÓÍ‡ÊÂÏ ˝ÍÒÔÓÌÂÌˆË‡Î¸ÌÛ˛ ÛÒÚÓÈ˜Ë‚ÓÒÚ¸ Â¯ÂÌËfl Á‡‰‡˜Ë (1.1), ‡ÒÒÏÓÚÂÌÌÓ„Ó ‚ ÔÂ‰˚‰Û-
˘Ëı ÔÛÌÍÚ‡ı, ÓÔË‡flÒ¸ Ì‡ ÒÎÂ‰Û˛˘Û˛ ÚÂÓÂÏÛ (·ÓÎÂÂ Ó·˘ËÈ ÂÂ ‚‡Ë‡ÌÚ ÒÏ. ‚ [6]). 

íÂÓÂÏ‡ 4. èÛÒÚ¸ ‚˚ÔÓÎÌÂÌ˚ ‚ÒÂ ÛÒÎÓ‚Ëfl ÚÂÓÂÏ˚ 1 Ò ÚÂÏ ËÁÏÂÌÂÌËÂÏ, ̃ ÚÓ α Ë β fl‚Îfl˛ÚÒfl,
ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ, ÌËÊÌËÏ Ë ‚ÂıÌËÏ Â¯ÂÌËflÏË Á‡‰‡˜Ë (5.1), ÔË˜ÂÏ ‰ÓÒÚ‡ÚÓ˜ÌÓ, ˜ÚÓ·˚ α Ë β
Ó·‡ÁÓ‚˚‚‡ÎË ÛÔÓfl‰Ó˜ÂÌÌÛ˛ Ô‡Û ÎË¯¸ ÔË t = 0. 

íÓ„‰‡ ‰Îfl Î˛·ÓÈ Ì‡˜‡Î¸ÌÓÈ ÙÛÌÍˆËË u0(x) ∈ C2[0, 1], Û‰Ó‚ÎÂÚ‚Ófl˛˘ÂÈ ÛÒÎÓ‚ËflÏ (5.2) Ë Ú‡-
ÍÓÈ, ˜ÚÓ α(x, 0) ≤ u0(x) ≤ β(x, 0), ÒÛ˘ÂÒÚ‚ÛÂÚ Â‰ËÌÒÚ‚ÂÌÌÓÂ Â¯ÂÌËÂ Á‡‰‡˜Ë (5.1), ÔË˜ÂÏ α(x, t) ≤
≤ u(x, t) ≤ β(x, t). 

é·ÓÁÌ‡˜ËÏ Â¯ÂÌËÂ (3.4) Á‡‰‡˜Ë (1.1) ˜ÂÂÁ ys(x, t, ε). ÅÛ‰ÂÏ ÒÚÓËÚ¸ ·‡¸Â˚ Á‡‰‡˜Ë (1.3) ÔÛ-
ÚÂÏ ÒÔÂˆË‡Î¸ÌÓÈ ‚‡Ë‡ˆËË (‚˚˜ËÚ‡ÌËfl Ë ÔË·‡‚ÎÂÌËfl ÌÂÍÓÚÓ˚ı ÙÛÌÍˆËÈ) ÒÚ‡ˆËÓÌ‡ÌÓ„Ó Â-
¯ÂÌËfl ys(x, t, ε), ‡ ËÏÂÌÌÓ ‚˚·ÂÂÏ ÌËÊÌÂÂ Ë ‚ÂıÌÂÂ Â¯ÂÌËfl, ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ, ‚ ‚Ë‰Â 

„‰Â

N, K – ÌÂÍÓÚÓ˚Â ÔÓÎÓÊËÚÂÎ¸Ì˚Â ÔÓÒÚÓflÌÌ˚Â.
èÓÒÍÓÎ¸ÍÛ ‚˚ÔÓÎÌÂÌËÂ Ô. 1) ÓÔÂ‰ÂÎÂÌËfl 7 ÌÂ ‚˚Á˚‚‡ÂÚ ÒÓÏÌÂÌËÈ, ÓÒÚ‡ÌÓ‚ËÏÒfl Ì‡ ‰ÓÍ‡Á‡-

ÚÂÎ¸ÒÚ‚Â Ô. 2). èË ˝ÚÓÏ Ó„‡ÌË˜ËÏÒfl ‡ÒÒÏÓÚÂÌËÂÏ ÌËÊÌÂ„Ó Â¯ÂÌËfl: 

„‰Â  ÓÁÌ‡˜‡ÂÚ ÙÛÌÍˆË˛ (x, t, ε) Ú‡ÍÛ˛, ˜ÚÓ α ≤  ≤ ys. 

Ω+

1) α 0 t,( ) u0 t( ) β 0 t,( ), α 1 t,( ) u1 t( ) β 1 t,( ), t �
+
;∈≤ ≤ ≤ ≤

2) Lα x t,( ) 0, Lβ x t,( )≥ 0, x t,( ) Ω+.∈≤

α x t ε, ,( ) ys x t ε, ,( ) N
ε
----rα x t ε, ,( )EK t ε,( ),–=

β x t ε, ,( ) ys x t ε, ,( ) N
ε
----rβ x t ε, ,( )EK t ε,( ),+=

rα x t ε, ,( ) ys x t ε, ,( ) α4 x t ε, ,( ),–=

rβ x t ε, ,( ) β4 x t ε, ,( ) ys x t ε, ,( ),–=

EK t ε,( ) Kt/ε3–( ),exp=

Lεα Lε ys
N
ε
----rα EK– ε4 ys( )xx ys( )t–

N
ε
---- rα( )xx rα( )t–[ ] EK–

N
ε
----rα

K

ε3
----EK–

 
 
 

–= =

– ε ∂
∂x
------ ys

N
ε
----rα EK– A ys

N
ε
----rα EK– x t, , 

  B ys
N
ε
----rα EK– x t, , 

   =–

=  ε4 ys( )xx ys( )t–
N
ε
---- rα( )xx rα( )t–[ ] EK–

NK

ε4
--------rα EK–

 
 
 

–

– ε ys( )x
N
ε
---- rα( )xEK– A ys x t, ,( ) Ay ys x t, ,( )N

ε
----rα EK–

1
2
---Ayy ys* x t, ,( )N2

ε2
------rα

2 E2K+
 
 
 

–

– B ys x t, ,( ) By ys x t, ,( )N
ε
----rα EK–

1
2
---Byy ys* x t, ,( )N2

ε2
------rα

2 E2K+
 
 
 

,

ys* ys* ys*
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ÇÒÔÓÏËÌ‡fl, ˜ÚÓ Lys ≡ 0, ÔÓÎÛ˜‡ÂÏ 

Ñ‡ÎÂÂ, Û˜ËÚ˚‚‡fl ÓÔÂ‰ÂÎÂÌËÂ rα, ‰Îfl ÔÂ‚Ó„Ó ÒÎ‡„‡ÂÏÓ„Ó ‚ ÙË„ÛÌÓÈ ÒÍÓ·ÍÂ ËÏÂÂÏ 

„‰Â  Ó·Î‡‰‡ÂÚ ÚÂÏ ÊÂ ÒÏ˚ÒÎÓÏ, ˜ÚÓ Ë . 

èÓ‰ÒÚ‡‚Îflfl ÔÓÒÎÂ‰ÌÂÂ ‚˚‡ÊÂÌËÂ ‚ ÒÓÓÚÌÓ¯ÂÌËÂ ‰Îfl Lεα Ë ÔË‚Ó‰fl ÔÓ‰Ó·Ì˚Â ˜ÎÂÌ˚, ÔËıÓ-
‰ËÏ Í ÒÎÂ‰Û˛˘ÂÏÛ ÔÂ‰ÒÚ‡‚ÎÂÌË˛: 

é·‡ÚËÏ ‚ÌËÏ‡ÌËÂ Ì‡ ÚÓ, ˜ÚÓ ˜‡ÒÚÌ˚Â ÔÓËÁ‚Ó‰Ì˚Â ÍÓ˝ÙÙËˆËÂÌÚÓ‚ A Ë B (ÔË ‰ÓÒÚ‡ÚÓ˜ÌÓÈ
„Î‡‰ÍÓÒÚË ˝ÚËı ÙÛÌÍˆËÈ) ‚ ÚÓ˜Í‡ı ( , x, t), ( , x, t) ÒÛÚ¸ Ó„‡ÌË˜ÂÌÌ˚Â ÙÛÌÍˆËË. äÓÏÂ ÚÓ„Ó,

ÔË (x, t) ∈ Ω 1 ≡ [∆, X7(t, ε)] × �
+
 (∆ – ÌÂÍÓÚÓ‡fl ÔÓÒÚÓflÌÌ‡fl: 0 < ∆ < x0(t)) ÒÔ‡‚Â‰ÎË‚Ó 

(α4)x = O , rα = O(ε4), Lεα4 ≥ c(ε5) ÔÓ ÔÓÒÚÓÂÌË˛,

(rα)x = O(ε) ‚ ÒËÎÛ ÔÂ‰ÒÚ‡‚ÎÂÌËfl (4.1),

ÄÌ‡ÎÓ„Ë˜Ì˚Â ÓˆÂÌÍË ËÏÂ˛Ú ÏÂÒÚÓ Ë ÔË ÓÒÚ‡Î¸Ì˚ı ÁÌ‡˜ÂÌËflı (x, t). í‡ÍËÏ Ó·‡ÁÓÏ, ÔË x ∈ Ω1
‰Îfl Lεα ÓÍÓÌ˜‡ÚÂÎ¸ÌÓ ÔÓÎÛ˜ËÏ 

íÂÔÂ¸, ‚˚·Ë‡fl K Ë N ‰ÓÒÚ‡ÚÓ˜ÌÓ Ï‡Î˚ÏË, ÌÂÒÎÓÊÌÓ Û·Â‰ËÚ¸Òfl ‚ ÚÓÏ, ˜ÚÓ Lεα > 0. ÑÓÍ‡Á‡-
ÚÂÎ¸ÒÚ‚Ó ÔÓÎÓÊËÚÂÎ¸ÌÓÒÚË Lεα ÔË ‚ÒÂı ÓÒÚ‡‚¯ËıÒfl ÁÌ‡˜ÂÌËflı ÔÂÂÏÂÌÌ˚ı x Ë t ÔÓ‚Ó‰ËÚÒfl ÔÓÎ-
ÌÓÒÚ¸˛ ‡Ì‡ÎÓ„Ë˜ÌÓ. 

ëÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ, ÓÔË‡flÒ¸ Ì‡ ÚÂÓÂÏÛ 4, ‰ÂÎ‡ÂÏ ‚˚‚Ó‰, ˜ÚÓ ‰Îfl Î˛·ÓÈ Ì‡˜‡Î¸ÌÓÈ ÙÛÌÍˆËË
y0(x) ∈ C2[0, 1], Û‰Ó‚ÎÂÚ‚Ófl˛˘ÂÈ Í‡Â‚˚Ï ÛÒÎÓ‚ËflÏ Á‡‰‡˜Ë (1.3) Ë ÌÂ‡‚ÂÌÒÚ‚Û α(x, 0, ε) ≤ y0(x) ≤
≤ β(x, 0, ε), Á‡‰‡˜‡ (1.3) ËÏÂÂÚ Â‰ËÌÒÚ‚ÂÌÌÓÂ Â¯ÂÌËÂ y = y(x, t, ε), ÔË˜ÂÏ 

í‡Í Í‡Í β – α = (rβ – rα)exp(–Kt/ε3), ÚÓ Â¯ÂÌËÂ ys(x, t, ε) Á‡‰‡˜Ë (1.1) ˝ÍÒÔÓÌÂÌˆË‡Î¸ÌÓ ÛÒÚÓÈ-

˜Ë‚Ó. èË ˝ÚÓÏ (Û˜ËÚ˚‚‡fl Ú‡ÍÊÂ, ˜ÚÓ β(x, 0, ε) – α(x, 0, ε) = [β4(x, 0, ε) – α4(x, 0, ε)] ≥ cε4) ¯ËËÌ‡

Ó·Î‡ÒÚË ‚ÎËflÌËfl ËÏÂÂÚ ÔÓfl‰ÓÍ ε4, ‡ ‚ÂÏfl ‚˚ıÓ‰‡ – ÔÓfl‰ÓÍ ε3. 

Lεα
N
ε
----EK ε4 rα( )xx rα( )t–[ ]– εKrα– ε rα( )x A ys x t, ,( ) +---+





=

+ ε ys( )x
N
ε
---- rα( )xEK– Ay ys x t, ,( )rα

1
2
---Ayy ys* x t, ,( )N

ε
----rα

2 EK– By ys x t, ,( )rα
1
2
---Byy ys* x t, ,( )N

ε
----rα

2 EK–+




.

ε4 rα( )xx rα( )t–[ ]– Lεα4 ε ys( )x A ys x t, ,( )– ε α4( )x A α4 x t, ,( ) B ys x t, ,( )– B α4 x t, ,( )+ + Lεα4 –= =

– ε α4( )x Ay ys x t, ,( )rα
1
2
---ε α4( )x Ayy ys** x t, ,( )rα

2 ε rα( )x A ys x t, ,( )– By ys x t, ,( )rα–
1
2
---Byy ys** x t, ,( )rα

2 ,+ +

ys** ys*

Lεα
N
ε
----EK εKrα– Lεα4 ε rα( )x Ay ys x t, ,( )rα N rα( )x Ay ys x t, ,( )rα EK–

1
2
---N ys( )x Ayy ys* x t, ,( )rα

2 EK +–+ +




=

+
1
2
--- N2

ε
------ rα( )x Ayy ys* x t, ,( )rα

2 E2K
1
2
--- N

ε
----Byy ys* x t, ,( )rα

2 EK–
1
2
---ε α4( )x Ayy ys** x t, ,( )rα

2 1
2
---Byy ys** x t, ,( )rα

2+ +




.

ys* ys**

1
ε
--- 

 

ys( )x α4( )x rα( )x+ O
1
ε
--- 

  .= =

Lεα
N
ε
----EK KO ε5( ) cO ε5( ) O ε6( ) NO ε5( ) NO ε7( ) N2O ε8( ) NO ε7( ) O ε8( ) O ε8( )+ + + + + + + +{ } .≥

α x t ε, ,( ) y x( ) β x t ε, ,( ).≤ ≤

N
ε
----

N
ε
----

6*
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ç‡ÔÓÏÌËÏ, ˜ÚÓ ËÁ ‡ÒËÏÔÚÓÚË˜ÂÒÍÓÈ ÛÒÚÓÈ˜Ë‚ÓÒÚË ÒÚ‡ˆËÓÌ‡ÌÓ„Ó Â¯ÂÌËfl (‚ ÚÓÏ ‚Ë‰Â, Í‡Í
˝ÚÓ ÔÓÌflÚËÂ ·˚ÎÓ ÒÙÓÏÛÎËÓ‚‡ÌÓ ‚˚¯Â) Ò Ó·Î‡ÒÚ¸˛ ‚ÎËflÌËfl D ÌÂÔÓÒÂ‰ÒÚ‚ÂÌÌÓ ÒÎÂ‰ÛÂÚ Â„Ó
Â‰ËÌÒÚ‚ÂÌÌÓÒÚ¸ ‚ ˝ÚÓÈ Ó·Î‡ÒÚË. 

í‡ÍËÏ Ó·‡ÁÓÏ, ÒÔ‡‚Â‰ÎË‚‡ 

íÂÓÂÏ‡ 5. èÛÒÚ¸ ‚˚ÔÓÎÌÂÌ˚ ‚ÒÂ ÛÒÎÓ‚Ëfl ÚÂÓÂÏ˚ 2 ÔË n = 3. íÓ„‰‡ ÔË ‰ÓÒÚ‡ÚÓ˜ÌÓ Ï‡Î˚ı
ε Â¯ÂÌËÂ ys(x, t, ε) Á‡‰‡˜Ë (1.1), Á‡ÍÎ˛˜ÂÌÌÓÂ ÏÂÊ‰Û ·‡¸Â‡ÏË α4 Ë β4, Â‰ËÌÒÚ‚ÂÌÌÓ Ë ˝ÍÒÔÓÌÂÌ-
ˆË‡Î¸ÌÓ ÛÒÚÓÈ˜Ë‚Ó Ì‡ ÏÌÓÊÂÒÚ‚Â 

èË ˝ÚÓÏ ‚ÂÏfl ‚˚ıÓ‰‡ Ì‡ ÒÚ‡ˆËÓÌ‡ÌÓÂ Â¯ÂÌËÂ ÌÂ ÔÂ‚ÓÒıÓ‰ËÚ Cε3. 

á‡ÏÂ˜‡ÌËfl. 1. éÚÏÂÚËÏ ·ÂÁ ‰ÓÍ‡Á‡ÚÂÎ¸ÒÚ‚‡, ˜ÚÓ ‚ ÒÎÛ˜‡Â, ÍÓ„‰‡ ÓÚÒÛÚÒÚ‚Û˛Ú ‚ÌÛÚÂÌÌËÂ ÔÂÂıÓ‰Ì˚Â
ÒÎÓË, Ó·Î‡ÒÚ¸ ‚ÎËflÌËfl ÏÓÊÂÚ ·˚Ú¸ ÓˆÂÌÂÌ‡ ÒÌËÁÛ ÍÓÌÂ˜ÌÓÈ (ÌÂ Á‡‚ËÒfl˘ÂÈ ÓÚ ε) ÔÓÒÚÓflÌÌÓÈ. ÇÂıÌflfl ÊÂ
ÓˆÂÌÍ‡ ‚ÂÏÂÌË ‚˚ıÓ‰‡ ÓÒÚ‡ÂÚÒfl ÔÂÊÌÂÈ. 

2. èÓÎÛ˜ÂÌÌ˚Â ÓˆÂÌÍË ¯ËËÌ˚ Ó·Î‡ÒÚË ‚ÎËflÌËfl Ë ‚ÂÏÂÌË ‚˚ıÓ‰‡ fl‚Îfl˛ÚÒfl ı‡‡ÍÚÂÌ˚ÏË ‰Îfl ‡Ò-
ÒÏ‡ÚË‚‡ÂÏÓ„Ó ÚËÔ‡ Á‡‰‡˜ ÔË ÛÒÎÓ‚ËË ËÒÔÓÎ¸ÁÓ‚‡ÌËfl ÏÂÚÓ‰‡ ·‡¸ÂÌ˚ı ÙÛÌÍˆËÈ ‚ ÚÓÏ ‚Ë‰Â, ‚ ÍÓÚÓÓÏ
ÓÌ ·˚Î ‚ÔÂ‚˚Â ÔÂ‰ÎÓÊÂÌ ‚ [9]. ùÚÓ ÓÚÌ˛‰¸ ÌÂ ÓÁÌ‡˜‡ÂÚ, ˜ÚÓ ÓÌË ÌÂ ÏÓ„ÛÚ ·˚Ú¸ ÛÎÛ˜¯ÂÌ˚, Ë ‚ÓÔÓÒ Ó·
Ëı ÛÚÓ˜ÌÂÌËË ÓÒÚ‡ÂÚÒfl ÓÚÍ˚Ú˚Ï (ÒÏ. Ú‡ÍÊÂ [10], [11]). 

ç‡ÔËÏÂ, ‚ [12] ‡ÒÒÏ‡ÚË‚‡ÎÓÒ¸ Û‡‚ÌÂÌËÂ 

ÔË ‰ÓÔÓÎÌËÚÂÎ¸Ì˚ı ÛÒÎÓ‚Ëflı Á‡‰‡˜Ë (1.1). ÑÓÏÌÓÊ‡fl Ó·Â ˜‡ÒÚË ˝ÚÓ„Ó Û‡‚ÌÂÌËfl Ì‡ µ, ÔÓÎÛ˜‡ÂÏ 

(5.4)

Ç [12] ·˚Î‡ ÔÓÒÚÓÂÌ‡ Ë Ó·ÓÒÌÓ‚‡Ì‡ ‡ÒËÏÔÚÓÚËÍ‡ Â¯ÂÌËfl Ò ‚ÌÛÚÂÌÌËÏ ÔÂÂıÓ‰Ì˚Ï ÒÎÓÂÏ.
ÖÒÎË ÔËÏÂÌËÚ¸ ÔÓ ÓÚÌÓ¯ÂÌË˛ Í (5.4) ÔË‚Â‰ÂÌÌ˚Â ‚˚¯Â ‡ÒÒÛÊ‰ÂÌËfl, ÚÓ ÏÓÊÌÓ ÔÓÍ‡Á‡Ú¸ ˝ÍÒ-
ÔÓÌÂÌˆË‡Î¸ÌÛ˛ ÛÒÚÓÈ˜Ë‚ÓÒÚ¸ ÔÓÒÚÓÂÌÌÓÈ ÍÓÌÚ‡ÒÚÌÓÈ ÒÚÛÍÚÛ˚. èË˜ÂÏ Ó·Î‡ÒÚ¸ ‚ÎËflÌËfl
·Û‰ÂÚ ËÏÂÚ¸ ÔÓfl‰ÓÍ µ2, ‡ ‚ÂÏfl ‚˚ıÓ‰‡ – ÔÓfl‰ÓÍ µ. 

ÇÂÌÂÏÒfl Í Û‡‚ÌÂÌË˛ (1.1). ÑÓÏÌÓÊ‡fl Ó·Â Â„Ó ˜‡ÒÚË Ì‡ ε2 Ë ÔÓËÁ‚Ó‰fl Á‡ÏÂÌÛ ε3 = µ, ÔË‰ÂÏ
Í Û‡‚ÌÂÌË˛ 

í‡ÍËÏ Ó·‡ÁÓÏ, ÛÍ‡Á‡ÌÌ‡fl ‚ ÚÂÓÂÏÂ 5 ÓˆÂÌÍ‡ ‚ÂÏÂÌË ‚˚ıÓ‰‡ ÒÓ‚Ô‡‰‡ÂÚ Ò Ú‡ÍÓ‚ÓÈ ‰Îfl ÒÎÛ˜‡fl
(5.4), ÂÒÎË ÔËÌflÚ¸ ‚Ó ‚ÌËÏ‡ÌËÂ, ˜ÚÓ ı‡‡ÍÚÂÌ˚Ï Ô‡‡ÏÂÚÓÏ Á‡‰‡˜Ë (1.1) fl‚ÎflÂÚÒfl µ = ε3. óÚÓ Í‡-
Ò‡ÂÚÒfl ¯ËËÌ˚ Ó·Î‡ÒÚË ‚ÎËflÌËfl, ÚÓ ÂÂ ÓˆÂÌÍ‡ ‰‡ÊÂ ÌÂÒÍÓÎ¸ÍÓ Û‚ÂÎË˜Ë‚‡ÂÚÒfl, ıÓÚfl „Î‡‚Ì‡fl ÓÒÓ-
·ÂÌÌÓÒÚ¸ – ÚÓ, ˜ÚÓ ¯ËËÌ‡ Ó·Î‡ÒÚË ‚ÎËflÌËfl ÂÒÚ¸ o(µ), – ÓÒÚ‡ÂÚÒfl. 
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D y0 x( )  y0 x( ) C2 0 1,[ ]∈ y0 x( ) ys x 0 ε, ,( )–
x 0 1,[ ]∈
max cε4≤ y0 0( ) y0 0( ) y0 1( ) y1 0( )=,=, ,{ } .=

µ yxx yt–( ) yx A y x t, ,( ) B y x t, ,( )+=

µ2 yxx yt–( ) µyx A y x t, ,( ) µB y x t, ,( ).+=

µ2 yxx yt–( ) µyx A y x t, ,( ) µ2/3B y x t, ,( ).+=
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1. ÇÇÖÑÖçàÖ à èéëíÄçéÇäÄ áÄÑÄóà 

ëÚÓËÚÒfl ÙÓÏ‡Î¸ÌÓÂ ‡ÒËÏÔÚÓÚË˜ÂÒÍÓÂ ÔÂ‰ÒÚ‡‚ÎÂÌËÂ Â¯ÂÌËfl Ì‡˜‡Î¸ÌÓ-Í‡Â‚ÓÈ Á‡‰‡˜Ë
‰Îfl ÒËÌ„ÛÎflÌÓ ‚ÓÁÏÛ˘ÂÌÌÓÈ ÒËÒÚÂÏ˚ ‰ËÙÙÂÂÌˆË‡Î¸Ì˚ı Û‡‚ÌÂÌËÈ ÔÂ‚Ó„Ó ÔÓfl‰Í‡ ‚ ˜‡ÒÚ-
Ì˚ı ÔÓËÁ‚Ó‰Ì˚ı Ò Ï‡ÎÓÈ ÌÂÎËÌÂÈÌÓÒÚ¸˛ ‚Ë‰‡

(1‡)

(1·)

„‰Â U(x, t) = {ui(x, t)}, 1 ≤ i ≤ n, – ‚ÂÍÚÓ Â¯ÂÌËÈ, D, A – Í‚‡‰‡ÚÌ˚Â n-ÏÂÌ˚Â Ï‡ÚËˆ˚, Ï‡ÚËˆ‡
A ‚˚ÓÊ‰ÂÌÌ‡fl, F(U) = {fi(U), 1 ≤ i ≤ n} – ‚ÂÍÚÓ-ÙÛÌÍˆËfl, ÓÔÂ‰ÂÎÂÌÌ‡fl ‰Îfl ‚ÒÂı |ui| < ∞, 1 ≤ i ≤ n. 

ñÂÎ¸˛ Ì‡ÒÚÓfl˘ÂÈ ‡·ÓÚ˚ fl‚ÎflÂÚÒfl ÔÓÒÚÓÂÌËÂ ÙÓÏ‡Î¸ÌÓ„Ó ‡ÒËÏÔÚÓÚË˜ÂÒÍÓ„Ó ÔÂ‰ÒÚ‡‚ÎÂÌËfl
Â¯ÂÌËfl Ì‡˜‡Î¸ÌÓ-Í‡Â‚ÓÈ Á‡‰‡˜Ë c ÚÓ˜ÌÓÒÚ¸˛ O(ε) ‚ÌÂ Ï‡ÎÓÈ ÓÍÂÒÚÌÓÒÚË Ì‡˜‡Î‡ ÍÓÓ‰ËÌ‡Ú. 

ÄÌ‡ÎÓ„Ë˜Ì‡fl Á‡‰‡˜‡ ‰Îfl ÎËÌÂÈÌ˚ı Û‡‚ÌÂÌËÈ (˜ÚÓ ˝Í‚Ë‚‡ÎÂÌÚÌÓ ‡‚ÂÌÒÚ‚Û F(U) = 0) ‡ÒÒÏ‡Ú-
Ë‚‡Î‡Ò¸ ‡ÌÂÂ ‚ [1]. 

Ç Ì‡ÒÚÓfl˘ÂÈ ÒÚ‡Ú¸Â ‡ÒÒÏ‡ÚË‚‡ÂÚÒfl ÒÎÛ˜‡È, ÍÓ„‰‡ ˝ÎÂÏÂÌÚ˚ Ï‡ÚËˆ A, D ÔÓÒÚÓflÌÌ˚ Ë ‚Â˘Â-
ÒÚ‚ÂÌÌ˚, Ï‡ÚËˆ‡ D = diag{dii}, dii > 0, ‰Ë‡„ÓÌ‡Î¸Ì‡fl. 

Ç‚Â‰ÂÏ ÒÎÂ‰Û˛˘ËÂ Ó·ÓÁÌ‡˜ÂÌËfl: h0 – ÒÓ·ÒÚ‚ÂÌÌ˚È ‚ÂÍÚÓ Ï‡ÚËˆ˚ A, ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ËÈ ÌÛ-
ÎÂ‚ÓÏÛ ÒÓ·ÒÚ‚ÂÌÌÓÏÛ ÁÌ‡˜ÂÌË˛ λ = 0;  – ÒÓ·ÒÚ‚ÂÌÌ˚È ‚ÂÍÚÓ Ú‡ÌÒÔÓÌËÓ‚‡ÌÌÓÈ Ï‡ÚËˆ˚ A*,
ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ËÈ ÒÓ·ÒÚ‚ÂÌÌÓÏÛ ÁÌ‡˜ÂÌË˛ λ* = 0; ÒÍ‡ÎflÌÓÂ ÔÓËÁ‚Â‰ÂÌËÂ ‚ÂÍÚÓÓ‚ a Ë b ·Û‰ÂÏ
Ó·ÓÁÌ‡˜‡Ú¸ ÒÚ‡Ì‰‡ÚÌÓ ˜ÂÂÁ (a, b). ÅÛ‰ÂÏ Ò˜ËÚ‡Ú¸, ˜ÚÓ ‚˚ÔÓÎÌÂÌ˚ ÒÎÂ‰Û˛˘ËÂ ÛÒÎÓ‚Ëfl. 

1. U0(x), Φ0(t), ‡ Ú‡ÍÊÂ ˝ÎÂÏÂÌÚ˚ n-ÏÂÌÓÈ ‚ÂÍÚÓ-ÙÛÌÍˆËË F(U) ‰‚‡Ê‰˚ ÌÂÔÂ˚‚ÌÓ ‰ËÙÙÂ-
ÂÌˆËÛÂÏ˚ ‚ Ó·Î‡ÒÚflı Ò‚ÓÂ„Ó ÓÔÂ‰ÂÎÂÌËfl. 

2. (F, ) = 0. 

3. λ = 0 ÂÒÚ¸ Ó‰ÌÓÍ‡ÚÌÓÂ ÒÓ·ÒÚ‚ÂÌÌÓÂ ÁÌ‡˜ÂÌËÂ Ï‡ÚËˆ˚ A (rangA = n – 1). 
4. éÒÚ‡Î¸Ì˚Â ÒÓ·ÒÚ‚ÂÌÌ˚Â ÁÌ‡˜ÂÌËfl λ Ï‡ÚËˆ˚ A Û‰Ó‚ÎÂÚ‚Ófl˛Ú ÛÒÎÓ‚Ë˛ Reλ < 0. 

éÚÏÂÚËÏ, ̃ ÚÓ  = 0 ÂÒÚ¸ Ú‡ÍÊÂ ÒÓ·ÒÚ‚ÂÌÌÓÂ ÁÌ‡˜ÂÌËÂ Ï‡ÚËˆ˚ D–1A Ë ÔË Ì‡ÎÓÊÂÌÌ˚ı Ì‡ Ï‡Ú-
Ëˆ˚ D, A ÛÒÎÓ‚Ëflı – Ó‰ÌÓÍ‡ÚÌÓÂ. 

5. éÒÚ‡Î¸Ì˚Â ÒÓ·ÒÚ‚ÂÌÌ˚Â ÁÌ‡˜ÂÌËfl  Ï‡ÚËˆ˚ D–1A Û‰Ó‚ÎÂÚ‚Ófl˛Ú ÛÒÎÓ‚Ë˛ Re  < 0. 
èÂ‰ÒÚ‡‚ËÏ ÙÛÌÍˆË˛ F(U) ‚ ‚Ë‰Â 

(2)

ε2 Ut DUx+( ) AU εF U( ), x t Ω⊂,+ 0 t T 0 x ∞< <,< <{ } ,= =

U 0 x,( ) U0 x( ), U t 0,( ) Φ0 t( ),= =

h0*

h0*

λ̃

λ̃ λ̃

F U( ) F̃ SF ΠF QF RF,+ + + +=

ìÑä 519.63
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„‰Â

ÄÒËÏÔÚÓÚË˜ÂÒÍÓÂ ÔÂ‰ÒÚ‡‚ÎÂÌËÂ (Äè) Â¯ÂÌËfl Á‡‰‡˜Ë (1) Ò ÚÓ˜ÌÓÒÚ¸˛ O(ε) ÒÚÓËÚÒfl ‚ ‚Ë‰Â

ÒÛÏÏ˚ Ò„Î‡ÊÂÌÌÓÈ Â„ÛÎflÌÓÈ ˜‡ÒÚË (x, t, ζ) ÔÓ„‡ÌË˜Ì˚ı ÙÛÌÍˆËÈ Π(x, τ), Q(ξ, t) Ë ÙÛÌÍˆËË
ÔÂÂıÓ‰ÌÓ„Ó ÒÎÓfl S(ζ, t): 

(3)

„‰Â U0 = (x, t, ζ) + Π0(x, τ) + Q0(ξ, t) + S0(ζ, t) – Äè Â¯ÂÌËfl, r – ÓÒÚ‡ÚÓ˜Ì˚È ˜ÎÂÌ. ç‡ÁÌ‡˜ÂÌËÂ Ë
‡Î„ÓËÚÏ ÔÓÒÚÓÂÌËfl ÙÛÌÍˆËÈ, ‚ıÓ‰fl˘Ëı ‚ ‚˚‡ÊÂÌËfl (2), (3), ‡ Ú‡ÍÊÂ ‡„ÛÏÂÌÚ˚ ˝ÚËı ÙÛÌÍˆËÈ
ÓÔËÒ‡Ì˚ ÌËÊÂ. 

ÅÂÁ Ó„‡ÌË˜ÂÌËfl Ó·˘ÌÓÒÚË, ‰Îfl ÒÓÍ‡˘ÂÌËfl ‚˚ÍÎ‡‰ÓÍ ÔË ÔÓÒÚÓÂÌËË ÔÓ„‡ÌË˜Ì˚ı ÙÛÌÍˆËÈ
Π(x, τ), Q(ξ, t) ‡ÒÒÏ‡ÚË‚‡ÂÚÒfl ÒÎÛ˜‡È Ó‰ÌÓÍ‡ÚÌ˚ı ÒÓ·ÒÚ‚ÂÌÌ˚ı ÁÌ‡˜ÂÌËÈ Ï‡ÚËˆ A Ë D–1A. 

2. èéëíêéÖçàÖ Äëàåèíéíàäà êÖòÖçàü 

2.1. êÂ„ÛÎflÌ‡fl ˜‡ÒÚ¸ Â¯ÂÌËfl

ÇÌ‡˜‡ÎÂ, Ú‡Í ÊÂ Í‡Í Ë ‚ [1], ÒÚÓËÚÒfl Â„ÛÎflÌ‡fl ˜‡ÒÚ¸ Â¯ÂÌËfl  ‚ ‚Ë‰Â ‡ÁÎÓÊÂÌËfl ÔÓ ÒÚÂ-
ÔÂÌflÏ ε: 

(4)

Á‰ÂÒ¸ Ë ‰‡ÎÂÂ ‚ÂÍÚÓ-ÙÛÌÍˆËË Ò ËÌ‰ÂÍÒ‡ÏË 1 Ë 2 Ë„‡˛Ú ‚ÒÔÓÏÓ„‡ÚÂÎ¸ÌÛ˛ ÓÎ¸ Ë ‚ ÓÍÓÌ˜‡ÚÂÎ¸-
Ì˚È ‚Ë‰ ‡ÒËÏÔÚÓÚËÍË ÌÂ ‚ıÓ‰flÚ. ÇÂÍÚÓ-ÙÛÌÍˆË˛ F( ) Ú‡ÍÊÂ ‡ÁÎ‡„‡ÂÏ ÔÓ ÒÚÂÔÂÌflÏ ε: 

(5)

éÚÏÂÚËÏ, ˜ÚÓ ËÁ ÔÓ‰ÒÚ‡ÌÓ‚ÍË ‡ÁÎÓÊÂÌËfl (5) ‚ ÛÒÎÓ‚ËÂ 2 Ë ÔË‡‚ÌË‚‡ÌËfl ÍÓ˝ÙÙËˆËÂÌÚÓ‚ ÔË
Ó‰ËÌ‡ÍÓ‚˚ı ÒÚÂÔÂÌflı ε ‚ ˝ÚÓÏ ‚˚‡ÊÂÌËË ÒÎÂ‰ÛÂÚ ÛÒÎÓ‚ËÂ Ì‡ ÍÓÏÔÓÌÂÌÚ˚ ÙÛÌÍˆËË F( (x, t)): 

(6)

èÓ‰ÒÚ‡‚Îflfl ‡ÁÎÓÊÂÌËfl (4) Ë (5) ‚ Û‡‚ÌÂÌËÂ (1a) Ë ÔË‡‚ÌË‚‡fl ÍÓ˝ÙÙËˆËÂÌÚ˚ ÔË ε0, ÔÓÎÛ˜‡ÂÏ
Û‡‚ÌÂÌËÂ A  = 0. éÚÒ˛‰‡ ÒÎÂ‰ÛÂÚ, ˜ÚÓ  = g0(x, t)h0, „‰Â g0(x, t) – ÔÓÍ‡ ÌÂ ÓÔÂ‰ÂÎÂÌÌ‡fl ÙÛÌÍ-
ˆËfl. àÁ ÍÓ˝ÙÙËˆËÂÌÚÓ‚ ÔË ε1 Ë ε2 ÔÓÎÛ˜‡ÂÏ Û‡‚ÌÂÌËfl ‰Îfl ÓÔÂ‰ÂÎÂÌËfl ÓÒÚ‡Î¸Ì˚ı ˜ÎÂÌÓ‚ ‡Á-
ÎÓÊÂÌËfl: 

(7)

ÑÎfl ‡ÁÂ¯ËÏÓÒÚË ˝ÚËı Û‡‚ÌÂÌËÈ ‰ÓÎÊÌ˚ ‚˚ÔÓÎÌflÚ¸Òfl ÛÒÎÓ‚Ëfl 

èÂ‚ÓÂ ‡‚ÂÌÒÚ‚Ó ‚˚ÔÓÎÌflÂÚÒfl ‚ ÒËÎÛ (6). èÓ‰ÒÚ‡‚Îflfl ‚Ó ‚ÚÓÓÂ ÛÒÎÓ‚ËÂ ÙÛÌÍˆË˛  ‚ ‚Ë‰Â

F̃ F U+( )ω F U–( ) 1 ω–( ),+=

SF F Ũ S+( ) F U+( )ω F U–( ) 1 ω–( )+[ ] ,–=

ΠF F U Π+( ) F U( ),–=

QF F U Q+( ) F U( ),–=

RF F U( ) F̃ SF ΠF QF+ + +( ).–=

Ũ

U Ũ0 x t ζ, ,( ) Π0 x τ,( ) Q0 ξ t,( ) S0 ζ t,( ) r+ + + + U0 r,+= =

Ũ0

U

U x t,( ) U0 εU1 ε2U2 …;+ + +=

U

εF U x t,( )( ) εF U0 εU1 ε2U2 …+ + +( ) εF1 ε2F2 ….+ += =

U

Fi h0*,( ) 0.=

U0 U0

AU1 F1,=

AU2 U0t
DU0x

F2–+( ).–=

F1 h0*,( ) 0,=

U0t
DU0x

F2–+ h0*,( ) 0.=

U0
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çÂÒÚÂÓ‚, òÛÎËÍÓ

 = g0(x, t)h0, ÔÓÎÛ˜‡ÂÏ Û‡‚ÌÂÌËÂ ‰Îfl ÓÔÂ‰ÂÎÂÌËfl ÙÛÌÍˆËË g0(x, t): 

(8)

éÚÏÂÚËÏ, ˜ÚÓ ‚ÂÍÚÓÌ˚Â Í‡Â‚˚Â Ë Ì‡˜‡Î¸Ì˚Â ÛÒÎÓ‚Ëfl (1·) ÌÂ ÏÓ„ÛÚ Û‰Ó‚ÎÂÚ‚ÓflÚÒfl Ó‰ÌÓÈ
ÙÛÌÍˆËÂÈ, ÔÓ˝ÚÓÏÛ Í‡Â‚˚Â Ë Ì‡˜‡Î¸Ì˚Â ÛÒÎÓ‚Ëfl Í Û‡‚ÌÂÌË˛ (8) ÔÓÒÚ‡‚ËÏ ÌËÊÂ. 

2.2. èÓ„‡ÌË˜Ì˚Â Π-ÙÛÌÍˆËË 

ÑÎfl ‚˚ÔÓÎÌÂÌËfl Ì‡˜‡Î¸Ì˚ı ÛÒÎÓ‚ËÈ ÒÚÓËÏ ÔÓ„‡ÌË˜Ì˚Â ‚ÂÍÚÓ-ÙÛÌÍˆËË ‚ ÓÍÂÒÚÌÓÒÚË ÎË-
ÌËË t = 0: 

(9)

èÓ„‡ÌË˜Ì‡fl ÙÛÌÍˆËfl Π ‰ÓÎÊÌ‡ Û‰Ó‚ÎÂÚ‚ÓflÚ¸ ÛÒÎÓ‚Ë˛  = 0 Ë, ÍÓÏÂ ÚÓ„Ó, ÒÓ‚ÏÂÒÚÌÓ Ò

ÙÛÌÍˆËÂÈ (x, t) ÙÓÏ‡Î¸ÌÓ Û‰Ó‚ÎÂÚ‚ÓflÚ¸ Û‡‚ÌÂÌË˛ 

(10)

Ë Ì‡˜‡Î¸ÌÓÏÛ ÛÒÎÓ‚Ë˛ (1·). 
èÓ‰ÒÚ‡‚Îflfl ‡ÁÎÓÊÂÌËfl (9), (5) ‚ Û‡‚ÌÂÌËÂ (10), ÔÂÂıÓ‰fl Í ÔÂÂÏÂÌÌÓÈ τ Ë ÔË‡‚ÌË‚‡fl ÍÓ-

˝ÙÙËˆËÂÌÚ˚ ÔË Ó‰ËÌ‡ÍÓ‚˚ı ÒÚÂÔÂÌflı ε ‚ Ó·ÓËı ˜‡ÒÚflı ÔÓÎÛ˜ÂÌÌÓ„Ó ‡‚ÂÌÒÚ‚‡, ÔÓÎÛ˜‡ÂÏ, ˜ÚÓ
Π0 fl‚ÎflÂÚÒfl Â¯ÂÌËÂÏ ÒËÒÚÂÏ˚ Û‡‚ÌÂÌËÈ 

Ë ËÏÂÂÚ ‚Ë‰ 

„‰Â Ci = Ci(x), i = 0, 2, …, n. àÁ ÛÒÎÓ‚Ëfl 4 Ë ÚÂ·Ó‚‡ÌËfl  = 0 ÒÎÂ‰ÛÂÚ, ˜ÚÓ C0 = 0. èÓ‰ÒÚ‡‚Îflfl

‚ Ì‡˜‡Î¸ÌÓÂ ÛÒÎÓ‚ËÂ ÒÛÏÏÛ Â„ÛÎflÌÓÈ ˜‡ÒÚË Ë ÔÓ„‡ÌË˜ÌÓÈ ÙÛÌÍˆËË, ÔÓÎÛ˜‡ÂÏ 

í‡Í Í‡Í ‚ÂÍÚÓ˚ (h0, h2, …, hn) ÎËÌÂÈÌÓ ÌÂÁ‡‚ËÒËÏ˚, ÚÓ g(x, 0) ≡ g–(x) Ë Ci Ó‰ÌÓÁÌ‡˜ÌÓ ÓÔÂ‰ÂÎfl-
˛ÚÒfl ËÁ ˝ÚÓÈ ÒËÒÚÂÏ˚ Û‡‚ÌÂÌËÈ. íÂÏ Ò‡Ï˚Ï Ì‡˜‡Î¸Ì˚Â ÛÒÎÓ‚Ëfl ‰Îfl Â„ÛÎflÌÓÈ ˜‡ÒÚË, ËÎË, ˜ÚÓ
ÚÓ ÊÂ Ò‡ÏÓÂ, ‰Îfl ÙÛÌÍˆËË g0(x, t) Ë ÔÓ„‡ÌË˜Ì‡fl ÙÛÌÍˆËfl Π0 Ó‰ÌÓÁÌ‡˜ÌÓ ÓÔÂ‰ÂÎÂÌ˚. éÚÏÂÚËÏ,
˜ÚÓ ‚ ÒËÎÛ ÛÒÎÓ‚Ëfl 4 ÔÓ„‡ÌË˜Ì‡fl ÙÛÌÍˆËfl Π0 Û‰Ó‚ÎÂÚ‚ÓflÂÚ ÓˆÂÌÍÂ 

2.3. èÓ„‡ÌË˜Ì˚Â Q-ÙÛÌÍˆËË

ÑÎfl ‚˚ÔÓÎÌÂÌËfl Í‡Â‚Ó„Ó ÛÒÎÓ‚Ëfl ÒÚÓËÏ Í‡Â‚˚Â ÔÓ„‡ÌË˜Ì˚Â ‚ÂÍÚÓ-ÙÛÌÍˆËË ‚ ÓÍÂÒÚÌÓ-
ÒÚË ÎËÌËË x = 0: 

(11)

èÓ„‡ÌË˜Ì‡fl ÙÛÌÍˆËfl Q ‰ÓÎÊÌ‡ Û‰Ó‚ÎÂÚ‚ÓflÚ¸ ÛÒÎÓ‚Ë˛  = 0, Û‡‚ÌÂÌË˛ 

(12)

Ë, ÍÓÏÂ ÚÓ„Ó, ÒÓ‚ÏÂÒÚÌÓ Ò ÙÛÌÍˆËÂÈ (x, t) ÙÓÏ‡Î¸ÌÓ Û‰Ó‚ÎÂÚ‚ÓflÚ¸ Í‡Â‚ÓÏÛ ÛÒÎÓ‚Ë˛ (1·). 

U0

g0t
Vg0x

+ 0, „‰Â V
Dh0 h0*,( )
h0 h0*,( )

------------------------.= =

Π x τ,( ) Π0 x τ,( ) εΠ1 x τ,( ) ε2Π2 x τ,( ) …, τ+ + + t/ε2.= =

Π
τ ∞→
lim

U

ε2 Π t DΠ x+( ) AΠ εΠ F, x 0, 0 t T ,< <>+=

Π0τ
AΠ0=

Π0 C0h0 Cihi λ iτ( ),exp
i 2=

n

∑+=

Π0
τ ∞→
lim

g0 x 0,( )h0 Cihi

i 2=

n

∑+ U0 x( ).=

Π0 C κτ–( ), C 0, κ 0.>>exp<

Q ξ t,( ) Q0 ξ t,( ) εQ1 ξ t,( ) ε2Q2 ξ t,( ) …, ξ+ + + x/ε2.= =

Q
ξ ∞→
lim

ε2 Qt DQx+( ) AQ εQF, x 0, 0 t T ,< <>+=

U
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èÓ‰ÒÚ‡‚Îflfl ‡ÁÎÓÊÂÌËfl (5) Ë (11) ‚ ÒËÒÚÂÏÛ (12), ÔÂÂıÓ‰fl Í ÔÂÂÏÂÌÌÓÈ ξ Ë ÔË‡‚ÌË‚‡fl ÍÓ-
˝ÙÙËˆËÂÌÚ˚ ÔË Ó‰ËÌ‡ÍÓ‚˚ı ÒÚÂÔÂÌflı ε ‚ Ó·ÂËı ˜‡ÒÚflı ÔÓÎÛ˜ÂÌÌÓ„Ó ‡‚ÂÌÒÚ‚‡, ÔÓÎÛ˜‡ÂÏ, ˜ÚÓ
Q0 ÂÒÚ¸ Â¯ÂÌËÂ ÒËÒÚÂÏ˚ Û‡‚ÌÂÌËÈ 

Ë ËÏÂÂÚ ‚Ë‰ 

„‰Â , i = 0, 2, …, n,  = h0 – ÒÓ·ÒÚ‚ÂÌÌ˚Â ‚ÂÍÚÓ˚,  – ÒÓ·ÒÚ‚ÂÌÌ˚Â ÁÌ‡˜ÂÌËfl Ï‡ÚËˆ˚ D–1A,
Ei = Ei(t), i = 0, 2, …, n. àÁ ÛÒÎÓ‚Ëfl 5 Ë ÚÂ·Ó‚‡ÌËfl  = 0 ÒÎÂ‰ÛÂÚ, ˜ÚÓ E0 = 0. èÓ‰ÒÚ‡‚Îflfl ‚

Í‡Â‚ÓÂ ÛÒÎÓ‚ËÂ (5) ÒÛÏÏÛ Â„ÛÎflÌÓÈ Ë ÔÓ„‡ÌÒÎÓÈÌÓÈ ÒÓÒÚ‡‚Îfl˛˘Ëı, ÔÓÎÛ˜‡ÂÏ

èÓÒÍÓÎ¸ÍÛ ‚ÂÍÚÓ˚ ( , , …, ) ÎËÌÂÈÌÓ ÌÂÁ‡‚ËÒËÏ˚, ÚÓ g(0, t) ≡ g+(t) Ë Di Ú‡ÍÊÂ Ó‰ÌÓÁÌ‡˜ÌÓ
ÓÔÂ‰ÂÎfl˛ÚÒfl ËÁ ˝ÚÓÈ ÒËÒÚÂÏ˚ Û‡‚ÌÂÌËÈ. 

íÂÏ Ò‡Ï˚Ï Í‡Â‚˚Â ÛÒÎÓ‚Ëfl ‰Îfl Â„ÛÎflÌÓÈ ˜‡ÒÚË ËÎË, ˜ÚÓ ÚÓ ÊÂ Ò‡ÏÓÂ, ‰Îfl ÙÛÌÍˆËË g0(x, t)
Ë ÔÓ„‡ÌË˜Ì‡fl ÙÛÌÍˆËfl Q0 Ó‰ÌÓÁÌ‡˜ÌÓ ÓÔÂ‰ÂÎÂÌ˚. éÚÏÂÚËÏ, ˜ÚÓ ‚ ÒËÎÛ ÛÒÎÓ‚Ëfl 5 ÔÓ„‡ÌË˜Ì‡fl
ÙÛÌÍˆËfl Q0 Û‰Ó‚ÎÂÚ‚ÓflÂÚ ÓˆÂÌÍÂ 

2.4. ÇÌÛÚÂÌÌËÈ ÔÓ„‡ÌË˜Ì˚È ÒÎÓÈ 
îÛÌÍˆËfl g0 fl‚ÎflÂÚÒfl Â¯ÂÌËÂÏ Ì‡˜‡Î¸ÌÓ-Í‡Â‚ÓÈ Á‡‰‡˜Ë ‰Îfl Û‡‚ÌÂÌËfl ÔÂ‚Ó„Ó ÔÓfl‰Í‡ ‚

˜‡ÒÚÌ˚ı ÔÓËÁ‚Ó‰Ì˚ı: 

(13‡)

(13·)

éÚÏÂÚËÏ, ˜ÚÓ, ‚ÓÓ·˘Â „Ó‚Ófl, g–(0) ≠ g+(0). 

êÂ¯ÂÌËÂ Á‡‰‡˜Ë (13) ËÏÂÂÚ ‡Á˚‚ Ì‡ ÎËÌËË l : t = x: 

ÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ, Â„ÛÎflÌ‡fl ˜‡ÒÚ¸  ËÏÂÂÚ ‚Ë‰

(14)

Ë Ú‡ÍÊÂ ËÏÂÂÚ ‡Á˚‚ Ì‡ ÎËÌËË l. Ç Ó·˘ÂÏ ÒÎÛ˜‡Â ÎËÌËfl l : t = x ÌÂ fl‚ÎflÂÚÒfl ı‡‡ÍÚÂËÒÚËÍÓÈ

ÒËÒÚÂÏ˚ (1a) Ë, ÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ, Â¯ÂÌËÂ ÒËÒÚÂÏ˚ ‰ÓÎÊÌÓ ·˚Ú¸ „Î‡‰ÍËÏ ‚ ÓÍÂÒÚÌÓÒÚË ÎËÌËË l.
ùÚÓ „Ó‚ÓËÚ Ó ÚÓÏ, ˜ÚÓ ‚ ÓÍÂÒÚÌÓÒÚË ÛÍ‡Á‡ÌÌÓÈ ÎËÌËË ÚÓ˜ÌÓÂ Â¯ÂÌËÂ ËÒıÓ‰ÌÓÈ Á‡‰‡˜Ë ËÏÂÂÚ
ÔÂÂıÓ‰Ì˚È ÒÎÓÈ, ‚˚ÓÊ‰‡˛˘ËÈÒfl ÔË ε  0 ‚ ‡Á˚‚. 

ÑÎfl ÓÔËÒ‡ÌËfl ÔÂÂıÓ‰ÌÓ„Ó ÒÎÓfl ‚ ÓÍÂÒÚÌÓÒÚË ÎËÌËË l : t = x ÔËÏÂÌËÏ ÏÂÚÓ‰ Ò„Î‡ÊË‚‡ÌËfl

(ÒÏ. [2]), ‰Îfl ˜Â„Ó ÔÂ‰‚‡ËÚÂÎ¸ÌÓ ÔÓÒÚÓËÏ „Î‡‰ÍÛ˛ ‚ÂÍÚÓ-ÙÛÌÍˆË˛  = U+(ω(ζ)) + U–(1 – ω(ζ)),

Q0ξ
D 1– AQ0=

Q0 E0h̃0 Eih̃i λ̃ iξ( ),exp
i 2=

n

∑+=

h̃i h̃0 λ̃ i

Q0
ξ ∞→
lim

g0 0 t,( )h̃0 Eih̃i

i 2=

n

∑+ Φ0 t( ).=

h̃0 h̃2 h̃n

Q0 C κξ–( ), C 0, κ 0.>>exp<

g0t
Vg0x

+ 0,=

g
t 0= g– x( ), g

x 0= g+ t( ).= =

1
V
---

g x t,( )
g– x Vt–( ) g– x t,( ), x Vt 0,>–≡

g+ t x/V–( ) g+ x t,( ), x Vt 0,<–≡



=

U0

U0 x t,( )
g– x t,( )h0 U0

– x t,( ), x Vt 0,>–=

g+ x t,( )h0 U0
+ x t,( ), x Vt 0,<–=




=

1
V
---

1
V
---

Ũ
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çÂÒÚÂÓ‚, òÛÎËÍÓ

„‰Â ζ = (t – x/V)/ε, ‡ ω(ζ) – Î˛·‡fl ·ÂÒÍÓÌÂ˜ÌÓ ‰ËÙÙÂÂÌˆËÛÂÏ‡fl ÙÛÌÍˆËfl, Û‰Ó‚ÎÂÚ‚Ófl˛˘‡fl
ÛÒÎÓ‚ËflÏ ω(ζ) = 0, ζ ≤ 0, ω(ζ) = 1, ζ ≥ 1. èÓÒÚÓËÏ ‚ÂÍÚÓ-ÙÛÌÍˆË˛ ÔÂÂıÓ‰ÌÓ„Ó ÒÎÓfl S, ËÒıÓ‰fl ËÁ
ÚÂ·Ó‚‡ÌËÈ 

(15‡)

(15·)

(15‚)

èÂÂıÓ‰fl Í ÌÓ‚˚Ï ÔÂÂÏÂÌÌ˚Ï (ζ, t), ÔÓÎÛ˜‡ÂÏ Û‡‚ÌÂÌËÂ ‰Îfl ‚ÂÍÚÓ-ÙÛÌÍˆËË S: 

(16)

„‰Â 

(17)

E – Â‰ËÌË˜Ì‡fl n-ÏÂÌ‡fl Ï‡ÚËˆ‡. èË ‚˚‚Ó‰Â ÒËÒÚÂÏ˚ (16) ËÒÔÓÎ¸ÁÓ‚‡ÎËÒ¸ (1a), (14), ÓÚÍÛ‰‡ ÔÓ-
ÎÛ˜ÂÌÓ

ÑÎfl ‚˚‚Ó‰‡ ÙÛÌÍˆËÈ ÔÂÂıÓ‰ÌÓ„Ó ÒÎÓfl ·Û‰ÂÏ Ò˜ËÚ‡Ú¸, ˜ÚÓ 

„‰Â  ÒÚÓflÚÒfl ‚ ÒÓÓÚ‚ÂÚÒÚ‚ËË Ò Û‡‚ÌÂÌËÂÏ (7), Â¯ÂÌËÂ ÍÓÚÓÓ„Ó ËÏÂÂÚ ‚Ë‰ 

(18)

Á‰ÂÒ¸ Ë ‰‡ÎÂÂ Ï‡ÚËˆ‡ G ÔÒÂ‚‰ÓÓ·‡ÚÌ‡fl Í Ï‡ÚËˆÂ A (Ó·˘ÂÂ Â¯ÂÌËÂ ÒËÒÚÂÏ˚ AY = F ÔË ÛÒÎÓ-

‚ËË (F, ) = 0 ËÏÂÂÚ ‚Ë‰ Y = GF + Ch0). îÛÌÍˆËË , ‚ıÓ‰fl˘ËÂ ‚ ‚˚‡ÊÂÌËÂ (18), Ë„‡˛Ú ‚ÒÔÓ-
ÏÓ„‡ÚÂÎ¸ÌÛ˛ ÓÎ¸ Ë ‚ ÓÍÓÌ˜‡ÚÂÎ¸Ì˚È ‚Ë‰ ‡ÒËÏÔÚÓÚËÍË ÌÂ ‚ıÓ‰flÚ. 

ÇÂÍÚÓ-ÙÛÌÍˆË˛ ÔÂÂıÓ‰ÌÓ„Ó ÒÎÓfl S Ë˘ÂÏ ‚ ‚Ë‰Â ‡ÁÎÓÊÂÌËfl ÔÓ ÒÚÂÔÂÌflÏ ε:

èÓ‰ÒÚ‡‚Îflfl ‚ ‚˚‡ÊÂÌËÂ (17) ‚ÂÍÚÓ-ÙÛÌÍˆË˛ S Ë U+, U– ‚ ‚Ë‰Â ‡ÁÎÓÊÂÌËÈ ÔÓ ÒÚÂÔÂÌflÏ ε,
‡ÁÎ‡„‡ÂÏ ÙÛÌÍˆË˛ Φ ‚ fl‰:

èÓ‰ÒÚ‡‚Îflfl ‚ Û‡‚ÌÂÌËÂ (16) ‚ÂÍÚÓ-ÙÛÌÍˆËË S Ë Φ ‚ ‚Ë‰Â ‡ÁÎÓÊÂÌËÈ ÔÓ ÒÚÂÔÂÌflÏ ε Ë ÔË-
‡‚ÌË‚‡fl ÍÓ˝ÙÙËˆËÂÌÚ˚ ÔË ÔÂ‚˚ı ÚÂı ÒÚÂÔÂÌflı ε, ÔÓÎÛ˜‡ÂÏ Û‡‚ÌÂÌËfl ‰Îfl ÓÔÂ‰ÂÎÂÌËfl ‚ÂÍ-
ÚÓ-ÙÛÌÍˆËÈ S0, S1, S2 (‚ÂÍÚÓ-ÙÛÌÍˆËË S1, S2 Ë„‡˛Ú ‚ÒÔÓÏÓ„‡ÚÂÎ¸ÌÛ˛ ÓÎ¸ Ë ‚ ÓÍÓÌ˜‡ÚÂÎ¸Ì˚È
‚Ë‰ Äè ÌÂ ‚ıÓ‰flÚ): 

ε2 Ũ0 S+( )t D Ũ0 S+( )x+[ ] A Ũ0 S+( )– εF Ũ0 S+( )– O ε3( ),=

Ũ0 S Π+ +( )
t 0=

U0 x( ) O ε( ),+=

Ũ0 S Q+ +( )
x 0=

Φ0 t( ) O ε( ).+=

ε2St εΨSζ AS–+ εΦ,=

Φ SF Ψ U+ U––( )ωζ– F Ũ S+( ) F U+( )ω– F U–( ) 1 ω–( )– Ψ U+ U––( )ωζ ,–= =

Ψ E
1
V
---D– 

  ,=

ε2 Ut
– DUx

–+( ) AU–– εF U–( ),=

ε2 Ut
+ DUx

++( ) AU+– εF U+( ).=

Ũ Ũ0 εŨ1 ε2Ũ2 …,+ + +=

Ũ1

Ũ1

U1
– x t,( ) g1

–h0 GF U0
–( )– , x Vt 0,>–=

U1
+ x t,( ) g1

+h0 GF U0
+( )– , x Vt 0;<–=




=

h0* Ũ1

S S0 εS1 ε2S2 ….+ + +=

εΦ ε F Ũ S+( ) F U+( )ω– F U–( ) 1 ω–( )–[ ] εωζΨ U+ U––( )– εΦ1 ε2Φ2 ….+ += =

1) ε0 : AS0 0,=

2) ε1 : ΨS0ζ
AS1– Φ1,=

3) ε2 : S0t
ΨS1ζ

AS2–+ Φ2.=
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àÁ ˝ÚËı Û‡‚ÌÂÌËÈ ÒÎÂ‰ÛÂÚ, ˜ÚÓ ‚ÂÍÚÓ˚ S0, S1, S2 Ì‡ıÓ‰flÚÒfl ËÁ ‡‚ÂÌÒÚ‚ 

(19)

„‰Â h0 – ÒÓ·ÒÚ‚ÂÌÌ˚È ‚ÂÍÚÓ Ï‡ÚËˆ˚ A, ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ËÈ ÌÛÎÂ‚ÓÏÛ ÒÓ·ÒÚ‚ÂÌÌÓÏÛ ÁÌ‡˜ÂÌË˛, s0,
s1, s2 – ÔÓÍ‡ ÌÂËÁ‚ÂÒÚÌ˚Â ÙÛÌÍˆËË. 

ÑÎfl ‡ÁÂ¯ËÏÓÒÚË Û‡‚ÌÂÌËÈ 2) Ë 3) ‰ÓÎÊÌ˚ ‚˚ÔÓÎÌflÚ¸Òfl ÒÎÂ‰Û˛˘ËÂ ÛÒÎÓ‚Ëfl: 

èÂÂıÓ‰fl ÓÚ ‚ÂÍÚÓ-ÙÛÌÍˆËÈ S0, S1 Í ÙÛÌÍˆËflÏ s0, s1 ‚ ÛÒÎÓ‚ËË ‡ÁÂ¯ËÏÓÒÚË ‰Îfl Û‡‚ÌÂÌËfl 3),
ÔÓÎÛ˜‡ÂÏ 

èÂ‰ÒÚ‡‚ËÏ ÙÛÌÍˆË˛ 

‚ ‚Ë‰Â ÒÛÏÏ˚ Φ = ΦI + ΦII, „‰Â 

îÛÌÍˆËË ΦI Ë ΦII Á‡‚ËÒflÚ Í‡Í ÓÚ , Ú‡Í Ë ÓÚ . é‰Ì‡ÍÓ ‰ÓÍ‡Á‡ÌÓ, ˜ÚÓ ÙÛÌÍˆËË , ËÏÂ˛˘ËÂ
‚Ë‰ (18), ‚ÍÎ‡‰‡ ‚ ËÚÓ„Ó‚ÓÂ ‚˚‡ÊÂÌËÂ ÌÂ ‰‡˛Ú. (ÑÓÍ‡Á‡ÚÂÎ¸ÒÚ‚Ó ‚ÂÒ¸Ï‡ Ó·˙ÂÏÌÓ, ÔÓ˝ÚÓÏÛ Á‰ÂÒ¸
ÌÂ ÔË‚Ó‰ËÚÒfl.) Ç ËÚÓ„Â ÒÎ‡„‡ÂÏ˚Â, ÒÓ‰ÂÊ‡˘ËÂ ÙÛÌÍˆËË F(U), ÔËÌËÏ‡˛Ú ‚Ë‰ 

èÓ‰ÒÚ‡‚Îflfl ‚ ÛÒÎÓ‚Ëfl (15·), (15‚) ÒÛÏÏÛ (  + S0) („‰Â S0 Ì‡ıÓ‰ËÚÒfl ËÁ ÒÓÓÚÌÓ¯ÂÌËÈ (19)), Ì‡-
ıÓ‰ËÏ Ì‡˜‡Î¸Ì˚Â Ë Í‡Â‚˚Â ÛÒÎÓ‚Ëfl ‰Îfl ‚ÂÍÚÓ-ÙÛÌÍˆËË S0 ËÎË, ˜ÚÓ ÚÓ ÊÂ Ò‡ÏÓÂ, ‰Îfl ÙÛÌÍˆËË
s0. í‡ÍËÏ Ó·‡ÁÓÏ, ÔÓÎÛ˜‡ÂÏ Á‡‰‡˜Û Ì‡ Ì‡ıÓÊ‰ÂÌËÂ ÙÛÌÍˆËÈ ‚ÌÛÚÂÌÌÂ„Ó ÔÂÂıÓ‰ÌÓ„Ó ÒÎÓfl: 

(20‡)

(20·)

(20‚)

„‰Â 

ãÂ„ÍÓ ÔÓÍ‡Á‡Ú¸, ˜ÚÓ, ıÓÚfl ÒÓ·ÒÚ‚ÂÌÌ˚Â ‚ÂÍÚÓ˚ h0,  Ë Ï‡ÚËˆ‡ G ÓÔÂ‰ÂÎÂÌ˚ ÌÂÓ‰ÌÓÁÌ‡˜-
ÌÓ, ÍÓ˝ÙÙËˆËÂÌÚ M ÓÔÂ‰ÂÎflÂÚÒfl Â‰ËÌÒÚ‚ÂÌÌ˚Ï Ó·‡ÁÓÏ. 

Ç ÔÓÎÛ˜ÂÌÌÓÈ ÒËÒÚÂÏÂ Û‡‚ÌÂÌËÈ ÏÓÊÌÓ Ò‰ÂÎ‡Ú¸ Á‡ÏÂÌÛ ÔÂÂÏÂÌÌÓÈ s0 = –kω + . íÂÏ Ò‡Ï˚Ï

‰Îfl  ÔÓÎÛ˜‡ÂÚÒfl Á‡‰‡˜‡ 

S0 s0 ζ t,( )h0,=

S1 s1 ζ t,( )h0 G ΨS0ζ
Φ1–( ),+=

S2 s2 ζ t,( )h0 G S0t
ΨS1ζ

Φ2–+( ),+=

ΨS0ζ
Φ1– h0*,( ) 0,=

S0t
ΨS1ζ

Φ2–+ h0*,( ) 0.=

s0t
h0 h0*,( ) s1ζ

Ψh0 h0*,( ) s0ζζ
ΨGΨh0 h0*,( ) ΨGΦ1ζ

h0*,( )– Φ2 h0*,( )–+ + 0.=

Φ Φ1 εΦ2 ε2Φ3 …+ + +=

ΦI Ψ U+ U––( )ωζ– ωζΨ U0
+ U0

––( )– ωζΨ U1
+ U1

––( )– …– Φ1
I εΦ2

I ε2Φ3
I …,+ + += = =

ΦII F Ũ S+( ) F U+( )ω– F U–( ) 1 ω–( )– Φ1
II εΦ2

II ε2Φ3
II ….+ + += =

Ũ0 Ũ1 Ũ1

ΨGSF1ζ
SF2

I+ h0*,( ) ωζζ k ΨGΨh0 h0*,( )– ΨGF kω g0
– 0( ) s0+ +( )h0( ) h0*,( )ζ

' .+=
~ ~

Ũ0

s0t
Ms0ζζ

Mωζζ κ 1
h0 h0*,( )

------------------- ΨGF kω g0
– 0( ) s0+ +( )h0 h0*,( )ζ–+ + 0,=

s0 t 0 ζ 0>,=
kω,–=

s0 t 0 ζ 0<,=
k 1 ω–( ),=

k g0
+ 0( ) g0

– 0( ), M–
ΨGΨh0 h0*,( )

h0 h0*,( )
----------------------------------.= =

h0*

s̃0

s̃0

s̃0t
Ms̃0ζζ

ΨGF g0
– 0( ) s̃0+( )h0 h0*,( )ζ

h0 h0*,( )
----------------------------------------------------------------–+ 0,=

s̃0 t 0 ζ 0>,=
0, s̃0 t 0 ζ 0<,=

k.= =
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çÂÒÚÂÓ‚, òÛÎËÍÓ

èË ÛÒÎÓ‚ËË Ô‡‡·ÓÎË˜ÌÓÒÚË Û‡‚ÌÂÌËfl (20a) (Ú.Â. M < 0) ÒÛ˘ÂÒÚ‚ÛÂÚ Ú‡ÍÓÂ T > 0, ˜ÚÓ Ì‡ ÒÂ„-
ÏÂÌÚÂ [0, T] ÒÛ˘ÂÒÚ‚ÛÂÚ Â‰ËÌÒÚ‚ÂÌÌÓÂ Â¯ÂÌËÂ Á‡‰‡˜Ë (20a) Ë Ì‡ [0, T] ÒÔ‡‚Â‰ÎË‚‡ ÓˆÂÌÍ‡ 

çÂÓ·ıÓ‰ËÏÓÂ Ë ‰ÓÒÚ‡ÚÓ˜ÌÓÂ ÛÒÎÓ‚ËÂ Ô‡‡·ÓÎË˜ÌÓÒÚË Û‡‚ÌÂÌËfl (20‡) ‰Îfl Ï‡ÚËˆ A Ó·˘Â„Ó
‚Ë‰‡, ‚˚‡ÊÂÌÌÓÂ ̃ ÂÂÁ ̋ ÎÂÏÂÌÚ˚ Ò‡ÏÓÈ Ï‡ÚËˆ˚ A, ̃ ÂÁ‚˚˜‡ÈÌÓ „ÓÏÓÁ‰ÍÓ Ë ÔË ‡ÁÏÂÌÓÒÚË
ÒËÒÚÂÏ˚ ·ÓÎ¸¯Â ÚÂı Ô‡ÍÚË˜ÂÒÍË ÌÂ ÔÓ‰‰‡ÂÚÒfl ÔÓ‚ÂÍÂ. 

é‰Ì‡ÍÓ ‰Îfl Ï‡ÚËˆ A, ˝ÎÂÏÂÌÚ‡ÏË ÍÓÚÓ˚ı fl‚Îfl˛ÚÒfl Á‡‰‡ÌÌ˚Â ˜ËÒÎ‡, ‚˚˜ËÒÎÂÌËÂ ÍÓ˝ÙÙË-
ˆËÂÌÚ‡ M Ë ÔÓ‚ÂÍ‡ ÛÒÎÓ‚Ëfl M < 0 ÌÂ ÔÂ‰ÒÚ‡‚ÎflÂÚ ·ÓÎ¸¯Ëı ÚÛ‰ÌÓÒÚÂÈ. 

ìÒÎÓ‚ËÂ Ô‡‡·ÓÎË˜ÌÓÒÚË Á‡‰‡˜Ë M < 0 ‰ÓÍ‡Á‡ÌÓ ‰Îfl ÌÂÍÓÚÓ˚ı Ï‡ÚËˆ ÒÔÂˆË‡Î¸ÌÓ„Ó ‚Ë‰‡, ‚
˜‡ÒÚÌÓÒÚË ‰Îfl ÒËÏÏÂÚË˜Ì˚ı Ï‡ÚËˆ A, Û ÍÓÚÓ˚ı ‚ÒÂ ˝ÎÂÏÂÌÚ˚, ÍÓÏÂ „Î‡‚ÌÓÈ ‰Ë‡„ÓÌ‡ÎË, ÌÂ-
ÓÚËˆ‡ÚÂÎ¸Ì˚, ‡ ˝ÎÂÏÂÌÚ˚ „Î‡‚ÌÓÈ ‰Ë‡„ÓÌ‡ÎË ‡‚Ì˚ ÒÛÏÏ‡Ï ˝ÎÂÏÂÌÚÓ‚ ÔÓ ÒÚÓÎ·ˆ‡Ï, ‚ÁflÚ˚ı Ò
ÓÚËˆ‡ÚÂÎ¸Ì˚ÏË ÁÌ‡Í‡ÏË. í‡ÍËÂ Ï‡ÚËˆ˚ ‚ÒÚÂ˜‡˛ÚÒfl ‚ fl‰Â ÙËÁË˜ÂÒÍËı ÔËÎÓÊÂÌËÈ. 

2.5. ÄÒËÏÔÚÓÚË˜ÂÒÍÓÂ ÔÂ‰ÒÚ‡‚ÎÂÌËÂ Â¯ÂÌËfl 

èÂ‰ÒÚ‡‚ËÏ Â¯ÂÌËÂ Á‡‰‡˜Ë (1) ‚ ‚Ë‰Â 

„‰Â (x, t) + Π0(x, τ) + Q0(ξ, t) + S0(ζ, t) – ÔÓÒÚÓÂÌÌ‡fl ‡ÒËÏÔÚÓÚËÍ‡, r(x, t, ε) – ÓÒÚ‡ÚÓ˜Ì˚È ˜ÎÂÌ. 
àÁ ‡Î„ÓËÚÏ‡ ÔÓÒÚÓÂÌËfl ‡ÒËÏÔÚÓÚËÍË ÒÎÂ‰ÛÂÚ, ˜ÚÓ r(x, t, ε) Û‰Ó‚ÎÂÚ‚ÓflÂÚ Á‡‰‡˜Â 

(21‡)

(21·)

éˆÂÌÍË Ô‡‚ÓÈ ̃ ‡ÒÚË Û‡‚ÌÂÌËfl, ‡ Ú‡ÍÊÂ Ì‡˜‡Î¸Ì˚ı Ë Í‡Â‚˚ı ÛÒÎÓ‚ËÈ ÔÓÎÛ˜‡˛ÚÒfl ÌÂÔÓÒÂ‰-
ÒÚ‚ÂÌÌ˚Ï ‚˚˜ËÒÎÂÌËÂÏ Ò Û˜ÂÚÓÏ ‡Î„ÓËÚÏ‡ ÔÓÒÚÓÂÌËfl ‡ÒËÏÔÚÓÚËÍË. 

3. áÄäãûóÖçàÖ 

í‡ÍËÏ Ó·‡ÁÓÏ, ÔÓÒÚÓÂÌÓ ÙÓÏ‡Î¸ÌÓÂ (Ò ÓˆÂÌÍÓÈ ÔÓ ÌÂ‚flÁÍÂ) ‡ÒËÏÔÚÓÚË˜ÂÒÍÓÂ ÔÂ‰ÒÚ‡‚ÎÂ-
ÌËÂ Â¯ÂÌËfl Ì‡˜‡Î¸ÌÓ-Í‡Â‚ÓÈ Á‡‰‡˜Ë ‰Îfl ÒËÌ„ÛÎflÌÓ ‚ÓÁÏÛ˘ÂÌÌÓÈ ÒËÒÚÂÏ˚ ‰ËÙÙÂÂÌˆË‡Î¸-
Ì˚ı Û‡‚ÌÂÌËÈ ÔÂ‚Ó„Ó ÔÓfl‰Í‡ ‚ ˜‡ÒÚÌ˚ı ÔÓËÁ‚Ó‰Ì˚ı Ò Ï‡ÎÓÈ ÌÂÎËÌÂÈÌÓÒÚ¸˛. 

éÒÓ·ÂÌÌÓÒÚ¸˛ Á‡‰‡˜Ë fl‚ÎflÂÚÒfl Ì‡ÎË˜ËÂ Û ÚÓ˜ÌÓ„Ó Â¯ÂÌËfl Ô‡‡·ÓÎË˜ÂÒÍÓ„Ó ÔÂÂıÓ‰ÌÓ„Ó ÒÎÓfl. 
èÓÒÚÓÂÌÌÓÂ Äè (21·) ÌÂ fl‚ÎflÂÚÒfl ‡‚ÌÓÏÂÌ˚Ï ‚ ÓÍÂÒÚÌÓÒÚË Ì‡˜‡Î‡ ÍÓÓ‰ËÌ‡Ú, ÔÓÒÍÓÎ¸ÍÛ

ÓÌÓ fl‚ÎflÂÚÒfl „Î‡‰ÍËÏ ‚ Ó·Î‡ÒÚË Ω ÔË Î˛·˚ı, ‚ ÚÓÏ ˜ËÒÎÂ Ë ÌÂ ÒÓ„Î‡ÒÓ‚‡ÌÌ˚ı, Ì‡˜‡Î¸Ì˚ı Ë Í‡-
Â‚˚ı ÛÒÎÓ‚Ëflı. ÇÏÂÒÚÂ Ò ÚÂÏ ÚÓ˜ÌÓÂ Â¯ÂÌËÂ Á‡‰‡˜Ë (1) ‚ ˝ÚÓÏ ÒÎÛ˜‡Â ·Û‰ÂÚ ËÏÂÚ¸ ‡Á˚‚˚ Ì‡
ı‡‡ÍÚÂËÒÚËÍ‡ı „ËÔÂ·ÓÎË˜ÂÒÍÓÈ ÒËÒÚÂÏ˚ (1‡). 

ëÚÛÍÚÛ‡ Äè ‚ ÓÍÂÒÚÌÓÒÚË Ì‡˜‡Î‡ ÍÓÓ‰ËÌ‡Ú ËÒÒÎÂ‰Ó‚‡Ì‡ ‚ [2] (‚ ÒÎÛ˜‡Â F = 0). 
è‡‡·ÓÎË˜ÌÓÒÚ¸ ÔÂÂıÓ‰ÌÓ„Ó ÒÎÓfl Ó·ÛÒÎÓ‚ÎÂÌ‡ ÔÓfl‰ÍÓÏ ‚˚ÓÊ‰ÂÌËfl Ï‡ÚËˆ˚ A: rangA = n – 1.

èË ËÌÓÏ ‚˚ÓÊ‰ÂÌËË Ï‡ÚËˆ˚ A ÒÚÛÍÚÛ‡ ÔÂÂıÓ‰ÌÓ„Ó ÒÎÓfl ·Û‰ÂÚ ËÌÓÈ. 
ìÒÎÓ‚Ëfl Ó‰ÌÓÍ‡ÚÌÓÒÚË ÓÚÎË˜Ì˚ı ÓÚ ÌÛÎfl ÒÓ·ÒÚ‚ÂÌÌ˚ı ÁÌ‡˜ÂÌËÈ Ï‡ÚËˆ A Ë D–1A ÌÂ ÒÛ˘Â-

ÒÚ‚ÂÌÌ˚ Ë ÓÚ ÌËı ÏÓÊÌÓ ÓÚÍ‡Á‡Ú¸Òfl. 
ÄÎ„ÓËÚÏ ÔÓÒÚÓÂÌËfl Äè ·ÂÁ ÚÛ‰‡ ‡ÒÔÓÒÚ‡ÌflÂÚÒfl Ë Ì‡ ÒÎÛ˜‡È ‰Ë‡„ÓÌ‡Î¸Ì˚ı Ï‡ÚËˆ D, Û

ÍÓÚÓ˚ı ˜‡ÒÚ¸ ‰Ë‡„ÓÌ‡Î¸Ì˚ı ˝ÎÂÏÂÌÚÓ‚ Ó·‡˘‡ÂÚÒfl ‚ ÌÛÎ¸ (ÔË ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ÂÏ ËÁÏÂÌÂÌËË
Í‡Â‚˚ı ÛÒÎÓ‚ËÈ).
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s0 C κζ2

t
-----– 

  , C 0, κ 0.>≥exp<

U x t,( ) Ũ0 x t,( ) Π0 x τ,( ) Q0 ξ t,( ) S0 ζ t,( ) r x t ε, ,( ),+ + + +=

Ũ0

ε2 rt Drx+( ) Ar εRF O ε2( ), x 0, 0 t T ,< <>+ +=

r 0 x,( ) O ε( ), r t 0,( ) O ε( ).= =
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˜ÂÒÍËı Û‡‚ÌÂÌËÈ. ÑÎfl ÒËÒÚÂÏ˚ Û‡‚ÌÂÌËÈ „Ë‰Ó‰ËÌ‡ÏËÍË, Ï‡„ÌËÚÌÓÈ „Ë‰Ó‰ËÌ‡ÏËÍË, å‡ÍÒ-
‚ÂÎÎ‡ Ë ÛÔÛ„ÓÒÚË ÔË‚Â‰ÂÌ˚ ÙÓÏÛÎËÓ‚ÍË ‡Ò¯ËÂÌÌ˚ı ÔÂÂÓÔÂ‰ÂÎÂÌÌ˚ı ÒËÒÚÂÏ. é·-
ÒÛÊ‰‡˛ÚÒfl ÔÓ‰ıÓ‰˚ Í ÔÓÒÚÓÂÌË˛ ‡ÁÌÓÒÚÌ˚ı ÒıÂÏ ‰Îfl Ú‡ÍËı ÒËÒÚÂÏ. ÅË·Î. 9. îË„. 5. 

äÎ˛˜Â‚˚Â ÒÎÓ‚‡: ÔÂÂÓÔÂ‰ÂÎÂÌÌ˚Â „ËÔÂ·ÓÎË˜ÂÒÍËÂ Û‡‚ÌÂÌËfl, ‡ÁÌÓÒÚÌ˚Â ‡ÔÔÓÍÒËÏ‡-
ˆËË, Û‡‚ÌÂÌËfl „‡ÁÓ‚ÓÈ ‰ËÌ‡ÏËÍË, Û‡‚ÌÂÌËfl ‡ÍÛÒÚËÍË, Û‡‚ÌÂÌËfl å‡ÍÒ‚ÂÎÎ‡.

1. ÇÇÖÑÖçàÖ 

å˚ ÓÒÚ‡ÌÓ‚ËÏÒfl Ì‡ ÚÛ‰ÌÓÒÚflı, ÍÓÚÓ˚Â ÔËıÓ‰ËÚÒfl ÔÂÓ‰ÓÎÂ‚‡Ú¸ ÔË ‡Á‡·ÓÚÍ‡ı ‡Î„ÓËÚ-
ÏÓ‚ Â¯ÂÌËfl ÔÂÂÓÔÂ‰ÂÎÂÌÌ˚ı ÒËÒÚÂÏ Û‡‚ÌÂÌËÈ, Ì‡Á˚‚‡ÂÏ˚ı „ËÔÂ·ÓÎË˜ÂÒÍËÏË. ÇÓÓ·˘Â „Ó-
‚Ófl, „ËÔÂ·ÓÎË˜ÂÒÍËÏË Ì‡Á˚‚‡˛Ú ÒËÒÚÂÏ˚, ÒÓÒÚÓfl˘ËÂ ËÁ ˜ËÒÎ‡ Û‡‚ÌÂÌËÈ, ÒÓ‚Ô‡‰‡˛˘Â„Ó Ò
˜ËÒÎÓÏ ÌÂËÁ‚ÂÒÚÌ˚ı, Ë ÎË·Ó ËÏÂ˛˘ËÏË ÓÔÂ‰ÂÎÂÌÌÛ˛ ÒÚÛÍÚÛÛ ı‡‡ÍÚÂËÒÚË˜ÂÒÍÓ„Ó ÍÓÌÓË‰‡
(ÔÂ‰ÎÓÊÂÌËÂ à.É. èÂÚÓ‚ÒÍÓ„Ó), ÎË·Ó Á‡ÔËÒ˚‚‡˛˘ËÂÒfl Ò ÔÓÏÓ˘¸˛ ÍÓ˝ÙÙËˆËÂÌÚÓ‚, Ó·‡ÁÛ˛-
˘Ëı ÒËÏÏÂÚË˜ÂÒÍËÂ (˝ÏËÚÓ‚˚) Ï‡ÚËˆ˚ (ÔÂ‰ÎÓÊÂÌËÂ îË‰ËıÒ‡). é‰Ì‡ ËÁ ˝ÚËı Ï‡ÚËˆ
‰ÓÎÊÌ‡ ·˚Ú¸ ÔÓÎÓÊËÚÂÎ¸ÌÓ-ÓÔÂ‰ÂÎÂÌÌÓÈ. èÓÎÂÁÌÓ ÓÚÏÂÚËÚ¸, ˜ÚÓ ÒËÒÚÂÏ˚, „ËÔÂ·ÓÎË˜ÂÒÍËÂ
ÔÓ èÂÚÓ‚ÒÍÓÏÛ, ÒÓ‚ÒÂÏ ÌÂ Ó·flÁ‡ÚÂÎ¸ÌÓ ‰ÓÔÛÒÍ‡˛Ú Á‡ÔËÒ¸ ‚ ‚Ë‰Â ÒËÏÏÂÚË˜ÂÒÍËı „ËÔÂ·ÓÎË˜Â-
ÒÍËı ÔÓ îË‰ËıÒÛ. 

èËÏÂ, ‰ÂÏÓÌÒÚËÛ˛˘ËÈ ̋ ÚÓ Ó·ÒÚÓflÚÂÎ¸ÒÚ‚Ó, ·˚Î ÔÓÒÚÓÂÌ ‚ 1984 „Ó‰Û Ç.Ç. à‚‡ÌÓ‚˚Ï, Ó‰-
Ì‡ÍÓ Â„Ó ÌÂÎ¸Áfl Ò˜ËÚ‡Ú¸ Ó·˘ÂËÁ‚ÂÒÚÌ˚Ï, Ú‡Í Í‡Í ÓÌ ÓÔÛ·ÎËÍÓ‚‡Ì ÚÓÎ¸ÍÓ Ì‡ ÛÒÒÍÓÏ flÁ˚ÍÂ ‚ ÔÂ-
ÔËÌÚÂ (ÒÏ. [1]). 

ÅÛ‰ÂÏ ÔË‰ÂÊË‚‡Ú¸Òfl ÓÔÂ‰ÂÎÂÌËfl îË‰ËıÒ‡ Ë Ì‡Á˚‚‡Ú¸ ÒËÒÚÂÏÛ ËÁ N Û‡‚ÌÂÌËÈ ‰Îfl N ÌÂ-
ËÁ‚ÂÒÚÌ˚ı ÙÛÌÍˆËÈ, Ó·‡ÁÛ˛˘Ëı N-ÏÂÌ˚È ‚ÂÍÚÓ u, „ËÔÂ·ÓÎË˜ÂÒÍÓÈ, ÂÒÎË ÓÌ‡ Á‡ÔËÒ‡Ì‡ ‚ ‚Ë‰Â 

„‰Â Í‚‡‰‡ÚÌ˚Â Ï‡ÚËˆ˚ A = A* > 0, Bk =  ÎË·Ó ÔÓÒÚÓflÌÌ˚, ÎË·Ó fl‚Îfl˛ÚÒfl „Î‡‰ÍËÏË ÙÛÌÍˆË-
flÏË ÓÚ u (ÒÎÛ˜‡È Í‚‡ÁËÎËÌÂÈÌ˚ı Û‡‚ÌÂÌËÈ). 

èÓÒÚÂÈ¯‡fl ÒËÒÚÂÏ‡ Û‡‚ÌÂÌËÈ „‡ÁÓ‚ÓÈ ‰ËÌ‡ÏËÍË ‚ Î‡„‡ÌÊÂ‚˚ı ÍÓÓ‰ËÌ‡Ú‡ı, ‡ÁÌÓÒÚÌÛ˛
ÒıÂÏÛ ‰Îfl ÍÓÚÓÓÈ Ó‰ËÌ ËÁ ‡‚ÚÓÓ‚ ‡Á‡·‡Ú˚‚‡Î ÁËÏÓÈ 1953–1954 „„. (ÓÌ‡ ·˚Î‡ ÓÔÛ·ÎËÍÓ‚‡Ì‡
ÎË¯¸ ‚ 1959 „., ÒÏ. [2]), ‡ ËÏÂÌÌÓ

(1.1)

1) ê‡·ÓÚ‡ fl‚ÎflÂÚÒfl ‡Ò¯ËÂÌÌ˚Ï ËÁÎÓÊÂÌËÂÏ ÔÎÂÌ‡ÌÓ„Ó ‰ÓÍÎ‡‰‡ Ì‡ XI ÏÂÊ‰ÛÌ‡Ó‰ÌÓÈ ÍÓÌÙÂÂÌˆËË ÔÓ „ËÔÂ·ÓÎË-
˜ÂÒÍËÏ Û‡‚ÌÂÌËflÏ (17 Ë˛Îfl 2006 „Ó‰‡, î‡ÌˆËfl, ãËÓÌ) Ë ‚˚ÔÓÎÌÂÌ‡ ÔË ÙËÌ‡ÌÒÓ‚ÓÈ ÔÓ‰‰ÂÊÍÂ „‡ÌÚÓ‚
047.016.003 êîîà–NWO (çË‰ÂÎ‡Ì‰˚), “ÇÂ‰Û˘ËÂ Ì‡Û˜Ì˚Â ¯ÍÓÎ˚” çò-9019.2006.1 êî, ÏÂÊ‰ËÒˆËÔÎËÌ‡ÌÓ„Ó
ÔÓÂÍÚ‡ ‹ 5 èÂÁË‰ËÛÏ‡ ëé êÄç, ÔÓ„‡ÏÏ˚ ‹ 3.1 éåç êÄç.

A
∂u
∂t
------ Bk

∂u
∂xk

--------+ f ,=

Bk*

∂u/∂t ∂p/∂m+ 0, E E v s,( ),= =

∂– v /∂t ∂u/∂m+ 0, p Ev– v s,( ),= =

∂s/∂t 0,=

ìÑä 519.63
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ÔÓÒÎÂ ‚‚Â‰ÂÌËfl „‡ÏËÎ¸ÚÓÌË‡Ì‡ H(u, p, s) = E + pv + u2/2, dH = udu – vdp + Tds ÏÓÊÂÚ ·˚Ú¸ Á‡ÔËÒ‡Ì‡
‚ ‚Ë‰Â, ÔÂ‰Î‡„‡ÂÏÓÏ îË‰ËıÒÓÏ: 

çÂÚÛ‰ÌÓ ‚Ë‰ÂÚ¸, ˜ÚÓ ˝Ú‡ Á‡ÔËÒ¸ ÔË Ó·ÓÁÌ‡˜ÂÌËË  = pu (Ò Û˜ÂÚÓÏ ‡‚ÂÌÒÚ‚‡  = 0) ˝Í‚Ë‚‡-
ÎÂÌÚÌ‡ ÒÎÂ‰Û˛˘ÂÈ ÒËÒÚÂÏÂ: 

(1.2)

ìÏÌÓÊ‡fl ÔÓÒÎÂ‰ÌËÂ Û‡‚ÌÂÌËfl Ì‡ ‚˚ÔËÒ‡ÌÌ˚Â ÒÎÂ‚‡ ÓÚ ÌËı ÏÌÓÊËÚÂÎË u, p, T Ë ÒÛÏÏËÛfl, Ï˚
ÔËıÓ‰ËÏ Í ‰ÓÔÓÎÌËÚÂÎ¸ÌÓÏÛ ‡‚ÂÌÒÚ‚Û, ÒÓ‚ÏÂÒÚÌÓÏÛ Ò ÒËÒÚÂÏÓÈ (1.2):

(1.3)

í‡ÍËÏ Ó·‡ÁÓÏ, ‰Ó·‡‚Îflfl Û‡‚ÌÂÌËÂ (1.3) Í (1.1) ËÎË (1.2), ÔÓÎÛ˜‡ÂÏ ÒÓ‚ÏÂÒÚÌÛ˛ ÔÂÂÓÔÂ‰Â-
ÎÂÌÌÛ˛ ÒËÒÚÂÏÛ ËÁ ˜ÂÚ˚Âı Û‡‚ÌÂÌËÈ. 

àÌÚÂÂÒÌÓ ÓÚÏÂÚËÚ¸, ˜ÚÓ ËÁ ˝ÚÓÈ ÔÂÂÓÔÂ‰ÂÎÂÌÌÓÈ ÒËÒÚÂÏ˚ ÒËÏÏÂÚË˜ÂÒÍÛ˛ „ËÔÂ·ÓÎË˜Â-
ÒÍÛ˛ ÔÓ‰ÒËÒÚÂÏÛ ÏÓÊÌÓ ‚˚‰ÂÎËÚ¸ ËÌ‡˜Â. èÛÒÚ¸ ˝Ú‡ ÔÓ‰ÒËÒÚÂÏ‡ ÒÓÒÚ‡‚ÎÂÌ‡ ËÁ Û‡‚ÌÂÌËÈ 

(1.4)

ÒÎÂ‚‡ ÓÚ ÍÓÚÓ˚ı ‚˚ÔËÒ‡Ì˚ “ËÌÚÂ„ËÛ˛˘ËÂ ÏÌÓÊËÚÂÎË”. ãËÌÂÈÌ‡fl ÍÓÏ·ËÌ‡ˆËfl Û‡‚ÌÂÌËÈ Ò
˝ÚËÏË ÏÌÓÊËÚÂÎflÏË ‚ ‚Ë‰Â ÍÓ˝ÙÙËˆËÂÌÚÓ‚ ÓÍ‡Á˚‚‡ÂÚÒfl “Á‡ÍÓÌÓÏ ÒÓı‡ÌÂÌËfl ̋ ÌÚÓÔËË” ∂s/∂t = 0. 

ÖÒÎË ‚ÓÒÔÓÎ¸ÁÓ‚‡Ú¸Òfl ÚÂÏÓ‰ËÌ‡ÏË˜ÂÒÍËÏ ÚÓÊ‰ÂÒÚ‚ÓÏ 

Huu Hup Hus

H pu H pp H ps

Hsu Hsp Hss 
 
 
 
 

∂
∂t
-----

u

p

s 
 
 
 
  0 1 0

1 0 0

0 0 0 
 
 
 
 

∂
∂m
-------

u

p

s 
 
 
 
 

+ 0.=

Ĥ Ĥs

u   
∂Hu

∂t
---------- ∂Ĥu

∂m
---------- 0,=+

p   
∂H p

∂t
---------- ∂Ĥ p

∂m
---------- 0,=+

T
∂Hs

∂t
---------

∂Ĥs

∂m
--------- 0.=+

∂ E
u2

2
-----+ 

 

∂t
------------------------ ∂pu

∂m
---------+ 0,=

E
u2

2
-----+ uHu pH p sHs H .–+ +=

u
T
---– ∂u

∂t
------ ∂p

∂m
------- 0,=+

p
T
---– ∂v

∂t
-------– ∂u

∂m
------- 0,=+

1
T
---      

∂ E
u2

2
-----+ 

 

∂t
------------------------ ∂pu

∂m
--------- 0,=+

ds
u
T
---du–

p
T
---d v–( )–

1
T
---d E

u2

2
-----+ 

  ,+=

d
E pv Ts– u2

2
-----–+

T
-----------------------------------------

 
 
 
 
 

ud
u
T
--- 

  vd
p
T
---– 

 – E
u2

2
-----+ 

  d
1
T
---+=
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Ë ‚‚ÂÒÚË Ó·ÓÁÌ‡˜ÂÌËfl 

(1.5)

ÚÓ Û‡‚ÌÂÌËfl (1.4) ÔËÏÛÚ ‚Ë‰ 

(1.6)

í‡Í Í‡Í 

ÚÓ ‡‚ÂÌÒÚ‚Ó ∂s/∂t = 0 ÏÓÊÌÓ ÔÓÎÛ˜ËÚ¸ ËÁ Û‡‚ÌÂÌËÈ (1.4) ÔÛÚÂÏ ‚ÁflÚËfl Ëı ÎËÌÂÈÌÓÈ ÍÓÏ·ËÌ‡ˆËË
Ò ‚˚ÔËÒ‡ÌÌ˚ÏË ÒÎÂ‚‡ ÏÌÓÊËÚÂÎflÏË q0, q1, q2. ä‚‡ÁËÎËÌÂÈÌ‡fl ÙÓÏ‡ ‚˚ÔËÒ‡ÌÌ˚ı Û‡‚ÌÂÌËÈ (1.6) 

ÔË ‚˚ÔÛÍÎÓÏ ÔÓËÁ‚Ó‰fl˘ÂÏ ÔÓÚÂÌˆË‡ÎÂ L(q0, q1, q2) Ò‚Ë‰ÂÚÂÎ¸ÒÚ‚ÛÂÚ Ó· Ëı „ËÔÂ·ÓÎË˜ÌÓÒÚË. 
àÏÂÌÌÓ ÒËÒÚÂÏ‡ (1.4), ÒÓÒÚ‡‚ÎÂÌÌ‡fl ËÁ Á‡ÍÓÌÓ‚ ÒÓı‡ÌÂÌËfl ÍÓÎË˜ÂÒÚ‚‡ ‰‚ËÊÂÌËfl, Ó·˙ÂÏ‡ Ë

˝ÌÂ„ËË, ·˚Î‡ ÔÓÎÓÊÂÌ‡ ‚ ÓÒÌÓ‚Û ‡Á‡·ÓÚ‡ÌÌÓÈ ÒıÂÏ˚, Ì‡ Â¯ÂÌËflı ÍÓÚÓÓÈ ·ÂÁÛÒÎÓ‚ÌÓ ‚˚-
ÔÓÎÌflÎÓÒ¸ ÚÂ·Ó‚‡ÌËÂ ÌÂÛ·˚‚‡ÌËfl ˝ÌÚÓÔËË. èÓ ˝ÚÓÈ ÔË˜ËÌÂ ÒıÂÏÛ ÏÓÊÌÓ ·˚ÎÓ ËÒÔÓÎ¸ÁÓ‚‡Ú¸
ÔË ‡Ò˜ÂÚÂ ‡Á˚‚Ì˚ı Â¯ÂÌËÈ – Û‰‡Ì˚ı ‚ÓÎÌ. ç‡ Û‰‡Ì˚ı ‚ÓÎÌ‡ı ˝ÌÚÓÔËfl ‡ÒÚÂÚ Ë ÔÂÂ-
ÓÔÂ‰ÂÎÂÌÌÛ˛ ÒËÒÚÂÏÛ, ÒÓÒÚ‡‚ÎÂÌÌÛ˛ ËÁ (1.1) Ë (1.3), ÛÊÂ ÌÂÎ¸Áfl Ò˜ËÚ‡Ú¸ ÒÓ‚ÏÂÒÚÌÓÈ. 

ê‡ÁÏ˚¯ÎÂÌËfl Ì‡‰ ÓÔËÒ‡ÌÌ˚ÏË Ó·ÒÚÓflÚÂÎ¸ÒÚ‚‡ÏË ÔÓ‰ÚÓÎÍÌÛÎË Í ‚˚‰ÂÎÂÌË˛ ÍÎ‡ÒÒ‡ “ÚÂÏÓ-
‰ËÌ‡ÏË˜ÂÒÍË ÒÓ„Î‡ÒÓ‚‡ÌÌ˚ı” Û‡‚ÌÂÌËÈ, Ó·‡ÁÛ˛˘Ëı ÒËÏÏÂÚË˜ÂÒÍËÂ „ËÔÂ·ÓÎË˜ÂÒÍËÂ ÒËÒÚÂ-
Ï˚, ÒÓÒÚ‡‚ÎÂÌÌ˚Â ËÁ ‰Ë‚Â„ÂÌˆËÈ (Á‡ÍÓÌÓ‚ ÒÓı‡ÌÂÌËfl) 

Ë ÒÓ‚ÏÂÒÚÌ˚ı (Ì‡ „Î‡‰ÍËı Â¯ÂÌËflı) Ò ‰ÓÔÓÎÌËÚÂÎ¸Ì˚Ï Á‡ÍÓÌÓÏ ÒÓı‡ÌÂÌËfl ËÁ [3], [4] 

Ç ‰‡Î¸ÌÂÈ¯ÂÏ, Ó‰Ì‡ÍÓ, ‚˚flÒÌËÎÓÒ¸, ˜ÚÓ ‰‡ÎÂÍÓ ÌÂ ‚ÒÂ Û‡‚ÌÂÌËfl ÍÎ‡ÒÒË˜ÂÒÍÓÈ Ï‡ÚÂÏ‡ÚË˜ÂÒÍÓÈ
ÙËÁËÍË Í Ú‡ÍÓÏÛ ‚Ë‰Û ÔË‚Ó‰flÚÒfl. ÇÓÚ, Ì‡ÔËÏÂ, ‡Ì‡ÎÓ„Ë˜Ì‡fl ÙÓÏ‡ÎËÁ‡ˆËfl Û‡‚ÌÂÌËÈ Ï‡„-
ÌËÚÌÓÈ „Ë‰Ó‰ËÌ‡ÏËÍË (ÌÂ‰Ë‚Â„ÂÌÚÌ‡fl): 

(1.7)

q1
u
T
---, q2–

p
T
---, q0–

1
T
---,= = =

L
E pv Ts– u2

2
-----–+

T
----------------------------------------- L q0 q1 q2, ,( ), L1 q1q2

q0
----------,= = =

q0   
∂Lq0

∂t
----------

∂Lq0

1

∂m
---------- 0,=+

q1    
∂Lq1

∂t
----------

∂Lq1

1

∂m
---------- 0,=+

q2   
∂Lq2

∂t
----------

∂Lq2

1

∂m
---------- 0.=+

q0Lq0
q1Lq1

q2Lq2
L–+ + s,=

q0Lq0

1 q1Lq1

1 q2Lq2

1 L–+ + 0,=

Lqiq j

∂qi

∂t
------- Lqiq j

1 ∂q j

∂m
--------+ 0=

∂Lqi

∂t
---------

∂Mqi

j

∂x j

-----------+ 0=

∂ qiLq L–( )
∂t

---------------------------
∂ qiMqi

j M j–[ ]
∂x j

---------------------------------+ 0.=

∂Lq0

∂t
----------

∂ ukL( )q0

∂xk

----------------------+ 0,=

∂Lhi

∂t
---------

∂ ukL( )hi

∂xk

-------------------- Lhk

∂ui

∂xk

--------–+ 0,=
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ïÓÚfl ÒËÒÚÂÏ‡ (1.7) ·ÂÁ ÚÛ‰‡ ÔÂÂÔËÒ˚‚‡ÂÚÒfl ‚ ÒËÏÏÂÚË˜ÂÒÍÓÏ „ËÔÂ·ÓÎË˜ÂÒÍÓÏ ‚Ë‰Â, ÓÌ‡ ÌÂ
ÒÓ‰ÂÊËÚ Á‡ÍÓÌÓ‚ ÒÓı‡ÌÂÌËfl ÍÓÎË˜ÂÒÚ‚‡ ‰‚ËÊÂÌËfl Ë ˝ÌÂ„ËË. ùÚË Á‡ÍÓÌ˚ (‰Ë‚Â„ÂÌÚÌ˚Â ‡-
‚ÂÌÒÚ‚‡) 

ÒÔ‡‚Â‰ÎË‚˚ ÌÂ Ì‡ ‚ÒÂı Â¯ÂÌËflı ÒËÒÚÂÏ˚ (1.7), ‡ ÚÓÎ¸ÍÓ Ì‡ Â¯ÂÌËflı, Û‰Ó‚ÎÂÚ‚Ófl˛˘Ëı ‰ÓÔÓÎ-
ÌËÚÂÎ¸ÌÓÏÛ Û‡‚ÌÂÌË˛ 

ÒÓ‚ÏÂÒÚÌÓÏÛ Ò (1.7), Í‡Í ˝ÚÓ ‚˚ÚÂÍ‡ÂÚ ËÁ ÂÂ ÒÎÂ‰ÒÚ‚Ëfl 

ÄÌ‡ÎÓ„Ë˜ÌÓ Ó·ÒÚÓËÚ ‰ÂÎÓ Ë ‚ Û‡‚ÌÂÌËflı ÌÂÎËÌÂÈÌÓÈ ÚÂÓËË ÛÔÛ„ÓÒÚË ‚ ˝ÈÎÂÓ‚˚ı ÍÓÓ‰Ë-
Ì‡Ú‡ı. 

éÚÏÂ˜ÂÌÌÓÂ Ó·ÒÚÓflÚÂÎ¸ÒÚ‚Ó ‚˚Á˚‚‡ÂÚ ÚÛ‰ÌÓÒÚË ÔË ˜ËÒÎÂÌÌÓÏ Â¯ÂÌËË Û‡‚ÌÂÌËÈ Ï‡„ÌËÚ-
ÌÓÈ „Ë‰Ó‰ËÌ‡ÏËÍË. é·ÁÓ ˝ÚËı ÒÎÓÊÌÓÒÚÂÈ Ë ÓÔËÒ‡ÌËÂ ‚ÒÂ‚ÓÁÏÓÊÌ˚ı ÚÂıÌÓÎÓ„Ë˜ÂÒÍËı ÔËÂ-
ÏÓ‚ Ëı ÔÂÓ‰ÓÎÂÌËfl ÒÓÒÚ‡‚ÎflÂÚ ÁÌ‡˜ËÚÂÎ¸ÌÛ˛ ˜‡ÒÚ¸ ‚ ÏÓÌÓ„‡ÙËË [5], Ò ÍÓÚÓÓÈ Ï˚ ÁÌ‡ÍÓÏË-
ÎËÒ¸ ÔÓÒÎÂ ÚÓ„Ó, Í‡Í ÔÓÙÂÒÒÓ Ç‡Ì-ãÂÂ Ó·‡ÚËÎ Ì‡¯Â ‚ÌËÏ‡ÌËÂ Ì‡ Á‡ÚÛ‰ÌÂÌËfl, ÔË˜ËÌÓÈ ÍÓ-
ÚÓ˚ı fl‚ÎflÂÚÒfl Ì‡ÍÓÔÎÂÌËÂ ‚˚˜ËÒÎËÚÂÎ¸Ì˚ı ÔÓ„Â¯ÌÓÒÚÂÈ. ùÚË ÔÓ„Â¯ÌÓÒÚË, ÔÓ-‚Ë‰ËÏÓÏÛ,
Ì‡Í‡ÔÎË‚‡˛ÚÒfl ‚ ÓÒÌÓ‚ÌÓÏ ÔË ‰ÓÎ„Ó‚ÂÏÂÌÌÓÏ ‡Ò˜ÂÚÂ ·ÓÎ¸¯Ëı „Î‡‰ÍËı ÔÓÎÂÈ, ÚÓ„‰‡ Í‡Í ‚ ‡-
·ÓÚ‡ı, ÂÙÂËÛÂÏ˚ı ‚ [5], ÔË ÔÓÒÚÓÂÌËË ‡Ò˜ÂÚÌ˚ı ÒıÂÏ ÛÔÓ ‰ÂÎ‡ÂÚÒfl Ì‡ Ëı ‡‰‡ÔÚ‡ˆËË Í ‡Ò-
˜ÂÚÛ ÁÓÌ, ÒÓ‰ÂÊ‡˘Ëı Û‰‡Ì˚Â ÔÂÂıÓ‰˚. ê‡ÁÏ˚¯Îflfl Ó· ˝ÚÓÏ, Ï˚ Â¯ËÎË, ˜ÚÓ ÒÚÓËÚ ‡ÁÓ·‡Ú¸-
Òfl ‚ ÔÓ·ÎÂÏÂ ‡Ò˜ÂÚ‡ „Î‡‰ÍËı Â¯ÂÌËÈ Û ÒÓ‚ÏÂÒÚÌ˚ı ÔÂÂÓÔÂ‰ÂÎÂÌÌ˚ı ÒËÒÚÂÏ, Ì‡ ÌÂÍÓÚÓÓÂ
‚ÂÏfl Á‡·˚‚ Ó ÚÓÏ, ˜ÚÓ Û ˝ÚËı ÒËÒÚÂÏ ÒÛ˘ÂÒÚ‚Û˛Ú Ë ‡Á˚‚Ì˚Â Â¯ÂÌËfl. ä ‚ÓÔÓÒÛ Ó ‡Ò˜ÂÚÂ
‡Á˚‚Ì˚ı Â¯ÂÌËÈ, Ì‡ Ì‡¯ ‚Á„Îfl‰, ÒÎÂ‰ÛÂÚ ‚ÂÌÛÚ¸Òfl ÎË¯¸ ÔÓÒÎÂ ÚÓ„Ó, Í‡Í ÒËÚÛ‡ˆËfl Ò „Î‡‰ÍËÏË
Â¯ÂÌËflÏË ÒÚ‡ÌÂÚ ÒÓ‚Â¯ÂÌÌÓ flÒÌÓÈ. í‡Í ÊÂ Í‡Í Ë 53 „Ó‰‡ ÚÓÏÛ Ì‡Á‡‰, ÍÓ„‰‡ Ó‰ËÌ ËÁ ‡‚ÚÓÓ‚ „Ó-
ÚÓ‚ËÎ Ò‚ÓÈ ‚‡Ë‡ÌÚ ‡Ò˜ÂÚ‡ ‡Á˚‚Ì˚ı Â¯ÂÌËÈ „‡ÁÓ‚ÓÈ ‰ËÌ‡ÏËÍË Í ÔÛÒÍÛ ÔÂ‚ÓÈ ÛÒÒÍÓÈ ÒÂ-
ËÈÌÓÈ ùÇå “ëÚÂÎ‡”, Ï˚ Â¯ËÎË ÒÌ‡˜‡Î‡ ‰ÂÚ‡Î¸ÌÓ ËÒÒÎÂ‰Ó‚‡Ú¸ Á‡‰‡˜Ë, ÓÔËÒ˚‚‡ÂÏ˚Â ÎËÌÂÈ-
Ì˚ÏË Û‡‚ÌÂÌËflÏË Ò ÔÓÒÚÓflÌÌ˚ÏË ÍÓ˝ÙÙËˆËÂÌÚ‡ÏË. ÇÓÚ Ó· ̋ ÚËı ËÒÒÎÂ‰Ó‚‡ÌËflı ÔÓÈ‰ÂÚ Â˜¸ ÌË-
ÊÂ. ïÓÚfl ÓÌË ÔÓÍ‡ Ì‡ıÓ‰flÚÒfl Ì‡ Ì‡˜‡Î¸ÌÓÏ ˝Ú‡ÔÂ, Ï˚ ‚ ÔÓˆÂÒÒÂ Ëı ÔÓ‚Â‰ÂÌËfl Ì‡ÚÓÎÍÌÛÎËÒ¸ Ì‡
ÌÓ‚˚Â, ÌÂÓÊË‰‡ÌÌ˚Â ‰Îfl Ì‡Ò ÔËÂÏ˚ ÔÓÒÚÓÂÌËfl ‚˚˜ËÒÎËÚÂÎ¸Ì˚ı ‡Î„ÓËÚÏÓ‚. 

2. ëïÖåõ ë äéêêÖäíàêéÇäéâ Ñãü ìêÄÇçÖçàâ Ääìëíàäà 

ç‡˜ÌÂÏ Ò ‡Á·Ó‡ ÔÓÒÚÂÈ¯Â„Ó ÔËÏÂ‡ ‰‚ÛÏÂÌ˚ı Û‡‚ÌÂÌËÈ ‡ÍÛÒÚËÍË: 

(2.1)

é„‡ÌË˜ËÏÒfl ‰Îfl ÔÓÒÚÓÚ˚ ËÁÛ˜ÂÌËÂÏ Â¯ÂÌËÈ, Û‰Ó‚ÎÂÚ‚Ófl˛˘Ëı „‡ÌË˜ÌÓÏÛ ÛÒÎÓ‚Ë˛ p = 0
Ì‡ „‡ÌËˆÂ Ó·Î‡ÒÚË Ë Á‡‰‡ÌÌ˚Ï ÔË t = 0 Ì‡˜‡Î¸Ì˚Ï ÛÒÎÓ‚ËflÏ. 
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ÑÓÔÓÎÌËÚÂÎ¸Ì˚Â Û‡‚ÌÂÌËfl, ÒÓ‚ÏÂÒÚÌ˚Â Ò ˝ÚÓÈ ÒËÒÚÂÏÓÈ, ËÏÂ˛Ú ‚Ë‰ 

(2.2)

éÒÌÓ‚Ì‡fl ÚÛ‰ÌÓÒÚ¸, Í‡Í ËÁ‚ÂÒÚÌÓ, ÒÓÒÚÓËÚ ‚ ‚˚·ÓÂ ‡ÁÌÓÒÚÌÓÈ ‡ÔÔÓÍÒËÏ‡ˆËË, Ó·ÂÒÔÂ˜Ë‚‡˛-
˘ÂÈ ‰ÓÒÚ‡ÚÓ˜ÌÓ ÚÓ˜ÌÓÂ ÒÓ·Î˛‰ÂÌËÂ Û‡‚ÌÂÌËfl (2.2). ê‡Ò¯ËËÏ Ì‡¯Û ÒËÒÚÂÏÛ, ‰Ó·‡‚Ë‚ ‚ ÌÂÂ ÌÓ-
‚˚Â ÌÂËÁ‚ÂÒÚÌ˚Â ÔÓÚÂÌˆË‡Î˚ ω1, ω2, ω Ë ÌÓ‚˚Â Û‡‚ÌÂÌËfl 

(2.3)

ãÂ„ÍÓ Û·Â‰ËÚ¸Òfl, ˜ÚÓ ω Û‰Ó‚ÎÂÚ‚ÓflÂÚ ‚ÓÎÌÓ‚ÓÏÛ Û‡‚ÌÂÌË˛ 

Ë ˜ÚÓ u(x, y, t), v(x, y, t) ÔÂ‰ÒÚ‡‚ËÏ˚ ‚ ‚Ë‰Â 

(2.4)

ê‡Ò˜ÂÚ Ó‰ÌÓ„Ó ‚ÂÏÂÌÌó„Ó ¯‡„‡ t  t + τ ‡ÁÓ·¸ÂÏ Ì‡ ‰‚‡ ˝Ú‡Ô‡. ç‡ ÔÂ‚ÓÏ ˝Ú‡ÔÂ ËÒÔÓÎ¸ÁÛ-
ÂÚÒfl ‡ÔÔÓÍÒËÏ‡ˆËfl ÒËÏÏÂÚË˜ÂÒÍÓÈ „ËÔÂ·ÓÎË˜ÂÒÍÓÈ ÒËÒÚÂÏ˚ 

(2.5)

çÂÒÎÓÊÌ˚È ÔËÏÂ Ú‡ÍÓÈ ‰ÓÒÚ‡ÚÓ˜ÌÓ ÚÓ˜ÌÓÈ ‡ÔÔÓÍÒËÏ‡ˆËË, ÓÒÌÓ‚‡ÌÌ˚È Ì‡ ÒËÏÏÂÚË˜ÂÒÍÓÈ
„ËÔÂ·ÓÎË˜ÌÓÒÚË, ·Û‰ÂÚ ÔË‚Â‰ÂÌ ÌËÊÂ. èÓÒÎÂ ÚÓ„Ó Í‡Í ÔÂ‚˚È ˝Ú‡Ô Á‡ÍÓÌ˜ÂÌ, Ì‡ ‚ÚÓÓÏ ˝Ú‡ÔÂ
ÔÓËÁ‚Ó‰ËÏ Á‡ÏÂÌÛ ‚˚˜ËÒÎÂÌÌ˚ı u(x, y, t + τ), v(x, y, t + τ) Ì‡ ÌÓ‚˚Â Ëı ÁÌ‡˜ÂÌËfl, ÓÔÂ‰ÂÎflÂÏ˚Â
ÔÓ ÔÂ‰ÒÚ‡‚ÎÂÌËflÏ (2.4), ËÒÔÓÎ¸ÁÛfl ‡ÁÌÓÒÚÌÛ˛ ‡ÔÔÓÍÒËÏ‡ˆË˛ ˝ÚËı ‡‚ÂÌÒÚ‚ Ì‡ ÏÓÏÂÌÚ ‚ÂÏÂ-
ÌË t + τ. èÓÒÎÂ ˝ÚÓÈ Á‡ÏÂÌ˚ ‡Ò˜ÂÚ ‚ÂÏÂÌÌÓ„Ó ¯‡„‡ t  t + τ Á‡ÍÓÌ˜ÂÌ Ë Ï˚ ÔËÒÚÛÔ‡ÂÏ Í ‡Ò-
˜ÂÚÛ ÒÎÂ‰Û˛˘Â„Ó ¯‡„‡ ÔÓ ‚ÂÏÂÌË. 

èÓ ÒÛ˘ÂÒÚ‚Û ÓÔËÒ‡ÌÌ‡fl ÔÓˆÂ‰Û‡ ÏÓÊÂÚ ‡ÒÒÏ‡ÚË‚‡Ú¸Òfl Í‡Í Â‡ÎËÁ‡ˆËfl ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ-
„Ó Â¯ÂÌËfl ÒÌ‡˜‡Î‡ ‚ÓÎÌÓ‚Ó„Ó Û‡‚ÌÂÌËfl (ÔÂ‚˚È ˝Ú‡Ô) 

 

Ë Û‡‚ÌÂÌËÈ ‰Îfl ÔÓÚÂÌˆË‡ÎÓ‚ (2.3) Ò ÔÂÂıÓ‰ÓÏ Á‡ÚÂÏ Í ‡Ò˜ÂÚÛ ‚ÂÎË˜ËÌ u, v Ò ÔÓÏÓ˘¸˛ ÒÓÓÚÌÓ-
¯ÂÌËÈ (2.4) (‚ÚÓÓÈ ˝Ú‡Ô). áÌ‡˜ÂÌËfl u, v, ËÒÔÓÎ¸ÁÛÂÏ˚Â Ì‡ ÔÂ‚ÓÏ ˝Ú‡ÔÂ, ‡ÒÒÏ‡ÚË‚‡˛ÚÒfl ÎË¯¸
Í‡Í ÔÓÏÂÊÛÚÓ˜Ì˚Â ‰ÂÚ‡ÎË ÔË Â¯ÂÌËË ‚ÓÎÌÓ‚Ó„Ó Û‡‚ÌÂÌËfl. 

àÁÛ˜ËÏ Ì‡ ÔËÏÂÂ Û‡‚ÌÂÌËÈ ‡ÍÛÒÚËÍË ˝ÙÙÂÍÚË‚ÌÓÒÚ¸ ÔÂ‰ÎÓÊÂÌÌÓÈ ÔÓÚÂÌˆË‡Î¸ÌÓÈ ÍÓ-
ÂÍˆËË ÔË ÔËÏÂÌÂÌËË ÒıÂÏ ÔÂ‚Ó„Ó Ë ‚ÚÓÓ„Ó ÔÓfl‰Í‡ ÚÓ˜ÌÓÒÚË. ÑÎfl Í‡ÚÍÓ„Ó Ó·˙flÒÌÂÌËfl ËÒ-
ÔÓÎ¸ÁÛÂÏ˚ı ÒıÂÏ Á‡ÔË¯ÂÏ ÒËÒÚÂÏÛ Û‡‚ÌÂÌËÈ (2.1) ‚ ‚Ë‰Â 

(2.6)

ÑËÙÙÂÂÌˆË‡Î¸Ì˚È ÓÔÂ‡ÚÓ D ‰ÂÈÒÚ‚ÛÂÚ Ì‡ ÙÛÌÍˆË˛ U(x, y, t) = (u, v, p) ÔË ÙËÍÒËÓ‚‡ÌÌÓÏ t
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Å‡·ËÈ Ë ‰.

ÔÓ Ô‡‚ËÎÛ 

(2.7)

é„‡ÌË˜ËÏÒfl ÔÓÒÚÂÈ¯ËÏË ‡ÔÔÓÍÒËÏ‡ˆËflÏË ÙÛÌÍˆËÈ Ë ‰ËÙÙÂÂÌˆË‡Î¸ÌÓ„Ó ÓÔÂ‡ÚÓ‡ D.
Ç‚Â‰ÂÏ ‚ Ó·Î‡ÒÚË Ω Í‚‡‰‡ÚÌÛ˛ ÒÂÚÍÛ Ò ̄ ‡„ÓÏ h Ë ÓÔÂ‰ÂÎËÏ ÒÂÚÓ˜Ì˚Â ‚ÂÍÚÓ-ÙÛÌÍˆËË u = (u, v, p)
‚ ˆÂÌÚ‡ı fl˜ÂÂÍ (‚ÌÛÚË fl˜ÂÈÍË Í‡Ê‰‡fl ËÁ ÍÓÏÔÓÌÂÌÚ u, v, p fl‚ÎflÂÚÒfl ÔÓÒÚÓflÌÌÓÈ ‚ÂÎË˜ËÌÓÈ).
èÓÒÚÓËÏ ‡ÁÌÓÒÚÌ˚Â ÓÔÂ‡ÚÓ˚ D1 Ë D2, ‡ÔÔÓÍÒËÏËÛ˛˘ËÂ D Ò ÔÂ‚˚Ï Ë ‚ÚÓ˚Ï ÔÓfl‰ÍÓÏ
ÔÓ h. éÔÂ‡ÚÓ D1 ÔÓÎÛ˜‡ÂÚÒfl ÔË ‡ÔÔÓÍÒËÏ‡ˆËË ÒËÏÏÂÚË˜ÂÒÍÓÈ „ËÔÂ·ÓÎË˜ÂÒÍÓÈ ÒËÒÚÂÏ˚
(2.6) ÔÓ ÒıÂÏÂ ë.ä. ÉÓ‰ÛÌÓ‚‡ (ÒÏ. [9]); ÓÒÌÓ‚Ì˚Â ˝ÎÂÏÂÌÚ˚ ˝ÚÓÈ ÒıÂÏ˚ ÔË‚Â‰ÂÌ˚ ‚ ‡Á‰. 3. éÔÂ-
‡ÚÓ D2 ÔÓÎÛ˜‡ÂÚÒfl ÔË Á‡ÏÂÌÂ ‚ıÓ‰fl˘Ëı ‚ ÓÔÂ‰ÂÎÂÌËÂ (2.7) ÔÓËÁ‚Ó‰Ì˚ı Ì‡ ˆÂÌÚ‡Î¸ÌÓ-‡Á-
ÌÓÒÚÌ˚Â ÓÚÌÓ¯ÂÌËfl. ç‡ „‡ÌËˆÂ Ó·Î‡ÒÚË ‰Îfl Í‡Ê‰Ó„Ó ÓÔÂ‡ÚÓ‡ D1 Ë D2 Á‡ÔËÒ˚‚‡˛ÚÒfl Í‡Â‚˚Â
ÛÒÎÓ‚Ëfl, Ó·ÂÒÔÂ˜Ë‚‡˛˘ËÂ ÍÓÌÒÂ‚‡ÚË‚ÌÓÒÚ¸. á‰ÂÒ¸ Ë ‚ ‰‡Î¸ÌÂÈ¯ÂÏ, „Ó‚Ófl Ó ÔÓfl‰Í‡ı ÚÓ˜ÌÓÒÚË,
Ï˚ ÔÓ‰‡ÁÛÏÂ‚‡ÂÏ ÚÓ˜ÌÓÒÚ¸ Ì‡ „Î‡‰ÍËı Â¯ÂÌËflı. 

ëıÂÏÛ ÉÓ‰ÛÌÓ‚‡ ‰Îfl ÒËÒÚÂÏ˚ Û‡‚ÌÂÌËÈ (2.6) ÏÓÊÌÓ ÙÓÏ‡Î¸ÌÓ Á‡ÔËÒ‡Ú¸ ‚ ‚Ë‰Â 

(2.8)

„‰Â n – ÌÓÏÂ ÒÎÓfl ÔÓ ‚ÂÏÂÌË, un, n = 0, 1, …, – ËÒÍÓÏ‡fl ÒÂÚÓ˜Ì‡fl ‡ÔÔÓÍÒËÏ‡ˆËfl ÙÛÌÍˆËË U(x, y, t) =
= (u, v, p) Ì‡ ÔÓÒÚ‡ÌÒÚ‚ÂÌÌÓ-‚ÂÏÂÌÌóÈ ÒÂÚÍÂ. ç‡˜‡Î¸Ì‡fl ÙÛÌÍˆËfl u0 Á‡‰‡Ì‡, ‡ ÒÂÚÓ˜Ì‡fl ÙÛÌÍ-
ˆËfl fn + 1/2 ÂÒÚ¸ ÔË·ÎËÊÂÌÌÓÂ ÒÂ‰ÌÂÂ ÁÌ‡˜ÂÌËÂ ÙÛÌÍˆËË F Ì‡ ¯‡„Â ËÌÚÂ„ËÓ‚‡ÌËfl tn < t < tn + 1 =
= tn + τ; ‚ÂÎË˜ËÌ‡ ¯‡„‡ τ ÓÔÂ‰ÂÎflÂÚÒfl ËÁ‚ÂÒÚÌ˚Ï ÛÒÎÓ‚ËÂÏ ÛÒÚÓÈ˜Ë‚ÓÒÚË. 

ëıÂÏ‡ (2.8), Ì‡ÁÓ‚ÂÏ ÂÂ ëıÂÏ‡ 1, ËÒÔÓÎ¸ÁÛÂÚÒfl Ì‡ÏË ‰Îfl ÔÓÒÚÓÂÌËfl ÌÂÒÍÓÎ¸ÍËı ‡ÁÎË˜Ì˚ı ÏÓ-
‰ËÙËÍ‡ˆËÈ. ç‡ ÓÒÌÓ‚Â ÔÂ‰ÎÓÊÂÌÌÓ„Ó ÔËÂÏ‡ ÔÓÚÂÌˆË‡Î¸ÌÓÈ ÍÓÂÍˆËË ÌÂÚÛ‰ÌÓ ÔÓÒÚÓËÚ¸
ëıÂÏÛ 1P, ÍÓÚÓ‡fl ÒÓÒÚÓËÚ ËÁ ÛÔÓÏflÌÛÚ˚ı ‚˚¯Â ‰‚Ûı ˝Ú‡ÔÓ‚: Ì‡ ÔÂ‚ÓÏ ˝Ú‡ÔÂ ‚˚ÔÓÎÌflÂÚÒfl ¯‡„
ËÌÚÂ„ËÓ‚‡ÌËfl ÔÓ ‚ÂÏÂÌË „ËÔÂ·ÓÎË˜ÂÒÍÓÈ ÒËÒÚÂÏ˚ (2.5) ÔÓ cıÂÏÂ 1 (Ò Û˜ÂÚÓÏ ‚ıÓ‰fl˘Ëı ‚ ˝ÚÛ
ÒËÒÚÂÏÛ Û‡‚ÌÂÌËÈ ‰Îfl ÔÓÚÂÌˆË‡ÎÓ‚ (2.3)), Ì‡ ‚ÚÓÓÏ ˝Ú‡ÔÂ ‰ÂÎ‡ÂÚÒfl ÍÓÂÍˆËfl ÙÛÌÍˆËÈ un + 1,
vn + 1 Ò ÔÓÏÓ˘¸˛ ÒÓÓÚÌÓ¯ÂÌËÈ (2.4). 

èÓÒÚÓËÏ ‰Îfl ÒËÒÚÂÏ˚ (2.6) ëıÂÏÛ 2 ‚ÚÓÓ„Ó ÔÓfl‰Í‡ ÚÓ˜ÌÓÒÚË. èÂ‰ËÍÚÓÓÏ ‚ ̋ ÚÓÈ ÒıÂÏÂ fl‚-
ÎflÂÚÒfl ÒıÂÏ‡ (2.8). Ñ‡ÎÂÂ ÔÓ ËÁ‚ÂÒÚÌ˚Ï ÁÌ‡˜ÂÌËflÏ Ì‡ ‰‚Ûı ‚ÂÏÂÌÌ œ̊ı ÒÎÓflı un + 1, un ‚˚˜ËÒÎËÏ Ò
ËÒÔÓÎ¸ÁÓ‚‡ÌËÂÏ ÓÔÂ‡ÚÓ‡ D2 ÌÂ‚flÁÍÛ 

á‡ÚÂÏ Ì‡ıÓ‰ËÏ ÔÓÔ‡‚ÍÛ δn + 1, ‚˚ÔÓÎÌflfl ¯‡„ ÔÓ ÒıÂÏÂ (2.8)

Ò Ì‡˜‡Î¸Ì˚Ï ÛÒÎÓ‚ËÂÏ δ0 = 0. 
ÄÔÔÓÍÒËÏ‡ˆË˛ Â¯ÂÌËfl ÒÓ ‚ÚÓ˚Ï ÔÓfl‰ÍÓÏ ‰‡ÂÚ ÍÓÂÍˆËfl wn = un + δn. àÒÍÎ˛˜‡fl ÔÓÏÂ-

ÊÛÚÓ˜Ì˚Â ÙÛÌÍˆËË, Á‡ÔËÒ˚‚‡ÂÏ ÒıÂÏÛ ‡Ò˜ÂÚ‡ Ô‡˚ ÙÛÌÍˆËÈ {u, w} ‚ ‚Ë‰Â 

(2.9)

n = 0, 1, …; Ì‡˜‡Î¸Ì˚Â ÛÒÎÓ‚Ëfl u0 Ë w0 = u0. îÛÌÍˆËË u, w ‡ÔÔÓÍÒËÏËÛ˛Ú Ó‰ÌÛ Ë ÚÛ ÊÂ ÙÛÌÍˆË˛
U – Â¯ÂÌËÂ ÒËÒÚÂÏ˚ (2.6). ÑÂÚ‡Î¸ÌÓÂ ËÒÒÎÂ‰Ó‚‡ÌËÂ ÒıÂÏ˚ (2.9) ·Û‰ÂÚ ‰‡ÌÓ ‚ ÓÚ‰ÂÎ¸ÌÓÈ ÔÛ·ÎË-
Í‡ˆËË. à‰Âfl ÒıÂÏ˚ (2.9) ‚ÓÁÌËÍÎ‡ ‚ ÔÓˆÂÒÒÂ ‡Á‡·ÓÚÍË Ë Ó·ÒÛÊ‰ÂÌËfl ‡Î„ÓËÚÏ‡ ‡Ò˜ÂÚ‡ „Î‡‰-
ÍËı ÒÓ·ÒÚ‚ÂÌÌ˚ı ÙÛÌÍˆËÈ ÒËÏÏÂÚË˜ÂÒÍÓÈ „ËÔÂ·ÓÎË˜ÂÒÍÓÈ ÒËÒÚÂÏ˚. ùÚÓÚ ‡Î„ÓËÚÏ ÔË‚Â‰ÂÌ
‚ [6], [7] Ë ·˚Î ÔÂ‰ÏÂÚÓÏ ‰ÓÍÎ‡‰‡ Ì‡ ÍÓÌÙÂÂÌˆËË ÔÓ ‚˚˜ËÒÎËÚÂÎ¸ÌÓÈ „Ë‰Ó‰ËÌ‡ÏËÍÂ (ÒÏ. [8]). 

í‡Í ÊÂ, Í‡Í ˝ÚÓ Ò‰ÂÎ‡ÌÓ ‚˚¯Â ‰Îfl ÒıÂÏ˚ 1, ÔÓÒÚÓËÏ ëıÂÏÛ 2P ‚ÚÓÓ„Ó ÔÓfl‰Í‡ ÚÓ˜ÌÓÒÚË Ò
ÔÓÚÂÌˆË‡Î¸ÌÓÈ ÍÓÂÍˆËÂÈ: Ì‡ ÔÂ‚ÓÏ ˝Ú‡ÔÂ ‚˚ÔÓÎÌflÂÚÒfl ¯‡„ ÔÓ ‚ÂÏÂÌË ÔÓ ÒıÂÏÂ 2 ‰Îfl ‡Ò¯Ë-
ÂÌÌÓÈ ÒËÒÚÂÏ˚ (2.5), Ì‡ ‚ÚÓÓÏ ˝Ú‡ÔÂ ‰ÂÎ‡ÂÚÒfl ÍÓÂÍˆËfl ÍÓÏÔÓÌÂÌÚ un + 1, vn + 1 ‚ÂÍÚÓ‡ w Ò ÔÓ-
ÏÓ˘¸˛ ÒÓÓÚÌÓ¯ÂÌËÈ (2.4). 

å˚ ÔÓ‚ÂÎË ‰‚Â ÒÂËË ˝ÍÒÔÂËÏÂÌÚ‡Î¸Ì˚ı ‡Ò˜ÂÚÓ‚. Ç ÔÂ‚ÓÈ ÒÂËË ÏÂÚÓ‰ ÚÂÒÚËÓ‚‡ÎÒfl Ì‡
ÒÓ·ÒÚ‚ÂÌÌ˚ı ÙÛÌÍˆËflı ÒËÒÚÂÏ˚ (2.1) ÔË ÌÛÎÂ‚ÓÏ „‡ÌË˜ÌÓÏ ÁÌ‡˜ÂÌËË ‰Îfl p Ë ÔË ÌÛÎÂ‚˚ı Ô‡-

DU
∂p
∂x
------ ∂p

∂y
------ ∂u

∂x
------ ∂v

∂y
-------+, , 

  .–=

un 1+ un–
τ

---------------------- D1un fn 1/2+ ,+=

r
n

1
2
---+ un 1+ un–

τ
---------------------- D2

un 1+ un+
2

-----------------------– fn 1/2+ .–=

δn 1+ δn–( )/τ D1δ
n rn 1/2+–=

un 1+ un–( )/τ D1un fn 1/2+ ,+=

wn 1+ wn–
τ

------------------------ D1wn D2
un 1+ un+

2
----------------------- D1un– fn 1/2+ ,+ +=
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‚˚ı ˜‡ÒÚflı a, b, c. ç‡ ˝ÚËı ‡ÁÌÓÒÚÌ˚ı ÒÓ·ÒÚ‚ÂÌÌ˚ı ÙÛÌÍˆËflı ÛÒÎÓ‚Ëfl ÒÓ‚ÏÂÒÚÌÓÒÚË uy – vx = 0
Û‰Ó‚ÎÂÚ‚Ófl˛ÚÒfl Ò ‚˚ÒÓÍÓÈ ÚÓ˜ÌÓÒÚ¸˛, Ë Ï˚ ÔÓ‚ÂËÎË, Í‡Í ÓÌË ÒÓ·Î˛‰‡˛ÚÒfl ‚ Ì‡¯Ëı ‡Ò˜ÂÚ‡ı
Ò ÔÓÚÂÌˆË‡Î¸ÌÓÈ ÍÓÂÍÚËÓ‚ÍÓÈ. ä‡Í Ë ÒÎÂ‰Ó‚‡ÎÓ ÓÊË‰‡Ú¸, ÔÓ„Â¯ÌÓÒÚ¸ ‡ÔÔÓÍÒËÏ‡ˆËË ÒÓÓÚ-
ÌÓ¯ÂÌËfl (2.2) ÓÍ‡Á‡Î‡Ò¸ Ô‡ÍÚË˜ÂÒÍË ÌÛÎÂ‚ÓÈ, ‚ ÓÚÎË˜ËÂ ÓÚ ÔË‚Ó‰ËÏ˚ı ÌËÊÂ ‡Ò˜ÂÚÓ‚ Ò ÌÂÌÛ-
ÎÂ‚˚ÏË a, b, c. 

ÇÚÓ‡fl ÒÂËfl ˝ÍÒÔÂËÏÂÌÚÓ‚ ÒÓÒÚÓflÎ‡ ‚ ‡Ò˜ÂÚÂ Á‡‰‡˜Ë Ò Á‡‡ÌÂÂ ÛÍ‡Á‡ÌÌ˚Ï ÓÚ‚ÂÚÓÏ, ÔË ÍÓ-
ÚÓÓÏ Ô‡‚˚Â ̃ ‡ÒÚË ÔÓÎÛ˜‡˛ÚÒfl ÔË ÔÓ‰ÒÚ‡ÌÓ‚ÍÂ ̋ ÚÓ„Ó ÓÚ‚ÂÚ‡ ‚ Û‡‚ÌÂÌËfl. ë‡‚ÌË‚‡ÎËÒ¸ Â¯Â-
ÌËfl Ò ÔÓÚÂÌˆË‡Î¸ÌÓÈ ÍÓÂÍÚËÓ‚ÍÓÈ Ë ·ÂÁ ÌÂÂ. éÍ‡Á‡ÎÓÒ¸, ̃ ÚÓ ÔË ÔËÏÂÌÂÌËË ÍÓÂÍÚËÓ‚ÍË,
‚Ó-ÔÂ‚˚ı, ÚÓ˜ÌÓÒÚ¸ ‡ÔÔÓÍÒËÏ‡ˆËË ÙÛÌÍˆËÈ u, v, p ÎÛ˜¯Â, ˜ÂÏ ·ÂÁ ÌÂÂ. ÇÓ-‚ÚÓ˚ı, ÔÓ„Â¯-
ÌÓÒÚ¸ ‡ÔÔÓÍÒËÏ‡ˆËË ‰ÓÔÓÎÌËÚÂÎ¸ÌÓ„Ó Û‡‚ÌÂÌËfl (2.2) ÒÛ˘ÂÒÚ‚ÂÌÌÓ ÛÏÂÌ¸¯‡ÂÚÒfl Ë, ˜ÚÓ ‚‡ÊÌÓ,
ÌÂ ‡ÒÚÂÚ Ò Û‚ÂÎË˜ÂÌËÂÏ ‚ÂÏÂÌË. Ç Í‡˜ÂÒÚ‚Â ÚÓ˜ÌÓ„Ó Â¯ÂÌËfl U(x, y, t) = (u, v, p) ·ÂÂÏ

ÔË ÌÂÍÓÚÓ˚ı ÁÌ‡˜ÂÌËflı k, m, l. Ç ÔË‚Ó‰ËÏ˚ı ÌËÊÂ ÂÁÛÎ¸Ú‡Ú‡ı k = 9, m = 6, l = 4 Ë Û‡‚ÌÂÌËfl
ËÌÚÂ„ËÓ‚‡ÎËÒ¸ Ì‡ ÓÚÂÁÍÂ 0 ≤ t ≤ 0.7π. 

ç‡ÔÓÏÌËÏ, ˜ÚÓ ‡ÁÌÓÒÚÌÛ˛ ‡ÔÔÓÍÒËÏ‡ˆË˛ ÚÓ˜ÌÓ„Ó Â¯ÂÌËfl U(x, y, t) = (u, v, p) Ì‡ Í‡Ê‰ÓÏ
¯‡„Â ÔÓ ‚ÂÏÂÌË tn Ï˚ Ó·ÓÁÌ‡˜‡ÂÏ ˜ÂÂÁ un = (un, vn, pn). íÓ˜ÌÓÒÚ¸ ÒıÂÏ ·Û‰ÂÏ ı‡‡ÍÚÂËÁÓ‚‡Ú¸

ÒÂÚÓ˜ÌÓÈ L2-ÌÓÏÓÈ ÔÓ„Â¯ÌÓÒÚË  = ||un – U(x, y, tn)|| Ë ÌÓÏÓÈ ÌÂ‚flÁÍË ‰ÓÔÓÎÌËÚÂÎ¸ÌÓ„Ó Û‡‚-
ÌÂÌËfl (2.2) 

‡ Ú‡ÍÊÂ Ëı ÒÂ‰ÌËÏË ÁÌ‡˜ÂÌËflÏË EU Ë ER Ì‡ ÓÚÂÁÍÂ ËÌÚÂ„ËÓ‚‡ÌËfl 0 ≤ t ≤ 0.7π. Ç ÔË‚Â‰ÂÌÌÓÈ

‚˚¯Â ÙÓÏÛÎÂ ‰Îfl ÌÂ‚flÁÍË ,  fl‚Îfl˛ÚÒfl ÒÂ‰ÌËÏË ÁÌ‡˜ÂÌËflÏË ÙÛÌÍˆËÈ ay, bx Ì‡ ÓÚÂÁ-
ÍÂ (t, t + τ), ‚˚˜ËÒÎÂÌÌ˚ÏË Ò ÔÓÏÓ˘¸˛ Í‚‡‰‡ÚÛÌÓÈ ÙÓÏÛÎ˚ ëËÏÔÒÓÌ‡. ê‡Ò˜ÂÚ˚ ÔÓ‚Â‰ÂÌ˚ Ì‡
Í‚‡‰‡ÚÌ˚ı ÒÂÚÍ‡ı Ò ̃ ËÒÎÓÏ ̄ ‡„Ó‚ ‚ Í‡Ê‰ÓÏ Ì‡Ô‡‚ÎÂÌËË 16, 32, 64, 128, 256. ç‡ ÙË„. 1 ÔÓÍ‡Á‡Ì˚
Á‡‚ËÒËÏÓÒÚË ÒÂ‰ÌËı ÁÌ‡˜ÂÌËÈ EU (ÒÔÎÓ¯Ì‡fl ÎËÌËfl) Ë ER (¯ÚËıÓ‚‡fl) ÓÚ ¯‡„‡ ÒÂÚÍË h: (a) – ÒıÂÏ‡ 1
(ÍÛÊÓ˜ÍË) Ë ÒıÂÏ‡ 1P (ÍÂÒÚËÍË); (·) – ÒıÂÏ‡ 2 (ÍÛÊÓ˜ÍË) Ë ÒıÂÏ‡ 2P (ÍÂÒÚËÍË). 

ÇË‰ËÏ, ˜ÚÓ ÚÓ˜ÌÓÒÚ¸ ‡Ò˜ÂÚ‡ ÓÒÌÓ‚Ì˚ı ÙÛÌÍˆËÈ u, v, p ÌÂ ÛıÛ‰¯‡ÂÚÒfl ÔÓÒÎÂ ‚‚Â‰ÂÌËfl ÔÓÚÂÌ-
ˆË‡Î¸ÌÓÈ ÍÓÂÍÚËÓ‚ÍË, ‡ ÚÓ˜ÌÓÒÚ¸ ‚˚ÔÓÎÌÂÌËfl ‰ÓÔÓÎÌËÚÂÎ¸ÌÓ„Ó Û‡‚ÌÂÌËfl ÛÎÛ˜¯‡ÂÚÒfl. éÚ-
ÏÂÚËÏ, ˜ÚÓ ‰Îfl ÒıÂÏ˚ ÔÂ‚Ó„Ó ÔÓfl‰Í‡ ÚÓ˜ÌÓÒÚË ÔÓÚÂÌˆË‡Î¸Ì‡fl ÍÓÂÍÚËÓ‚Í‡ ÔÓ‚˚¯‡ÂÚ ÔÓfl-
‰ÓÍ ‡ÔÔÓÍÒËÏ‡ˆËË Û‡‚ÌÂÌËfl (2.2) ‰Ó ‚ÚÓÓ„Ó. ÑÎfl ÒıÂÏ˚ ‚ÚÓÓ„Ó ÔÓfl‰Í‡ ÔÓÚÂÌˆË‡Î¸Ì‡fl ÍÓ-
ÂÍÚËÓ‚Í‡ ÌÂ ÏÂÌflÂÚ ÔÓfl‰Í‡ ‡ÔÔÓÍÒËÏ‡ˆËË, ÌÓ ÛÎÛ˜¯‡ÂÚ Â‡Î¸ÌÛ˛ ÚÓ˜ÌÓÒÚ¸. 

ç‡ ÙË„. 2 ÔÓÍ‡Á‡ÌÓ ÔÓ‚Â‰ÂÌËÂ ‚Ó ‚ÂÏÂÌË t ÌÂ‚flÁÍË ER (ÙË„. 2 a, ·) Ë ÔÓ„Â¯ÌÓÒÚË EU (ÙË„. 2 ·, „)
‰Îfl ÒÂÚÍË 128 × 128. ëÔÎÓ¯Ì˚ÏË ÎËÌËflÏË ÔÓÍ‡Á‡Ì˚ „‡ÙËÍË ‰Îfl ÒıÂÏ˚ 1 (ÙË„. 2 a, ·) Ë ÒıÂÏ˚ 2
(ÙË„. 2 ‚, „), ÔÛÌÍÚËÌ˚ÏË – ‰Îfl ‡Ì‡ÎÓ„Ó‚ ˝ÚËı ÒıÂÏ Ò ÔÓÚÂÌˆË‡Î¸ÌÓÈ ÍÓÂÍÚËÓ‚ÍÓÈ. ÇË‰ÌÓ,

u x y t, ,( ) kt mx ly,sincoscos=

v x y t, ,( ) kt msin x lcos y,cos=

p x y t, ,( ) ksin t msin x lsin y=

EU
n

ER
n uy

n 1+
v x

n 1+–( ) uy
n

v x
n–( )–

τ
------------------------------------------------------------- ay

n 1/2+– bx
n 1/2+– ,=

ay
n 1/2+ bx

n 1/2+

128 256 128 256
h–1

10–3

10–2

10–1

100
(‡) (·)

îË„. 1. 

7*
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Å‡·ËÈ Ë ‰.

˜ÚÓ ÌÂ‚flÁÍ‡ ER ‰ÓÔÓÎÌËÚÂÎ¸ÌÓ„Ó Û‡‚ÌÂÌËfl (2.2) ÍÓÎÂ·ÎÂÚÒfl ÔÓ ‚ÂÏÂÌË. èÓÚÂÌˆË‡Î¸Ì‡fl ÍÓÂÍ-
ÚËÓ‚Í‡ ÓÍ‡Á˚‚‡ÂÚ ÔÓÎÓÊËÚÂÎ¸ÌÓÂ ‰ÂÈÒÚ‚ËÂ – ÛÏÂÌ¸¯‡ÂÚ ‡ÏÔÎËÚÛ‰Û ÍÓÎÂ·‡ÌËÈ ‚ ÌÂÒÍÓÎ¸ÍÓ ‡Á,
‡ ‚ ÒÎÛ˜‡Â ÒıÂÏ˚ ‚ÚÓÓ„Ó ÔÓfl‰Í‡ – ÔÂ‰ÓÚ‚‡˘‡ÂÚ ÓÒÚ ‡ÏÔÎËÚÛ‰˚ ‚Ó ‚ÂÏÂÌË (ÙË„. 2 ‚). ÑÎfl
ÒıÂÏ˚ 1 Ë ÒıÂÏ˚ 2 ÔÓ„Â¯ÌÓÒÚ¸ EU (ÙË„. 2 ·, „) ‚˚˜ËÒÎÂÌËfl ÓÒÌÓ‚Ì˚ı ÙÛÌÍˆËÈ u, v, p ‡ÒÚÂÚ ÔÓ
‚ÂÏÂÌË (Ì‡ ‰‡ÌÌÓÏ Û˜‡ÒÚÍÂ ËÌÚÂ„ËÓ‚‡ÌËfl). èÓÚÂÌˆË‡Î¸Ì‡fl ÍÓÂÍÚËÓ‚Í‡ ÌÂ ÛıÛ‰¯‡ÂÚ ÚÓ˜-
ÌÓÒÚË ‡Ò˜ÂÚ‡ ˝ÚËı ÙÛÌÍˆËÈ. 

éÚÏÂÚËÏ, ̃ ÚÓ ÔË ‰‡Î¸ÌÂÈ¯ÂÏ Û‚ÂÎË˜ÂÌËË ‚ÂÏÂÌË „‡ÙËÍË ÌÂ‚flÁÍË ER Ë ÔÓ„Â¯ÌÓÒÚË EU ‰Îfl
Í‡Ê‰ÓÈ ËÁ ÒıÂÏ ‚˚ıÓ‰flÚ Ì‡ ÒÚ‡ˆËÓÌ‡Ì˚È ÂÊËÏ, Ú.Â. ÓÒÚ, ÍÓÚÓ˚È Ì‡·Î˛‰‡ÂÚÒfl Ì‡ „‡ÙËÍ‡ı
Ì‡ Ì‡˜‡Î¸ÌÓÏ Û˜‡ÒÚÍÂ ËÌÚÂ„ËÓ‚‡ÌËfl, ÔÂÍ‡˘‡ÂÚÒfl. 

3. ëïÖåõ ë äéêêÖäíàêéÇäéâ Ñãü ìêÄÇçÖçàâ åÄäëÇÖããÄ

èÓÔ˚Ú‡ÂÏÒfl ‡‰‡ÔÚËÓ‚‡Ú¸ ÔË‚Â‰ÂÌÌ˚Â ‚˚¯Â ÔËÂÏ˚ ÍÓÂÍÚËÓ‚ÍË Í Â¯ÂÌË˛ ÒËÒÚÂÏ
Û‡‚ÌÂÌËÈ å‡ÍÒ‚ÂÎÎ‡. éÔË¯ÂÏ Ó‰ËÌ ËÁ ‰ÓÒÚ‡ÚÓ˜ÌÓ ¯ËÓÍÓ ÛÔÓÚÂ·ÎflÂÏ˚ı ‚‡Ë‡ÌÚÓ‚ ÍÓÌÒÚÛ-
ËÓ‚‡ÌËfl ÒıÂÏ ‚ÚÓÓ„Ó ÔÓfl‰Í‡ ÚÓ˜ÌÓÒÚË, ËÒÔÓÎ¸ÁÛ˛˘Ëı ‚ Í‡˜ÂÒÚ‚Â ÔÂ‰ËÍÚÓ‡ ÒÚ‡Ì‰‡ÚÌÛ˛
ÒıÂÏÛ ÉÓ‰ÛÌÓ‚‡ ‰Îfl ÒËÏÏÂÚË˜ÂÒÍËı „ËÔÂ·ÓÎË˜ÂÒÍËı ÒËÒÚÂÏ. ÄÎ„ÓËÚÏË˜ÂÒÍË ÓÌ‡ ·ÎËÁÍ‡ Í ÒıÂ-
ÏÂ ‚ÚÓÓ„Ó ÔÓfl‰Í‡ ÚÓ˜ÌÓÒÚË, Í‡ÚÍÓ ÓÔËÒ‡ÌÌÓÈ ‚ ‡Á‰. 2 Ë ÔËÏÂÌflÂÏÓÈ Í Â¯ÂÌË˛ Û‡‚ÌÂÌËÈ
‡ÍÛÒÚËÍË. ëËÒÚÂÏ‡ ÒËÏÏÂÚË˜ÂÒÍËı „ËÔÂ·ÓÎË˜ÂÒÍËı Û‡‚ÌÂÌËÈ ËÏÂÂÚ ‚Ë‰ 

(3.1)

„‰Â Ï‡ÚËˆ˚ A, B, C Ë D ÏÓ„ÛÚ Á‡‚ËÒÂÚ¸ ÓÚ ÔÂÂÏÂÌÌ˚ı x, y, z, t, ‡ ‚ ÌÂÎËÌÂÈÌÓÏ ÒÎÛ˜‡Â – Ë ÓÚ Â-
¯ÂÌËfl u; A* = A > 0, B* = B, C* = C, D* = D. 

åÂÚÓ‰ ÔÓÒÚÓÂÌËfl ÚÂıÏÂÌÓÈ ‡ÁÌÓÒÚÌÓÈ ÒıÂÏ˚ ÒÓÒÚÓËÚ ‚ ËÒÔÓÎ¸ÁÓ‚‡ÌËË Ó‰ÌÓÏÂÌ˚ı ÒıÂÏ
‚‰ÓÎ¸ Í‡Ê‰Ó„Ó ËÁ ÔÓÒÚ‡ÌÒÚ‚ÂÌÌ˚ı Ì‡Ô‡‚ÎÂÌËÈ. èÓ˝ÚÓÏÛ ÔÓÒÚÓËÏ ÒÌ‡˜‡Î‡ ÒıÂÏÛ ‰Îfl Ó‰ÌÓ-
ÏÂÌÓÈ Á‡‰‡˜Ë, ‡ÒÒÏ‡ÚË‚‡fl ‰Îfl ÔÓÒÚÓÚ˚ ÒËÒÚÂÏÛ Û‡‚ÌÂÌËÈ Ò ÌÛÎÂ‚ÓÈ Ô‡‚ÓÈ ˜‡ÒÚ¸˛ Ë ÔÓÒÚÓ-
flÌÌ˚ÏË Ï‡ÚËˆ‡ÏË A Ë B: 

(3.2)

ÑÎfl ‰ËÒÍÂÚËÁ‡ˆËË ‚‚Â‰ÂÏ ‡‚ÌÓÏÂÌÛ˛ ÔÓÒÚ‡ÌÒÚ‚ÂÌÌÛ˛ ÒÂÚÍÛ Ò ¯‡„ÓÏ hx Ë ÒÓÒÚ‡‚ËÏ ‰Îfl
ÒËÒÚÂÏ˚ (3.2) ÒıÂÏÛ ÉÓ‰ÛÌÓ‚‡, ‰ÂÚ‡ÎË ÍÓÌÒÚÛÍˆËË ÍÓÚÓÓÈ ıÓÓ¯Ó ËÁ‚ÂÒÚÌ˚ (ÒÏ., Ì‡ÔËÏÂ, [5],

A
∂u
∂t
------ B

∂u
∂x
------ C

∂u
∂y
------ D

∂u
∂z
------+ + + F,=

A
∂u
∂t
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∂u
∂x
------+ 0.=
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0.5 1.0 1.5 2.0t

(‡) (·)

(‚) („)

îË„. 2. 



ÜìêçÄã ÇõóàëãàíÖãúçéâ åÄíÖåÄíàäà à åÄíÖåÄíàóÖëäéâ îàáàäà      ÚÓÏ 47      ‹ 3      2007

é êÄáçéëíçõï ÄèèêéäëàåÄñàüï 453

[9]). á‡ÔË¯ÂÏ ˝ÚÛ ÒıÂÏÛ ‚ ‚Ë‰Â 

(3.3)

„‰Â  = A–1/2BA–1/2, , Vi ± 1/2 – ÁÌ‡˜ÂÌËfl ÒÂÚÓ˜Ì˚ı ÙÛÌÍˆËÈ. ÇÂıÌËÈ ËÌ‰ÂÍÒ n = 0, 1, … ÂÒÚ¸ ÌÓÏÂ
ÒÎÓfl ÔÓ ‚ÂÏÂÌË, ÌËÊÌËÈ ˆÂÎ˚È ËÌ‰ÂÍÒ i = 0, 1, …, I – ˝ÚÓ ÁÌ‡˜ÂÌËfl ÒÂÚÓ˜ÌÓÈ ÙÛÌÍˆËË, ÓÚÌÂÒÂÌ-
Ì˚Â Í ̂ ÂÌÚÛ fl˜ÂÈÍË ÒÂÚÍË, ÌËÊÌËÂ ÔÓÎÛˆÂÎ˚Â ËÌ‰ÂÍÒ˚ i – 1/2 Ë i + 1/2 – ̋ ÚÓ, ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ, ÁÌ‡-
˜ÂÌËfl ÙÛÌÍˆËË Ì‡ ÎÂ‚ÓÈ Ë Ô‡‚ÓÈ „‡ÌËˆÂ fl˜ÂÈÍË Ò ÌÓÏÂÓÏ i. áÌ‡˜ÂÌËfl Vi ± 1/2 ‚ ÒıÂÏÂ ÉÓ‰ÛÌÓ‚‡
ÌÓÒflÚ Ì‡Á‚‡ÌËfl “·ÓÎ¸¯Ëı ‚ÂÎË˜ËÌ” Ë ÔÓÎÛ˜‡˛ÚÒfl ËÁ Â¯ÂÌËfl Á‡‰‡˜Ë êËÏ‡Ì‡ Ì‡ „‡ÌËˆÂ i ± 1/2.
ÇÂÎË˜ËÌ‡ ¯‡„‡ τ ÔÓ ‚ÂÏÂÌË ÓÔÂ‰ÂÎflÂÚÒfl ÛÒÎÓ‚ËÂÏ ÛÒÚÓÈ˜Ë‚ÓÒÚË äÛ‡ÌÚ‡–îË‰ËıÒ‡–ãÂ‚Ë.
ÑÎfl ÔÓÒÚÓÚ˚ ËÁÎÓÊÂÌËfl Ó„‡ÌË˜ËÏÒfl ÒÎÛ˜‡ÂÏ ÔÂËÓ‰Ë˜ÂÒÍËı Í‡Â‚˚ı ÛÒÎÓ‚ËÈ, Û˜ÂÚ ÍÓÚÓ˚ı
Ó·ÂÒÔÂ˜Ë‚‡ÂÚÒfl ÔÓÒÚÓ ˆËÍÎË˜ÂÒÍËÏ ÔÂÂÌÓÒÓÏ ÁÌ‡˜ÂÌËÈ. ëıÂÏ‡ (3.3) Ó·Î‡‰‡ÂÚ ÔÂ‚˚Ï ÔÓfl‰-
ÍÓÏ ÚÓ˜ÌÓÒÚË ÔÓ ÔÓÒÚ‡ÌÒÚ‚Û Ë ‚ÂÏÂÌË Ë fl‚ÎflÂÚÒfl “ÔÂ‰ËÍÚÓÓÏ” ‰Îfl ÔÓÒÚÓÂÌËfl ÒıÂÏ˚ ‚ÚÓ-
Ó„Ó ÔÓfl‰Í‡, ÓÔËÒ˚‚‡ÂÏÓÈ ÌËÊÂ. ùÚ‡Ô, ÛÚÓ˜Ìfl˛˘ËÈ ÂÁÛÎ¸Ú‡Ú Ì‡ ‚ÂıÌÂÏ ‚ÂÏÂÌÌóÏ ÒÎÓÂ,
ÛÒÎÓ‚ÌÓ ÏÓÊÌÓ Ì‡Á˚‚‡Ú¸ “ÍÓÂÍÚÓÓÏ”.

ÑÎfl Ì‡˜‡Î‡ ÍÓÂÍÚËÛ˛ÚÒfl ÁÌ‡˜ÂÌËfl “·ÓÎ¸¯Ëı ‚ÂÎË˜ËÌ” Ì‡ „‡ÌËˆ‡ı fl˜ÂÂÍ: 

(3.4)

(ÂÒÎË ËÌ‰ÂÍÒ i ‚˚ıÓ‰ËÚ Á‡ ÔÂ‰ÂÎ˚ Ó·Î‡ÒÚË ÓÔÂ‰ÂÎÂÌËfl, ÚÓ ÁÌ‡˜ÂÌËfl ÙÛÌÍˆËË ÓÔÂ‰ÂÎfl˛ÚÒfl ËÁ
ÛÒÎÓ‚Ëfl ÔÂËÓ‰Ë˜ÌÓÒÚË). 

Ö˘Â ‡Á ‚˚˜ËÒÎfl˛ÚÒfl ÁÌ‡˜ÂÌËfl Ì‡ ‚ÂıÌÂÏ ‚ÂÏÂÌÌóÏ ÒÎÓÂ ÔË ÔÓÏÓ˘Ë ÒıÂÏ˚ (3.3): 

(3.5)

èËÏÂÌflfl ÒıÂÏÛ (3.3)–(3.5) ‰Îfl Í‡Ê‰ÓÈ ËÁ ÚÂı Ó‰ÌÓÏÂÌ˚ı ÒËÒÚÂÏ, ÔÓÎÛ˜‡ÂÏ ÂÁÛÎ¸ÚËÛ˛˘Û˛
ÒıÂÏÛ ‰Îfl ÚÂıÏÂÌÓÈ ÒËÒÚÂÏ˚ (3.1), ÍÓÚÓÛ˛ Á‡ÔË¯ÂÏ ‚ ÓÔÂ‡ÚÓÌÓÏ ‚Ë‰Â: 

(3.6)

„‰Â ÓÔÂ‡ÚÓ˚ R1, R2, R3 ÓÚ‚Â˜‡˛Ú ÒıÂÏ‡Ï ‚‰ÓÎ¸ Ì‡Ô‡‚ÎÂÌËÈ x, y, z ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ. 
íÂÔÂ¸ ÓÔË¯ÂÏ ‰ÂÚ‡ÎË ÍÓÂÍÚËÓ‚ÓÍ, ÔËÏÂÌflÂÏ˚ı ÔË ‡ÔÔÓÍÒËÏ‡ˆËË ÍÎ‡ÒÒË˜ÂÒÍËı Û‡‚-

ÌÂÌËÈ å‡ÍÒ‚ÂÎÎ‡ 

(3.7)

ÒÎÂ‰ÒÚ‚ËÂÏ ÍÓÚÓ˚ı fl‚ÎflÂÚÒfl ÒÓÓÚÌÓ¯ÂÌËÂ 

(3.8)

ÖÒÎË ÓÔÂ‰ÂÎËÚ¸ ÔÎÓÚÌÓÒÚ¸ Á‡fl‰‡ ρ ÙÓÏÛÎÓÈ ρ = divE, ÚÓ ‰Îfl ˝ÚÓ„Ó Á‡fl‰‡ ‰ÓÎÊÌÓ ·˚Ú¸ ‚˚-
ÔÓÎÌÂÌÓ ‡‚ÂÌÒÚ‚Ó (Á‡ÍÓÌ ÒÓı‡ÌÂÌËfl) 

(3.9)

èË ‡ÔÔÓÍÒËÏ‡ˆËË ÒËÒÚÂÏ˚ (3.7) Ì‡ ÔÂ‚ÓÏ ˝Ú‡ÔÂ Ë„ÌÓËÛÂÏ ˝ÚÓ ‰ÓÔÓÎÌËÚÂÎ¸ÌÓÂ ÒÓÓÚÌÓ¯Â-
ÌËÂ Ë Ó·‡˘‡ÂÏ Ì‡ ÌÂ„Ó ‚ÌËÏ‡ÌËÂ ÚÓÎ¸ÍÓ ÔË ÍÓÂÍÚËÓ‚ÍÂ. èÓÒÎÂ‰ÌÂÏÛ ËÁ Û‡‚ÌÂÌËÈ divH = 0,
‚ıÓ‰fl˘ÂÏÛ ‚ ‚˚ÔËÒ‡ÌÌÛ˛ Ì‡ÏË ÔÂÂÓÔÂ‰ÂÎÂÌÌÛ˛, ÌÓ ÒÓ‚ÏÂÒÚÌÛ˛ ÒËÒÚÂÏÛ (3.7), Ï˚ Û‰ÂÎËÏ ÔË-
ÒÚ‡Î¸ÌÓÂ ‚ÌËÏ‡ÌËÂ. Ç Û‡‚ÌÂÌËflı å‡ÍÒ‚ÂÎÎ‡ ÓÎ¸ ÔÓÚÂÌˆË‡ÎÓ‚ Ë„‡˛Ú ‚ÂÍÚÓÌ˚È Ë ÒÍ‡ÎflÌ˚È
ÔÓÚÂÌˆË‡Î˚ A Ë Φ, Û‰Ó‚ÎÂÚ‚Ófl˛˘ËÂ, ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ, ‚ÂÍÚÓÌÓÏÛ Ë ÒÍ‡ÎflÌÓÏÛ ‚ÓÎÌÓ‚˚Ï
Û‡‚ÌÂÌËflÏ 

v i
n 1+

v i
n–

τ
------------------------ B̂

Vi 1/2+ Vi 1/2––
hx

---------------------------------+ 0,=

B̂ v i
n

Ṽ i 1/2+
v i 1–

n
v i 1+

n
v i 1–

n 1+
v i 1+

n 1++ + +
4

-----------------------------------------------------------------=

v i
n 1+

v i
n–

τ
------------------------ B̂

Ṽ i 1/2+ Ṽ i 1/2––
hx

---------------------------------+ 0.=

v
n 1+

v
n–

τ
------------------------ R1v

n R2v
n R3v

n+ + + Fn 1/2+ ,=

∂E/∂t rotH j,–=

∂H/∂t rot– E,=

divH 0,=

∂
∂t
----- divE( ) div j.–=

∂ρ/∂t div j+ 0.=

∂2A/∂t2 ∆A– j, ∂2Φ/∂t2 ∆Φ– ρ;= =
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Å‡·ËÈ Ë ‰.

Á‰ÂÒ¸ ∆ – Î‡ÔÎ‡ÒË‡Ì. ë‡ÏË ˝ÚË ÔÓÚÂÌˆË‡Î˚ ÏÓÊÌÓ ‡ÒÒ˜ËÚ˚‚‡Ú¸, ËÒÔÓÎ¸ÁÛfl ÒËÏÏÂÚË˜ÂÒÍÛ˛ „Ë-
ÔÂ·ÓÎË˜ÂÒÍÛ˛ ÒËÒÚÂÏÛ. ëÍ‡ÎflÌ˚È ÔÓÚÂÌˆË‡Î Φ ÓÔÂ‰ÂÎflÂÚÒfl Ò ÌÂÍÓÚÓÓÈ ÒÚÂÔÂÌ¸˛ ÔÓËÁ‚Ó-
Î‡ (Í‡ÎË·Ó‚Ó˜Ì‡fl ËÌ‚‡Ë‡ÌÚÌÓÒÚ¸) Ë Ò‚flÁ‡Ì Ò A ‡‚ÂÌÒÚ‚‡ÏË 

(3.10)

ÔÂ‚ÓÂ ËÁ ÍÓÚÓ˚ı, ÔÓ ÒÛ˘ÂÒÚ‚Û, fl‚ÎflÂÚÒfl ÓÔÂ‰ÂÎÂÌËÂÏ A. ÇÂÍÚÓ H Ì‡ÔflÊÂÌÌÓÒÚË Ï‡„ÌËÚÌÓ„Ó
ÔÓÎfl Ò‚flÁ‡Ì Ò ‚ÂÍÚÓ-ÔÓÚÂÌˆË‡ÎÓÏ A Ò ÔÓÏÓ˘¸˛ ‡‚ÂÌÒÚ‚‡ H = rotA, Ó·ÂÒÔÂ˜Ë‚‡˛˘Â„Ó ‡‚ÚÓÏ‡-
ÚË˜ÂÒÍÓÂ ‚˚ÔÓÎÌÂÌËÂ ÌÛÊÌÓ„Ó Ì‡Ï ÛÒÎÓ‚Ëfl divH = 0. 

àÚ‡Í, Ì‡¯Â ÔÂ‰ÎÓÊÂÌËÂ Ò‚Ó‰ËÚÒfl Í ÚÓÏÛ, ˜ÚÓ·˚ ÓÒÌÓ‚˚‚‡Ú¸Òfl Ì‡ Â¯ÂÌËË ÒËÏÏÂÚË˜ÂÒÍÓÈ
„ËÔÂ·ÓÎË˜ÂÒÍÓÈ ÒËÒÚÂÏ˚, ÒÓÒÚ‡‚ÎÂÌÌÓÈ Í‡Í ËÁ Û‡‚ÌÂÌËÈ ‰Îfl E, H, Ú‡Í Ë ËÁ Û‡‚ÌÂÌËÈ ‰Îfl A, Φ: 

(3.11)

ÇÚÓÓÂ ËÁ ‡‚ÂÌÒÚ‚ (3.10) ÔË‚Ó‰ËÚ Í ‚˚‚Ó‰Û, ˜ÚÓ Ô‡‚˚Â ˜‡ÒÚË ‚ÓÎÌÓ‚˚ı Û‡‚ÌÂÌËÈ ‰Îfl Φ, A
Ó·flÁ‡Ì˚ ÔÓ‰˜ËÌflÚ¸Òfl Á‡ÍÓÌÛ ÒÓı‡ÌÂÌËfl (3.9). ùÚÓ Ó·ÒÚÓflÚÂÎ¸ÒÚ‚Ó ÓÔ‡‚‰˚‚‡ÂÚ ÓÚÒÛÚÒÚ‚ËÂ ‚
Ô‡‚˚ı ˜‡ÒÚflı ÒËÒÚÂÏ˚ (3.11) ÁÌ‡˜ÂÌËÈ ρ – ÔÎÓÚÌÓÒÚË Á‡fl‰‡. 

Ç˚˜ËÒÎÂÌÌ˚Â ÔÓ ‡ÁÌÓÒÚÌÓÈ ‡ÔÔÓÍÒËÏ‡ˆËË Û‡‚ÌÂÌËÈ (3.11) ÁÌ‡˜ÂÌËfl E Ë H, Ú‡Í ÊÂ Í‡Í Ë ‚
ÔÂ‰˚‰Û˘ÂÏ ÔËÏÂÂ Û‡‚ÌÂÌËÈ ‡ÍÛÒÚËÍË, ÔÓ‰‚Â„ÌÂÏ ÍÓÂÍÚËÓ‚ÍÂ. 

ç‡ ÔÂ‚ÓÏ ˝Ú‡ÔÂ, Ì‡˜ËÌ‡fl ÒÓ ÁÌ‡˜ÂÌËÈ E, H, A, Φ ‚ ÏÓÏÂÌÚ t, ‚˚˜ËÒÎflÂÏ Ëı Ì‡ ÒÎÂ‰Û˛˘ËÈ ÏÓ-
ÏÂÌÚ ‚ÂÏÂÌË t + τ. èÓÎÛ˜ÂÌÌ˚Â Ì‡ ÏÓÏÂÌÚ t + τ ÁÌ‡˜ÂÌËfl H ÔÓ‰‚Â„‡˛ÚÒfl ÍÓÂÍÚËÓ‚ÍÂ – ÓÌË
Á‡ÏÂÌfl˛ÚÒfl Ì‡ H = rotA (A Ì‡ ÏÓÏÂÌÚ ‚ÂÏÂÌË t + τ). èË ˝ÚÓÈ ÍÓÂÍÚËÓ‚ÍÂ ÔÓËÁ‚Ó‰Ì˚Â ÍÓÏ-
ÔÓÌÂÌÚ Ak ‚ÂÍÚÓ‡ A, ‚ıÓ‰fl˘ËÂ ‚ ‚˚‡ÊÂÌËÂ rotA, Á‡ÏÂÌfl˛ÚÒfl Ì‡ ˆÂÌÚ‡Î¸Ì˚Â ‡ÁÌÓÒÚÌ˚Â ÓÚÌÓ-
¯ÂÌËfl ‚Ë‰‡ 

Á‰ÂÒ¸ xi – ÔÂÂÏÂÌÌ‡fl ÔÓ Ó‰ÌÓÏÛ ËÁ ÔÓÒÚ‡ÌÒÚ‚ÂÌÌ˚ı Ì‡Ô‡‚ÎÂÌËÈ, i = 1, 2, 3. èÓ‰ÍÓÂÍÚËÓ-
‚‡ÌÌ˚È Ú‡ÍËÏ Ó·‡ÁÓÏ ‚ÂÍÚÓ H ÌÂ Ó·flÁ‡Ì ÚÓ˜ÌÓ ÒÓ‚Ô‡‰‡Ú¸ Ò ‚˚˜ËÒÎÂÌÌ˚Ï Ì‡ ÔÂ‚ÓÏ ˝Ú‡ÔÂ Â-
¯ÂÌËfl ÒËÒÚÂÏ˚ (3.11), Ú‡Í Í‡Í Ì‡ ˝ÚÓÏ ˝Ú‡ÔÂ ‚ÂÍÚÓ A Ì‡ıÓ‰ËÎÒfl ËÁ ‰Û„Ëı Û‡‚ÌÂÌËÈ. 

èÂ‰ÒÚ‡‚ÎflÂÚÒfl ‡ÁÛÏÌ˚Ï ‚ÍÎ˛˜ËÚ¸ ‚ ÍÓÂÍÚËÓ‚ÍÛ ‚˚˜ËÒÎÂÌËÂ Á‡fl‰‡ ρ Ò ÔÓÏÓ˘¸˛ ‡Á-
ÌÓÒÚÌ˚ı ‡‚ÂÌÒÚ‚, ‡ÔÔÓÍÒËÏËÛ˛˘Ëı ÓÔÂ‰ÂÎÂÌËÂ ρ = divE. êÂÁÛÎ¸Ú‡Ú˚ ËÌÚÂ„ËÓ‚‡ÌËfl Ì‡ ÌÂ-
ÍÓÚÓÓÏ Á‡‰‡ÌÌÓÏ ËÌÚÂ‚‡ÎÂ ‚ÂÏÂÌË ÔÓ‰ÎÂÊ‡Ú ÍÓÌÚÓÎ˛, ÍÓÚÓ˚È ÒÓÒÚÓËÚ, ‚Ó-ÔÂ‚˚ı, ‚ ‚˚-
˜ËÒÎÂÌËË ‡ÁÌÓÒÚÌ˚ı ÓÚÌÓ¯ÂÌËÈ ‰Ó ÌÂÍÓÚÓÓ„Ó ‰ÓÒÚ‡ÚÓ˜ÌÓ ‚˚ÒÓÍÓ„Ó ÔÓfl‰Í‡, Ú.Â. ‚ ÔÓ‚ÂÍÂ
ÚÓ„Ó, ˜ÚÓ ‡ÁÌÓÒÚÌÓÂ Â¯ÂÌËÂ Ó·Î‡‰‡ÂÚ ÌÛÊÌÓÈ „Î‡‰ÍÓÒÚ¸˛, ‡ ‚Ó-‚ÚÓ˚ı – ‚ ‚˚˜ËÒÎÂÌËË (Ò ÔÓ-
ÏÓ˘¸˛ ÔÓÒÚÂÈ¯Ëı ˆÂÌÚ‡Î¸Ì˚ı ‡ÁÌÓÒÚÌ˚ı ÓÚÌÓ¯ÂÌËÈ, ÔË·ÎËÊ‡˛˘Ëı ÔÓËÁ‚Ó‰Ì˚Â) ÔÓ-
„Â¯ÌÓÒÚÂÈ ‡ÔÔÓÍÒËÏ‡ˆËË Í‡Í Û‡‚ÌÂÌËÈ, ‚ıÓ‰fl˘Ëı ‚ ÒËÒÚÂÏÛ (3.11), Ú‡Í Ë ‰ÓÔÓÎÌËÚÂÎ¸Ì˚ı
Û‡‚ÌÂÌËÈ 

(3.12)

ä‡Í ËÁ‚ÂÒÚÌÓ, ‚˚ÔÓÎÌÂÌËÂ ‡Ò¯ËÂÌÌÓÈ ÒËÒÚÂÏ˚ Û‡‚ÌÂÌËÈ å‡ÍÒ‚ÂÎÎ‡, ÒÓÒÚÓfl˘ÂÈ Í‡Í ËÁ (3.11),
Ú‡Í Ë ËÁ (3.12), ‚ÎÂ˜ÂÚ Á‡ ÒÓ·ÓÈ ‚ Í‡˜ÂÒÚ‚Â ÙÓÏ‡Î¸ÌÓ„Ó ‡Î„Â·‡Ë˜ÂÒÍÓ„Ó ÒÎÂ‰ÒÚ‚Ëfl Â˘Â Ë ÒÔ‡-
‚Â‰ÎË‚ÓÒÚ¸ Á‡ÍÓÌÓ‚ ÒÓı‡ÌÂÌËfl ˝ÌÂ„ËË Ë ÚÂÌÁÓ‡ Ï‡ÍÒ‚ÂÎÎÓ‚ÒÍËı Ì‡ÚflÊÂÌËÈ 

(3.13)

„‰Â 

∂A/∂t gradΦ+ E– , ∂Φ/∂t divA+ 0,= =

∂E/∂t rotH– j– , ∂H/∂t rotE+ 0,= =

∂A/∂t gradΦ+ E– , ∂Φ/∂t divA+ 0.= =

Ak xi h+( ) Ak xi h–( )–
2h

------------------------------------------------------;

H rotA– 0, divH 0,= =

divE ρ, ∂ρ
∂t
------ div j+ 0.= =

∂T
∂t
------

∂Tk

∂xk

-------- jkEk+ + 0,=

∂Ti

∂t
--------

∂Tik

∂xk

---------- ρEi j H×[ ] i+ + + 0,=

T
1
2
--- E E,( ) H H,( )+[ ] , Ti E H×[ ] i,= =

Tii EiEi HiHi T , Tik–+ EiEk HiHk i k≠( ).+= =
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ùÚË Á‡ÍÓÌ˚ ÒÓı‡ÌÂÌËfl ÏÓÊÌÓ Á‡ÔËÒ‡Ú¸ ‚ Ï‡ÚË˜ÌÓÏ ‚Ë‰Â. é·ÓÁÌ‡˜ËÏ ˜ÂÂÁ D = (∂/∂t ∂/∂x1
∂/∂x2 ∂/∂x3 1) Ë F = j1E1 + j2E2 + j3E3, F1 = j2H3 – j3H2 – ρE1, F2 = j3H1 – j1H3 – ρE2, F3 = j1H2 – j2H1 – ρE3.
íÓ„‰‡ 

èÓ˝ÚÓÏÛ ÂÒÎË Ò ÔÓÏÓ˘¸˛ ÍÓÂÍÚËÓ‚ÍË Û‰‡ÒÚÒfl ‰Ó·ËÚ¸Òfl ‰ÓÒÚ‡ÚÓ˜ÌÓ ÚÓ˜ÌÓ„Ó ‚˚ÔÓÎÌÂÌËfl ‚ÒÂı
Û‡‚ÌÂÌËÈ ‡Ò¯ËÂÌÌÓÈ ÒËÒÚÂÏ˚ (3.11), (3.12), ÚÓ ÂÒÚÂÒÚ‚ÂÌÌÓ ÓÊË‰‡Ú¸ ÓÚ ‡ÁÌÓÒÚÌÓ„Ó Â¯ÂÌËfl
ıÓÓ¯ÂÈ ÚÓ˜ÌÓÒÚË ‚˚ÔÓÎÌÂÌËfl Á‡ÍÓÌÓ‚ ÒÓı‡ÌÂÌËfl (3.13). 

ÄÌ‡ÎÓ„Ë˜Ì‡fl ÍÓÂÍÚËÓ‚Í‡ ÏÓÊÂÚ ·˚Ú¸ ËÒÔÓÎ¸ÁÓ‚‡Ì‡ ‰Îfl Â¯ÂÌËfl Û‡‚ÌÂÌËÈ å‡ÍÒ‚ÂÎÎ‡ ‚
Ï‡ÚÂË‡Î¸ÌÓÈ ÒÂ‰Â. èÛÒÚ¸ Ï‡ÚËˆ˚ K = K(x1, x2, x3) = K* > 0, M = M(x1, x2, x3) = M* > 0, ÓÔËÒ˚‚‡-
˛˘ËÂ ‰Ë˝ÎÂÍÚË˜ÂÒÍÛ˛ ÔÓÎflËÁ‡ˆË˛ Ë Ï‡„ÌËÚÌÛ˛ ÔÓÌËˆ‡ÂÏÓÒÚ¸, Ò‚flÁ˚‚‡˛Ú E, H Ò D Ë B: 

ì‡‚ÌÂÌËfl å‡ÍÒ‚ÂÎÎ‡ Ë Ò‚flÁ‡ÌÌ˚Â Ò ÌËÏË Û‡‚ÌÂÌËfl ‰Îfl ÔÓÚÂÌˆË‡ÎÓ‚ 

‚ÎÂÍÛÚ ‚ Í‡˜ÂÒÚ‚Â ÒÎÂ‰ÒÚ‚ËÈ ÒÓÓÚÌÓ¯ÂÌËfl 

Ó·ÂÒÔÂ˜Ë‚‡˛˘ËÂ ÒÓ‚ÏÂÒÚÌÓÒÚ¸ ÒËÒÚÂÏ˚ Ò ‰ÓÔÓÎÌËÚÂÎ¸Ì˚ÏË Û‡‚ÌÂÌËflÏË 

èÂ‚ÓÂ ËÁ ÌËı ÔÓÁ‚ÓÎflÂÚ ÔÂÂÌÂÒÚË ÓÔËÒ‡ÌÌ˚È ‚˚¯Â ÔËÂÏ ÍÓÂÍÚËÓ‚ÍË Ë Ì‡ ÒÎÛ˜‡È ̋ ÎÂÍÚÓ-
‰ËÌ‡ÏËÍË ‚ Ï‡ÚÂË‡Î¸Ì˚ı ÒÂ‰‡ı. 

ÑÎfl ‰ÂÏÓÌÒÚ‡ˆËË ÓÔËÒ‡ÌÌÓ„Ó ÔÓ‰ıÓ‰‡ ‡ÒÒÏÓÚËÏ Â¯ÂÌËÂ Û‡‚ÌÂÌËÈ å‡ÍÒ‚ÂÎÎ‡ ‚ ÚÂıÏÂ-
ÌÓÏ ÍÛ·Â [–2; 2] × [–2; 2] × [–2; 2] Ò ÔÂËÓ‰Ë˜ÂÒÍËÏË „‡ÌË˜Ì˚ÏË ÛÒÎÓ‚ËflÏË Ë ÌÛÎÂ‚˚ÏË Ì‡˜‡Î¸-
Ì˚ÏË ÛÒÎÓ‚ËflÏË 

Ç˚·ÂÂÏ ÁÌ‡˜ÂÌËÂ j ‚ ‚Ë‰Â 

D

0 E1 E2 E3

E1 0 H3– H2

E2 H3 0 H1–

E3 H2– H1 0

ρ– j1 j2 j3 
 
 
 
 
 
 
 
 

0 E1 E2 E3

E1 0 H3– H2

E2 H3 0 H1–

E3 H2– H1 0

D

0 H1 H2 H3

H1 0 E3 E2–

H2 E3– 0 E1

H3 E2 E1– 0

0 0 0 0 
 
 
 
 
 
 
 

0 H1 H2 H3

H1 0 E3 E2–

H2 E3– 0 E1

H3 E2 E1– 0

 =+

=  D

T T1 T2 T3

T1 T11 T12 T13

T2 T21 T22 T23

T3

F

T31

F1

T32

F2

T33

F3

.

D KE, B MH .= =

∂KE
∂t

----------- rotH– j, ∂MH
∂t

------------- rotE+– 0,= =

∂A
∂t
------ gradΦ+ E– ,

∂Φ
∂t
------- divA+ 0,= =

ρ div KE( )=

∂
∂t
----- rotA( ) rotE+ 0,

∂
∂t
-----div KE( ) div j,–= =

∂
∂t
----- MH rotA–( ) 0, ∂ρ

∂t
------ div j+ 0,= =

H M 1– rotA, divB 0, ∂ρ/∂t div j+ 0.= = =

E
t 0= H

t 0= A
t 0= 0, Φ

t 0= 0.= = = =

j jx jy jz[ ] Ú t2 πx
4

------ πy
4

------ πz
4
-----coscoscos 

 
2

1 1/2 2[ ] Ú,= =
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‡ Ï‡ÚËˆ˚ M Ë K Á‡‰‡‰ËÏ ‚ ‰Ë‡„ÓÌ‡Î¸ÌÓÈ ÙÓÏÂ: M = diag{µ, µ, µ}, K = diag{ε, ε, ε}, ‚Áfl‚ µ = 1.1,
ε = 1.2. 

ê‡Ò˜ÂÚ˚ ÔÓ‚Â‰ÂÌ˚ Ì‡ ÍÛ·Ë˜ÂÒÍËı ÒÂÚÍ‡ı 30 × 30 × 30 Ë 60 × 60 × 60 ÔË 25 Ë 50 ‚ÂÏÂÌÌ ı
¯‡„‡ı ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ. ç‡ ÙË„. 3–5 ÔÓÍ‡Á‡Ì˚ ÔÓÙËÎË ÒÂÚÓ˜Ì˚ı ÙÛÌÍˆËÈ ‚‰ÓÎ¸ ‰Ë‡„ÓÌ‡ÎË ÍÛ·‡
x = y = z ‰Îfl ÔÓÒÎÂ‰ÌÂ„Ó ÏÓÏÂÌÚ‡ ‚ÂÏÂÌË. êÂÁÛÎ¸Ú‡Ú˚ ‡Ò˜ÂÚÓ‚ ÔË‚Â‰ÂÌ˚ ‰Îfl ÒÎÛ˜‡Â‚ µ = 1, ε = 1
(ÚÂÒÚ 1) Ë µ = 1.1, ε = 1.2 (ÚÂÒÚ 2). ç‡ ÙË„. 3 ÔÓÍ‡Á‡Ì˚ ÔÓÙËÎË ÍÓÏÔÓÌÂÌÚ ˝ÎÂÍÚË˜ÂÒÍÓ„Ó (a) Ë
Ï‡„ÌËÚÌÓ„Ó (·) ÔÓÎÂÈ: ÒÔÎÓ¯Ì‡fl ÎËÌËfl ÒÓÓÚ‚ÂÚÒÚ‚ÛÂÚ Â¯ÂÌË˛ ‰Îfl ÚÂÒÚ‡ 1 Ì‡ ÒÂÚÍÂ 30 × 30 × 30,
ÒËÏ‚ÓÎ˚ ° Ë ∗  Ì‡ ÔÛÌÍÚËÌ˚ı ÎËÌËflı ÓÚÏÂ˜‡˛Ú „‡ÙËÍË ‰Îfl ÚÂÒÚ‡ 2 Ì‡ ÒÂÚÍ‡ı 30 × 30 × 30 Ë 60 ×
× 60 × 60 ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ. ÑÎfl ÓˆÂÌÍË ÚÓ˜ÌÓÒÚË Â¯‡ÂÏ˚ı Û‡‚ÌÂÌËÈ Ì‡ ÔÓÒÎÂ‰ÌËı ÚÂı ‚ÂÏÂÌ-
Ì œ̊ı ÒÎÓflı ‚˚˜ËÒÎflÂÚÒfl ÌÂ‚flÁÍ‡ Û‡‚ÌÂÌËÈ 

„‰Â ‚ÒÂ ‚ıÓ‰fl˘ËÂ ÔÓËÁ‚Ó‰Ì˚Â ÔÓ ÔÓÒÚ‡ÌÒÚ‚Û Ë ‚ÂÏÂÌË ‡ÔÔÓÍÒËÏËÛ˛ÚÒfl ˆÂÌÚ‡Î¸Ì˚ÏË
‡ÁÌÓÒÚÌ˚ÏË ÓÚÌÓ¯ÂÌËflÏË. ç‡ ÙË„. 4 ÔÓÍ‡Á‡Ì˚ ÔÓÙËÎË ÍÓÏÔÓÌÂÌÚ ÌÂ‚flÁÍË ÔÂ‚Ó„Ó Ë ‚ÚÓÓ„Ó
ËÁ ˝ÚËı Û‡‚ÌÂÌËÈ ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ; Ó·ÓÁÌ‡˜ÂÌËfl Ú‡ÍËÂ ÊÂ, Í‡Í Ì‡ ÙË„. 3. 

˚́

∂D
∂t
------- rotH– j, ∂B

∂t
------ rotE+– 0,= =

–2 –1 0 1 2
x = y = z

–2 –1 0 1 2
–0.02

0

0.02 (·)(a)

–0.2

–0.1

0

–2 –1 0 1 2 –2 –1 0 1 2
x = y = z

0

0.0001

0.0002

0.0003
(·)(a)

0

0.0008

0.0016

îË„. 3. 

îË„. 4. 

1 × 10–16

0

–1 × 10–16

–2 –1 0 1 2
x = y = z

0.0008

0

–0.0008

(‡) (·)

–1 10

îË„. 5. 



ÜìêçÄã ÇõóàëãàíÖãúçéâ åÄíÖåÄíàäà à åÄíÖåÄíàóÖëäéâ îàáàäà      ÚÓÏ 47      ‹ 3      2007

é êÄáçéëíçõï ÄèèêéäëàåÄñàüï 457

êÂÁÛÎ¸Ú‡Ú˚ ÔÓ‚ÂÍË Û‡‚ÌÂÌËfl divH = 0 Ë Á‡ÍÓÌ‡ ÒÓı‡ÌÂÌËfl (3.9) ÔË‚Â‰ÂÌ˚ Ì‡ ÙË„. 5a, ·
ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ. ÇË‰ÌÓ, ˜ÚÓ ‡‚ÂÌÒÚ‚Ó divH = 0 ‚˚ÔÓÎÌflÂÚÒfl Ô‡ÍÚË˜ÂÒÍË ÚÓ˜ÌÓ – ÌÂ‚flÁÍ‡ ˝ÚÓ„Ó
Û‡‚ÌÂÌËfl ÔÓÍ‡Á‡Ì‡ Ì‡ ÙË„. 5a ‚ Ï‡Ò¯Ú‡·Â 10–16. îË„. 5· ÔÓ‰Ú‚ÂÊ‰‡ÂÚ ‚ÚÓÓÈ ÔÓfl‰ÓÍ ‡ÔÔÓÍ-
ÒËÏ‡ˆËË, Ú‡Í Í‡Í ÔË ÛÏÂÌ¸¯ÂÌËË ¯‡„‡ ÒÂÚÍË ‚‰‚ÓÂ ÌÂ‚flÁÍ‡ Û‡‚ÌÂÌËfl (3.9) ÛÏÂÌ¸¯‡ÂÚÒfl ÔË-
ÏÂÌÓ ‚ 4 ‡Á‡. 

èÓ-‚Ë‰ËÏÓÏÛ, ‡Ì‡ÎÓ„Ë˜ÌÛ˛ ÍÓÂÍˆË˛ ÏÓÊÌÓ ÔËÏÂÌËÚ¸ Ë ‰Îfl Û‡‚ÌÂÌËÈ Ï‡„ÌËÚÌÓÈ „Ë‰Ó-
‰ËÌ‡ÏËÍË (1.7):

èË ˝ÚÓÏ Ï˚ Í‡Í ·˚ ÓÚÍ‡Á‡ÎËÒ¸ ÓÚ ÛÔÓ˘ÂÌËfl – ËÒÍÎ˛˜ÂÌËfl ÔÓÚÂÌˆË‡Î‡ ˝ÎÂÍÚÓÏ‡„ÌËÚÌÓ„Ó
ÔÓÎfl Φ. çÓ ‚ ÔÂ‰Î‡„‡ÂÏÓÈ ÏÓ‰ÂÎË ÓÌ ÌÓÒËÚ ˜ËÒÚÓ ‚ÒÔÓÏÓ„‡ÚÂÎ¸Ì˚È ı‡‡ÍÚÂ, Ó·ÂÒÔÂ˜Ë‚‡fl ‚˚-
ÔÓÎÌÂÌËÂ ‰ÓÔÓÎÌËÚÂÎ¸ÌÓ„Ó ‡‚ÂÌÒÚ‚‡ divLh = 0. Ç Ì‡¯ÂÏ ‡ÒÔÓflÊÂÌËË ÓÒÚ‡ÂÚÒfl Â˘Â ‚ÓÁÏÓÊ-
ÌÓÒÚ¸ ‚˚·Ó‡ Í‡ÎË·Ó‚Ó˜ÌÓ„Ó ÏÌÓÊËÚÂÎfl m, ÓÔÂ‰ÂÎfl˛˘Â„Ó ı‡‡ÍÚÂËÒÚË˜ÂÒÍËÈ ÍÓÌÛÒ Û‡‚ÌÂ-
ÌËÈ, ‰Ó·‡‚ÎflÂÏ˚ı Í ÒËÒÚÂÏÂ (1.7). 

4. é êÖòÖçàà ìêÄÇçÖçàâ íÖéêàà ìèêìÉéëíà 

íÂÔÂ¸ Ì‡ÏÂÚËÏ, Í‡Í Û‡‚ÌÂÌËfl ÚÂÓËË ÛÔÛ„ÓÒÚË ÏÓ„ÛÚ ·˚Ú¸ ‡‰‡ÔÚËÓ‚‡Ì˚ Í ËÒÔÓÎ¸ÁÓ‚‡ÌË˛
ÓÔËÒ‡ÌÌÓ„Ó ÔËÂÏ‡. ê‡ÒÒÏÓÚËÏ ÒËÏÏÂÚË˜ÂÒÍÛ˛ „ËÔÂ·ÓÎË˜ÂÒÍÛ˛ ÒËÒÚÂÏÛ 

(4.1)

„‰Â 

ÖÂ Ó·˚˜ÌÓ ‰ÓÔÓÎÌfl˛Ú ¯ÂÒÚ¸˛ ÒÓ‚ÏÂÒÚÌ˚ÏË Ò ÌÂÈ Û‡‚ÌÂÌËflÏË ëÂÌ-ÇÂÌ‡Ì‡. Ñ‚‡ ËÁ ÌËı ËÏÂ-
˛Ú ‚Ë‰ 

(4.2)

‡ ˜ÂÚ˚Â ‰Û„Ëı ÔÓÎÛ˜‡˛ÚÒfl ËÁ Û‡‚ÌÂÌËÈ (4.2) ˆËÍÎË˜ÂÒÍÓÈ Á‡ÏÂÌÓÈ ËÌ‰ÂÍÒÓ‚: (123) 
 (231)  (312). ùÎÂÏÂÌÚ˚ ÚÂÌÁÓ‡ Ì‡ÔflÊÂÌËÈ σij Ë ÚÂÌÁÓ‡ ‰ÂÙÓÏ‡ˆËÈ εij Ò‚flÁ‡Ì˚ ÎËÌÂÈ-

∂A
∂t
------ gradΦ+ u Lh, ∂mΦ

∂t
------------ divA+× 0,= =

∂Lq0

∂t
----------

∂ ukL( )q0

∂xk

----------------------+ 0,=

∂Lh

∂t
---------

∂ ukL( )h

∂xk

------------------- Lh
∂u
∂xk

--------–+ 0,=

∂Lu

∂t
---------

∂ ukL( )ui

∂xk

-------------------- Lh
∂h
∂xk

--------–+ 0,=

Lh rotA.=

∂Hui

∂t
----------

∂σik

∂xk

----------+ 0,=

∂Hσik

∂t
------------

1
2
---

∂ui

∂xk

--------
∂uk

∂xi

--------+ 
 + 0,=

H ρ0

u1
2 u2

2 u3
3+ +

2
---------------------------- 1

σ 3λ 2µ+( )
---------------------------- σ11 σ22 σ33+ +( )2 ++=

+
1
µ
--- σ11

σ11 σ22 σ33+ +
2

-----------------------------------– 
 

2

σ22
σ11 σ22 σ33+ +

2
-----------------------------------– 

 
2

σ33
σ11 σ22 σ33+ +

2
-----------------------------------– 

 
2

2 σ12
2 σ23

2 σ31
2+ +( )+ + + .

∂2ε11

∂x2
2

------------
∂2ε12

∂x1∂x2
-----------------–

∂2ε22

∂x1
2

------------+ 0,=

∂2ε12

∂x2
2

------------
∂2ε13

∂x3∂x2
-----------------–

∂2ε32

∂x1∂x3
-----------------– 2

∂2ε33

∂x1∂x2
-----------------+ 0,=
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Ì˚ÏË ÒÓÓÚÌÓ¯ÂÌËflÏË 

(4.3)

èÓÔÓÎÌflfl ÒËÒÚÂÏÛ (4.1) Û‡‚ÌÂÌËflÏË (4.2), ÔËıÓ‰ËÏ Í ‡Ò¯ËÂÌÌÓÈ ÔÂÂÓÔÂ‰ÂÎÂÌÌÓÈ ÒËÒÚÂ-
ÏÂ. ÖÒÎË ÛÒÎÓ‚Ëfl ëÂÌ-ÇÂÌ‡Ì‡ ‚˚ÔÓÎÌfl˛ÚÒfl ‚ Ì‡˜‡Î¸Ì˚ı ‰‡ÌÌ˚ı, ÚÓ Ëı ÒÔ‡‚Â‰ÎË‚ÓÒÚ¸ ‚ ÔÓÒÎÂ-
‰Û˛˘ËÂ ÏÓÏÂÌÚ˚ ‚ÂÏÂÌË Ó·ÓÒÌÓ‚˚‚‡ÂÚÒfl ÌÂÒÎÓÊÌÓÈ ‚˚ÍÎ‡‰ÍÓÈ Ò ÔÓÏÓ˘¸˛ ‡‚ÂÌÒÚ‚‡ (4.3) Ë
‚ÚÓÓ„Ó Û‡‚ÌÂÌËfl ÒËÒÚÂÏ˚ (4.1). óÚÓ·˚ ÔË ˜ËÒÎÂÌÌÓÏ Â¯ÂÌËË Û‡‚ÌÂÌËÈ ÚÂÓËË ÛÔÛ„ÓÒÚË
Ó·ÂÒÔÂ˜ËÚ¸ ‰ÓÒÚ‡ÚÓ˜ÌÓ ‡ÍÍÛ‡ÚÌÓÂ ‚˚ÔÓÎÌÂÌËÂ ÛÒÎÓ‚ËÈ ëÂÌ-ÇÂÌ‡Ì‡, Û‰Ó·ÌÓ ‡Ò¯ËËÚ¸ ÒËÒÚÂÏÛ
Û‡‚ÌÂÌËflÏË ‰Îfl ÒÏÂ˘ÂÌËÈ ζi:

(4.4)

ùÚË ÒÏÂ˘ÂÌËfl Ë„‡˛Ú ÓÎ¸ ÔÓÚÂÌˆË‡ÎÓ‚, ˜ÂÂÁ ÍÓÚÓ˚Â ÚÂÌÁÓ ‰ÂÙÓÏ‡ˆËË ÔÂ‰ÒÚ‡‚ÎflÂÚÒfl
‚ ‚Ë‰Â 

(4.5)

éÔËÒ‡ÌÌ‡fl ÒÚÛÍÚÛ‡ ‡Ò¯ËÂÌÌÓÈ ÔÂÂÓÔÂ‰ÂÎÂÌÌÓÈ ÒËÒÚÂÏ˚ Û‡‚ÌÂÌËÈ ÎËÌÂÈÌÓÈ ÚÂÓËË
ÛÔÛ„ÓÒÚË ÔÓÁ‚ÓÎflÂÚ ÔËÏÂÌËÚ¸ ÔË ˜ËÒÎÂÌÌÓÏ ‡Ò˜ÂÚÂ ÔËÂÏ ÍÓÂÍÚËÓ‚ÍË. ç‡ ÔÂ‚ÓÏ ˝Ú‡ÔÂ
‡Ò˜ÂÚ‡ ‚ÂÏÂÌÌó„Ó ¯‡„‡ t  t + τ Â¯‡ÂÚÒfl ÓÒÌÓ‚Ì‡fl ÒËÒÚÂÏ‡ (4.1) Ë ‚˚˜ËÒÎfl˛ÚÒfl ÒÏÂ˘ÂÌËfl ζi
ÔÛÚÂÏ Â¯ÂÌËfl Û‡‚ÌÂÌËÈ (4.4). àÁ ÁÌ‡˜ÂÌËÈ ui, σik, ζi, ‡ÒÒ˜ËÚ‡ÌÌ˚ı Ì‡ ÏÓÏÂÌÚ t + τ, Û‰‡Îfl˛ÚÒfl ‚ÒÂ
ÁÌ‡˜ÂÌËfl σik Ë Á‡ÏÂÌfl˛ÚÒfl Ì‡ σik, ‚˚˜ËÒÎÂÌÌ˚Â ÔÓ ÁÌ‡˜ÂÌËflÏ ζi (Ì‡ ˝ÚÓÚ ÏÓÏÂÌÚ ‚ÂÏÂÌË t + τ) Ò ÔÓ-
ÏÓ˘¸˛ ÙÓÏÛÎ (4.5) Ë ÒÓÓÚÌÓ¯ÂÌËÈ (4.3). 

5. áÄäãûóÖçàÖ 

èË‚Â‰ÂÌÌ˚Â ÔÂ‰ÎÓÊÂÌËfl ÔÓ ÍÓÌÒÚÛËÓ‚‡ÌË˛ ‡ÁÌÓÒÚÌ˚ı ÒıÂÏ ‰Îfl ÔÂÂÓÔÂ‰ÂÎÂÌÌ˚ı
Û‡‚ÌÂÌËÈ ÍÎ‡ÒÒË˜ÂÒÍÓÈ Ï‡ÚÂÏ‡ÚË˜ÂÒÍÓÈ ÙËÁËÍË ÌË ‚ ÍÓÂÏ ÒÎÛ˜‡Â ÌÂ ÒÚÓËÚ Ò˜ËÚ‡Ú¸ ÓÍÓÌ˜‡ÚÂÎ¸-
Ì˚ÏË. å˚ ÎË¯¸ Ô˚Ú‡ÂÏÒfl Ì‡ÏÂÚËÚ¸ ÌÂÍÓÚÓ˚Â ÌÂÒÚ‡Ì‰‡ÚÌ˚Â Ì‡Ô‡‚ÎÂÌËfl ËÒÒÎÂ‰Ó‚‡ÌËÈ. ç‡¯Â
‚ÌËÏ‡ÌËÂ Í ˝ÚËÏ Ì‡Ô‡‚ÎÂÌËflÏ ÓÍ‡Á‡ÎÓÒ¸ ÔË‚ÎÂ˜ÂÌÌ˚Ï ‚Ó ‚ÂÏfl ‡ÁÏ˚¯ÎÂÌËÈ Ì‡‰ ÂÁÛÎ¸Ú‡Ú‡-
ÏË ÏÌÓ„Ó˜ËÒÎÂÌÌ˚ı ̋ ÍÒÔÂËÏÂÌÚÓ‚, ÍÓÚÓ˚Â Ï˚ ‚ÂÎË ÔÓÒÎÂ‰ÌËÂ ‰‚‡ Ò ÔÓÎÓ‚ËÌÓÈ „Ó‰‡. å˚ Ì‡˜‡ÎË
Ò Á‡‰‡˜Ë ‡Ò˜ÂÚ‡ ˜‡ÒÚÓÚ ÍÓÎÂ·‡ÌËÈ, ÓÔËÒ˚‚‡ÂÏ˚ı Û‡‚ÌÂÌËflÏË ‡ÍÛÒÚËÍË ‚ ‰‚ÛÏÂÌÓÈ Ó·Î‡ÒÚË.
ëÓÓÚ‚ÂÚÒÚ‚Û˛˘ËÂ ÒÓ·ÒÚ‚ÂÌÌ˚Â ‚ÂÍÚÓ-ÙÛÌÍˆËË ËÏÂ˛Ú ÌÛÎÂ‚ÓÈ ‚Ëı¸ ÒÍÓÓÒÚË, ÂÒÎË ˜‡ÒÚÓÚ‡
ÓÚÎË˜Ì‡ ÓÚ ÌÛÎfl. çÛÎÂ‚ÓÈ ÊÂ ˜‡ÒÚÓÚÂ ÓÚ‚Â˜‡ÂÚ ·ÂÒÍÓÌÂ˜ÌÓÏÂÌÓÂ ËÌ‚‡Ë‡ÌÚÌÓÂ ÔÓ‰ÔÓÒÚ‡Ì-
ÒÚ‚Ó, ı‡‡ÍÚÂËÁÛÂÏÓÂ ÌÛÎÂ‚˚Ï ËÎË ÔÓÒÚÓflÌÌ˚Ï ‰‡‚ÎÂÌËÂÏ. èË ˝ÚÓÏ ÌÂ Á‡‚ËÒfl˘ÂÂ ÓÚ ‚ÂÏÂÌË
‡ÒÔÂ‰ÂÎÂÌËÂ ‚Ëıfl ÏÓÊÂÚ ·˚Ú¸ ÒÓ‚Â¯ÂÌÌÓ ÔÓËÁ‚ÓÎ¸Ì˚Ï. á‡ÌËÏ‡flÒ¸ ‚˚‰ÂÎÂÌËÂÏ ÌËÁÍËı ÌÂ-
ÌÛÎÂ‚˚ı ˜‡ÒÚÓÚ Ë ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘Ëı ÒÓ·ÒÚ‚ÂÌÌ˚ı ÙÛÌÍˆËÈ ÔÛÚÂÏ ‡Ì‡ÎËÁ‡ Â¯ÂÌËÈ ÌÂÒÚ‡ˆËÓÌ‡-
Ì˚ı Û‡‚ÌÂÌËÈ ‡ÍÛÒÚËÍË, ‚ÓÁ·ÛÊ‰‡ÂÏ˚ı ‚ ÔÓˆÂÒÒÂ ÂÁÓÌ‡ÌÒ‡ ÔÂËÓ‰Ë˜ÂÒÍËÏ ‚ÌÂ¯ÌËÏ ‚ÓÁ‰ÂÈ-
ÒÚ‚ËÂÏ, Ì‡Ï ÔË¯ÎÓÒ¸ Ó·‡ÚËÚ¸ ÓÒÓ·ÓÂ ‚ÌËÏ‡ÌËÂ Ì‡ Û‰‡ÎÂÌËÂ Ô‡‡ÁËÚË˜ÂÒÍËı ‚ËıÂÈ ËÁ ÂÁÛÎ¸-
Ú‡ÚÓ‚ ‡ÁÌÓÒÚÌ˚ı ‡Ò˜ÂÚÓ‚. ùÚË ‡Ò˜ÂÚ˚ ÔÓ‚Ó‰ËÎËÒ¸ ÔÓ ÔÓÒÚÂÈ¯ÂÏÛ ‚‡Ë‡ÌÚÛ ÒıÂÏ˚
ÉÓ‰ÛÌÓ‚‡ ÔÂ‚Ó„Ó ÔÓfl‰Í‡ ÚÓ˜ÌÓÒÚË, ÍÓÚÓ‡fl Ô‡‡ÁËÚË˜ÂÒÍËÂ ‚ËıË ÔÓÓÊ‰‡ÂÚ. 

ì‰‡ÎÂÌËÂ ‚ËıÂÈ ‚ ˝ÚËı ˝ÍÒÔÂËÏÂÌÚ‡ı Û‰‡ÎÓÒ¸ ÓÒÛ˘ÂÒÚ‚ËÚ¸ Ò ÔÓÏÓ˘¸˛ ÔÓˆÂ‰Û˚ ÍÓÂÍ-
ˆËË, ÓÒÌÓ‚‡ÌÌÓÈ Ì‡ ÏÂÚÓ‰Â êËÚˆ‡. èË ˝ÚÓÏ ÔÓËÁ‚Ó‰Ì˚Â, ‚ıÓ‰fl˘ËÂ ‚ ‚‡Ë‡ˆËÓÌÌ˚È ÙÛÌÍˆËÓ-
Ì‡Î ‰Îfl ÒÓ·ÒÚ‚ÂÌÌ˚ı ÙÛÌÍˆËÈ, ‡ÔÔÓÍÒËÏËÓ‚‡ÎËÒ¸ ÔÓÒÚÂÈ¯ËÏ Ó·‡ÁÓÏ ˆÂÌÚ‡Î¸Ì˚ÏË ‡ÁÌÓ-
ÒÚflÏË, ‡ ‚ Í‡˜ÂÒÚ‚Â ‰ÓÔÛÒÚËÏ˚ı ÙÛÌÍˆËÈ ‡ÒÒÏ‡ÚË‚‡ÎËÒ¸ ÎËÌÂÈÌ˚Â ÍÓÏ·ËÌ‡ˆËË ‡ÁÌÓÒÚÌ˚ı
Â¯ÂÌËÈ Ë ÓÚ‚Â˜‡˛˘Ëı ËÏ ÓÒÚ‡ÚÓ˜Ì˚ı ̃ ÎÂÌÓ‚. ùÚË ÓÒÚ‡ÚÓ˜Ì˚Â ̃ ÎÂÌ˚ ÔÓÎÛ˜‡ÎËÒ¸ ÔÓÒÎÂ ÔÓ‰ÒÚ‡-
ÌÓ‚ÍË ÙÛÌÍˆËÈ ËÁ „Û·Ó„Ó ‡Ò˜ÂÚ‡ ‚ ‡ÁÌÓÒÚÌÛ˛ ÒıÂÏÛ ‚ÚÓÓ„Ó ÔÓfl‰Í‡ ÚÓ˜ÌÓÒÚË. í‡Í‡fl ÔÓˆÂ-
‰Û‡ ÔË‚Ó‰ËÎ‡ Í ‚˚‰ÂÎÂÌË˛ „Î‡‰ÍËı ÒÓ·ÒÚ‚ÂÌÌ˚ı ÙÛÌÍˆËÈ, ÌÂÒÏÓÚfl Ì‡ ÚÓ, ̃ ÚÓ ËÒÔÓÎ¸ÁÓ‚‡ÌÌ‡fl
ÒıÂÏ‡ ‚ÚÓÓ„Ó ÔÓfl‰Í‡ ‰Îfl ÚÂı ÊÂ ÒÓ·ÒÚ‚ÂÌÌ˚ı ÁÌ‡˜ÂÌËÈ ËÏÂÎ‡ Ë ‰Û„ËÂ ÒÓ·ÒÚ‚ÂÌÌ˚Â ÙÛÌÍˆËË Ò
Ô‡‡ÁËÚË˜ÂÒÍËÏË ÓÒˆËÎÎflˆËflÏË ÔÓ ÔÓÒÚ‡ÌÒÚ‚Û. ùÚÓ ÌÂÓÊË‰‡ÌÌÓÂ ‰Îfl Ì‡Ò fl‚ÎÂÌËÂ ·˚ÎÓ ÓÔËÒ‡-
ÌÓ ‚ [6]–[8] Ì‡ ÔËÏÂ‡ı ËÁ ‡ÍÛÒÚËÍË Ë ÚÂÓËË ÛÔÛ„ÓÒÚË. èÓ ÔË˜ËÌÂ Ô‡‡ÁËÚË˜ÂÒÍËı ÓÒˆËÎÎflˆËÈ
ÛÔÓÏflÌÛÚ‡fl ÒıÂÏ‡ ‚ÚÓÓ„Ó ÔÓfl‰Í‡ ÚÓ˜ÌÓÒÚË Ó·˚˜ÌÓ ·‡ÍÛÂÚÒfl Ë Ì‡ Ô‡ÍÚËÍÂ ÌËÍÓ„‰‡ ÌÂ ËÒÔÓÎ¸-
ÁÛÂÚÒfl. ì Ì‡Ò ÓÌ‡ Ò‡·ÓÚ‡Î‡ ËÁ-Á‡ ÚÓ„Ó, ˜ÚÓ ÔËÏÂÌflÎ‡Ò¸ Í „Î‡‰ÍËÏ Â¯ÂÌËflÏ, ÔÓÎÛ˜ÂÌÌ˚Ï ÔÓ
‰Û„ÓÈ ÒıÂÏÂ – ÒıÂÏÂ ÔÂ‚Ó„Ó ÔÓfl‰Í‡ ÚÓ˜ÌÓÒÚË. 

é·‰ÛÏ˚‚‡ÌËÂ fl‚ÎÂÌËfl, Ò ÍÓÚÓ˚Ï Ï˚ ‚ Ì‡¯Ëı ̋ ÍÒÔÂËÏÂÌÚ‡ı ÒÚÓÎÍÌÛÎËÒ¸, ÔÓ‚ÎÂÍÎÓ Á‡ ÒÓ·ÓÈ
‰‡Î¸ÌÂÈ¯Û˛ ·ÓÎ¸¯Û˛ ÒÂË˛ ˝ÍÒÔÂËÏÂÌÚÓ‚, ‚ ÍÓÚÓ˚ı Ï˚ Ô˚Ú‡ÎËÒ¸ ‰Îfl Ó‰ÌËı Ë ÚÂı ÊÂ ‚ÂÎË-
˜ËÌ ËÒÔÓÎ¸ÁÓ‚‡Ú¸ Ì‡ ‡ÁÌ˚ı ˝Ú‡Ô‡ı ‡Ò˜ÂÚ‡ ‡ÁÎË˜Ì˚Â ÒıÂÏ˚. ç‡ Ì‡˜‡Î¸ÌÓÏ ˝Ú‡ÔÂ ˆÂÎ¸ ÒÓÒÚÓËÚ
‚ ÔÓÎÛ˜ÂÌËË „Î‡‰ÍËı Â¯ÂÌËÈ ‡ÁÌÓÒÚÌ˚ı Û‡‚ÌÂÌËÈ. ç‡ ˝Ú‡ÔÂ ÍÓÂÍˆËË Ï˚ ÔÓÁ‚ÓÎflÂÏ ÒÂ·Â
˝ÚË „Î‡‰ÍËÂ Â¯ÂÌËfl “‰ËÙÙÂÂÌˆËÓ‚‡Ú¸” Ò ÔÓÏÓ˘¸˛ ÔÓÒÚÂÈ¯Ëı ‡ÁÌÓÒÚÌ˚ı ÓÚÌÓ¯ÂÌËÈ.

εik Hσik
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àÏÂÌÌÓ Ú‡Í ÔÓÎÛ˜ÂÌÌ˚Â ‡ÁÌÓÒÚÌ˚Â ‡ÔÔÓÍÒËÏ‡ˆËË ÔÓËÁ‚Ó‰Ì˚ı ËÒÔÓÎ¸ÁÛ˛ÚÒfl ‰Îfl ÍÓÂÍˆËË
Ë ‰Îfl ÔÓ‚ÂÍË ÚÓ˜ÌÓÒÚË ‡ÔÔÓÍÒËÏ‡ˆËË Í‡Í ÓÒÌÓ‚Ì˚ı Û‡‚ÌÂÌËÈ, Ú‡Í Ë ‰Îfl ‰ÓÔÓÎÌËÚÂÎ¸Ì˚ı,
‚ıÓ‰fl˘Ëı ‚ ‡Ò¯ËÂÌÌÛ˛ ÒËÒÚÂÏÛ. Ç Ì‡ÒÚÓfl˘ÂÈ ‡·ÓÚÂ Ï˚ ‡ÒÒÍ‡Á‡ÎË Ó ÔÓÔ˚ÚÍÂ, Í‡Í Ì‡Ï Í‡-
ÊÂÚÒfl Û‰‡˜ÌÓÈ, ÔËÏÂÌËÚ¸ Ú‡ÍÓÈ ÔÓ‰ıÓ‰ Í Â¯ÂÌË˛ ÔÂÂÓÔÂ‰ÂÎÂÌÌ˚ı „ËÔÂ·ÓÎË˜ÂÒÍËı Û‡‚-
ÌÂÌËÈ.

å˚ ·Î‡„Ó‰‡Ì˚ ë.ä. ëÂÎË‚‡ÌÓ‚ÓÈ Á‡ ‡Ì‡ÎËÁ ÍËÚÂËÂ‚ ÛÒÚÓÈ˜Ë‚ÓÒÚË ÌÂÍÓÚÓ˚ı ËÒÔÓÎ¸ÁÛÂ-
Ï˚ı Ì‡ÏË ‡ÁÌÓÒÚÌ˚ı ÒıÂÏ.
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ÄÔÔÓÍÒËÏ‡ˆËfl Â¯ÂÌËfl Ë ÔÓËÁ‚Ó‰ÌÓÈ ‰Îfl ÒËÌ„ÛÎflÌÓ ‚ÓÁÏÛ˘ÂÌÌÓ„Ó Û‡‚ÌÂÌËfl ÅÎ˝Í‡–
òÓÛÎÁ‡ Ò ÌÂ„Î‡‰ÍËÏË Ì‡˜‡Î¸Ì˚ÏË ‰‡ÌÌ˚ÏË. ò. ãË, É.à. òË¯ÍËÌ, ã.è. òË¯ÍËÌ‡. á‡‰‡˜‡ ‰Îfl
Û‡‚ÌÂÌËfl ÅÎ˝Í‡–òÓÛÎÁ‡, ‚ÓÁÌËÍ‡˛˘‡fl ‚ ÙËÌ‡ÌÒÓ‚ÓÈ Ï‡ÚÂÏ‡ÚËÍÂ, ÔÂÓ·‡ÁÓ‚‡ÌËÂÏ ÔÂÂ-
ÏÂÌÌ˚ı ÔË‚Ó‰ËÚÒfl Í Á‡‰‡˜Â äÓ¯Ë ‰Îfl ÒËÌ„ÛÎflÌÓ ‚ÓÁÏÛ˘ÂÌÌÓ„Ó Ô‡‡·ÓÎË˜ÂÒÍÓ„Ó Û‡‚ÌÂ-
ÌËfl ‚ ÔÂÂÏÂÌÌ˚ı x, t Ò ‚ÓÁÏÛ˘‡˛˘ËÏ Ô‡‡ÏÂÚÓÏ ε, ε ∈ (0, 1]. ùÚ‡ Á‡‰‡˜‡ ËÏÂÂÚ Ú‡ÍËÂ ÓÒÓ-
·ÂÌÌÓÒÚË, Í‡Í ·ÂÒÍÓÌÂ˜Ì‡fl Ó·Î‡ÒÚ¸, Ó„‡ÌË˜ÂÌÌ‡fl „Î‡‰ÍÓÒÚ¸ Ì‡˜‡Î¸ÌÓÈ ÙÛÌÍˆËË (ÂÂ ÔÓËÁ-
‚Ó‰Ì‡fl ÔÂ‚Ó„Ó ÔÓfl‰Í‡ ÔÓ x ÚÂÔËÚ ‡Á˚‚ I Ó‰‡ ‚ ÚÓ˜ÍÂ x = 0), ÔÂÂıÓ‰Ì˚È ÒÎÓÈ
(‰‚ËÊÛ˘ËÈÒfl ‚Ó ‚ÂÏÂÌË), ÔÓÓÊ‰‡ÂÏ˚È ÍÛÒÓ˜ÌÓ-„Î‡‰ÍÓÈ Ì‡˜‡Î¸ÌÓÈ ÙÛÌÍˆËÂÈ ÔË Ï‡Î˚ı
ÁÌ‡˜ÂÌËflı Ô‡‡ÏÂÚ‡ ε, Ë ‰. ê‡ÒÒÏ‡ÚË‚‡ÂÚÒfl ÒÂÚÓ˜Ì‡fl ‡ÔÔÓÍÒËÏ‡ˆËfl Â¯ÂÌËfl Á‡‰‡˜Ë Ë Â„Ó
ÔÂ‚ÓÈ ÔÓËÁ‚Ó‰ÌÓÈ Ì‡ ÍÓÌÂ˜ÌÓÈ Ó·Î‡ÒÚË, ÒÓ‰ÂÊ‡˘ÂÈ ÔÂÂıÓ‰Ì˚È ÒÎÓÈ. ç‡ ‡‚ÌÓÏÂÌÓÈ
ÒÂÚÍÂ Ò ËÒÔÓÎ¸ÁÓ‚‡ÌËÂÏ ÏÂÚÓ‰‡ ‡‰‰ËÚË‚ÌÓ„Ó ‚˚‰ÂÎÂÌËfl ÓÒÓ·ÂÌÌÓÒÚË ÚËÔ‡ ÔÂÂıÓ‰ÌÓ„Ó ÒÎÓfl
ÒÚÓËÚÒfl ÒÔÂˆË‡Î¸Ì‡fl ‡ÁÌÓÒÚÌ‡fl ÒıÂÏ‡, ‡ÔÔÓÍÒËÏËÛ˛˘‡fl ε-‡‚ÌÓÏÂÌÓ Â¯ÂÌËÂ Á‡‰‡˜Ë Ë
Â„Ó ÔÂ‚Û˛ ÔÓËÁ‚Ó‰ÌÛ˛ ÔÓ x Ò ÔÓfl‰Í‡ÏË ÒÍÓÓÒÚË ÒıÓ‰ËÏÓÒÚË, ·ÎËÁÍËÏË Í 1 Ë 0.5 ÒÓÓÚ‚ÂÚ-
ÒÚ‚ÂÌÌÓ. ùÙÙÂÍÚË‚ÌÓÒÚ¸ ÔÓÒÚÓÂÌÌÓÈ ÒıÂÏ˚ ËÎÎ˛ÒÚËÛÂÚÒfl ˜ËÒÎÂÌÌ˚ÏË ˝ÍÒÔÂËÏÂÌÚ‡ÏË.
ÅË·Î. 6. îË„. 1. í‡·Î. 7.

Keywords: Black–Scholes equation, singularly perturbed parabolic equation, nonsmooth initial data,
interior layer, difference scheme, additive splitting of singularities, convergence. 

1. INTRODUCTION 

1.1. Mathematical modeling in financial mathematics leads to the Black–Scholes equation (that is back-
ward parabolic) [1] with respect to the value C = C(S, t'), which is a European call option, where S and t' are
the current values of the underlying asset and time, 

(1.1a)

with the final condition 

(1.1b)

and the boundary conditions at S = 0 and at infinity S = +∞ 
C(0, t') = 0; C(S, t')  S for S  ∞, t' ∈ [0, T). (1.1c)

Here σ, E, T and r are some financial parameters (the volatility, exercise price, expiry time and the interest
rate, respectively). 

For the problem (1.1), in addition to the solution itself, some of the partial derivatives of the solution are
of interest (see [1, Ch. 3]). 

When studying this problem, a standard approach is a transformation of the equation by the changes of
variables. 

1) ê‡·ÓÚ‡ ‚˚ÔÓÎÌÂÌ‡ ÔË ÙËÌ‡ÌÒÓ‚ÓÈ ÔÓ‰‰ÂÊÍÂ ÄÍ‡‰ÂÏË˜ÂÒÍÓ„Ó ËÒÒÎÂ‰Ó‚‡ÚÂÎ¸ÒÍÓ„Ó ÙÓÌ‰‡ NUS („‡ÌÚ ‹ R-151-
000-025-112), êîîà (ÍÓ‰˚ ÔÓÂÍÚÓ‚ ‹ 04-01-00578, 04-01-89007-HBO_a) Ë ˜‡ÒÚË˜ÌÓ çË‰ÂÎ‡Ì‰ÒÍÓÈ Ó„‡ÌËÁ‡ˆËË
Ì‡Û˜Ì˚ı ËÒÒÎÂ‰Ó‚‡ÌËÈ NWO (ÔÓÂÍÚ ‹ 047.016.008); Ë ÅÛÎÂ‚ÒÍÓ„Ó ˆÂÌÚ‡ ËÒÒÎÂ‰Ó‚‡ÌËfl ÔÓ ËÌÙÓÏ‡ÚËÍÂ
ç‡ˆËÓÌ‡Î¸ÌÓ„Ó ÛÌ-Ú‡ àÎ‡Ì‰ËË ‚ äÓÍÂ.

∂C
∂t'
-------

1
2
---σ2S2∂2

C

∂S2
--------- rS

∂C
∂S
------- rC–+ + 0, S t',( ) �

+
0 T ),,[×∈=

C S T,( ) max S E– 0,( ), S �
+
,∈=

ìÑä 519.63
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By the transformations 

(1.1d)

and introducing the notation k = 2σ–2r, τ* = rT, we come to the following problem for the dimensionless
parabolic equation in the new variables x, τ: 

(1.2)

with the initial condition

(1.3a)

where

and with the condition at infinity

(1.3b)

Under the condition T, r = O(1) and for σ taking an arbitrary value from the half-open interval (0, ),
we come to the Cauchy problem for the singularly perturbed parabolic equation 

(1.4)

with conditions (1.3). Here ε = 2–1σ2r–1 is a dimensionless “perturbation” parameter, ε ∈ (0, 1]. 
The initial function in condition (1.3a) is continuous; its first derivative in x has a discontinuity of the

first kind at the point x = 0

where the jump of the derivative is defined by the relation

The initial function and the solution itself for this problem grow (exponentially) without bound as x  ∞.
If the parameter ε = 1 then the problem (1.4), (1.3) becomes the one of reaction-diffusion type, and for ε < 1, it
is of convection-diffusion type. For small values of the parameter ε, an interior (moving in time) layer with the

typical width of ε1/2 appears in a neighbourhood of the characteristic (of the operator L1 ≡ (1 – ε)  – 1 – )

passing through the point (0, 0). 
Thus, the Cauchy problem (1.4), (1.3) is a singularly perturbed problem with different types of singular-

ities. In the present paper we are interested in approximations to both the solution and its first order deriv-
ative in a finite subdomain that contains the singularity of the interior layer type. 

1.2. Boundary value problems in bounded domains for singularly perturbed parabolic reaction-diffusion
equations with a discontinuous initial condition have been considered in [2]–[7]. To construct schemes that
converge ε-uniformly, the method of condensing meshes (in a neighbourhood of boundary layers), and also
either the fitted operator method [2]–[5] or the method of additive splitting of a singularity [6], [7] (in a
neighbourhood of the points at which the initial function is discontinuous) were applied. 

In [2]–[6], approximations to the normalized derivatives ε(∂/∂x)u(x, t), i.e., the first order spatial deriv-
ative multiplied by the parameter ε, were considered. For this purpose, the method of additive splitting of

S E x( ), t'exp T τr 1– , C– Ev x τ,( )= = =

Lv x τ,( ) ∂2

∂x2
-------- k 1–( ) ∂

∂x
------ k– k

∂
∂τ
-----–+

 
 
 

v x τ,( )≡ 0,=

x τ,( ) � 0 τ* ],(×∈
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the singularity generated by the discontinuity of the initial function was used; however, the approximation
of the derivative (∂/∂x)u(x, t) itself was not considered. 

A boundary value problem on a segment for singularly perturbed parabolic convection-diffusion equa-
tions with a piecewise smooth initial condition has been considered in [8], [9]. In [9], by using the method
of special meshes that condense in a neighbourhood of the boundary layer and the method of the additive
splitting of a singularity of the interior layer type, special difference schemes are constructed that make it
possible to approximate ε-uniformly the solution of the problem on the entire set under consideration, the
normalized derivative on the entire set except for the discontinuity point (0, 0), and the first spatial deriva-
tive on the same set but outside a small neighbourhood of the boundary layer. 

In the present paper, instead of the Cauchy problem (1.4), (1.3), we consider a singularly perturbed
boundary value problem for equation (1.4) with a non-smooth initial condition similar to (1.3), namely, the
problem (2.2), (2.1) (see the formulation of this problem in Section 2). The technique from [9] is used for
studying the problem (2.2), (2.1). Note that in a problem of the type (2.2), (2.1) considered in a finite do-
main, except for the interior layer, an additional singularity appears, namely, a boundary layer with the typ-
ical width of ε. The singularity of the boundary layer is stronger than that of the interior layer, which makes
it difficult to construct special numerical methods suitable for the adequate description of the singularity of
the interior layer type. In contrast to [9], here conditions are defined that allow us to investigate each singu-
larity of the problem separately. For the boundary value problem (2.2), (2.1), we construct a finite difference
scheme that approximates the solution and its first order derivative in x. To construct ε-uniform approxima-
tions for the solution and its first derivative in a finite subdomain including only the interior-layer singular-
ity, it suffices to use a uniform mesh and the method of the additive splitting of the singularity of the interior
layer type. The efficiency of the scheme constructed in this paper is verified with numerical experiments. 

The numerical method constructed for problem (2.2), (2.1), after the transformation to the original vari-
ables S, t' and the function C (see the change (1.1d)), allows us to approximate the solution of problem (1.1)
and its first derivative (∂/∂S)C(S, t') in a finite neighbourhood of the point (E, T) (the point of discontinuity
of the derivative in condition (1.1b)), including the interior layer (appearing for small values of the dimen-
sionless quantity σ2r–1). Errors in the approximation of the solution and derivative (for (S, t') ≠ (E, T)) are
independent of the value of σ2r–1; these errors (in the maximum norm) are defined only by the number of
nodes in the mesh used for the numerical solution of the discrete problem. 

About Contents. Formulation of the boundary value problem is given in Section 2. Difficulties involved
in the approximation of the solution and derivatives on the basis of classical finite difference schemes are
discussed in Section 3. A priori estimates used in the constructions are presented in Section 4. Classical dif-
ference approximations of the problem on uniform and piecewise uniform meshes are considered in Section 5.
A difference scheme (approximating the solution and its first order derivative), which is constructed using
the method of the additive splitting of the singular component of the solution generated by the discontinuity
of the derivative of the initial function, is given in Section 6. In the same place, conditions are defined under
which a certain singularity of the solution can be split off and investigated separately. Numerical experi-
ments are analyzed in Section 7. 

2. PROBLEM FORMULATION. AIM OF RESEARCH 

2.1. On the set  with the boundary S, 

(2.1)

we consider the Dirichlet problem for the singularly perturbed parabolic convection-diffusion equation2)

(2.2a)

(2.2b)

Here 

a, b, q > 0, c ≥ 0, the right-hand side f(x, t) is a sufficiently smooth function on ; the parameter ε takes
arbitrary values in the half-open interval (0, 1]. The boundary function ϕ(x, t) is sufficiently smooth on the

2) The notation L(j.k), (m(j.k), M(j.k), Gh(j.k))) means that these operators (constants, meshes) are introduced in formula (j.k).

G

G G S, G∪ D 0 T ] , D,(× x : x d– d,( )∈{ } ,= = =

L 2.2a( )u x t,( ) f x t,( ), x t,( ) G,∈=

u x t,( ) ϕ x t,( ), x t,( ) S.∈=

L 2.2a( ) εa
∂2

∂x2
-------- b

∂
∂x
------ c– q

∂
∂t
-----,–+≡

G
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sets , ,  and is continuous on S; the first order derivative in x of the function ϕ(x, t) has a disconti-
nuity of the first kind on the set S(*) = {(0, 0)}, i.e., 

(2.2c)

Here 

S0 and SL are the lower and lateral parts of the boundary S, SL = Γ × (0, T], Γ = \D. 

The solution of problem (2.2) is a function u ∈ C( ) ∩ C2, 1(G) satisfying the differential equation on
G and the boundary conditions on S. 

For simplicity, we assume that compatibility conditions that ensure the smoothness of the solution for

fixed values of ε [10] are fulfilled on the set S∗  = S0 ∩ . Let  be the δ-neighbourhood of the set S∗ , i.e.,

where r((x, t), S∗ ) is the distance from the point (x, t) to the set S∗ . We suppose that the following inclusion

holds on the set : 

(2.3)

It follows from [10] that, under the condition (2.3), the solution of the problem (for sufficiently smooth

functions f(x, t) on  and ϕ(x, t) on , , ) is smooth on the set 

(2.4)

i.e., u ∈ Cl + α, (l + α)/2( ). The derivative (∂/∂x)u(x, t) is continuous on , bounded on  for fixed val-

ues of ε and has a discontinuity on the set . 

Under the condition 

the equation (2.2a) becomes the equation (1.4). 

We are interested in an approximation of the solution u(x, t), (x, t) ∈  , and of the derivative (∂/∂x)u(x, t),

(x, t) ∈ . Let us describe the behaviour of the solution and derivatives more precisely. 
Let SL = Sl ∪ S r, Sl and Sr be the left and right parts of the boundary SL, and let

be the characteristic of the reduced equation passing through the point (0, 0). When the parameter ε tends
to zero, boundary and interior layers with the typical length scales ε and ε1/2, respectively, appear in a neigh-
bourhood of the sets Sl and Sγ; as opposed to the boundary layer, the interior layer is weak (the first order
derivative in x of the interior-layer function is bounded ε-uniformly). 

For simplicity, we assume that the characteristic Sγ does not meet the boundary Sl. The derivative
(∂/∂x)u(x, t) (denoted by p(x, t)) in a neighbourhood of the set Sl grows without bound as ε  0. It is con-
venient to consider the quantity P(x, t) = ε(∂/∂x)u(x, t), i.e., the normalized first derivative in x, in an
m-neighbourhood of the set Sl, instead of the derivative (∂/∂x)u(x, t), because this quantity P(x, t) is bounded
ε-uniformly. Outside a neighbourhood of the set Sl, the derivative (∂/∂x)u(x, t) is bounded ε-uniformly.
The quantity P(x, t) will be called the diffusion flux (or briefly, the flux). Outside the neighbourhood of the
set Sl, the derivative p(x, t) is bounded ε-uniformly on . For small values of the parameter ε, the deriva-
tive p(x, t) is more “informative” (on the set where it is bounded) than the flux P(x, t). 

S0
–

S0
+

S
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∂
∂x
------ϕ x t,( ) 0, x t,( ) S *( )
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,∪= =
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L

G
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x t,( ) : r x t,( ) S*,( ) δ≤{ } ,=

G
δ

u Cl α+ l α+( )/2, G
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G S0
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+
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,=
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2.2. It is well known (see, e.g., [11]) that even in the case of singularly perturbed problems with suffi-
ciently smooth data, solutions of classical finite difference schemes do not converge ε-uniformly; for small
values of the parameter ε, errors in the discrete solutions are commensurable with the actual solutions of the
differential problem. The diffusion fluxes obtained on the basis of such schemes also do not converge
ε-uniformly. It will be shown in Section 3 that for a boundary value problem whose solution is regular, clas-
sical difference schemes do not allow one to obtain ε-uniformly convergent approximations of the deriva-
tive in x. 

Due to this it would be interesting to construct a difference scheme that allows us to approximate ε-uni-
formly both the solution on the whole domain  and diffusion fluxes in this domain excluding the discon-
tinuity point S(*). Also, it would be interesting to determine conditions under which the boundary layer does
not appear, and for such a problem, to find the ε-uniform approximation of the derivative in x on the set . 

Definition 1. Let 

(2.5)

be the set  excluding an m-neighbourhood3) of the set  (the m-neighbourhood of the boundary layer).

If the interpolants constructed using the solution of some finite difference scheme converge on  ε-uni-

formly, we say that the discrete solution (the difference scheme) converges on  uniformly with respect to

the parameter ε (or, briefly, ε-uniformly in C( )). If, moreover, the interpolants of the diffusion fluxes (the

first order derivatives in x) converge ε-uniformly on  (ε-uniformly on ), we say that the difference

scheme converges ε-uniformly in C1(n)( ) (ε-uniformly in C1( )). 

Thus, it is attractive to find numerical methods that converge ε-uniformly in C1(n)( ) ∩ C1( ), where

 = (m), moreover, it is required that the value m could be chosen sufficiently small. 
Our aim is to construct a difference scheme for problem (2.2), (2.1) that converges ε-uniformly in

C1(n)( ) ∩ C1( ), and also to determine conditions under which the boundary layer does not appear, and

in this case to construct a difference scheme that converges ε-uniformly in C1( ). 
Some preliminary results related to this problem are given in [12], [13]. To investigate the problem, a

technique similar to that developed in [9] is used. In the present paper, in contrast to [9], the main attention
is given to the study of a singularity of the interior layer type, because the boundary layer does not arise in
the original problem (1.1). 

3. ON THE APPROXIMATION OF THE DERIVATIVE IN x

3.1. Let us discuss difficulties arising in the approximation of derivatives for the regular components of
the problem solution, i.e., when the solution of a singularly perturbed problem is regular (not containing the
singular component) and sufficiently smooth. In this case the solution of a classical finite difference scheme
on a uniform mesh converges to the exact solution ε-uniformly. However, its difference derivatives are no
longer convergent ε-uniformly; the error in the derivative of the solution of the grid problem may have the
order of the derivative of the solution itself for the differential problem. 

Consider the stationary problem

(3.1a)

Here 

(3.1b)

Let u(x) = x2, x ∈ , be a solution of problem (3.1); this solution has no singular component. 

3) Throughout this paper, M, Mi (or m) denote sufficiently large (small) positive constants that do not depend on ε and on the dis-
cretization parameters.

G

G*

G0* G0* m( ) G* x d– m+≥{ }∩= =

G* S
l

G

G

G

G G0*

G* G0*

G* G0*

G0* G0*

G* G0*

G*

L 3.1( )u x( ) ε d2

dx2
-------- d

dx
------+

 
 
 

u x( )≡ f x( ), x D,∈=

u x( ) ϕ x( ), x Γ .∈=
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To solve problem (3.1), we apply the classical difference scheme [14]. On the segment , we introduce
the uniform mesh 

(3.2)

with the step-size h = N–1. On the mesh , we consider the difference scheme 

(3.3)

The solution of problem (3.3), (3.2) has the explicit form 

Thus, the function z(x), x ∈ , converges to u(x), x ∈ , ε-uniformly with the estimate 

For the first discrete derivative 

we have the error 

Thus, the discrete derivative does not converge ε-uniformly: when ε ≤ N–1, the error in this discrete deriva-
tive is of the order of the derivative itself. 

3.2. If the solution of the boundary value problem (2.2), (2.1) is regular, moreover, the regular compo-
nent is of the order of unity in a neighbourhood of the boundary layer, then the error in the approximation

of the derivative (∂/∂x)u(x, t), in general, grows unboundedly under the condition (ε + N–1)–1   ∞ as
N, N0  ∞, where N + 1 and N0 + 1 are the numbers of nodes with respect to x and t in the uniform mesh

on . 

4. A PRIORI ESTIMATES OF THE SOLUTION AND DERIVATIVES 

For the solution of the boundary value problem (2.2), (2.1) and its derivatives, we give a priori estimates
used in the constructions (the more detailed derivation can be found in [9]). 

4.1. We represent the set  as the sum of overlapping sets 

(4.1)

where 

G1 and G2 are neighbourhoods of the interior and boundary layers, respectively. The solution of problem

(2.2), (2.1) considered on the set  will be also denoted by the uj(x, t), j = 1, 2, 3. 

D
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The solution on the set  is smooth; we have the estimate 

(4.2)

The value K is defined by the problem data; and K ≥ 4. 

We represent the solution on the set  as the decomposition into two functions 

(4.3)

where U(x, t) and V(x, t) are the regular and singular components of the solution. For the functions U(x, t)
and V(x, t), the following estimates are valid:

(4.4a)

(4.4b)

where r((x, t), ) is the distance from the point (x, t) to the set , m is an arbitrary constant from the interval
(0, m0), m0 = a–1b. 

4.2. On the set , we introduce the new variables 

(4.5)

Here γ(t) = –bq–1t, α = cq–1, and  is the image of the set G1. The function (ξ, t), (ξ, t) ∈ , is the so-
lution of the problem

(4.6a)

Here  = \ , and (ξ, t) is the image of the function v(x, t), 

(4.6b)

where v(x, t) is one of the functions u(x, t), f(x, t), (x, t) ∈  , ϕ(x, t), (x, t) ∈  S1 ∩ {t = 0}, or u3(x, t), (x, t) ∈
∈   ∩ , u3(x, t) = u(x, t), (x, t) ∈ . 

The function (ξ, t) is decomposed into the sum of functions

(4.7a)

where (ξ, t) and (ξ, t) are the regular (“sufficiently” smooth) and singular parts of the solution.

The function (ξ, t) is the solution of the Cauchy problem 

(4.8)
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Here

 = (+0, 0) – (–0, 0) is the jump of the derivative . The function (ξ, t)

takes the form 

(4.7b)

The function (ξ, t) is the solution of the problem 

Note that the first derivative of the function (ξ, t) in ξ is continuous at t = 0. 

4.3. In the variables x, t, the following representation corresponds to representation (4.7a):

(4.9a)

where 

(4.9b)

For the components in representation (4.9), we have the estimates (similar to those in [9]) 

(4.10)

where ρ = ρ(x, t; ε) = ε–1/2|x – γ(t)| + t1/2,  = (ξ, t; ε) = ε–1/2|ξ| + t1/2, and m is an arbitrary constant. 

Thus, the following theorem is valid.
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Theorem 1. Let the data of the boundary value problem (2.2), (2.1) satisfy the condition f ∈ Cl, l/2( ),

ϕ ∈ Cl( ) ∩ Cl( ) ∩ Cl/2( ) ∩ C(S), and let the condition (2.3) holds for the solution of this problem,
moreover, l = K. Then the solution of the boundary value problem and its components in representations
(4.3), (4.9) satisfy the estimates (4.2), (4.4), and (4.10). 

Remark 1. Let us give the condition under which the boundary layer does not arise. 
Let us define the set

(4.11a)

where m < d + γ(T). Introduce the set 

(4.11b)

Let the functions f(x, t) and ϕ(x, t) satisfy the conditions 

(4.12)

Then the boundary layer is absent, i.e., the singular component is absent in the representation (4.3): 

(4.13)

and u(x, t) = U(x, t) on the set . For the solution u(x, t), the estimate (4.4a) takes place, moreover, 

(4.14)

where  = (m2), m2 < m(4.1), and the constant K1 in (4.14) can be chosen sufficiently large. 

5. CLASSICAL GRID APPROXIMATIONS OF THE PROBLEM ON UNIFORM
AND PIECEWISE UNIFORM MESHES

5.1. Let us consider a difference scheme based on classical approximations of problem (2.2), (2.1).
On the set , we introduce the rectangular mesh 

(5.1)

where  and  are meshes on the segments [–d, d] and [0, T], respectively; the mesh  has an arbitrary

distribution of nodes satisfying only the condition h ≤ MN–1, where h = , hi = xi + 1 – xi, xi, xi + 1 ∈ ;

the mesh  is uniform with the step-size h0 = T . Here N + 1 and N0 + 1 are the numbers of nodes in

the meshes  and , respectively. 

We approximate the boundary value problem (2.2) by the difference scheme 

(5.2)

Here

z(x, t) is the second difference derivative on a nonuniform mesh. On the uniform mesh 

(5.3)

we obtain the estimate 

(5.4)
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i.e., the scheme (5.2), (5.3) converges for fixed values of the parameter ε. 

Under the condition (4.13), when V(x, t) = 0, (x, t) ∈ , we have the estimate 

(5.5)

i.e., the scheme (5.2), (5.3) converges ε-uniformly. 
If, except (4.13), the following condition holds: 

(5.6)

i.e., 

then we have the ε-uniform estimate for the solution of difference scheme (5.2), (5.3): 

(5.7)

where ν0 is an arbitrary constant in the interval (0, 1). 
The following theorem holds. 
Theorem 2. Let the solution of problem (2.2) and its components satisfy the estimates (4.2), (4.4), (4.8)

for K = 4. Then the difference scheme (5.2), (5.3) converges for fixed values of the parameter ε. In the case
of the condition (4.13), the scheme (5.2), (5.3) converges ε-uniformly. The discrete solutions satisfy the es-
timate (5.4); and, in the case of the condition (4.13), the estimate (5.5) holds; and under conditions (4.13)
and (5.6), the estimate (5.7) is valid. 

5.2. We now consider the case when the solution of the problem has a boundary layer. On the set , we con-
struct the mesh condensing in a neighbourhood of the boundary layer (similar to that constructed in [9]–[16]):

(5.8a)

where  = ,  = (σ) is a piecewise uniform mesh on [–d, d], and σ is a parameter depending
on ε and N. We choose the value σ satisfying the condition 

(5.8b)

where β is an arbitrary number in the half-open interval (0, d], and m = m(4.4). The segment [–d, d] is divided into
two parts: [–d, –d + σ] and [–d + σ, d]; on each part, the step-size is constant and is equal to h(1) = 2dσβ–1N–1 on
the segment [–d, –d + σ] and to h(2) = 2d(2d – σ)(2d – β)–1N–1 on the segment [–d + σ, d], σ ≤ d. 

On the mesh (5.8), we have the estimate 

(5.9)

i.e., the scheme (5.2), (5.8) converges ε-uniformly. 
The following theorem holds [15].
Theorem 3. Let the assumptions of Theorem 2 be fulfilled. Then the difference scheme (5.2), (5.8) con-

verges ε-uniformly with the estimate (5.9). 
5.3. Let the conditions (4.13), (5.6) be satisfied (i.e., the interior and boundary layers are absent). 
On the uniform mesh (5.3), the discrete derivative ph(x, t) is the solution of the equation

on the set S0h, the following condition holds:

The following estimates are satisfied for the flux and for the discrete derivative:

(5.10a)
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(5.10b)

(5.11)

Here β0 > 0 is an arbitrary sufficiently small constant, and M(5.11) = M(β0). 

But if the condition (4.12) is fulfilled (which implies the condition (4.13)), and also the condition (5.6)
holds, then for the discrete derivative p(x, t), we obtain the estimate 

(5.12)

which is stronger than (5.11). Thus, in the case of scheme (5.2), (5.3), the condition (4.12) is sufficient for

the ε-uniform convergence of the derivative ph(x, t) on the whole set , x ≠ d. 

5.4. We consider the approximation of the functions u(x, t), p(x, t), P(x, t), (x, t) ∈ , using the interpo-
lants constructed on the basis of the functions z(x, t), ph(x, t), Ph(x, t). 

Let z(x, t), (x, t) ∈ , be a solution of some scheme. For the function z(x, t), we construct its extension

(x, t) to ; (x, t) is a bilinear interpolant on the elementary rectangles generated by the lines that pass

through the nodes of the mesh  in parallel to the coordinate axes. Further, we construct the interpolant

(x, t), (x, t) ∈ , for the discrete derivative ph(x, t), (x, t) ∈ , x ≠ d. At the interior points of the ele-

mentary rectangles, we assume (x, t) = (x, t) = (∂/∂x) (x, t); the function (x, t) is continuous on the
upper and on the lower sides of the rectangles, and it is defined according to continuity on the left sides of

the elementary rectangles. But if the rectangles are adjacent, by their right sides, to the set  (where Sr is

the right side of the boundary SL, SL = Sl ∪ Sr), then we also continuously define the function (x, t) on

these sides. Hence, we have constructed the function (x, t), (x, t) ∈ . The interpolant (x, t), in general,
has discontinuities on the lines that are parallel to the t-axis and pass through the nodes of the mesh Gh.

We define the interpolant of the diffusion flux by the (x, t) = (x, t) = ε (x, t), (x, t) ∈ . 

In the case of the difference scheme (5.2), (5.3) under conditions (4.13) and (5.6), we have the following
estimates for the interpolants:

(5.13a)

(5.13b)

where β0 = β0(5.11), M(5.13a) = M(β0), and also the estimate similar to (5.7): 

(5.13c)

where ν0 = ν0(5.7).

Definition 2. In that case when the interpolants constructed on the basis of the solution of the difference
scheme approximate the solution of the differential problem, its derivative and the diffusion flux ε-uniform-
ly, we say that the difference scheme approximates the solution of the differential problem, its derivative
and the diffusion flux ε-uniformly. 

Theorem 4. Let the assumptions of Theorem 2 be fulfilled for K = 6. Then, under the conditions (4.13),
(5.6), the difference scheme (5.2), (5.3) approximates the solution of problem (2.2), (2.1), its derivative and
the diffusion flux ε-uniformly with the estimates (5.13); for the diffusion flux and for the derivative, the es-
timates (5.10), (5.11) are also valid. 

p x t,( ) ph x t,( )– M N 1/2– N0
1/2–+[ ] ε N 1–+( ) 1–

1 2a 1– bdε 1– N 1–+( ) i–
1+[ ] ,≤

x t,( ) Gh, x xi= d;≠∈

p x t,( ) ph x t,( )– M N 1/2– N0
1/2–+[ ] , x t,( ) Gh, x d– β0+ d ).,[∈∈≤

p x t,( ) ph x t,( )– M N 1/2– N0
1/2–+[ ] , x t,( ) Gh, x d ,≠∈≤

G
h

G

Gh

z G z

Gh

ph G Gh

ph pz
h z ph

S
r

ph

ph G ph

P
h

Pz
h

ph G

p x t,( ) ph x t,( )– M N 1/2– N0
1/2–+[ ] , x t,( ) G, x d– β0;+≥∈≤

P x t,( ) P
h

x t,( )– M N 1/2– N0
1/2–+[ ] , x t,( ) G,∈≤

u x t,( ) z x t,( )– M N 1– N0
1– ν0+

+[ ] , x t,( ) G,∈≤



ÜìêçÄã ÇõóàëãàíÖãúçéâ åÄíÖåÄíàäà à åÄíÖåÄíàóÖëäéâ îàáàäà      ÚÓÏ 47      ‹ 3      2007

APPROXIMATION OF THE SOLUTION AND ITS DERIVATIVE 471

6. SCHEME OF THE SOLUTION DECOMPOSITION METHOD APPROXIMATING
THE DERIVATIVE p(x, t) 

To construct a difference scheme that approximates the first order derivative p(x, t) = (∂/∂x)u(x, t) on the
set , we use the method of the additive splitting of a singularity such as the interior layer function [9]
(or briefly, the singularity splitting method). 

6.1. We represent the solution of problem (2.2), (2.1) as the sum of functions

(6.1a)

Here u1(x, t) and u2(x, t) are the components of the solution to the boundary value problem (2.2), (2.1) that
include singularities of the boundary and interior layer types, respectively. We call the functions u1(x, t) and
u2(x, t) the components containing the boundary and interior layers, respectively. We represent the function
u2(x, t) as the sum of functions 

(6.1b)

where (x, t) and (x, t) are the regular and singular parts of the component u2(x, t) containing the bound-
ary layer; 

The functions u1(x, t) and (x, t) are solutions of the following problems 

(6.1c)

(6.1d)

The functions fi(x, t) and ϕi(x, t), i = 1, 2, are defined by the relations 

(6.1e)

Here η(x, t), (x, t) ∈ , is a sufficiently smooth function that vanishes in a neighbourhood of the boundary
layer 

where m1 is an arbitrary number in the interval (0, 2–1(d + γ(T))). 

Remark 2. The data of problem (6.1c) on the set  satisfy the condition similar to (4.12) ( f2(x, t) = 0,

ϕ2(x, t) = 0, (x, t) ∈ ), moreover, for t = 0, the first order derivative in x of the function ϕ2(x, t) is contin-
uous. For the singular components of the solution to problem (6.1c) in representations similar to (4.3),
(4.9a), conditions of the type (4.13), (5.6) are satisfied. For this problem, a difference scheme, similar to
(5.2), on the uniform mesh (5.3) ensures the ε-uniform convergence in C1( ). 

The data of problem (6.1d) are sufficiently smooth, moreover, the functions f1(x, t) and ϕ1(x, t) vanish

on the set (m1). For this problem, a difference scheme, similar to (5.2), on the piecewise uniform mesh

(5.8) gives the ε-uniform convergence in C1(n)( ). 
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To solve problem (6.1d), we use the difference scheme

(6.2a)

where  is the piecewise uniform mesh (5.8). 

To solve problem (6.1c), we use the difference scheme 

(6.2b)

where  is the uniform mesh (5.3). 

Further, we construct the special interpolants into which the singular component, i.e., the function of the
interior layer type, enters in the explicit form 

(6.2c)

(6.2d)

(6.2e)

where (x, t), (x, t) and (x, t), (x, t) are bilinear interpolants constructed using the functions z1(x, t),

(x, t) ∈  and z2(x, t), (x, t) ∈  ( similarly to the construction of interpolants in Subsection 5.4).

The use of these interpolants allows us to find the solution on the set , its first derivative in x and the dif-

fusion flux on the set . 

The function (x, t), (x, t) ∈ , is called the solution of the difference scheme (6.2), (5.3), (5.8), and

the functions (x, t) and (x, t), (x, t) ∈ , are called the derivative and the diffusion flux, respectively,
corresponding to this scheme. The scheme (6.2), (5.3), (5.8) is the scheme of the decomposition method for
the solution in the case of the additive splitting of a singularity of the interior layer type (briefly, this scheme
is called the scheme of the singularity splitting method). 

6.2. If the condition (4.12) or the following (stronger) condition are fulfilled: 

(6.3)

then the scheme is simplified if we take 

(6.4)

(x, t) = 0 for x < 0, t = 0. In this case, the component u1(x, t) that contains the boundary layer is absent in
the representation (6.1a). Then the solution of problem (2.2), (2.1) takes the form

(6.5a)
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where (x, t) is the solution of the problem 

(6.5b)

Here ϕ2(x, t) = ϕ(x, t) – (x, t), (x, t) ∈ S. 

To solve problem (6.5), we use the difference scheme

(6.6a)

where  is the uniform mesh (5.3). 
Further, we construct the following special interpolants (similar to (6.2c)) 

(6.6b)

where (x, t) is a bilinear interpolant constructed using the function (x, t) = (x, t). 

The scheme (6.6), (5.3) is the scheme of the singularity splitting method under condition (4.12) or (6.3). 
Note that condition (6.3) is satisfied in the case of problem (1.2), (1.3). 
6.3. Let us give estimates for the schemes constructed in this section. 
In the case of scheme (6.2), (5.3), (5.8), we have the estimates

(6.7a)

(6.7b)

(6.7c)

where  = (m), m is an arbitrary sufficiently small constant, M(6.7c) = M(m), and ν0 = ν0(5.7). 
In the case of scheme (6.6), (5.3) under condition (4.12) or (6.3), the following estimates are valid: 

(6.8)

where ν0 = ν0(5.7). 

Thus, scheme (6.2), (5.3), (5.8) converges ε-uniformly in C1( ), and scheme (6.6), (5.3) under condi-

tion (4.12) or (6.3) converges ε-uniformly in C1( ). 
In the case of difference scheme (6.2), (5.3), (5.8), the component u2(6.1a)(x, t) containing the interior layer

and its derivative in x satisfy the estimates 
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where p2(x, t) = u2(x, t), (x, t) = (x, t). Thus, the component containing the interior layer con-

verges ε-uniformly in C1( ). 
Theorem 5. Let the assumptions of Theorem 2 be fulfilled for K = 6. Then the difference scheme (6.2),
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the problem (2.2), (2.1), the derivative p(x, t) and the diffusion flux P(x, t) (the solution of the problem (2.2),
(2.1) and the derivative p(x, t)) ε-uniformly with the estimates (6.7) and (6.9), respectively (with the esti-
mates (6.8)). 

Note that the order of the ε-uniform convergence of schemes (6.2), (5.3), (5.8), and (6.6), (5.3) under
condition (4.12) or (6.3) is essentially better than it is for the scheme (5.2), (5.8) (see the estimates (5.9),
(6.7), (6.8)). 

In the case of problem (1.1), i.e., the Cauchy problem for the Black–Scholes equation, the scheme of the
singularity splitting method makes it possible to obtain the approximation of the solution C(S, t') in a finite
neighbourhood of the point (E, T) containing the interior layer, and also of its derivative (∂/∂S)C(S, t') in
this neighbourhood excluding the point (E, T), with errors independent of the dimensionless value σ2r–1 for
σ2r–1 ≤ M. The interpolants approximating the solution C(S, t') and its derivative (∂/∂S)C(S, t') converge in
the maximum norm uniformly with respect to the value σ2r–1 at a rate of convergence with the order close
to 1 and 0.5, respectively. 

7. NUMERICAL EXPERIMENTS
7.1. In this section, we present experimental results for the problem

(7.1a)

that has the same singularity of the solution in a neighbourhood of the interior layer as problem (1.4), (1.3).
Note that the problem (1.4), (1.3) is equivalent to problem (1.1). Here 

(7.1b)

where m = 4–1. 
The jump of the first order derivative of the function ϕ(7.1)(x, t) at the point (0, t) is the same as for the

function ϕ(1.3a)(x) for x = 0 and is equal to 1 for both functions. 
Note that ϕ(x, t) = w(x, t) for (x, t) ∈ S, x ≥ 0, where

Here the function w(x, t) is the solution of the Cauchy problem 

(7.2)

where ϕw(x) = x + mx2, x ∈ �. 
The choice of boundary conditions for x = –d, d ensures that compatibility conditions are fulfilled for the

data of problem (7.1) and prevents the appearance of the boundary layer and of the interior layer in a neigh-
bourhood of the characteristic passing through the point (d, 0). 

Under the chosen data of the problem, the singularity of the solution generated by the jump of the deriv-
ative of the initial function is not “polluted” by the other singularities, which allows us to study numerically
the efficiency of the constructed difference scheme in a domain containing the interior layer and to compare
this scheme with the classical finite difference scheme. 

The data of problem (7.1) satisfy condition (6.3) (and condition (4.12)). Thus, for the numerical solution
of this problem, it is possible to apply the simplified scheme (6.6), (5.3), i.e., the scheme of the singularity
splitting method under condition (6.3) or (4.12) (we denote it briefly by Scheme A). 

In order to estimate the efficiency of the developed method, we compare solutions generated using
Scheme A in accuracy with the discrete solutions of problem (7.1) generated using the classical finite dif-
ference scheme (5.2), (5.3) (we denote it briefly by Scheme B). 

L 7.1( )u x t,( ) ε ∂2
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-----–+
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The plots of the solutions a1, b1 and the derivatives a2, b2 computed using Scheme A (see a1, a2) and
Scheme B (see b1, b2) are presented on Fig. 1 for ε = 2–10, N = 16 and N0 = 16. 

7.2. To analyze errors in the discrete solutions, a technique similar to that given in [11] is used, however,
it is modified with regard to the singularity splitting method. Computations are made for the values of ε = 2–j,
j = 0, …, 34 on grids with the number of nodes N = N0 for N = 2i, i = 5, …, 10. The numerical solution

(x, t) generated by Scheme A on the finest mesh  with N = N0 = NF = 2048 for each value of ε is
used as the exact solution of problem (7.1). 

Errors in the numerical solutions in the maximum norm for each value of ε and N are computed by the
formula 

(7.3)

for Scheme A and by the formula

(7.4)

for Scheme B. Here the function (x, t) = (x, t) in (7.3) and the function (x, t) in (7.4) are the
numerical solutions obtained, respectively, by Schemes A and B. 

Tables 1 and 2 contain the values  of errors in the solutions generated by Schemes A and B for various

values of ε and N. The value EN in the last rows of the tables is the maximal value of the errors  with
respect to ε, corresponding to the given value of N. 
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Plots of the solutions (a1), (b1) and the derivatives (a2), (b2); plots of (a1), (a2) and (b1), (b2) are generated by Schemes A
and B, respectively, for ε = 2–10, N = 16 and N0 = 16.
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Tables 3 and 4, which are similar to Tables 1 and 2, demonstrate errors in the first derivatives computed
by the formula 

(7.5)

for Scheme A and by the formula 

(7.6)

Eε
N Eε

N p0 ε,
h N, ·( )( ) p0 ε,

h N
F, x t,( ) p0 ε,
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Gh
N* Gh

N
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= =

Eε
N Eε

N pz ε,
N ·( )( ) p0 ε,

h N
F, x t,( ) pz ε,
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Gh

N *{ } ,= =

Gh
N *{ }

Gh
N

\S *{ }
, S *{ }

x 0,( ) : x xi 1– xi xi 1+ ; xi 0=, ,={ }= =

Table 1.  Errors  =  and EN = EN  for the solutions generated by Scheme A

ε
Number of intervals N

32 64 128 256 512 1024

20 0.1320–02 0.6633–03 0.3328–03 0.1666–03 0.8338–04 0.4170–04

2–1 0.1140–02 0.5863–03 0.2972–03 0.1496–03 0.7507–04 0.3760–04

2–3 0.2782–02 0.1426–02 0.7219–03 0.3632–03 0.1822–03 0.9123–04

2–3 0.3904–02 0.2006–02 0.1017–02 0.5120–03 0.2569–03 0.1287–03

2–4 0.4614–02 0.2384–02 0.1214–02 0.6131–03 0.3082–03 0.1545–03

2–5 0.5034–02 0.2623–02 0.1345–02 0.6823–03 0.3440–03 0.1727–03

2–6 0.5288–02 0.2769–02 0.1429–02 0.7289–03 0.3688–03 0.1856–03

… … … … … … …

2–15 0.5557–02 0.2948–02 0.1544–02 0.8004–03 0.4116–03 0.2103–03

… … … … … … …

2–34 0.5558–02 0.2948–02 0.1544–02 0.8006–03 0.4117–03 0.2104–03

EN 0.5558–02 0.2948–02 0.1544–02 0.8006–03 0.4117–03 0.2104–03

Eε
N Eε

N u0 ε,
h N,( ) u0 ε,

h N,( )

Table 2.  Errors  =  and EN = EN  for the solutions generated by Scheme B

ε
Number of intervals N

32 64 128 256 512 1024

20 0.9868–02 0.5482–02 0.3296–02 0.2116–02 0.1419–02 0.9756–03

2–1 0.8081–02 0.4425–02 0.2560–02 0.1584–02 0.1036–02 0.7016–03

2–3 0.6600–02 0.3718–02 0.2093–02 0.1237–02 0.7772–03 0.5126–03

2–3 0.9033–02 0.4972–02 0.2627–02 0.1354–02 0.6878–03 0.3850–03

2–4 0.1242–01 0.7186–02 0.3933–02 0.2072–02 0.1065–02 0.5406–03

2–5 0.1515–01 0.9293–02 0.5348–02 0.2919–02 0.1535–02 0.7887–03

2–6 0.1706–01 0.1105–01 0.6736–02 0.3866–02 0.2107–02 0.1107–02

… … … … … … …

2–15 0.1963–01 0.1403–01 0.9948–02 0.7029–02 0.4956–02 0.3486–02

… … … … … … …

2–34 0.1964–01 0.1404–01 0.9960–02 0.7045–02 0.4978–02 0.3516–02

EN 0.1964–01 0.1404–01 0.9960–02 0.7045–02 0.4978–02 0.3516–02

Eε
N Eε

N zε
N( ) zε

N( )
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for Scheme B. Here, (x, t) in (7.6) is the first difference derivative 

(7.7)

The function (x, t) in formulae (7.5) and (7.6) and the function (x, t) in formula (7.5) are the spe-
cial interpolants of the first order derivative of the solution computed by formula (6.6), respectively, on the

finest mesh  and on the mesh  for fixed value of ε. 

Analyzing the values of errors for the solutions in Tables 1 and 2, and for the first derivatives in Table 3,
we observe the ε-uniform convergence, since, with decreasing ε, the errors are stabilized for each value of
N approximately for one and the same values of ε, i.e., the errors are independent of the value of the param-
eter ε, moreover, the values of EN (the last row) decrease as N increases. However, in Table 4 the first de-

pz ε,
N

pz ε,
N xi t j,( )

zε
N xi 1+ t j,( ) zε

N xi t j,( )–
xi 1+ xi–

------------------------------------------------------, i 0 1 … N , j, , , 0 1 … N0., , ,= = =

p0 ε,
h N

F, p0 ε,
h N,

Gh
N

F

Gh
N

Table 3.  Errors  =  and EN = EN  for the first discrete derivatives generated by Scheme A

ε
Number of intervals N

32 64 128 256 512 1024

20 0.1562–01 0.7931–02 0.4073–02 0.2106–02 0.1100–02 0.5835–03

2–1 0.1562–01 0.7910–02 0.4016–02 0.2034–02 0.1048–02 0.5470–03

2–3 0.1620–01 0.8583–02 0.4431–02 0.2253–02 0.1136–02 0.5705–03

2–3 0.1701–01 0.9262–02 0.4858–02 0.2492–02 0.1263–02 0.6355–03

2–4 0.1754–01 0.9768–02 0.5198–02 0.2690–02 0.1370–02 0.6915–03

2–5 0.1788–01 0.1011–01 0.5446–02 0.2840–02 0.1454–02 0.7359–03

2–6 0.1806–01 0.1034–01 0.5616–02 0.2947–02 0.1515–02 0.7688–03

… … … … … … …

2–15 0.1831–01 0.1066–01 0.5915–02 0.3966–02 0.2697–02 0.1850–02

… … … … … … …

2–34 0.1831–01 0.1066–01 0.5920–02 0.3974–02 0.2708–02 0.1865–02

EN 0.1831–01 0.1066–01 0.5920–02 0.3974–02 0.2708–02 0.1865–02

Eε
N Eε

N p0 ε,
h N,( ) p0 ε,

h N,( )

Table 4.  Errors  =  and EN = EN  for the first discrete derivatives generated by Scheme B

ε
Number of intervals N

32 64 128 256 512 1024

20 0.1080+00 0.7864–01 0.6165–01 0.5118–01 0.4465–01 0.4000–01

2–1 0.1296+00 0.1013+00 0.7555–01 0.5941–01 0.5017–01 0.4405–01

2–3 0.1394+00 0.1219+00 0.9764–01 0.7388–01 0.5826–01 0.4964–01

2–3 0.1302+00 0.1315+00 0.1178+00 0.9572–01 0.7301–01 0.5768–01

2–4 0.1045+00 0.1228+00 0.1275+00 0.1157+00 0.9473–01 0.7256–01

2–5 0.7901–01 0.9761–01 0.1189+00 0.1254+00 0.1147+00 0.9424–01

2–6 0.8714–01 0.7835–01 0.9407–01 0.1170+00 0.1244+00 0.1141+00

… … … … … … …

2–15 0.9914–01 0.9833–01 0.9985–01 0.1005+00 0.1006+00 0.1002+00

… … … … … … …

2–34 0.9918–01 0.9839–01 0.1000+00 0.1008+00 0.1012+00 0.1014+00

EN 0.1394+00 0.1315+00 0.1275+00 0.1254+00 0.1244+00 0.1238+00

Eε
N Eε

N pz ε,
N( ) pz ε,

N( )
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rivative of the solution generated by Scheme B does not converge at all; the values of EN practically do not
change as N increases. 

In Tables 5 and 6, the values of  are shown that are the convergence orders for the solutions computed
by Schemes A and B, respectively. In analogous Table 7, one can see the convergence orders for the first
discrete derivatives generated by Scheme A for various values of ε and N. The value qN in last rows of the

tables is the minimal value of  with respect to ε, corresponding to the given value of N. 

The convergence order for the discrete solutions is defined by the formula 

(7.8)

The quantities ,  are defined by formula (7.3) for Scheme A and by formula (7.4) for Scheme B. 

qε
N

qε
N

qε
N Eε

N

Eε
2N

---------.2log=

Eε
N Eε

2N

Table 5.  Convergence orders  =  and qN = qN  for the solutions of Scheme A

ε
Number of intervals N

32 64 128 256 512

20
0.9928 0.9950 0.9983 0.9986 0.9997

2–1 0.9593 0.9802 0.9903 0.9948 0.9975

2–3 0.9641 0.9821 0.9910 0.9952 0.9979

2–3 0.9606 0.9800 0.9901 0.9949 0.9972

2–4 0.9526 0.9736 0.9856 0.9923 0.9963

2–5 0.9405 0.9636 0.9791 0.9880 0.9941

2–6 0.9334 0.9544 0.9712 0.9829 0.9906

… … … … … …

2–15 0.9146 0.9331 0.9479 0.9595 0.9688

… … … … … …

2–34 0.9148 0.9331 0.9475 0.9595 0.9685

qN 0.9148 0.9331 0.9475 0.9595 0.9685

qε
N qε

N u0 ε,
h N,( ) u0 ε,

h N,( )

Table 6.  Convergence orders  =  and qN = qN  for the solutions of Scheme B

ε
Number of intervals N

32 64 128 256 512 

20 0.8481 0.7340 0.6394 0.5765 0.5405

2–1 0.8689 0.7895 0.6926 0.6125 0.5623

2–3 0.8279 0.8290 0.7587 0.6705 0.6005

2–3 0.8614 0.9204 0.9562 0.9772 0.8371

2–4 0.7894 0.8696 0.9246 0.9602 0.9782

2–5 0.7051 0.7971 0.8735 0.9272 0.9607

2–6 0.6266 0.7141 0.8011 0.8757 0.9285

… … … … … …

2–15 0.4845 0.4960 0.5011 0.5041 0.5076

… … … … … …

2–34 0.4843 0.4953 0.4995 0.5010 0.5016

qN 0.4843 0.4953 0.4995 0.5010 0.5016

qε
N qε

N zε
N( ) zε

N( )
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The convergence order for the discrete derivatives is defined by (7.8), where the quantities ,  are
defined by formula (7.5) for Scheme A and by formula (7.6) for Scheme B. 

Orders of the rate of ε-uniform convergence for the solutions generated by Schemes A and B (see Tables 5
and 6) are close, respectively, to 1 and 0.5; for the first derivative generated by Scheme A (see Table 7), the
order of the rate of ε-uniform convergence is close to 0.5. 

7.3. Thus, it follows from our numerical experiments that the solution and its first order derivative ob-
tained by Scheme A (i.e., the scheme based on the method of the additive splitting of a singularity) converge
ε-uniformly at the rate of convergence of the order close to 1 and 0.5, respectively. Whereas the conver-
gence rate for the solutions of the classical finite difference Scheme B yields to that for scheme A, and the
derivatives computed by Scheme B do not converge even for fixed values of the parameter ε. The numerical
experiments, consistent with the theoretical results, illustrate the efficiency of the singularity splitting meth-
od for the approximation of the interior layer generated by the discontinuity of the first order derivative

ϕ(x, 0) in problem (7.1). 

The numerical experiments showed that the special difference scheme constructed in this paper, i.e., the
scheme of the method of the additive splitting of a singularity on uniform meshes, is effective both for small
values of N and for its sufficiently large values, for which results of the theoretical study become apparent. 

In the case of the Cauchy problem for the Black–Scholes equation, the interpolants constructed using
solutions of the special difference scheme, which approximates the solution C(S, t') of problem (1.1) and its
derivative (∂/∂S)C(S, t') (for (S, t') ≠ (E, T)) in a neighbourhood of the interior layer, converge at the rate of
σ2r–1 – uniform convergence with orders close to 1 and 0.5, respectively. 
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ÑÎfl ‡Ò˜ÂÚ‡ „Ë‰Ó‰ËÌ‡ÏË˜ÂÒÍËı ÚÂ˜ÂÌËÈ Ò ÛÁÍËÏË ÔÓ„‡ÌÒÎÓflÏË ‡ÁÎË˜ÌÓ„Ó ÔÓËÒıÓÊ‰ÂÌËfl

Ë Û‰‡Ì˚ÏË ‚ÓÎÌ‡ÏË ‚ ÓÒÌÓ‚ÌÓÈ ˜‡ÒÚË ÚÂ˜ÂÌËfl ÌÂÓ·ıÓ‰ËÏÓ ËÒÔÓÎ¸ÁÓ‚‡Ú¸ ‡ÁÌÓÒÚÌ˚Â ÒÂÚÍË Ò
ÒËÎ¸Ì˚Ï Ò„Û˘ÂÌËÂÏ ‚ Ó·Î‡ÒÚË ÔÓ„‡ÌÒÎÓfl. Ç ÒÎÛ˜‡Â ÒÚ‡ˆËÓÌ‡Ì˚ı ÚÂ˜ÂÌËÈ Ú‡ÍÓ„Ó ÚËÔ‡ ‚˚ÒÓÍÛ˛
˝ÙÙÂÍÚË‚ÌÓÒÚ¸ ÔÓÍ‡Á‡ÎË Í‚‡ÁËÏÓÌÓÚÓÌÌ˚Â ÌÂfl‚Ì˚Â ÒıÂÏ˚ ÔÂÂÏÂÌÌ˚ı Ì‡Ô‡‚ÎÂÌËÈ (ÒÏ., Ì‡ÔË-
ÏÂ, [1], [2]). é‰Ì‡ÍÓ ‚ÓÁÏÓÊÌÓÒÚ¸ ̋ ÙÙÂÍÚË‚ÌÓ„Ó ÔËÏÂÌÂÌËfl Ú‡ÍËı ÒıÂÏ Í ‡Ò˜ÂÚÛ ÌÂÒÚ‡ˆËÓÌ‡-
Ì˚ı ÚÂ˜ÂÌËÈ ‰‡ÎÂÍÓ ÌÂ Ó˜Â‚Ë‰Ì‡. Ç Ò‡ÏÓÏ ‰ÂÎÂ, ‚ ÔÓ„‡ÌÒÎÓÂ ÚÂ˜ÂÌËÂ, Í‡Í Ô‡‚ËÎÓ, ‰ÓÁ‚ÛÍÓ‚ÓÂ,
˜ÚÓ ‚ ÔËÌˆËÔÂ ‰‡ÂÚ ‚ÓÁÏÓÊÌÓÒÚ¸ ÔÓ‚Ó‰ËÚ¸ ‡Ò˜ÂÚ Ò ¯‡„ÓÏ ÔÓ ‚ÂÏÂÌË

τ � τK = ,

„‰Â  ÓÔÂ‰ÂÎflÂÚÒfl ÛÒÎÓ‚ËÂÏ äÛ‡ÌÚ‡ ‰Îfl fl˜ÂÈÍË ÒÂÚÍË (i, j) Ë Á‡‚ËÒËÚ ÓÚ ‡ÁÏÂÓ‚ fl˜ÂÈÍË Ë
ÏÂÒÚÌÓÈ ÒÍÓÓÒÚË Á‚ÛÍ‡. Ç Ì‡ÒÚÓfl˘ÂÈ ‡·ÓÚÂ Ï˚ Ó„‡ÌË˜Ë‚‡ÂÏÒfl ÒÎÛ˜‡ÂÏ ‰‚ÛÏÂÌ˚ı ÚÂ˜ÂÌËÈ.
Ñ‡ÎÂÂ ÒÓ¯ÎÂÏÒfl Ì‡ ‡·ÓÚÛ [3], „‰Â ËÁÛ˜‡ÎÓÒ¸ ÔËÏÂÌÂÌËÂ ÒıÂÏ ÔÂÂÏÂÌÌ˚ı Ì‡Ô‡‚ÎÂÌËÈ Í ‡Ò-
˜ÂÚÛ ÌÂÒÚ‡ˆËÓÌ‡ÌÓÈ Á‡‰‡˜Ë ÍÓÌ‚ÂÍˆËË, ÔÓÒÚ‡‚ÎÂÌÌÓÈ ‰Îfl Û‡‚ÌÂÌËÈ ç‡‚¸Â–ëÚÓÍÒ‡ ÒÊËÏ‡ÂÏÓ-
„Ó „‡Á‡. Å˚ÎÓ ÔÓÍ‡Á‡ÌÓ, ˜ÚÓ Ì‡Û¯ÂÌËÂ ÛÒÎÓ‚Ëfl äÛ‡ÌÚ‡, ÔÓ Í‡ÈÌÂÈ ÏÂÂ ‰Îfl Ó·˚˜Ì˚ı ‰‚Ûı-
ÒÎÓÈÌ˚ı ÒıÂÏ ‡Ò˘ÂÔÎÂÌËfl, ÔË‚Ó‰ËÚ Í ÁÌ‡˜ËÚÂÎ¸ÌÓÈ ÔÓÚÂÂ ÚÓ˜ÌÓÒÚË. í‡Í Í‡Í ÛÒÚÓÈ˜Ë‚ÓÒÚ¸
‡Ò˜ÂÚ‡ ÔË ˝ÚÓÏ ÒÓı‡ÌflÂÚÒfl, ‰Ë‡„ÌÓÒÚËÓ‚‡Ú¸ Ú‡ÍÛ˛ ÔÓÚÂ˛ ÚÓ˜ÌÓÒÚË ÏÓÊÌÓ ÚÓÎ¸ÍÓ Ò‡‚ÌÂ-
ÌËÂÏ ‡Ò˜ÂÚÓ‚ Ò ÒÛ˘ÂÒÚ‚ÂÌÌÓ ‡ÁÌ˚ÏË ¯‡„‡ÏË ÔÓ ‚ÂÏÂÌË. èË˜ËÌÓÈ ÔÓÚÂË ÚÓ˜ÌÓÒÚË, Í‡Í ·˚-
ÎÓ ÔÓÍ‡Á‡ÌÓ ‚ [4], fl‚ÎflÂÚÒfl ÓÒÚ ÚÓÈ ˜‡ÒÚË ÔÓ„Â¯ÌÓÒÚË ‡ÔÔÓÍÒËÏ‡ˆËË, ÍÓÚÓ‡fl ‚ÌÓÒËÚÒfl ‚ ÒıÂ-
ÏÛ ÔÓˆÂ‰ÛÓÈ ‡Ò˘ÂÔÎÂÌËfl. èÂÂıÓ‰ Í ÌÂfl‚ÌÓÈ ÒıÂÏÂ ·ÂÁ ‡Ò˘ÂÔÎÂÌËfl ÔÓÁ‚ÓÎËÎ ‚ [4] ÁÌ‡˜Ë-
ÚÂÎ¸ÌÓ Û‚ÂÎË˜ËÚ¸ ¯‡„ ÔÓ ‚ÂÏÂÌË. ïÓÚfl ‚ [3], [4] ÔËÏÂÌflÎËÒ¸ ‡‚ÌÓÏÂÌ˚Â ÔflÏÓÛ„ÓÎ¸Ì˚Â
ÒÂÚÍË, ‡ ÚÂ˜ÂÌËÂ ‚ÂÁ‰Â ·˚ÎÓ ‰ÓÁ‚ÛÍÓ‚˚Ï, ÌÂÚ ÓÒÌÓ‚‡ÌËÈ Ì‡‰ÂflÚ¸Òfl, ˜ÚÓ ˝ÙÙÂÍÚ ÔÓÌËÊÂÌËfl ÚÓ˜-
ÌÓÒÚË ÒıÂÏ ÔÂÂÏÂÌÌ˚ı Ì‡Ô‡‚ÎÂÌËÈ ËÒ˜ÂÁÌÂÚ ‚ ÒÎÛ˜‡Â ÌÂ‡‚ÌÓÏÂÌ˚ı ÒÂÚÓÍ.

ÑÛ„‡fl ÚÛ‰ÌÓÒÚ¸ ÒÓÁ‰‡ÌËfl ˝ÙÙÂÍÚË‚Ì˚ı ÏÂÚÓ‰Ó‚ ‡Ò˜ÂÚ‡ ÌÂÒÚ‡ˆËÓÌ‡Ì˚ı ÚÂ˜ÂÌËÈ Ò Û‰‡-
Ì˚ÏË ‚ÓÎÌ‡ÏË Ë ÛÁÍËÏË ÔÓ„‡ÒÎÓflÏË Á‡ÍÎ˛˜‡ÂÚÒfl ‚ ÚÓÏ, ˜ÚÓ ÓÚÍ‡Á ÓÚ ‡Ò˘ÂÔÎÂÌËfl ÔÓ Ì‡Ô‡‚-
ÎÂÌËflÏ ‚ ËÁ‚ÂÒÚÌ˚ı Í‚‡ÁËÏÓÌÓÚÓÌÌ˚ı ÒıÂÏ‡ı ÔË‚Ó‰ËÚ Í Ó˜ÂÌ¸ ÌÂ˝ÍÓÌÓÏË˜Ì˚Ï ÒıÂÏ‡Ï, Ú‡Í Í‡Í
Ì‡ Í‡Ê‰ÓÏ ‚ÂÏÂÌÌÓÏ ÒÎÓÂ ÔËıÓ‰ËÚÒfl Â¯‡Ú¸ ÒËÒÚÂÏÛ ‡Î„Â·‡Ë˜ÂÒÍËı Û‡‚ÌÂÌËÈ ÓÚÌÓÒËÚÂÎ¸ÌÓ
ÁÌ‡˜ÂÌËÈ ÌÂÒÍÓÎ¸ÍËı ‡ÁÌÓÒÚÌ˚ı ÙÛÌÍˆËÈ.

Ç [5], [6] ·˚Î ÔÂ‰ÎÓÊÂÌ ÌÓ‚˚È ÔËÌˆËÔ Ó·˙Â‰ËÌÂÌËfl ‰‚Ûı ‡ÁÌ˚ı ÒıÂÏ ‚ Ó‰ÌÛ ÒÓÒÚ‡‚ÌÛ˛ ÒıÂ-
ÏÛ, Ò‚Ó·Ó‰ÌÛ˛ ÓÚ ‡ÒÒÏÓÚÂÌÌ˚ı ‚˚¯Â ÌÂ‰ÓÒÚ‡ÚÍÓ‚. í‡ÍËÂ ÒıÂÏ˚ ‚ ÔÓ„‡ÌÒÎÓÂ ÔÂÂıÓ‰flÚ ‚ ÌÂ-
fl‚ÌÛ˛ ÒıÂÏÛ, ‚ ÓÒÌÓ‚ÌÓÈ ˜‡ÒÚË ÚÂ˜ÂÌËfl – ‚ fl‚ÌÛ˛ Í‚‡ÁËÏÓÌÓÚÓÌÌÛ˛ ÒıÂÏÛ, ‡ ÔÎ‡‚ÌÓÒÚ¸ ÔÂÂıÓ‰‡
ÓÚ Ó‰ÌÓÈ ÒıÂÏ˚ Í ‰Û„ÓÈ ÓÔÂ‰ÂÎflÂÚÒfl ÔÎ‡‚ÌÓÒÚ¸˛ ÔÂÂıÓ‰‡ ÓÚ ÏÂÎÍÓÈ ÒÂÚÍË Í ÍÛÔÌÓÈ. ùÍÓÌÓ-
ÏË˜ÌÓÒÚ¸ ÒÓÒÚ‡‚ÌÓÈ ÒıÂÏ˚ ÓÔÂ‰ÂÎflÂÚÒfl, ‚Ó-ÔÂ‚˚ı, ÚÂÏ, ̃ ÚÓ ÓÚÒÛÚÒÚ‚ËÂ ÚÂ·Ó‚‡ÌËfl Í‚‡ÁËÏÓÌÓ-

1) ê‡·ÓÚ‡ ‚˚ÔÓÎÌÂÌ‡ ÔË ÙËÌ‡ÌÒÓ‚ÓÈ ÔÓ‰‰ÂÊÍÂ êîîà (ÍÓ‰ ÔÓÂÍÚ‡ 04-01-00051) Ë êÓÒÒËÈÒÍÓÈ ‡Í‡‰ÂÏËË Ì‡ÛÍ (ÔÓ-
„‡ÏÏ‡ éåç êÄç “ëÓ‚ÂÏ. ‚˚˜ËÒÎ. Ë ËÌÙÓÏ. ÚÂıÌÓÎÓ„ËË Â¯ÂÌËfl ·ÓÎ¸¯Ëı Á‡‰‡˜”).

τ i j,
K ,

i j,
min

τ i j,
K

ìÑä 519.634

9
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ÅÂÎflÍÓ‚ Ë ‰.

ÚÓÌÌÓÒÚË ÔÓÁ‚ÓÎflÂÚ ÔÓÒÚÓËÚ¸ ÌÂfl‚ÌÛ˛ ÒıÂÏÛ Ò ÒËÒÚÂÏÓÈ ‡Î„Â·‡Ë˜ÂÒÍËı Û‡‚ÌÂÌËÈ ÓÚÌÓÒËÚÂÎ¸-
ÌÓ ÁÌ‡˜ÂÌËÈ ÚÓÎ¸ÍÓ Ó‰ÌÓÈ ÒÍ‡ÎflÌÓÈ ÙÛÌÍˆËË. ÇÓ-‚ÚÓ˚ı, ˜ËÒÎÓ Û‡‚ÌÂÌËÈ ÔËÏÂÌÓ ‡‚ÌÓ
˜ËÒÎÛ ÛÁÎÓ‚ ÒÂÚÍË ‚ ÔÓ„‡ÌÒÎÓÂ, ̃ ÚÓ ÁÌ‡˜ËÚÂÎ¸ÌÓ ÏÂÌ¸¯Â Ó·˘Â„Ó ̃ ËÒÎ‡ ÛÁÎÓ‚. ùÚÓ ÔÓÁ‚ÓÎflÂÚ ÔÓ-
ÒÚÓËÚ¸ ˝ÙÙÂÍÚË‚Ì˚Â ÒÓÒÚ‡‚Ì˚Â ÒıÂÏ˚ Ë ‰Îfl Ô‡‡·ÓÎË˜ÂÒÍËı Û‡‚ÌÂÌËÈ, ‚ÓÁÌËÍ‡˛˘Ëı ÔË ËÒ-
ÔÓÎ¸ÁÓ‚‡ÌËË ‡Ò˘ÂÔÎÂÌËfl ÔÓ ÙËÁË˜ÂÒÍËÏ ÔÓˆÂÒÒ‡Ï Ì‡ ˝Ú‡Ô‡ı Û˜ÂÚ‡ ‚flÁÍÓÒÚË Ë ÚÂÔÎÓÔÓ‚Ó‰ÌÓ-
ÒÚË, Ó·˙Â‰ËÌflfl ÒıÂÏÛ ÔÂÂÏÂÌÌ˚ı Ì‡Ô‡‚ÎÂÌËÈ, “‡·ÓÚ‡˛˘Û˛” ‚ ÓÒÌÓ‚ÌÓÈ ˜‡ÒÚË ÚÂ˜ÂÌËfl, Ë ˜Ë-
ÒÚÓ ÌÂfl‚ÌÛ˛ ÒıÂÏÛ, “‡·ÓÚ‡˛˘Û˛” ‚ ÔÓ„‡ÌÒÎÓÂ.

Ç [5], [6] ÒÓÒÚ‡‚Ì˚Â ÒıÂÏ˚ ÔËÏÂÌfl˛ÚÒfl ‰Îfl ‡Ò˜ÂÚ‡ ‚flÁÍÓ„Ó Ì‡„Â‚‡ ‰ÂÈÚÂËfl, ÒÊËÏ‡ÂÏÓ„Ó
‚ÌÛÚË ÍÓÌË˜ÂÒÍÓÈ ÏË¯ÂÌË. ç‡ÒÚÓfl˘‡fl ‡·ÓÚ‡ ÔÓÒ‚fl˘ÂÌ‡ ÔËÏÂÌÂÌË˛ ÒÓÒÚ‡‚Ì˚ı ÒıÂÏ ‰Îfl ‡Ò-
˜ÂÚ‡ Ì‡„Â‚‡ ÚÂÌËÂÏ, ÏÓ‰ÂÎËÛÂÏÓ„Ó Á‡‰‡ÌËÂÏ ÔÓÚÓÍ‡ ÚÂÔÎ‡ Ì‡ ÔÓ‰‚ËÊÌÓÈ „‡ÌËˆÂ ‡Á‰ÂÎ‡
ÒÂ‰. í‡Í Í‡Í ÒÍÓÓÒÚ¸ ÚÂÔÎÓ‚ÓÈ ‚ÓÎÌ˚ ÏÌÓ„Ó ÏÂÌ¸¯Â ÒÍÓÓÒÚË ‚Â˘ÂÒÚ‚‡ Ë ÒÍÓÓÒÚË Á‚ÛÍ‡, ÚÂÔ-
ÎÓ‚‡fl ‚ÓÎÌ‡ ËÏÂÂÚ ‚Ë‰ ÛÁÍÓ„Ó ÔÓ„‡ÌÒÎÓfl ‚·ÎËÁË „‡ÌËˆ˚ ‡Á‰ÂÎ‡.

1. óàëãÖççõâ åÖíéÑ
ê‡ÒÒÏ‡ÚË‚‡˛ÚÒfl ÔÎÓÒÍËÂ ÚÂ˜ÂÌËfl ÒÊËÏ‡ÂÏÓÈ ÚÂÔÎÓÔÓ‚Ó‰ÌÓÈ ÊË‰ÍÓÒÚË, ÍÓÚÓ˚Â ÓÔËÒ˚‚‡-

˛ÚÒfl Û‡‚ÌÂÌËflÏË

divu, divu = ,

(1)

divu + divκ∇T,

„‰Â t – ‚ÂÏfl, x, y – ÔÓÒÚ‡ÌÒÚ‚ÂÌÌ˚Â ÍÓÓ‰ËÌ‡Ú˚, u – ‚ÂÍÚÓ ÒÍÓÓÒÚË Ò ÍÓÓ‰ËÌ‡Ú‡ÏË ux, uy, d/dt =
= ∂/∂t + ux∂/∂x + uy∂/∂y – Î‡„‡ÌÊÂ‚‡ ÔÓËÁ‚Ó‰Ì‡fl ÔÓ ‚ÂÏÂÌË, ρ – ÔÎÓÚÌÓÒÚ¸, p – ‰‡‚ÎÂÌËÂ, ε –
Û‰ÂÎ¸Ì‡fl ‚ÌÛÚÂÌÌflfl ˝ÌÂ„Ëfl, T – ÚÂÏÔÂ‡ÚÛ‡, κ = κ(ρ, T) – ÍÓ˝ÙÙËˆËÂÌÚ ÚÂÔÎÓÔÓ‚Ó‰ÌÓÒÚË.
ì‡‚ÌÂÌËfl (1) Á‡Ï˚Í‡˛ÚÒfl Û‡‚ÌÂÌËflÏË ÒÓÒÚÓflÌËfl p = p(ρ, T), ε = ε(ρ, T).

Ç ÔÎÓÒÍÓÒÚË x, y ËÏÂÂÚÒfl ÔÓ‰‚ËÊÌ‡fl Â„ÛÎflÌ‡fl ˜ÂÚ˚ÂıÛ„ÓÎ¸Ì‡fl ÌÂ‚˚ÓÊ‰ÂÌÌ‡fl ÒÂÚÍ‡ G(t),
ÌÂÍÓÚÓ˚Â ÎËÌËË ÍÓÚÓÓÈ fl‚Îfl˛ÚÒfl Î‡„‡ÌÊÂ‚˚ÏË, Ú.Â. ‰‚ËÊÛÚÒfl ‚ÏÂÒÚÂ Ò ‚Â˘ÂÒÚ‚ÓÏ, ‡ ‚ÌÛÚ-
ÂÌÌËÂ ÛÁÎ˚ ÒÂÚÍË, ÌÂ ÔËÌ‡‰ÎÂÊ‡˘ËÂ ‚˚‰ÂÎÂÌÌ˚Ï ÎËÌËflÏ, ‚˚˜ËÒÎfl˛ÚÒfl ÚÂÏ ËÎË ËÌ˚Ï ÏÂÚÓ-
‰ÓÏ ÔÓÒÚÓÂÌËfl ÒÂÚÓÍ (ÒÏ. [7]). ê‡ÁÌÓÒÚÌ˚Â ÙÛÌÍˆËË ÓÔÂ‰ÂÎÂÌ˚ ‚ ÒÂÂ‰ËÌ‡ı fl˜ÂÂÍ ÒÂÚÍË. àÒ-
ÔÓÎ¸ÁÛÂÚÒfl ‡Ò˘ÂÔÎÂÌËÂ Ì‡ Î‡„‡ÌÊÂ‚ ˝Ú‡Ô Ë ˝Ú‡Ô ÔÂÂÒ˜ÂÚ‡ ÔÓÎfl ÚÂ˜ÂÌËfl Ò Î‡„‡ÌÊÂ‚ÓÈ ÒÂÚÍË
GL(t) Ì‡ ÒÂÚÍÛ G(t + τ) (ÒÏ. [8]).

ê‡ÒÒÏÓÚËÏ Î‡„‡ÌÊÂ‚ ˝Ú‡Ô. åÌÓÊÂÒÚ‚Ó ‚ÒÂı fl˜ÂÂÍ ÒÂÚÍË ‡Á‰ÂÎËÏ Ì‡ ‰‚‡ ÔÓ‰ÏÌÓÊÂÒÚ‚‡, ÍÓ-
ÚÓ˚Â Ì‡ÁÓ‚ÂÏ ÏÌÓÊÂÒÚ‚ÓÏ ÍÛÔÌ˚ı ΩL Ë ÏÂÎÍËı ΩS fl˜ÂÂÍ. ç‡ÔËÏÂ, ÂÒÎË ÒÂÚÍ‡ Ò„Û˘‡ÂÚÒfl Í
ÌÂÍÓÚÓÓÈ ÎËÌËË, Í ÏÌÓÊÂÒÚ‚Û ΩS ÏÓÊÌÓ ÓÚÌÂÒÚË ÌÂÍÓÚÓÓÂ ÍÓÎË˜ÂÒÚ‚Ó ÒÎÓÂ‚ ÒÂÚÍË ‚·ÎËÁË ̋ ÚÓÈ
„‡ÌËˆ˚, ‡ Í ÏÌÓÊÂÒÚ‚Û ΩL – ÓÒÚ‡Î¸Ì˚Â fl˜ÂÈÍË ÒÂÚÍË. ò‡„ ÔÓ ‚ÂÏÂÌË ÓÔÂ‰ÂÎËÏ ÙÓÏÛÎÓÈ

τ = . (2)

èÂÂıÓ‰ Ì‡ ‚ÂıÌËÈ ‚ÂÏÂÌÌóÈ ÒÎÓÈ ÒÓÒÚÓËÚ ËÁ ‰‚Ûı ˝Ú‡ÔÓ‚. ç‡ ÔÂ‚ÓÏ ˝Ú‡ÔÂ ¯‡„ ÔÓ ‚ÂÏÂÌË

(3)

Ò‚ÓÈ ‰Îfl Í‡Ê‰ÓÈ fl˜ÂÈÍË ÒÂÚÍË. ç‡ ‚ÚÓÓÏ ˝Ú‡ÔÂ ¯‡„ ÔÓ ‚ÂÏÂÌË

(4)

‰ÓÔÓÎÌflÂÚ ¯‡„ (3) ‰Ó ÔÓÎÌÓ„Ó ¯‡„‡ τ. ò‡„ ÔÓ ‚ÂÏÂÌË ÔÂ‚Ó„Ó ˝Ú‡Ô‡ ‰ÓÔÛÒÍ‡ÂÚ ËÒÔÓÎ¸ÁÓ‚‡ÌËÂ
fl‚ÌÓÈ ÒıÂÏ˚ ‰Îfl Û‡‚ÌÂÌËÈ „Ë‰Ó‰ËÌ‡ÏËÍË. ç‡ ‚ÚÓÓÏ ˝Ú‡ÔÂ ÔÂ‰ÔÓÎ‡„‡ÂÚÒfl ËÒÔÓÎ¸ÁÓ‚‡ÌËÂ ÌÂ-
fl‚ÌÓÈ ÒıÂÏ˚. ä‡Í ‚Ë‰ÌÓ ËÁ (3), (4), ‰Îfl ÍÛÔÌ˚ı fl˜ÂÂÍ ËÁ ÏÌÓÊÂÒÚ‚‡ ΩL ÔÂÂıÓ‰ Ì‡ ‚ÂıÌËÈ ‚Â-

ÏÂÌÌóÈ ÒÎÓÈ ‚˚ÔÓÎÌflÂÚÒfl ÔÓ ÒıÂÏÂ ÔÂ‚Ó„Ó ˝Ú‡Ô‡, ‰Îfl Ó˜ÂÌ¸ ÏÂÎÍËı fl˜ÂÂÍ Ò  � τ ÓÒÌÓ‚ÌÓÈ

d
dt
-----1

ρ
--- 1

ρ
---=

∂ux

∂x
--------

∂uy

∂y
--------+

∂ux

∂t
--------

1
ρ
---∂p

∂x
------

duy

dt
--------

1
ρ
---∂p

∂y
------,–=,–=

dε
dt
----- p

ρ
---–=

τ i j,
K

i j ΩL∈,
min

τ i j,
1( )

τ i j ΩL,∈,,

τ i j,
K i j ΩS,∈,,




=

τ i j,
2( )

0 i j ΩL,∈,,

τ τ i j,
K– i j ΩS,∈,,




=

τ i j,
K



ÜìêçÄã ÇõóàëãàíÖãúçéâ åÄíÖåÄíàäà à åÄíÖåÄíàóÖëäéâ îàáàäà      ÚÓÏ 47      ‹ 3      2007

èêàåÖçÖçàÖ ëéëíÄÇçõï êÄáçéëíçõï ëïÖå Ñãü êÄëóÖíÄ 483

‚ÍÎ‡‰ ‚ ÔÂÂıÓ‰ ‚ÌÓÒËÚ ÌÂfl‚Ì‡fl ÒıÂÏ‡ ‚ÚÓÓ„Ó ̋ Ú‡Ô‡, ‡ ÔÎ‡‚ÌÓÒÚ¸ ÔÂÂıÓ‰‡ ÓÚ Ó‰ÌÓÈ ÒıÂÏ˚ Í ‰Û-
„ÓÈ ÓÔÂ‰ÂÎflÂÚÒfl ÔÎ‡‚ÌÓÒÚ¸˛ ÔÂÂıÓ‰‡ ÓÚ ÏÂÎÍÓÈ ÒÂÚÍË Í ÍÛÔÌÓÈ.

ç‡ ÔÂ‚ÓÏ ˝Ú‡ÔÂ ËÒÔÓÎ¸ÁÛÂÚÒfl Í‚‡ÁËÏÓÌÓÚÓÌÌ‡fl ÒıÂÏ‡ ÚËÔ‡ ë.ä. ÉÓ‰ÛÌÓ‚‡ ‚ÚÓÓ„Ó ÔÓfl‰Í‡
ÚÓ˜ÌÓÒÚË, ÍÓÚÓ‡fl ÔËÏÂÌflÎ‡Ò¸ ‡ÌÂÂ ‰Îfl ‡Ò˜ÂÚ‡ ‡ÁÎË˜Ì˚ı ÚÂ˜ÂÌËÈ Ò Û‰‡Ì˚ÏË ‚ÓÎÌ‡ÏË (ÒÏ., Ì‡-
ÔËÏÂ, [9]) ‚ ÒÓ˜ÂÚ‡ÌËË Ò ÌÂfl‚ÌÓÈ ÒıÂÏÓÈ ‰Îfl Û‡‚ÌÂÌËfl ÚÂÔÎÓÔÓ‚Ó‰ÌÓÒÚË. èÓÒÎÂ‰Ìflfl ÒıÂÏ‡, ‚
Ò‚Ó˛ Ó˜ÂÂ‰¸, ÒÚÓËÚÒfl Í‡Í ÒÓÒÚ‡‚Ì‡fl, Ó·˙Â‰ËÌfl˛˘‡fl ÒıÂÏÛ ÔÂÂÏÂÌÌ˚ı Ì‡Ô‡‚ÎÂÌËÈ Ë ÒıÂÏÛ
·ÂÁ ‡Ò˘ÂÔÎÂÌËfl ÔÓ Ì‡Ô‡‚ÎÂÌËflÏ (ÒÏ. [5], [6]).

ç‡ ‚ÚÓÓÏ ˝Ú‡ÔÂ ÒÚÓËÚÒfl ÌÂfl‚Ì‡fl ÒıÂÏ‡ ·ÂÁ ‡Ò˘ÂÔÎÂÌËfl Í‡Í ÔÓ Ì‡Ô‡‚ÎÂÌËflÏ, Ú‡Í Ë ÔÓ ÙË-
ÁË˜ÂÒÍËÏ ÔÓˆÂÒÒ‡Ï, Ó·Ó·˘‡˛˘‡fl ÒıÂÏÛ [10], [6] Ì‡ Û‡‚ÌÂÌËfl (1). èËÏÂÌflÂÚÒfl ÏÂÚÓ‰ ç¸˛ÚÓÌ‡,
Ì‡ Í‡Ê‰ÓÈ ËÚÂ‡ˆËË ÍÓÚÓÓ„Ó ‚ÓÁÌËÍ‡ÂÚ ÒËÒÚÂÏ‡ ÎËÌÂÈÌ˚ı Û‡‚ÌÂÌËÈ ÓÚÌÓÒËÚÂÎ¸ÌÓ ÁÌ‡˜ÂÌËÈ
‰‚Ûı ‡ÁÌÓÒÚÌ˚ı ÙÛÌÍˆËÈ, ÍÓÚÓ‡fl, Í‡Í Ë ‚ [5], [6], Â¯‡ÂÚÒfl ÔflÏ˚Ï ÏÂÚÓ‰ÓÏ ËÁ [11], ËÒÔÓÎ¸ÁÛ-
˛˘ËÏ ‡ÁÎÓÊÂÌËÂ ÎÂÌÚÓ˜ÌÓÈ Ï‡ÚËˆ˚ Ì‡ ÚÂÛ„ÓÎ¸Ì˚Â ÏÌÓÊËÚÂÎË. í‡Í Í‡Í ÏÌÓÊÂÒÚ‚Ó ΩS, Ì‡
ÍÓÚÓÓÏ ÒÚÓËÚÒfl ÌÂfl‚Ì‡fl ÒıÂÏ‡, Ò‡‚ÌËÚÂÎ¸ÌÓ ÌÂ‚ÂÎËÍÓ, ‚˚˜ËÒÎËÚÂÎ¸Ì˚Â Á‡Ú‡Ú˚ Ì‡ ÂÂ Â‡ÎË-
Á‡ˆË˛ ÌÂ ‚ÎËfl˛Ú Á‡ÏÂÚÌÓ Ì‡ Ó·˘Û˛ ˝ÙÙÂÍÚË‚ÌÓÒÚ¸ ÏÂÚÓ‰‡.

ëıÂÏ‡ Î‡„‡ÌÊÂ‚Ó„Ó ̋ Ú‡Ô‡ ÚÂÒÚËÓ‚‡Î‡Ò¸ Ì‡ Ó‰ÌÓÏÂÌÓÈ Á‡‰‡˜Â Ó Ì‡„Â‚Â ÒÊËÏ‡ÂÏÓÈ ÊË‰ÍÓ-
ÒÚË ÔÓÒÚÓflÌÌ˚Ï ÔÓÚÓÍÓÏ ÚÂÔÎ‡ (ÒÏ. [12]). Ç Û‡‚ÌÂÌËflı (1) ‚ÒÂ ÌÂËÁ‚ÂÒÚÌ˚Â Á‡‚ËÒflÚ ÚÓÎ¸ÍÓ ÓÚ x
Ë t; uy = 0. Ç Ì‡˜‡Î¸Ì˚È ÏÓÏÂÌÚ t = 0 Ó·Î‡ÒÚ¸ x ≥ 0 Á‡ÔÓÎÌÂÌ‡ ÌÂÔÓ‰‚ËÊÌ˚Ï ‡Î˛ÏËÌËÂÏ Ò ‰‡‚ÎÂ-
ÌËÂÏ 60 Éè‡ Ë ÔÎÓÚÌÓÒÚ¸˛ 3.5 „/ÒÏ3, ˜ÚÓ ÔËÏÂÌÓ ÒÓÓÚ‚ÂÚÒÚ‚ÛÂÚ Ô‡‡ÏÂÚ‡Ï ‡Î˛ÏËÌËfl Á‡
ÙÓÌÚÓÏ ÔËÒÓÂ‰ËÌÂÌÌÓÈ Û‰‡ÌÓÈ ‚ÓÎÌ˚ ÔË ·ÂÒÒÚÛÈÌÓÏ ÒÊ‡ÚËË ÔÎ‡ÒÚËÌ˚ ÒÓ ÒÍÓÓÒÚ¸˛ 4 ÍÏ/Ò
(ÒÏ. [13]). ëÓÓÚ‚ÂÚÒÚ‚Û˛˘‡fl ‰‚ÛÏÂÌ‡fl Á‡‰‡˜‡ ·Û‰ÂÚ ‡ÒÒÏÓÚÂÌ‡ ‚ ÒÎÂ‰Û˛˘ÂÏ ‡Á‰ÂÎÂ. ç‡ „‡-
ÌËˆÂ x = 0 ÒÚ‡‚ËÚÒfl ÛÒÎÓ‚ËÂ ÒËÏÏÂÚËË ux = 0 Ë Á‡‰‡ÂÚÒfl ÔÓÒÚÓflÌÌ˚È ÔÓÚÓÍ ÚÂÔÎ‡ q = –κ∂T/∂x =
= 30 ÉÇÚ/ÒÏ2. àÒÔÓÎ¸ÁÛÂÚÒfl ¯ËÓÍÓ‰Ë‡Ô‡ÁÓÌÌÓÂ Û‡‚ÌÂÌËÂ ÒÓÒÚÓflÌËfl ‡Î˛ÏËÌËfl (ÒÏ. [14]) ‚ Ú‡·-
ÎË˜ÌÓÈ ÙÓÏÂ. ÑÎfl ÍÓ˝ÙÙËˆËÂÌÚ‡ ÚÂÔÎÓÔÓ‚Ó‰ÌÓÒÚË ËÒÔÓÎ¸ÁÛÂÚÒfl Ú‡ ÊÂ ÏÓ‰ÂÎ¸, ˜ÚÓ Ë ‚ [12].

èÓÒÎÂ ÌÂ·ÓÎ¸¯Ó„Ó ÔÓ ‚ÂÏÂÌË Ì‡˜‡Î¸ÌÓ„Ó ̋ Ú‡Ô‡, ÍÓ„‰‡ ÙÓÏËÛÂÚÒfl Û‰‡Ì‡fl ‚ÓÎÌ‡, Â¯ÂÌËÂ
Á‡‰‡˜Ë ËÏÂÂÚ ‚Ë‰ ‰‚Ûı ‚ÓÎÌ: Û‰‡ÌÓÈ ‚ÓÎÌ˚, ÔÓÒÎÂ ÍÓÚÓÓÈ ‰‡‚ÎÂÌËÂ ÔÓ‚˚¯‡ÂÚÒfl ‰Ó ÌÂÍÓÚÓÓ„Ó
ÁÌ‡˜ÂÌËfl, Ë ÚÂÔÎÓ‚ÓÈ ‚ÓÎÌ˚, ‚ ÍÓÚÓÓÈ ‰‡‚ÎÂÌËÂ ÌÂ ÏÂÌflÂÚÒfl Ë ÒÍÓÓÒÚ¸ ‡ÒÔÓÒÚ‡ÌÂÌËfl ÍÓÚÓ-
ÓÈ ÏÌÓ„Ó ÏÂÌ¸¯Â ÒÍÓÓÒÚË Û‰‡ÌÓÈ ‚ÓÎÌ˚. ê‡Ò˜ÂÚ ‚ÂÎÒfl ‚ ÔÂÂÏÂÌÌ˚ı ã‡„‡ÌÊ‡. èË t = 0 Á‡-
‰‡‚‡Î‡Ò¸ ÒÂÚÍ‡ ÔÓ x, ÍÓÚÓ‡fl fl‚ÎflÎ‡Ò¸ ÍÓÏ·ËÌ‡ˆËÂÈ ÒÂÚÓÍ Ò ÔÓÒÚÓflÌÌ˚Ï Ë ÔÂÂÏÂÌÌ˚Ï ¯‡„ÓÏ,
ÏÂÌfl˛˘ËÏÒfl ÔÓ „ÂÓÏÂÚË˜ÂÒÍÓÈ ËÎË ‡ËÙÏÂÚË˜ÂÒÍÓÈ ÔÓ„ÂÒÒËË. êÂÁÛÎ¸Ú‡Ú˚ ‡Ò˜ÂÚ‡ Ì‡ ‡Á-
Ì˚ı ÒÂÚÍ‡ı ‚ ÏÓÏÂÌÚ ‚ÂÏÂÌË, ÍÓ„‰‡ ÔÎÓÚÌÓÒÚ¸ ÔË x = 0 ÛÏÂÌ¸¯ËÎ‡Ò¸ ‰Ó ÌÂÍÓÚÓÓ„Ó Á‡‰‡ÌÌÓ„Ó
ÁÌ‡˜ÂÌËfl, ÔÓÍ‡Á‡Ì˚ Ì‡ ÙË„. 1. ÑÎfl ‚ÒÂı ÚÂı ÒÂÚÓÍ ¯‡„ ‚·ÎËÁË „‡ÌËˆ˚ x = 0, h1 = 2 × 10–5 ÏÏ ‰Ó-
ÒÚ‡ÚÓ˜ÌÓ Ï‡Î, ˜ÚÓ·˚ ÏÓÊÌÓ ·˚ÎÓ ‡ÁÂ¯ËÚ¸ ÒÚÛÍÚÛÛ ÚÂÔÎÓ‚ÓÈ ‚ÓÎÌ˚. ê‡Ò˜ÂÚ Ì‡ Ò‡ÏÓÈ ÔÓ-
‰Ó·ÌÓÈ ÒÂÚÍÂ ‚ÂÎÒfl ·ÂÁ ÔËÏÂÌÂÌËfl ÒÓÒÚ‡‚ÌÓÈ ÒıÂÏ˚, Ú.Â. ÏÌÓÊÂÒÚ‚Ó fl˜ÂÂÍ Ωs ÔÓÎ‡„‡ÎÓÒ¸ ÔÛ-
ÒÚ˚Ï. ê‡Ò˜ÂÚ Ì‡ „Û·˚ı ÒÂÚÍ‡ı ‚ÂÎÒfl ÔÓ ÓÔËÒ‡ÌÌÓÈ ‚˚¯Â ÒÓÒÚ‡‚ÌÓÈ ÒıÂÏÂ Ò ¯‡„ÓÏ ÔÓ ‚ÂÏÂÌË
τ ≈ 100τK. ÇË‰ÌÓ, ˜ÚÓ ‡Ò˜ÂÚ˚ Ì‡ „Û·˚ı ÒÂÚÍ‡ı Ô‡‚ËÎ¸ÌÓ ‚ÓÒÔÓËÁ‚Ó‰flÚ Í‡Í ÒÚÛÍÚÛÛ ÚÂÔÎÓ-
‚ÓÈ ‚ÓÎÌ˚, Ú‡Í Ë ÔÓÎÓÊÂÌËÂ Û‰‡ÌÓÈ ‚ÓÎÌ˚.
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x, ÏÏ

(‡) (·)

îË„. 1. Ñ‡‚ÎÂÌËÂ ‚·ÎËÁË Û‰‡ÌÓÈ ‚ÓÎÌ˚ („‡ÙËÍ (‡)) Ë ÚÂÏÔÂ‡ÚÛ‡ ‚·ÎËÁË ÚÂÔÎÓ‚ÓÈ ‚ÓÎÌ˚ („‡ÙËÍ (·)) ‚ Ó‰-
ÌÓÏÂÌÓÈ Á‡‰‡˜Â Ó Ì‡„Â‚Â ÔÓÒÚÓflÌÌ˚Ï ÔÓÚÓÍÓÏ ÚÂÔÎ‡ Ì‡ ‡ÁÌ˚ı ÒÂÚÍ‡ı: ÒÔÎÓ¯Ì‡fl ÎËÌËfl – ¯‡„ ÔÂÂ‰ Û‰‡ÌÓÈ
‚ÓÎÌÓÈ h ≈ 0.0005, ÚÓ˜ÍË – ¯‡„ h ≈ 0.02, ÚÂÛ„ÓÎ¸ÌËÍË – ¯‡„ h ≈ 0.05 ÏÏ.
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ÅÂÎflÍÓ‚ Ë ‰.

ÇÂÌÂÏÒfl Í ÓÔËÒ‡ÌË˛ ÏÂÚÓ‰‡ ‡Ò˜ÂÚ‡ ‰‚ÛÏÂÌ˚ı ÚÂ˜ÂÌËÈ. ê‡Ò˘ÂÔÎÂÌËÂ Ì‡ Î‡„‡ÌÊÂ‚ ˝Ú‡Ô Ë
˝Ú‡Ô ÔÂÂÒ˜ÂÚ‡ ÔÓÎfl ÚÂ˜ÂÌËfl Ò ÒÂÚÍË GL(t) Ì‡ ÒÂÚÍÛ G(t + τ) ÏÓÊÌÓ ÙÓÏ‡Î¸ÌÓ ÓÔËÒ‡Ú¸ Í‡Í ‡Ò-
˘ÂÔÎÂÌËÂ ËÌÚÂ„Ó‰ËÙÙÂÂÌˆË‡Î¸Ì˚ı Û‡‚ÌÂÌËÈ, ÔÓÎÛ˜ÂÌÌ˚ı ËÌÚÂ„ËÓ‚‡ÌËÂÏ Û‡‚ÌÂÌËÈ (1) ÔÓ
ÔÓËÁ‚ÓÎ¸ÌÓÈ ÔÓ‰‚ËÊÌÓÈ Ó·Î‡ÒÚË v(t) Ò Á‡‰‡ÌÌÓÈ ÒÍÓÓÒÚ¸˛ ‰ÂÙÓÏ‡ˆËË „‡ÌËˆ˚ w (ÒÏ. [15]).
ì‡‚ÌÂÌËfl Î‡„‡ÌÊÂ‚Ó„Ó ˝Ú‡Ô‡ ÔÓÎÛ˜‡˛ÚÒfl ËÌÚÂ„ËÓ‚‡ÌËÂÏ ÔÓ ÔÓ‰‚ËÊÌÓÈ Ó·Î‡ÒÚË ÒÓ ÒÍÓÓ-
ÒÚ¸˛ ‰ÂÙÓÏËÓ‚‡ÌËfl u, ‡ Û‡‚ÌÂÌËÂ ˝Ú‡Ô‡ ÔÂÂÒ˜ÂÚ‡ ËÏÂÂÚ ‚Ë‰

(5)

„‰Â ËÌÚÂ„ËÓ‚‡ÌËÂ ‚Â‰ÂÚÒfl ÔÓ Ó·Î‡ÒÚË, ‰ÂÙÓÏËÛÂÏÓÈ ÒÓ ÒÍÓÓÒÚ¸˛ w – u, ‚ÂÍÚÓ ‰ËÙÙÂÂÌ-
ˆË‡Î‡ „‡ÌËˆ˚ Ó·Î‡ÒÚË ds Ì‡Ô‡‚ÎÂÌ ÔÓ ‚ÌÂ¯ÌÂÈ ÌÓÏ‡ÎË, ‡ ‚ Í‡˜ÂÒÚ‚Â ÙÛÌÍˆËÈ ϕ ÏÓÊÌÓ ‚ÁflÚ¸
ρ, ρu Ë ρε.

ç‡ ÙË„. 2 ÒıÂÏ‡ÚË˜ÂÒÍË ËÁÓ·‡ÊÂÌ‡ fl˜ÂÈÍ‡ ÒÂÚÍË i, j, ÒÓÒÚÓfl˘‡fl ËÁ ÛÁÎÓ‚ (i, j), (i + 1, j), (i + 1, j + 1),

(i, j + 1). çÓÏ‡Î¸Ì˚Â Í „‡ÌËˆ‡Ï fl˜ÂÈÍË ÍÓÏÔÓÌÂÌÚ˚ ÒÍÓÓÒÚË  Ë  ÓÔÂ‰ÂÎfl˛ÚÒfl Í‡Í Â-
ÁÛÎ¸Ú‡Ú ÓÒÂ‰ÌÂÌËfl ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘Ëı ‚ÂÎË˜ËÌ, ‚ÓÁÌËÍ‡‚¯Ëı Ì‡ Í‡Ê‰ÓÏ ËÁ ‰‚Ûı Î‡„‡ÌÊÂ‚˚ı
˝Ú‡ÔÓ‚. ç‡ÔËÏÂ,

„‰Â  – ̄ ‡„ ÔÓ ‚ÂÏÂÌË Ì‡ ÔÂ‚ÓÏ Î‡„‡ÌÊÂ‚ÓÏ ̋ Ú‡ÔÂ ‰Îfl ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ÂÈ „‡ÌËˆ˚, ÔÓÎÛ˜ÂÌ-

Ì˚È ËÌÚÂÔÓÎflˆËÂÈ ÁÌ‡˜ÂÌËÈ  ‚ ÒÓÒÂ‰ÌËı fl˜ÂÈÍ‡ı, ,  – ÁÌ‡˜ÂÌËfl ÌÓÏ‡Î¸ÌÓÈ ÍÓÏÔÓ-
ÌÂÌÚ˚ ÒÍÓÓÒÚË Ì‡ ÔÂ‚ÓÏ Ë ‚ÚÓÓÏ ˝Ú‡Ô‡ı.

èÎÓ˘‡‰¸ ˜ÂÚ˚ÂıÛ„ÓÎ¸ÌËÍ‡ Ò ‚Â¯ËÌ‡ÏË r1, r2, r3, r4, „‰Â r = (x, y), ÔÓÌÛÏÂÓ‚‡ÌÌ˚ı Ú‡Í, ˜ÚÓ
Ëı Ó·ıÓ‰ ÔÓËÒıÓ‰ËÚ ÔÓÚË‚ ˜‡ÒÓ‚ÓÈ ÒÚÂÎÍË, ÓÔÂ‰ÂÎflÂÚÒfl ËÁ‚ÂÒÚÌÓÈ ÙÓÏÛÎÓÈ

v(r1, r2, r3, r4) = ψ12 + ψ23 + ψ34 + ψ41, ψmn = (xmyn – xnym)/2. (6)

èÎÓ˘‡‰¸ fl˜ÂÈÍË i, j ÒÂÚÓÍ G(t) Ë G(t + τ) ÓÔÂ‰ÂÎflÂÚÒfl ÔÓ ÙÓÏÛÎ‡Ï

vi, j = v(ri, j, ri + 1, j, ri + 1, j + 1, ri, j + 1), (7)

vi, j = v(ri, j, ri + 1, j, ri + 1, j + 1, ri, j + 1),

„‰Â ‚ÂÎË˜ËÌ˚ Ò ‚ÂıÌËÏË ËÌ‰ÂÍÒ‡ÏË ÓÚÌÓÒflÚÒfl Í ÒÂÚÍÂ G(t + τ). èÎÓ˘‡‰Ë ÏÂÊ‰Û „‡ÌËˆ‡ÏË fl˜ÂÂÍ
ÒÂÚÓÍ G(t + τ) Ë G(t),

 = v(ri, j, ri, j + 1, ri, j + 1, ri, j),  = v(ri, j, ri + 1, j, ri + 1, j, ri, j), (8)

d
dt
----- ϕ v ϕ u w sd,–( )∫°+d∫ 0,=

Ui j,
i Ui j,

j

Ui j,
i τ i j,

1i Ui j,
1i τ τ i j,

1i–( )Ui j,
2i+

τ
-----------------------------------------------------,=

τ i j,
1i

τ i j,
1( ) Ui j,

1i Ui j,
2i

∆v i j,
iG ∆v i j,

jG

y

x i, j

Ui
i, j

Uj
i, j

Ui
i + 1, j

Uj
i, j + 1

(i – 1, j)(i, j – 1)

(i, j + 1)(i + 1, j)

i + 1, j

i + 1, j + 1

(i, j)

îË„. 2. ä ÔÓÒÚÓÂÌË˛ ÒıÂÏ˚ Ì‡ ˝Ú‡ÔÂ ÔÂÂÒ˜ÂÚ‡: ÛÁÎ˚ fl˜ÂÈÍË ÒÂÚÍË (i, j) (ÚÓ˜ÍË) Ë ÒÓÒÂ‰ÌËÂ fl˜ÂÈÍË (i – 1, j), (i + 1, j),

(i, j – 1) Ë (i , j + 1); ÒÚÂÎÍË – ÔÓÎÓÊËÚÂÎ¸Ì˚Â Ì‡Ô‡‚ÎÂÌËfl Í „‡ÌËˆ‡Ï fl˜ÂÈÍË ÍÓÏÔÓÌÂÌÚ ÒÍÓÓÒÚË , .Ui j,
i

Ui j,
j

i, j + 1 
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ÔÓÁ‚ÓÎfl˛Ú ÓÔÂ‰ÂÎËÚ¸ ÌÓÏ‡Î¸Ì˚Â Í „‡ÌËˆ‡Ï ÒÍÓÓÒÚË ‰ÂÙÓÏ‡ˆËË fl˜ÂÂÍ ÒÂÚÍË G(t):

,

„‰Â ,  – ‰ÎËÌ˚ ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘Ëı „‡ÌËˆ ÒÂÚÍË G(t). èÎÓ˘‡‰Ë ÏÂÊ‰Û „‡ÌËˆ‡ÏË fl˜ÂÂÍ ÒÂÚÓÍ
GL(t) Ë G(t) ÓÔÂ‰ÂÎËÏ ÙÓÏÛÎ‡ÏË

èÎÓ˘‡‰¸ fl˜ÂÈÍË i, j ÒÂÚÍË GL(t) Ú‡ÍÓ‚‡:

(9)

ì‡‚ÌÂÌËÂ (5) ‡ÔÔÓÍÒËÏËÛÂÚÒfl Û‡‚ÌÂÌËÂÏ

(10)

Ò‚flÁ˚‚‡˛˘ËÏ ‡ÁÌÓÒÚÌÛ˛ ÙÛÌÍˆË˛ ϕi, j, ÓÔÂ‰ÂÎÂÌÌÛ˛ Ì‡ ÒÂÚÍÂ G(t + τ), Ë ÙÛÌÍˆË˛ ϕi, j, ÓÔÂ‰Â-
ÎÂÌÌÛ˛ Ì‡ ÒÂÚÍÂ GL(t). á‰ÂÒ¸

(11)

‡ ,  – ÌÂÍÓÚÓ˚Â ‚˚‡ÊÂÌËfl, ‡ÔÔÓÍÒËÏËÛ˛˘ËÂ ÙÛÌÍˆË˛ ϕ Ì‡ „‡ÌËˆ‡ı fl˜ÂÂÍ. ä‡Í ÏÓÊ-
ÌÓ Û·Â‰ËÚ¸Òfl ËÁ (6)–(9) Ë (11), ËÏÂÂÚ ÏÂÒÚÓ ‡‚ÂÌÒÚ‚Ó

(12)

‚ ÒËÎÛ ÍÓÚÓÓ„Ó Û‡‚ÌÂÌËÂ (10) Ó·Î‡‰‡ÂÚ Ò‚ÓÈÒÚ‚ÓÏ ËÌÚÂÔÓÎflˆËÓÌÌÓÈ ÙÓÏÛÎ˚: ÂÒÎË ϕi, j = ϕ = const,
ÚÓ ϕi, j = ϕ.

ê‡ÒÒÏÓÚËÏ ÒıÂÏ˚ ÚËÔ‡ (10), ‚ ÍÓÚÓ˚ı

(13)

„‰Â ‚ÂÎË˜ËÌ˚ , , ,  ÓÚÌÓÒflÚÒfl Í fl˜ÂÈÍÂ (i, j). Ç ÒÎÛ˜‡Â  =  =  =  = ϕi, j

ÔËıÓ‰ËÏ Í fl‚ÌÓÈ ÒıÂÏÂ ÔÂ‚Ó„Ó ÔÓfl‰Í‡ ÚÓ˜ÌÓÒÚË ‚Ë‰‡

ϕi, j = ϕi + m, j + n, (14)

ÍÓ˝ÙÙËˆËÂÌÚ˚ ÍÓÚÓÓÈ Û‰Ó‚ÎÂÚ‚Ófl˛Ú ‡‚ÂÌÒÚ‚Û

(15)

ä‡Í ÏÓÊÌÓ Û·Â‰ËÚ¸Òfl ËÁ (10), (13),  ≥ 0 ‰Îfl ‚ÒÂı m, n, ÍÓÏÂ m = n = 0. Ç ÒËÎÛ (15), ÌÂ‡‚ÂÌÒÚ‚Ó

 ≥ 0 (16)

fl‚ÎflÂÚÒfl ‰ÓÒÚ‡ÚÓ˜Ì˚Ï ÛÒÎÓ‚ËÂÏ ÛÒÚÓÈ˜Ë‚ÓÒÚË ÒıÂÏ˚ (14).
ü‚Ì‡fl Í‚‡ÁËÏÓÌÓÚÓÌÌ‡fl ÒıÂÏ‡ ‚ÚÓÓ„Ó ÔÓfl‰Í‡ ÚÓ˜ÌÓÒÚË (ÒÏ. [16], [8]) ÒÚÓËÚÒfl Ò ÔÓÏÓ˘¸˛

‡ÁÌÓÒÚÌ˚ı ÔÓËÁ‚Ó‰Ì˚ı ÙÛÌÍˆËË ϕ, ÍÓÚÓ˚Â ÔËÌflÚÓ Ì‡Á˚‚‡Ú¸ Ì‡ÍÎÓÌ‡ÏË Ë ÍÓÚÓ˚Â ËÒÔÓÎ¸-

ÁÛ˛ÚÒfl ‰Îfl ‚˚˜ËÒÎÂÌËfl ‚ÂÎË˜ËÌ , , , . éÚÒÛÚÒÚ‚ËÂ Á‡ÏÂÚÌ˚ı ˜ËÒÎÂÌÌ˚ı ÍÓÎÂ·‡ÌËÈ
ÒıÂÏ˚ [16], [8] Ó·ÂÒÔÂ˜Ë‚‡ÂÚ Ú‡Í Ì‡Á˚‚‡ÂÏ˚È ÔËÌˆËÔ ÏÓÌÓÚÓÌÌ˚ı Ì‡ÍÎÓÌÓ‚.

çÂÔÓÒÂ‰ÒÚ‚ÂÌÌÓÂ ÔËÏÂÌÂÌËÂ fl‚ÌÓÈ ÒıÂÏ˚ Ì‡ ÒÂÚÍ‡ı Ò ÒËÎ¸Ì˚Ï Ò„Û˘ÂÌËÂÏ Ë ¯‡„ÓÏ ÔÓ ‚Â-
ÏÂÌË (2) ÌÂ‚ÓÁÏÓÊÌÓ ËÁ-Á‡ Ì‡Û¯ÂÌËfl ÛÒÎÓ‚Ëfl (16). èÓ˝ÚÓÏÛ Ì‡ ̋ Ú‡ÔÂ ÔÂÂÒ˜ÂÚ‡, Í‡Í Ë Ì‡ Î‡„‡Ì-
ÊÂ‚ÓÏ ˝Ú‡ÔÂ, ÒÚÓËÚÒfl ÒÓÒÚ‡‚Ì‡fl ÒıÂÏ‡, Ó·˙Â‰ËÌfl˛˘‡fl fl‚ÌÛ˛ ÒıÂÏÛ [16], [8] Ë ÌÂfl‚ÌÛ˛ ÒıÂÏÛ

ÔÂ‚Ó„Ó ÔÓfl‰Í‡ ÚÓ˜ÌÓÒÚË  =  =  =  = ϕi, j. ç‡ ÔÂ‚ÓÏ ̋ Ú‡ÔÂ ÔËÏÂÌflÂÚÒfl fl‚Ì‡fl ÒıÂÏ‡,

wi j,
i ∆v i j,

iG / li j,
i τ( )= wi j,

j ∆v i j,
jG/ li j,

j τ( ),=

li j,
i li j,

j

∆v i j,
iL Ui j,

i li j,
i τ ∆v i j,

jL Ui j,
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j τ .=,=

v i j,
L

v i j, ∆v i j,
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iL– ∆v i j 1+,
jL ∆v i j,
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v
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ϕ i j,
i ϕ i j,

j

v
i j,

v i j,
L= ∆v i j,
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i ∆v i j 1+,

j ∆v i j,
j ,–+ +

ϕ i j,
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i– ∆v i j,
i 0,>,

ϕ i 1 j,–
i+ ∆v i j,

i 0,<,



= ϕ i j,
j ϕ i j 1–,

j+ ∆v i j,
j 0,>,

ϕ i j,
j– ∆v i j,

j 0,<,



=

ϕ i j,
i– ϕ i j,

i+ ϕ i j,
j– ϕ i j,

j+ ϕ i j,
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i+ ϕ i j,
j– ϕ i j,

j+

α i j,
mn
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1

∑
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∑
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mn
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∑
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ÅÂÎflÍÓ‚ Ë ‰.

ÍÓÚÓ‡fl ÔÂÂÒ˜ËÚ˚‚‡ÂÚ ÔÓÎÂ ÚÂ˜ÂÌËfl Ò ÒÂÚÍË GL Ì‡ ÔÓÏÂÊÛÚÓ˜ÌÛ˛ ÒÂÚÍÛ G1, ‰Îfl ÍÓÚÓÓÈ ÛÒÎÓ-
‚ËÂ (16) ‚˚ÔÓÎÌflÂÚÒfl. èË ÔÓÒÚÓÂÌËË ÒÂÚÍË G1 ÓÌ‡ ‚Ì‡˜‡ÎÂ ÒÓ‚Ô‡‰‡ÂÚ Ò ÒÂÚÍÓÈ G(t + τ). á‡ÚÂÏ
ÛÁÎ˚ ÚÂı fl˜ÂÂÍ, ‚ ÍÓÚÓ˚ı ÛÒÎÓ‚ËÂ (16) Ì‡Û¯ÂÌÓ, ÔÓ ÌÂÍÓÚÓÓÏÛ ‡Î„ÓËÚÏÛ ‰‚Ë„‡˛ÚÒfl ÔÓ Ì‡-
Ô‡‚ÎÂÌË˛ Í ÛÁÎ‡Ï ÒÂÚÍË G(t), ÔÓÍ‡ ÛÒÎÓ‚ËÂ (16) ÌÂ ‚˚ÔÓÎÌËÚÒfl ‰Îfl ‚ÒÂı fl˜ÂÂÍ. ÖÒÎË ÍÓ˝ÙÙËˆË-

ÂÌÚ˚ ‚ (10) Ì‡ ÔÂ‚ÓÏ ˝Ú‡ÔÂ Ó·ÓÁÌ‡˜ËÚ¸ ˜ÂÂÁ , , ÚÓ ÍÓ˝ÙÙËˆËÂÌÚ˚ ‚ÚÓÓ„Ó ˝Ú‡Ô‡ ËÏÂ-

˛Ú ‚Ë‰  =  – ,  =  – . èË Â‡ÎËÁ‡ˆËË ÌÂfl‚ÌÓÈ ÒıÂÏ˚ ‚Ì‡˜‡ÎÂ ‚˚-
˜ËÒÎfl˛ÚÒfl Ó·‡ÚÌ‡fl Ï‡ÚËˆ‡, ÍÓÚÓ‡fl Á‡ÚÂÏ ÔËÏÂÌflÂÚÒfl ‰Îfl ‚ÒÂı ÙÛÌÍˆËÈ ϕ = (ρ, ρu, ρε).

çÂÍÓÚÓ˚Â ÎËÌËË ÒÂÚÍË G(t) Ó·˙fl‚Îfl˛ÚÒfl Î‡„‡ÌÊÂ‚˚ÏË ÎËÌËflÏË, Ì‡ÔËÏÂ „‡ÌËˆ‡ ‡Á‰Â-
Î‡ ÒÂ‰. Ñ‚ËÊÂÌËÂ Ú‡ÍÓÈ ‚˚‰ÂÎÂÌÌÓÈ ÎËÌËË ÓÔÂ‰ÂÎflÂÚÒfl Â¯ÂÌËÂÏ Á‡‰‡˜Ë. ç‡ Í‡Ê‰ÓÏ ¯‡„Â ÔÓ
‚ÂÏÂÌË ÛÁÎ˚ Ú‡ÍÓÈ ÎËÌËË ‚Ì‡˜‡ÎÂ ÔÂÂÏÂ˘‡˛ÚÒfl ‚ ÒÓÓÚ‚ÂÚÒÚ‚ËË Ò ÔÓÎÂÏ ÒÍÓÓÒÚË, ‡ Á‡ÚÂÏ ÔÂ-
ÂÏÂ˘‡˛ÚÒfl ‚‰ÓÎ¸ ÎËÌËË ‚ ÒÓÓÚ‚ÂÚÒÚ‚ËË Ò Á‡‰‡ÌÌ˚Ï Á‡ÍÓÌÓÏ Ëı ‡ÒÒÚ‡ÌÓ‚ÍË (ÒÏ. [7]). ÖÒÎË ÎË-
ÌËfl ÒÂÚÍË, ÓÚ‚Â˜‡˛˘‡fl, Ì‡ÔËÏÂ, ÁÌ‡˜ÂÌË˛ i = 1, fl‚ÎflÂÚÒfl Î‡„‡ÌÊÂ‚ÓÈ, ÚÓ ÔÂÂÌÓÒ‡ ‚Â˘ÂÒÚ‚‡

˜ÂÂÁ ÌÂÂ ÌÂÚ, Ú.Â. ‚ (10) ÒÎÂ‰ÛÂÚ ÔÓÎÓÊËÚ¸  = 0. Ç ÚÓ ÊÂ ‚ÂÏfl ‚˚˜ËÒÎÂÌÌÓÂ ÔÓ ÙÓÏÛÎÂ (11)

ÁÌ‡˜ÂÌËÂ  ≠ 0, ‡ ÎË¯¸ ÒÚÂÏËÚÒfl Í ÌÛÎ˛ ·˚ÒÚÂÂ ¯‡„‡ ÔÓ ‚ÂÏÂÌË Ë ¯‡„‡ ÒÂÚÍË ‚‰ÓÎ¸

Î‡„‡ÌÊÂ‚ÓÈ ÎËÌËË. åÓÊÌÓ ÒÓı‡ÌËÚ¸ ÙÓÏÛÎÛ (11), ÔÓÎÓÊË‚  = . é‰Ì‡ÍÓ ̋ ÚÓ ÔË‚Ó‰ËÚ
Í ÌÂÓ‰ÌÓÓ‰ÌÓÒÚË ÒıÂÏ˚ Ì‡ Î‡„‡ÌÊÂ‚ÓÏ ˝Ú‡ÔÂ, ˜ÚÓ ÏÓÊÂÚ ÒÎÛÊËÚ¸ ‰ÓÔÓÎÌËÚÂÎ¸Ì˚Ï ËÒÚÓ˜ÌËÍÓÏ

ÍÓÎÂ·‡ÌËÈ ˜ËÒÎÂÌÌÓ„Ó Â¯ÂÌËfl ‚·ÎËÁË „‡ÌËˆ˚. èÓ˝ÚÓÏÛ ·˚ÎÓ Â¯ÂÌÓ ÔÓÎÓÊËÚ¸  = 0 ‚

(10), ÌÂ ÏÂÌflfl ÙÓÏÛÎÛ ‰Îfl . Ç ˝ÚÓÏ ÒÎÛ˜‡Â ‰Îfl fl˜ÂÂÍ ÒÂÚÍË, ÔËÎÂ„‡˛˘Ëı Í Î‡„‡ÌÊÂ‚ÓÈ
ÎËÌËË, ÁÌ‡˜ÂÌËfl v1, j, ‚˚˜ËÒÎÂÌÌ˚Â ÔÓ ÙÓÏÛÎ‡Ï (7) Ë (12), ÛÊÂ ÌÂ ÒÓ‚Ô‡‰‡˛Ú ‰Û„ Ò ‰Û„ÓÏ. óÚÓ-
·˚ ÒıÂÏ‡ (10) ÔÓ-ÔÂÊÌÂÏÛ Ó·Î‡‰‡Î‡ Ò‚ÓÈÒÚ‚ÓÏ ËÌÚÂÔÓÎflˆËÓÌÌÓÈ ÙÓÏÛÎ˚, ÒÎÂ‰ÛÂÚ ÓÚÍ‡Á‡Ú¸-
Òfl ÓÚ (7) Ë ‚˚˜ËÒÎflÚ¸ v1, j ÔÓ ÙÓÏÛÎÂ (12). ÑÎfl ÒÂÚÓÍ ·ÂÁ ÒËÎ¸ÌÓ„Ó Ò„Û˘ÂÌËfl Í Î‡„‡ÌÊÂ‚ÓÈ ÎËÌËË
Ú‡ÍÓÈ ÔÓ‰ıÓ‰ ‚ÔÓÎÌÂ ÔËÂÏÎÂÏ. é‰Ì‡ÍÓ ‰Îfl ÒÂÚÓÍ Ò ÒËÎ¸Ì˚Ï Ò„Û˘ÂÌËÂÏ, ÍÓ„‰‡ ÒÂÚÓ˜Ì˚È ËÌÚÂ-
‚‡Î ‚‰ÓÎ¸ Î‡„‡ÌÊÂ‚ÓÈ ÎËÌËË ÏÌÓ„Ó ÏÂÌ¸¯Â ËÌÚÂ‚‡Î‡ ‚‰ÓÎ¸ ÒÂÚÓ˜Ì˚ı ÎËÌËÈ ‰Û„Ó„Ó ÒÂÏÂÈ-
ÒÚ‚‡, ÙÓÏÛÎ‡ (12) ÏÓÊÂÚ ‰‡‚‡Ú¸ ÁÌ‡˜ÂÌËÂ v1, j < 0.

á‡ÏÂÚËÏ, ̃ ÚÓ ‰Îfl ‚ÌÛÚÂÌÌËı fl˜ÂÂÍ ÒÂÚÍË, ÌË Ó‰Ì‡ ËÁ „‡ÌËˆ ÍÓÚÓ˚ı ÌÂ ÔËÌ‡‰ÎÂÊËÚ Î‡„‡Ì-
ÊÂ‚ÓÈ ÎËÌËË, vi, j > 0, ˜ÚÓ ÒÎÂ‰ÛÂÚ ËÁ (7) Ë ÌÂ‚˚ÓÊ‰ÂÌÌÓÒÚË ÒÂÚÍË G(t + τ). èÓ ˝ÚÓÈ ÊÂ ÔË˜ËÌÂ,

ÂÒÎË  ‚˚˜ËÒÎflÚ¸ ÔÓ ÙÓÏÛÎÂ (11), ÚÓ Ë ‰Îfl fl˜ÂÂÍ, ÔËÏ˚Í‡˛˘Ëı Í Î‡„‡ÌÊÂ‚ÓÈ „‡ÌËˆÂ,

ÙÓÏÛÎ‡ (12) ·Û‰ÂÚ ‰‡‚‡Ú¸  > 0. áÌ‡˜ÂÌËÂ  ÌÂ ËÁÏÂÌËÚÒfl, ÂÒÎË ‚ (12) ÔÓÎÓÊËÚ¸  = 0,

 =  – , „‰Â Á‚ÂÁ‰Ó˜ÍÓÈ ÓÚÏÂ˜ÂÌ˚ ‚ÂÎË˜ËÌ˚, ‚˚˜ËÒÎflÂÏ˚Â ÔÓ ÙÓÏÛÎÂ (11). ëÎÂ-

‰Û˛˘‡fl ÏÓ‰ËÙËÍ‡ˆËfl ÁÌ‡˜ÂÌËÈ  ‚ÌÛÚË Ó·Î‡ÒÚË, Ú.Â. ÔË i > 1, ÔÓÁ‚ÓÎËÎ‡ ËÁ·ÂÊ‡Ú¸ ÔÓfl‚ÎÂ-
ÌËfl ÓÚËˆ‡ÚÂÎ¸Ì˚ı ÁÌ‡˜ÂÌËÈ vi, j:

, i = 2, 3, …, m, 

„‰Â m – ÌÂÍÓÚÓÓÂ Á‡‰‡ÌÌÓÂ ̃ ËÒÎÓ ÒÎÓÂ‚, Ì‡ ÍÓÚÓ˚ı ‚˚ÔÓÎÌflÂÚÒfl ÏÓ‰ËÙËÍ‡ˆËfl, ξ(i) – ÌÂÍÓÚÓ‡fl
ÏÓÌÓÚÓÌÌÓ Û·˚‚‡˛˘‡fl ÙÛÌÍˆËfl, ξ(1) = 1, ξ(m) = 0.

2. åéÑÖãàêéÇÄçàÖ çÄÉêÖÇÄ íêÖçàÖå
èêà ìÑÄêçéå ëÜÄíàà èãÄëíàçõ çÄ äãàçÖ

ê‡ÒÒÏ‡ÚË‚‡ÂÚÒfl ÒÎÂ‰Û˛˘‡fl Á‡‰‡˜‡ (ÒÏ. ÙË„. 3), ÏÓ‰ÂÎËÛ˛˘‡fl ˝ÍÒÔÂËÏÂÌÚ ËÁ [17]. Ç ‡Î˛-
ÏËÌËÂ‚ÓÈ ÔÎ‡ÒÚËÌÂ P ÚÓÎ˘ËÌÓÈ 3 ÏÏ, ÎÂÊ‡˘ÂÈ Ì‡ ‡Î˛ÏËÌËÂ‚ÓÏ ÍÎËÌÂ W, ËÌËˆËËÛÂÚÒfl Û‰‡Ì‡fl
‚ÓÎÌ‡. ì„ÓÎ ÏÂÊ‰Û ÔÎ‡ÒÚËÌÓÈ Ë ÍÎËÌÓÏ α = 20°. Ç ˝ÍÒÔÂËÏÂÌÚÂ ‚ÓÎÌ‡ ËÌËˆËËÛÂÚÒfl Á‡fl‰ÓÏ
ÇÇ, ‡ ËÁÏÂÂÌÌ‡fl ÒÍÓÓÒÚ¸ Ò‚Ó·Ó‰ÌÓÈ ÔÓ‚ÂıÌÓÒÚË ÔÎ‡ÒÚËÌ˚ ÔÓÒÎÂ ‚˚ıÓ‰‡ Ì‡ ÌÂÂ Û‰‡ÌÓÈ ‚ÓÎÌ˚
ÔËÏÂÌÓ 4 ÍÏ/Ò. Ç ‡ÒÒÏ‡ÚË‚‡ÂÏÓÈ Á‡‰‡˜Â ‰ÂÈÒÚ‚ËÂ Á‡fl‰‡ ÇÇ ÏÓ‰ÂÎËÛÂÚÒfl ‡Î˛ÏËÌËÂ‚˚Ï
Û‰‡ÌËÍÓÏ, Ì‡ÎÂÚ‡˛˘ËÏ Ì‡ ÔÎ‡ÒÚËÌÛ ÒÓ ÒÍÓÓÒÚ¸˛ 4 ÍÏ/Ò. Ç ÒËÎÛ ÒËÏÏÂÚËË, ÒÍÓÓÒÚ¸ ‚Â˘ÂÒÚ‚‡
Á‡ ÙÓÌÚÓÏ Û‰‡ÌÓÈ ‚ÓÎÌ˚ ‚ ÔÎ‡ÒÚËÌÂ 2 ÍÏ/Ò, ‡ Ô‡‚ËÎÓ Û‰‚ÓÂÌËfl ÒÍÓÓÒÚÂÈ (ÒÏ. [18]) ‰‡ÂÚ ÌÛÊ-
ÌÓÂ ÁÌ‡˜ÂÌËÂ ÒÍÓÓÒÚË Ò‚Ó·Ó‰ÌÓÈ ÔÓ‚ÂıÌÓÒÚË 4 ÍÏ/Ò. íÓ˜ÌÓÂ Â¯ÂÌËÂ ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ÂÈ Ó‰ÌÓ-
ÏÂÌÓÈ Á‡‰‡˜Ë Ò Û‡‚ÌÂÌËÂÏ ÒÓÒÚÓflÌËfl ‡Î˛ÏËÌËfl ËÁ [14] ÓÚÎË˜‡ÂÚÒfl ÓÚ ̋ ÚÓ„Ó ÔË·ÎËÊÂÌÌÓ„Ó Â-
ÁÛÎ¸Ú‡Ú‡ Ì‡ ÌÂÒÍÓÎ¸ÍÓ ÔÓˆÂÌÚÓ‚. íÓÎ˘ËÌ‡ Û‰‡ÌËÍ‡ ‚˚·Ë‡ÂÚÒfl ‰ÓÒÚ‡ÚÓ˜ÌÓ ·ÓÎ¸¯ÓÈ, ˜ÚÓ·˚
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‚ÓÎÌ‡ ‡ÁÂÊÂÌËfl ÓÚ Ò‚Ó·Ó‰ÌÓÈ ÔÓ‚ÂıÌÓÒÚË Û‰‡ÌËÍ‡ ÌÂ ÛÒÔÂ‚‡-
Î‡ ‰ÓıÓ‰ËÚ¸ ‰Ó ÔÎ‡ÒÚËÌ˚ Á‡ ‡ÒÒÏ‡ÚË‚‡ÂÏ˚È ËÌÚÂ‚‡Î ‚ÂÏÂÌË.

ä‡Í ‚Ë‰ÌÓ ËÁ ÙË„. 3, ÔË ‚˚·‡ÌÌ˚ı Ô‡‡ÏÂÚ‡ı Á‡‰‡˜Ë Â‡ÎË-
ÁÛÂÚÒfl ·ÂÒÒÚÛÈÌÓÂ ÒÊ‡ÚËÂ, ÔË˜ËÌÓÈ ÍÓÚÓÓ„Ó fl‚Îfl˛ÚÒfl ÔËÒÓ-
Â‰ËÌÂÌÌ˚Â Í ÚÓ˜ÍÂ ÍÓÌÚ‡ÍÚ‡ ÔÎ‡ÒÚËÌ˚ Ë ÍÎËÌ‡ (ÚÓ˜Í‡ ë Ì‡ ÙË„. 3)
Û‰‡Ì˚Â ‚ÓÎÌ˚ ‚ ÔÎ‡ÒÚËÌÂ Ë ÍÎËÌÂ (ÒÏ. [19], [20]). ç‡ ÙË„. 4 Û‰‡-
Ì‡fl ‚ÓÎÌ‡ ‚ ÔÎ‡ÒÚËÌÂ ‚Ë‰Ì‡ ‚ ‚Ë‰Â ÎËÌËË, Ì‡ ÍÓÚÓÓÈ ‚ÂÍÚÓ ÒÍÓ-
ÓÒÚË ÏÂÌflÂÚ Ì‡Ô‡‚ÎÂÌËÂ.

ÄÌ‡ÎËÁ ˝ÍÒÔÂËÏÂÌÚ‡Î¸Ì˚ı ‰‡ÌÌ˚ı, Ì‡ ÍÓÚÓÓÏ Ï˚ Á‰ÂÒ¸ ÓÒÚ‡-
Ì‡‚ÎË‚‡Ú¸Òfl ÌÂ ·Û‰ÂÏ, ÔÓÁ‚ÓÎflÂÚ ÔÂ‰ÔÓÎÓÊËÚ¸ Ì‡ÎË˜ËÂ ‚ Â‡Î¸-
ÌÓÏ ÚÂ˜ÂÌËË ÒËÎ¸ÌÓ„Ó Ì‡„Â‚‡ ‡Î˛ÏËÌËfl ÚÂÌËÂÏ ÔË ÒÍÓÎ¸ÊÂÌËË
ÔÎ‡ÒÚËÌ˚ ‚‰ÓÎ¸ ÍÎËÌ‡. íÂÌËÂ ÏÓ‰ÂÎËÓ‚‡ÎÓÒ¸ Á‡‰‡ÌËÂÏ Ì‡ „‡ÌË-
ˆÂ ‡Á‰ÂÎ‡ ÔÓÚÓÍ‡ ÚÂÔÎ‡

„‰Â ν – ÍÓ˝ÙÙËˆËÂÌÚ ÚÂÌËfl, usl – ÒÍÓÓÒÚ¸ ÒÍÓÎ¸ÊÂÌËfl, ÓÔÂ‰Â-
ÎÂÌÌ‡fl Í‡Í ‡ÁÌÓÒÚ¸ ÏÂÊ‰Û ÔÓÂÍˆËflÏË Ì‡ „‡ÌËˆÛ ‡Á‰ÂÎ‡ ÒÍÓ-
ÓÒÚË ‚Â˘ÂÒÚ‚‡ ‚ ÔÎ‡ÒÚËÌÂ Ë ÍÎËÌÂ, ÏÌÓÊËÚÂÎ¸ χ(ρ) Ó·ÌÛÎflÂÚ ÔÓ-
ÚÓÍ, ÂÒÎË ÔÎÓÚÌÓÒÚ¸ ÒÚ‡ÌÓ‚ËÚÒfl ÏÂÌ¸¯Â ‰ÓÒÚ‡ÚÓ˜ÌÓ Ï‡ÎÓ„Ó ÁÌ‡˜Â-
ÌËfl ρ0 ≈ 1 „/ÒÏ3 (ÌÓÏ‡Î¸Ì‡fl ÔÎÓÚÌÓÒÚ¸ ‡Î˛ÏËÌËfl 2.7 „/ÒÏ3), Ë
ÛÏÂÌ¸¯‡ÂÚ ÔÓÚÓÍ ‚ ÔÓÏÂÊÛÚÓ˜ÌÓÈ Ó·Î‡ÒÚË ρ0 ≤ ρ ≤ ρ1 ≈ 2 „/ÒÏ3.
ê‡ÒÒÏ‡ÚË‚‡ÎÒfl Ì‡„Â‚ ÚÓÎ¸ÍÓ ÔÎ‡ÒÚËÌ˚. éÒÌÓ‚ÌÓÈ ‚ÓÔÓÒ, Ì‡

q νp usl χ ρ( ) χ ρ( ),

0, ρ ρ0,≤

1 ρ0/ρ–( ) 1 ρ0/ρ1–( )–1, ρ0 ρ ρ1,≤ ≤
1, ρ ρ1,≥






= =

ÍÓÚÓ˚È ÌÂÓ·ıÓ‰ËÏÓ ·˚ÎÓ ‰‡Ú¸ ÓÚ‚ÂÚ, Á‡ÍÎ˛˜‡ÎÒfl ‚ ÚÓÏ, ÏÓÊÂÚ ÎË Ì‡„Â‚ ÚÂÌËÂÏ ÔË‚ÂÒÚË Í
Ì‡Û¯ÂÌË˛ ·ÂÒÒÚÛÈÌÓ„Ó ı‡‡ÍÚÂ‡ ÚÂ˜ÂÌËfl. á‡ÏÂÚËÏ, ˜ÚÓ Û„ÓÎ ÏÂÊ‰Û ÔÎ‡ÒÚËÌÓÈ Ë ÍÎËÌÓÏ α = 20°
·ÎËÁÓÍ Í ÍËÚË˜ÂÒÍÓÏÛ ÁÌ‡˜ÂÌË˛ α∗ , Ì‡˜ËÌ‡fl Ò ÍÓÚÓÓ„Ó ÔÓfl‚ÎflÂÚÒfl ÍÛÏÛÎflÚË‚Ì‡fl ÒÚÛfl.
Ç ˜‡ÒÚÌÓÒÚË, ÔË·ÎËÊÂÌÌ‡fl ÚÂÓËfl ËÁ [13] ‰‡ÂÚ ‰Îfl ÒÍÓÓÒÚË Û‰‡ÌËÍ‡ 4 ÍÏ/Ò ‚ÂÎË˜ËÌÛ α∗  ≈ 21°. 

í‡ÍÚËÍ‡ ‡Ò˜ÂÚ‡ ÒÎÂ‰Û˛˘‡fl. Ç ÔÎ‡ÒÚËÌÂ Ë ÍÎËÌÂ ËÏÂ˛ÚÒfl ‰‚‡ ÌÂÁ‡‚ËÒËÏ˚ı ÒÂÚÓ˜Ì˚ı ·ÎÓÍ‡.
ç‡ „‡ÌËˆÂ ÏÂÊ‰Û ÔÎ‡ÒÚËÌÓÈ Ë ÍÎËÌÓÏ ÒÂÚÍË ÒÍÓÎ¸Áfl˘ËÂ. àÒÔÓÎ¸ÁÛÂÚÒfl ÎËÌÂÈÌ‡fl ÔÂÂËÌÚÂÔÓ-
ÎflˆËfl ‰‡ÌÌ˚ı ‚‰ÓÎ¸ „‡ÌËˆ˚. íÓ˜Í‡ ÍÓÌÚ‡ÍÚ‡ ë fl‚ÎflÂÚÒfl ÙËÍÒËÓ‚‡ÌÌ˚Ï ÛÁÎÓÏ ÒÂÚÍË ‚ ÔÎ‡ÒÚË-
ÌÂ. ÑÓ ÏÓÏÂÌÚ‡ ‚ÂÏÂÌË t0 = 0.85 ÏÍÒ, ÔÓÍ‡Á‡ÌÌÓ„Ó Ì‡ ÙË„. 3·, ‡Ò˜ÂÚ ‚ÂÎÒfl ÔÓ fl‚ÌÓÈ ÒıÂÏÂ Ì‡ ÒÂÚ-
ÍÂ ·ÂÁ Ò„Û˘ÂÌËfl, ˜ÚÓ Ò‚flÁ‡ÌÓ Ò ÊÂÎ‡ÌËÂÏ ËÁ·ÂÊ‡Ú¸ ËÒÔÓÎ¸ÁÓ‚‡ÌËfl ÌÂÏÓÌÓÚÓÌÌÓÈ ÌÂfl‚ÌÓÈ ÒıÂÏ˚
Î‡„‡ÌÊÂ‚Ó„Ó ˝Ú‡Ô‡ ÔË ‡Ò˜ÂÚÂ ÓÚ‡ÊÂÌËfl „ÓÎÓ‚ÌÓÈ Û‰‡ÌÓÈ ‚ÓÎÌ˚ ÓÚ ÍÎËÌ‡ ‚ Ó·Î‡ÒÚË Â„Ó Ì‡-
˜‡Î¸ÌÓ„Ó ÍÓÌÚ‡ÍÚ‡ Ò ÔÎ‡ÒÚËÌÓÈ. Ç ÏÓÏÂÌÚ ‚ÂÏÂÌË t0 ÔÓÎÂ ÚÂ˜ÂÌËfl ÔÂÂÒ˜ËÚ˚‚‡ÎÓÒ¸ Ì‡ ÒÂÚÍÛ ÒÓ
Ò„Û˘ÂÌËÂÏ, ‚‡Ë‡ÌÚ˚ ÍÓÚÓÓÈ ÔÓÍ‡Á‡Ì˚ Ì‡ ÙË„. 5, ‡ Á‡ÚÂÏ ËÒÔÓÎ¸ÁÓ‚‡Î‡Ò¸ ÓÔËÒ‡ÌÌ‡fl ‚ ÔÂ‰˚-
‰Û˘ÂÏ ‡Á‰ÂÎÂ ÒÓÒÚ‡‚Ì‡fl ÒıÂÏ‡.

ëÂÚÍ‡ ÒÚÓËÚÒfl Ò ÔÓÏÓ˘¸˛ ÏÓ‰ËÙËÍ‡ˆËË ÏÂÚÓ‰‡ ËÁ [21], „‡‡ÌÚËÛ˛˘Â„Ó ‚˚ÔÛÍÎÓÒÚ¸ ‚ÒÂı
fl˜ÂÂÍ ÒÂÚÍË. ÇıÓ‰Ì˚ÏË Ô‡‡ÏÂÚ‡ÏË ÏÂÚÓ‰‡ fl‚Îfl˛ÚÒfl ÍÓÓ‰ËÌ‡Ú˚ ÛÁÎÓ‚ „‡ÌË˜Ì˚ı ÎËÌËÈ Ë Á‡-
ÍÓÌ˚ ‡ÒÒÚ‡ÌÓ‚ÍË ÛÁÎÓ‚ ‚‰ÓÎ¸ ÎËÌËÈ Ó‰ÌÓ„Ó ÒÂÏÂÈÒÚ‚‡, ‚ ‰‡ÌÌÓÏ ÒÎÛ˜‡Â – ÎËÌËÈ, ‚˚ıÓ‰fl˘Ëı ËÁ
ÌËÊÌÂÈ „‡ÌËˆ˚ ÔÎ‡ÒÚËÌ˚. ùÚË ÎËÌËË ÓÚ‚Â˜‡˛Ú ÁÌ‡˜ÂÌË˛ ËÌ‰ÂÍÒ‡ j = const, Ì‡Ô‡‚ÎÂÌËÂ ËÁÏÂ-
ÌÂÌËfl ÍÓÚÓÓ„Ó ÔÓÍ‡Á‡ÌÓ Ì‡ ÙË„. 5‡ ÒÚÂÎÍÓÈ. Ç ÓÚÎË˜ËÂ ÓÚ ÏÂÚÓ‰‡ ËÁ [21], Á‡ÍÓÌ ‡ÒÒÚ‡ÌÓ‚ÍË
ÏÓÊÂÚ ·˚Ú¸ Ò‚ÓËÏ ‰Îfl Í‡Ê‰ÓÈ ÎËÌËË.

èÓ‰ Á‡ÍÓÌÓÏ ‡ÒÒÚ‡ÌÓ‚ÍË (ÒÏ. [7]) ÔÓÌËÏ‡ÂÚÒfl ÏÓÌÓÚÓÌÌÓ ‚ÓÁ‡ÒÚ‡˛˘‡fl ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚ¸

ηi, i = 1, 2, …, n, η1 = 0, ηn = 1,

ÍÓÚÓ‡fl ÔÓ Á‡‰‡ÌÌÓÏÛ ÁÌ‡˜ÂÌË˛ l ÓÔÂ‰ÂÎflÂÚ Ó‰ÌÓÏÂÌÛ˛ ÒÂÚÍÛ li = ηil. ÑÎfl ÎËÌËÈ ÒÂÚÍË Ò j ≥ jC,
„‰Â ËÌ‰ÂÍÒ jC ÓÚ‚Â˜‡ÂÚ ÎËÌËË, ÔÓıÓ‰fl˘ÂÈ ˜ÂÂÁ ÚÓ˜ÍÛ ÍÓÌÚ‡ÍÚ‡, ÒÚÓËÚÒfl ÙËÍÚË‚Ì‡fl Ó‰ÌÓÏÂ-
Ì‡fl ÒÂÚÍ‡ {li}, ÔÓ ÍÓÚÓÓÈ ‚˚˜ËÒÎflÂÚÒfl Á‡ÍÓÌ ‡ÒÒÚ‡ÌÓ‚ÍË. ëÂÚÍ‡ {li} ÒÓÒÚÓËÚ ËÁ ˜ÂÚ˚Âı Û˜‡ÒÚ-
ÍÓ‚ Ò ‡ÁÌ˚Ï Á‡ÍÓÌÓÏ ËÁÏÂÌÂÌËfl ¯‡„‡ ÒÂÚÍË. ç‡ ÔÂ‚ÓÏ Û˜‡ÒÚÍÂ ¯‡„ ÒÂÚÍË ÔÓÒÚÓflÌÂÌ, Á‡ÚÂÏ
Ë‰ÂÚ Û˜‡ÒÚÓÍ Ò ËÁÏÂÌÂÌËÂÏ ¯‡„‡ ÔÓ „ÂÓÏÂÚË˜ÂÒÍÓÈ ÔÓ„ÂÒÒËË, Ì‡ ÚÂÚ¸ÂÏ Û˜‡ÒÚÍÂ ¯‡„ ËÁÏÂÌfl-
ÂÚÒfl ÔÓ ‡ËÙÏÂÚË˜ÂÒÍÓÈ ÔÓ„ÂÒÒËË, ‡ Ì‡ ˜ÂÚ‚ÂÚÓÏ ¯‡„ ÓÔflÚ¸ ÔÓÒÚÓflÌÂÌ. è‡‡ÏÂÚ‡ÏË ÒÂÚÍË
fl‚Îfl˛ÚÒfl ˜ËÒÎÓ ËÌÚÂ‚‡ÎÓ‚ Ì‡ Í‡Ê‰ÓÏ Û˜‡ÒÚÍÂ, ‰ÎËÌ‡ ÒÂÚÍË l Ë ÔÂ‚˚È ¯‡„ ÒÂÚÍË l1. Ç Í‡˜ÂÒÚ‚Â
l ‚˚·Ë‡Î‡Ò¸ ‰ÎËÌ‡ ÎËÌËË Ì‡ ÔÂ‰˚‰Û˘ÂÏ ¯‡„Â ÔÓ ‚ÂÏÂÌË, ‡ ÁÌ‡˜ÂÌËÂ l1 = 2 × 10–5 ÏÏ ‚˚·Ë‡-
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ÅÂÎflÍÓ‚ Ë ‰.

ÎÓÒ¸ ËÁ ‡Ì‡ÎËÁ‡ ÂÁÛÎ¸Ú‡ÚÓ‚ ‡Ò˜ÂÚ‡ Ó‰ÌÓÏÂÌÓÈ Á‡‰‡˜Ë, ‡ÒÒÏÓÚÂÌÌÓÈ ‚ ÔÂ‰˚‰Û˘ÂÏ ‡Á‰ÂÎÂ.
ÑÎfl ÎËÌËÈ ÒÂÚÍË ‚·ÎËÁË ÎÂ‚ÓÈ „‡ÌËˆ˚ ÔÎ‡ÒÚËÌ˚ 1 ≤ j ≤ j0, „‰Â j0 – Ô‡‡ÏÂÚ ÒÂÚÍË, Á‡ÍÓÌ ‡ÒÒÚ‡-
ÌÓ‚ÍË ·˚Î ‡‚ÌÓÏÂÌ˚Ï: ηi = = (i – 1)/n, ‡ ‚ ÔÓÏÂÊÛÚÓ˜ÌÓÈ Ó·Î‡ÒÚË j0 < j < jC Á‡ÍÓÌ ‡ÒÒÚ‡ÌÓ‚ÍË
‚˚˜ËÒÎflÎÒfl Ò ÔÓÏÓ˘¸˛ ÌÂÍÓÚÓÓÈ ËÌÚÂÔÓÎflˆËË Á‡ÍÓÌÓ‚ ÔË j = j0 Ë jC.

ÑÎfl ÎËÌËË ÒÂÚÍË, ÓÚ‚Â˜‡˛˘ÂÈ ÌËÊÌÂÈ „‡ÌËˆÂ ÔÎ‡ÒÚËÌ˚, ËÒÔÓÎ¸ÁÓ‚‡ÎËÒ¸ Ò‚ÓË Á‡ÍÓÌ˚ ‡Ò-
ÒÚ‡ÌÓ‚ÍË ÒÎÂ‚‡ Ë ÒÔ‡‚‡ ÓÚ ÚÓ˜ÍË ÍÓÌÚ‡ÍÚ‡. éÒÌÓ‚Ì˚Ï Ô‡‡ÏÂÚÓÏ ·˚Î ÏËÌËÏ‡Î¸Ì˚È ̄ ‡„ hC ÒÓ-
ÓÚ‚ÂÚÒÚ‚Û˛˘Ëı ÙËÍÚË‚Ì˚ı ÒÂÚÓÍ ‚·ÎËÁË ÚÓ˜ÍË ÍÓÌÚ‡ÍÚ‡, ËÁÏÂÌÂÌËÂ ÍÓÚÓÓ„Ó ‰‡‚‡ÎÓ ÒÂÚÍË Ò

P

P

W

îË„. 4. èÓÎÂ ÒÍÓÓÒÚË ‚ ÓÍÂÒÚÌÓÒÚË ÚÓ˜ÍË ÍÓÌÚ‡ÍÚ‡ ÔÎ‡ÒÚËÌ˚ Ë ÍÎËÌ‡.

6

4

2

0
4 6 8

y, ÏÏ

2 4 6 82
x, ÍÏ
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îË„. 5. ëÂÚÍË ‚·ÎËÁË ÚÓ˜ÍË ÍÓÌÚ‡ÍÚ‡ Ò ÏËÌËÏ‡Î¸Ì˚Ï ¯‡„ÓÏ ‚‰ÓÎ¸ „‡ÌËˆ˚ ‡Á‰ÂÎ‡ hC = 0.05 („‡ÙËÍ (‡)) Ë
0.01 ÏÏ („‡ÙËÍ (·)); t = 2.4 ÏÍÒ.



ÜìêçÄã ÇõóàëãàíÖãúçéâ åÄíÖåÄíàäà à åÄíÖåÄíàóÖëäéâ îàáàäà      ÚÓÏ 47      ‹ 3      2007

èêàåÖçÖçàÖ ëéëíÄÇçõï êÄáçéëíçõï ëïÖå Ñãü êÄëóÖíÄ 489

‡ÁÌ˚Ï Ò„Û˘ÂÌËÂÏ Í ÚÓ˜ÍÂ ÍÓÌÚ‡ÍÚ‡ ‚‰ÓÎ¸ „‡ÌËˆ˚ ‡Á‰ÂÎ‡.
Ñ‚Â Ú‡ÍËÂ ÒÂÚÍË ÔÓÍ‡Á‡Ì˚ Ì‡ ÙË„. 5.

êÂÁÛÎ¸Ú‡Ú˚ ‡Ò˜ÂÚ‡ ‰Îfl ÍÓ˝ÙÙËˆËÂÌÚ‡ ÚÂÌËfl ν = 0.5 Ì‡
‰‚Ûı ÒÂÚÍ‡ı ÔÓÍ‡Á‡Ì˚ Ì‡ ÙË„. 6. ä‡Í Ë ‚ Ó‰ÌÓÏÂÌÓÈ Á‡‰‡˜Â,
¯‡„ ÔÓ ‚ÂÏÂÌË τ ≈ 100τK. ê‡ÒÔÂ‰ÂÎÂÌËÂ ‰‡‚ÎÂÌËfl ‚‰ÓÎ¸ „‡-
ÌËˆ˚ ‡Á‰ÂÎ‡ Ò ÚÓ˜ÌÓÒÚ¸˛ ‰Ó ÚÓÎ˘ËÌ˚ ÎËÌËË Ì‡ ÙË„. 6 ÌÂ ÏÂ-
ÌflÂÚÒfl ÔË ËÁÏÂÌÂÌËË ÒÂÚÍË, ‡ ‡ÒÔÂ‰ÂÎÂÌËfl ÚÂÏÔÂ‡ÚÛ˚, ÔÓ-
ÎÛ˜ÂÌÌ˚Â Ì‡ ‡ÁÌ˚ı ÒÂÚÍ‡ı, ·ÎËÁÍË.

éÒÌÓ‚ÌÓÈ ÂÁÛÎ¸Ú‡Ú ÏÓ‰ÂÎËÓ‚‡ÌËfl Á‡ÍÎ˛˜‡ÂÚÒfl ‚ ÚÓÏ, ˜ÚÓ
ÚÂÌËÂ ÌÂ ÏÂÌflÂÚ ·ÂÒÒÚÛÈÌÓ„Ó ı‡‡ÍÚÂ‡ ÚÂ˜ÂÌËfl. ìÍ‡ÊÂÏ
Ú‡ÍÊÂ, ˜ÚÓ ‰Îfl ‚˚·‡ÌÌÓÈ ÏÓ‰ÂÎË ÚÂÌËfl ÚÂÏÔÂ‡ÚÛ‡ ‡Î˛ÏË-
ÌËfl Ì‡ „‡ÌËˆÂ ‡Á‰ÂÎ‡, Í‡Í ‚Ë‰ÌÓ ËÁ ÙË„. 6, ÏÓÊÂÚ ‰ÓÒÚË„‡Ú¸
ÁÌ‡˜ÂÌËÈ ÔÓfl‰Í‡ 105 ä.

Ä‚ÚÓ˚ ·Î‡„Ó‰‡flÚ ä.Ç. ïË˘ÂÌÍÓ ËÁ àÌÒÚËÚÛÚ‡ ÚÂÔÎÓÙË-
ÁËÍË ˝ÍÒÚÂÏ‡Î¸Ì˚ı ÒÓÒÚÓflÌËÈ é·˙Â‰ËÌÂÌÌÓ„Ó ËÌÒÚËÚÛÚ‡ ‚˚-
ÒÓÍËı ÚÂÏÔÂ‡ÚÛ êÄç Á‡ ÔÂ‰ÓÒÚ‡‚ÎÂÌÌ˚Â ‚ ‡ÒÔÓflÊÂÌËÂ
Ó‰ÌÓ„Ó ËÁ ‡‚ÚÓÓ‚ Ú‡·ÎËˆ˚ Û‡‚ÌÂÌËÈ ÒÓÒÚÓflÌËfl ‡Î˛ÏËÌËfl.
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èÂ‰Î‡„‡ÂÚÒfl ˜ËÒÎÂÌÌ˚È ÏÂÚÓ‰, Ò ÔÓÏÓ˘¸˛ ÍÓÚÓÓ„Ó ÓÒÛ˘ÂÒÚ‚ÎflÂÚÒfl ÏÓ‰ÂÎËÓ‚‡ÌËÂ ÒÚÛÈ-
ÌÓ„Ó ‰‚ËÊÂÌËfl ‡ÁÂÊÂÌÌÓÈ ÔÎ‡ÁÏ˚, ‚ÓÁÌËÍ‡˛˘Â„Ó ÓÚ ‡·ÓÚ˚ ÒÚ‡ˆËÓÌ‡ÌÓ„Ó ÔÎ‡ÁÏÂÌÌÓ„Ó
‰‚Ë„‡ÚÂÎfl ‚ ÚÂıÏÂÌÓÈ ÔÓÒÚ‡ÌÓ‚ÍÂ. Ç ÓÚÎË˜ËÂ ÓÚ ‡·ÓÚ, „‰Â ˝Ú‡ Á‡‰‡˜‡ ‡ÒÒÏ‡ÚË‚‡Î‡Ò¸ ‚
ÓÒÂÒËÏÏÂÚË˜ÌÓÏ ÔË·ÎËÊÂÌËË, ÔÓÒÚ‡ÌÓ‚Í‡ Á‡‰‡˜Ë ÓÒÛ˘ÂÒÚ‚ÎflÂÚÒfl Ú‡Í, ˜ÚÓ·˚ ·˚ÎÓ ‚ÓÁ-
ÏÓÊÌ˚Ï ÓÔÂ‰ÂÎËÚ¸ ‚ÎËflÌËÂ ‚ÓÁÌËÍ‡˛˘Ëı Ó·‡ÚÌ˚ı ËÓÌÌ˚ı ÚÓÍÓ‚ Ì‡ Ó·Î‡ÒÚË ‚‚Âı ÔÓ ÔÓ-
ÚÓÍÛ Ë Ì‡ ÍÓÔÛÒ ‰‚Ë„‡ÚÂÎfl, ÍÓÚÓ˚È ‚ ‡ÒÒÏ‡ÚË‚‡ÂÏÓÏ ÒÎÛ˜‡Â ËÏÂÂÚ ÍÓÌÂ˜Ì˚È ‡ÁÏÂ. èÓ-
ÒÚÓÂÌÌ˚È ˜ËÒÎÂÌÌ˚È ÏÂÚÓ‰ fl‚ÎflÂÚÒfl Ó·Ó·˘ÂÌËÂÏ ˜ËÒÎÂÌÌ˚ı ÏÂÚÓ‰Ó‚ ‰ËÌ‡ÏËÍË ‡ÁÂÊÂÌ-
Ì˚ı „‡ÁÓ‚ Ì‡ ÒÎÛ˜‡È, ÍÓ„‰‡ ‰‚ËÊÂÌËÂ ÔÓËÒıÓ‰ËÚ ‚ ÌÂÁ‡‰‡ÌÌÓÏ ‡Ì‡ÎËÚË˜ÂÒÍË ÒËÎÓ‚ÓÏ ÔÓÎÂ.
èÓÒÚÓÂÌËÂ ˜ËÒÎÂÌÌÓ„Ó ÏÂÚÓ‰‡ ÓÒÛ˘ÂÒÚ‚ÎflÂÚÒfl Ú‡Í, ˜ÚÓ·˚ Û˜ÂÒÚ¸ ‰ÂÎ¸ÚÓÓ·‡ÁÌÓÒÚ¸ „‡ÌË˜-
ÌÓÈ ÙÛÌÍˆËË ‡ÒÔÂ‰ÂÎÂÌËfl ËÓÌÓ‚ Ë ÒÛ˘ÂÒÚ‚ÂÌÌÛ˛ ‡ÁÌËˆÛ ‚ Ï‡Ò¯Ú‡·‡ı ÒÍÓÓÒÚÌ˚ı ÔÓ-
ÒÚ‡ÌÒÚ‚ ËÓÌÓ‚ Ë ÌÂÈÚ‡ÎÓ‚, ÏÂÊ‰Û ÍÓÚÓ˚ÏË ËÏÂ˛Ú ÏÂÒÚÓ ‚Á‡ËÏÌ˚Â ÔÂ‚‡˘ÂÌËfl. èË‚Ó-
‰flÚÒfl ÂÁÛÎ¸Ú‡Ú˚ ˜ËÒÎÂÌÌ˚ı Â¯ÂÌËÈ Á‡‰‡˜Ë, ÔÓÍ‡Á˚‚‡˛˘ËÂ ‚ÎËflÌËÂ ÌÂÍÓÚÓ˚ı Ù‡ÍÚÓÓ‚
Ì‡ ‚ÓÁÌËÍ‡˛˘ÂÂ ÚÂ˜ÂÌËÂ. ÅË·Î. 10. îË„. 12.

äÎ˛˜Â‚˚Â ÒÎÓ‚‡: ˜ËÒÎÂÌÌÓÂ ÏÓ‰ÂÎËÓ‚‡ÌËÂ ÒÚÛË ÔÎ‡ÁÏ˚, ÏÓ‰ÂÎ¸Ì˚Â ÍËÌÂÚË˜ÂÒÍËÂ Û‡‚ÌÂ-
ÌËfl, ˜ËÒÎÂÌÌ˚È ÏÂÚÓ‰ ÍÓÌÂ˜Ì˚ı ‡ÁÌÓÒÚÂÈ.

ÇÇÖÑÖçàÖ
á‡‰‡˜‡ Ó ÒÚÛÂ ÔÎ‡ÁÏ˚, ËÒıÓ‰fl˘ÂÈ ËÁ ÒÚ‡ˆËÓÌ‡ÌÓ„Ó ÔÎ‡ÁÏÂÌÌÓ„Ó ‰‚Ë„‡ÚÂÎfl (ëèÑ), ‚ ÓÒÂÒËÏ-

ÏÂÚË˜ÌÓÈ ÔÓÒÚ‡ÌÓ‚ÍÂ ·˚Î‡ ‡ÒÒÏÓÚÂÌ‡ ‚ [1]. Ç [2] ‰Îfl ÏÓ‰ÂÎËÓ‚‡ÌËfl ÛÔÓÏflÌÛÚÓ„Ó ‚˚¯Â ÚÂ-
˜ÂÌËfl ·˚Î‡ ËÒÔÓÎ¸ÁÓ‚‡Ì‡ ÒÔÂˆË‡Î¸Ì‡fl ÍËÌÂÚË˜ÂÒÍ‡fl ÏÓ‰ÂÎ¸, ÍÓÚÓ‡fl Û˜ËÚ˚‚‡Î‡ ÂÁÓÌ‡ÌÒÌÛ˛
ÔÂÂÁ‡fl‰ÍÛ – ÓÒÓ·˚È ÚËÔ ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl ËÓÌÓ‚ Ë ÌÂÈÚ‡ÎÓ‚, ËÏÂ˛˘Ëı Ì‡Ë·ÓÎ¸¯ÂÂ ÒÂ˜ÂÌËÂ
‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl. ë ÔÓfl‚ÎÂÌËÂÏ ùÇå ÚËÔ‡ “èÂÌÚËÛÏ” ÓÍ‡Á‡ÎÓÒ¸ ‚ÓÁÏÓÊÌ˚Ï Û‚ÂÎË˜ËÚ¸ ‡ÁÏÂ
Ò˜ÂÚÌÓÈ Ó·Î‡ÒÚË Ë ÔÓ‚ÂÒÚË Ò‡‚ÌÂÌËÂ ÂÁÛÎ¸Ú‡ÚÓ‚ ‡Ò˜ÂÚÓ‚ Ò ˝ÍÒÔÂËÏÂÌÚ‡Î¸Ì˚ÏË ËÁÏÂÂÌËfl-
ÏË ‡ÒÔÂ‰ÂÎÂÌËfl ÔÎÓÚÌÓÒÚË ËÓÌÌÓ„Ó ÚÓÍ‡. åÂÚÓ‰ËÍ‡ ÔÓ‚Â‰ÂÌËfl ÍÓÂÍÚÌÓ„Ó Ò‡‚ÌÂÌËfl ˝ÍÒÔÂ-
ËÏÂÌÚ‡Î¸Ì˚ı ËÁÏÂÂÌËÈ Ò ‡Ò˜ÂÚÌ˚ÏË ‰‡ÌÌ˚ÏË Ë ÒÔÓÒÓ· ÛÚÓ˜ÌÂÌËfl Ô‡‡ÏÂÚÓ‚ ‚ „‡ÌË˜Ì˚ı
ÛÒÎÓ‚Ëflı ÔË‚Â‰ÂÌ˚ ‚ [3]. èÓ‚Â‰ÂÌËÂ ÏÓ‰ÂÎËÓ‚‡ÌËfl ‚˚fl‚ËÎÓ Ì‡ÎË˜ËÂ ‚ ÒÚÛÂ ËÓÌÌ˚ı ÚÓÍÓ‚,
Ì‡Ô‡‚ÎÂÌÌ˚ı Ì‡ ÒÂÁ ‰‚Ë„‡ÚÂÎfl. óÚÓ·˚ ÓÔÂ‰ÂÎËÚ¸ ‚ÎËflÌËÂ Ó·‡ÚÌ˚ı ÚÓÍÓ‚ Ì‡ Ò‡Ï ‡ÔÔ‡‡Ú Ë
Û‚ÂÎË˜ËÚ¸ ‚ÓÁÏÓÊÌÓÒÚË ÔÓ„‡ÏÏÌÓ„Ó ÍÓÏÔÎÂÍÒ‡ ‰Îfl ÔÓ‚Â‰ÂÌËfl ÏÓ‰ÂÎËÓ‚‡ÌËfl, ÌÂ Ó„‡ÌË˜Ë‚‡-
flÒ¸ ÒÔÂˆËÙËÍÓÈ „ÂÓÏÂÚËË ÚÂ˜ÂÌËfl, Á‡‰‡˜‡ Ó ÒÚÛÂ ·˚Î‡ ‡ÒÒÏÓÚÂÌ‡ ‚ ÚÂıÏÂÌÓÈ ÔÓÒÚ‡ÌÓ‚ÍÂ.

1. èÓÒÚ‡ÌÓ‚Í‡ Á‡‰‡˜Ë Ó ÒÚÛÂ
Ç ÓÒÌÓ‚Û ÏÓ‰ÂÎËÓ‚‡ÌËfl ÒÚÛÈÌÓ„Ó ‰‚ËÊÂÌËfl ÔÓÎÓÊÂÌ‡ ÒÎÂ‰Û˛˘‡fl ÒËÒÚÂÏ‡ ÏÓ‰ÂÎ¸Ì˚ı ÍËÌÂ-

ÚË˜ÂÒÍËı Û‡‚ÌÂÌËÈ ‰Îfl ÓÔÂ‰ÂÎÂÌËfl ÙÛÌÍˆËË ‡ÒÔÂ‰ÂÎÂÌËfl ËÓÌÓ‚ f(x, x) Ë ÌÂÈÚ‡ÎÓ‚ g(x, w),
ÍÓÚÓ‡fl ‚ ·ÂÁ‡ÁÏÂÌ˚ı ÔÂÂÏÂÌÌ˚ı ËÏÂÂÚ ÒÎÂ‰Û˛˘ËÈ ‚Ë‰:

(1.1)

í‡ÍÓÂ ‚˚‡ÊÂÌËÂ ‰Îfl ˝ÎÂÍÚË˜ÂÒÍÓ„Ó ÔÓÎfl ÔÓÎÛ˜‡ÂÚÒfl, ÂÒÎË ËÒÔÓÎ¸ÁÓ‚‡Ú¸ Ó·Ó·˘ÂÌËÂ „ËÔÓÚÂÁ˚

“ÚÂÏÓÎËÁÓ‚‡ÌÌÓ„Ó” ÔÓÚÂÌˆË‡Î‡ (ÒÏ. [1], [2]), ‚˚‰‚ËÌÛÚÓÈ ‚ [4], [5]. Ç (1.1) ËÒÔÓÎ¸ÁÛ˛ÚÒfl  – ı‡-
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‡ÍÚÂÌ‡fl ÚÂÏÔÂ‡ÚÛ‡ ˝ÎÂÍÚÓÌÓ‚ (≈3 ˝Ç), U0 – ‡Áfl‰ÌÓÂ Ì‡ÔflÊÂÌËÂ (300–600 Ç), k – ÔÓÒÚÓflÌ-
Ì‡fl ÅÓÎ¸ˆÏ‡Ì‡. Ç Ô‡‚ÓÈ ˜‡ÒÚË (1.1) ÔËÒÛÚÒÚ‚Û˛Ú ˜‡ÒÚÓÚ˚ ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl ËÓÌ-ÌÂÈÚ‡Î νin,
ÌÂÈÚ‡Î-ËÓÌ νni Ë ÌÂÈÚ‡Î-ÌÂÈÚ‡Î νnn. éÌË ÓÔÂ‰ÂÎÂÌ˚ Ú‡Í ÊÂ, Í‡Í ‚ [2]. ÇıÓ‰fl˘ËÂ ‚ ‚˚‡ÊÂÌËfl
‰Îfl ˜‡ÒÚÓÚ ÒÚÓÎÍÌÓ‚ÂÌËÈ ˜ËÒÎ‡ äÌÛ‰ÒÂÌ‡ ÎË·Ó ÔÓfl‰Í‡ Â‰ËÌËˆ˚, ÎË·Ó ·ÓÎ¸¯Â Â‰ËÌËˆ˚, f0, g0, gM

ÏÓ‰ÂÎËÛ˛Ú ËÌÚÂ„‡Î˚ Ó·‡ÚÌ˚ı ÒÚÓÎÍÌÓ‚ÂÌËÈ. éÌË Á‡ÔËÒ˚‚‡˛ÚÒfl ‚ ÒÎÂ‰Û˛˘ÂÏ ‚Ë‰Â:

(1.2)

„‰Â B1 = eU0/(k ), B2 = eU0/(k ), , l = i, n, ÒÛÚ¸ ı‡‡ÍÚÂÌ˚Â ÁÌ‡˜ÂÌËfl ÚÂÏÔÂ‡ÚÛ ËÓÌÓ‚ Ë ÌÂÈ-
Ú‡ÎÓ‚ ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ. å‡ÍÓÔ‡‡ÏÂÚ˚ ‚ Ï‡ÍÒ‚ÂÎÎÓ‚ÒÍËı ÙÛÌÍˆËflı (1.2) ÓÔÂ‰ÂÎfl˛ÚÒfl ËÌÚÂ-
„‡Î‡ÏË

(1.3)

ç‡ÎË˜ËÂ ‚ ÔÂ‚ÓÏ ËÌÚÂ„‡ÎÂ (1.3) ÏÌÓÊËÚÂÎfl  Ò‚flÁ‡ÌÓ Ò ‚‚Â‰ÂÌËÂÏ ‰‚Ûı ÒÍÓÓÒÚÌ˚ı Ï‡Ò¯Ú‡-
·Ó‚ ‰Îfl ËÓÌÌÓÈ ÍÓÏÔÓÌÂÌÚ˚ ξ0 = (2eU0/m)1/2, ÍÓÚÓ˚È ÂÒÚ¸ Ï‡Ò¯Ú‡· ÒÍÓÓÒÚË Ì‡Ô‡‚ÎÂÌÌÓ„Ó ‰‚Ë-

ÊÂÌËfl ËÓÌ‡, Ë c0 = (2k /m)1/2 – ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ, Ï‡Ò¯Ú‡· Â„Ó ÚÂÔÎÓ‚Ó„Ó ‰‚ËÊÂÌËfl. åÂÊ‰Û ˝ÚËÏË
Ï‡Ò¯Ú‡·‡ÏË ËÏÂÂÚ ÏÂÒÚÓ ÒÓÓÚÌÓ¯ÂÌËÂ ξ0 > c0.

ÉÂÓÏÂÚË˛ ‡ÒÒÏ‡ÚË‚‡ÂÏÓ„Ó ÒÚÛÈÌÓ„Ó ‰‚ËÊÂÌËfl ËÎÎ˛ÒÚËÛÂÚ ÙË„. 1. è‡‡ÎÎÂÎÂÔËÔÂ‰
ABCDA1B1C1D1 ÔÂ‰ÒÚ‡‚ÎflÂÚ ÍÓÔÛÒ ‰‚Ë„‡ÚÂÎfl. ÇÒÂ „‡ÌË fl‚Îfl˛ÚÒfl Ú‚Â‰˚ÏË ÔÓ‚ÂıÌÓÒÚflÏË,
ÍÓÏÂ „‡ÌË CC1D1D, ‚ ̂ ÂÌÚÂ ÍÓÚÓÓÈ ‡ÒÔÓÎÓÊÂÌÓ ÍÓÎ¸ˆÂ‚ÓÂ ÓÚ‚ÂÒÚËÂ, ÓÚÍÛ‰‡ ÒÚÛfl ‚˚ıÓ‰ËÚ
‚ ÓÍÛÊ‡˛˘ÂÂ ÔÓÒÚ‡ÌÒÚ‚Ó. ÇÌÛÚË ABCDA1B1C1D1 ¯ÚËıÓ‚ÓÈ ÎËÌËÂÈ ÔÓÍ‡Á‡Ì ÛÒÍÓËÚÂÎ¸Ì˚È
Í‡Ì‡Î RG. ê‡Ò˜ÂÚ˚ ‚Â‰ÛÚÒfl ‚Ó ‚ÌÂ¯ÌÓÒÚË ˝ÚÓ„Ó Ô‡‡ÎÎÂÎÂÔËÔÂ‰‡, ÔË ˝ÚÓÏ „‡ÌË˜Ì˚Â ÛÒÎÓ‚Ëfl
‰Îfl (1.1) ·Û‰ÛÚ ÒÎÂ‰Û˛˘ËÂ. ç‡ CC1D1D (z = 0, –1 ≤ x ≤ 1, –1 ≤ y ≤ 1) ‰Îfl ξz ≥ 0, wz ≥ 0 ËÏÂÂÏ

(1.4)
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(1.5)

Á‰ÂÒ¸ , , ,  ÒÛÚ¸ Á‡‰‡ÌÌ˚Â ÙÛÌÍˆËË x Ë y (ÓÚÏÂÚËÏ, ̃ ÚÓ x = x1, y = x2, z = x3). éÌË ÓÔÂ‰ÂÎflÎËÒ¸
Ú‡Í ÊÂ, Í‡Í ‚ [3], ÍÓÏÂ ‡ÒÔÂ‰ÂÎÂÌËfl ‡ÁËÏÛÚ‡Î¸ÌÓÈ ÍÓÏÔÓÌÂÌÚ˚ , ÍÓÚÓ‡fl ‚ ÓÚÎË˜ËÂ ÓÚ ˆËÚË-
ÛÂÏÓÈ ‚˚¯Â ‡·ÓÚ˚ ÏÓÊÂÚ ·˚Ú¸ ÌÂ ‡‚ÌÓÈ ÌÛÎ˛. ÇÂÎË˜ËÌ˚ R1 Ë R2 fl‚Îfl˛ÚÒfl, ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ,

‚ÌÛÚÂÌÌËÏ Ë ‚ÌÂ¯ÌËÏ ·ÂÁ‡ÁÏÂÌ˚ÏË ‡‰ËÛÒ‡ÏË ÓÚ‚ÂÒÚËfl, ÓÚÍÛ‰‡ ‚˚ıÓ‰ËÚ ÒÚÛfl, Bw = /Tw,
„‰Â Tw – ÚÂÏÔÂ‡ÚÛ‡ ÍÓÔÛÒ‡ ‰‚Ë„‡ÚÂÎfl. îË„ÛËÛ˛˘‡fl ‚Ó ‚ÚÓÓÈ ÙÓÏÛÎÂ (1.5) nw Ì‡ıÓ‰ËÚÒfl ËÁ
·‡Î‡ÌÒ‡ ÔÓÚÓÍÓ‚ Ô‡‰‡˛˘Ëı Ë ÓÚ‡ÊÂÌÌ˚ı ÓÚ ÔÓ‚ÂıÌÓÒÚË ÌÂÈÚ‡ÎÓ‚ Ë ËÓÌÓ‚ (ÒÏ. [1]–[3]) Ë ÓÔÂ-
‰ÂÎflÂÚÒfl ÒÎÂ‰Û˛˘ÂÈ ÙÓÏÛÎÓÈ:

ç‡ ÓÒÚ‡Î¸Ì˚ı „‡Ìflı ABCDA1B1C1D1 „‡ÌË˜Ì˚Â ÛÒÎÓ‚Ëfl Á‡‰‡˛ÚÒfl ‚ÚÓ˚ÏË ÙÓÏÛÎ‡ÏË (1.4) Ë
(1.5) ‰Îfl ξn = (xn) ≥ 0, wn = (wn) ≥ 0, „‰Â n – ‚ÌÂ¯Ìflfl ÌÓÏ‡Î¸ Í ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ÂÈ „‡ÌË.

èÓÏËÏÓ „‡ÌË˜Ì˚ı ÛÒÎÓ‚ËÈ Ì‡ Ú‚Â‰˚ı ÔÓ‚ÂıÌÓÒÚflı, ÌÂÓ·ıÓ‰ËÏÓ Á‡‰‡Ú¸ „‡ÌË˜Ì˚Â ÛÒÎÓ‚Ëfl
Ì‡ ·ÂÒÍÓÌÂ˜ÌÓÒÚË. éÌË ÒÎÂ‰Û˛˘ËÂ:

(1.6)

„‰Â θ2 = n∞/ , B∞ = /T∞. ìÒÎÓ‚Ëfl (1.6) ÔË ̃ ËÒÎÂÌÌÓÏ Â¯ÂÌËË Á‡‰‡˜Ë ÒÌÓÒflÚÒfl Ì‡ „‡ÌËˆÛ Ò˜ÂÚ-
ÌÓÈ Ó·Î‡ÒÚË. ë‡Ï‡ Ò˜ÂÚÌ‡fl Ó·Î‡ÒÚ¸ ËÁÓ·‡ÊÂÌ‡ Ì‡ ÙË„. 1 ¯ÚËıÓ‚˚ÏË ÎËÌËflÏË Ë ËÏÂÂÚ ÙÓÏÛ
Ô‡‡ÎÎÂÎÂÔËÔÂ‰‡ KLMNK1L1M1N1. Ç ÔË‚Â‰ÂÌÌÓÈ ÔÓÒÚ‡ÌÓ‚ÍÂ ÒÛ˘ÂÒÚ‚ÂÌÌÓ ÚÓ, ˜ÚÓ ‡Ò˜ÂÚ˚ ÔÓ-
‚Ó‰flÚÒfl Í‡Í ‚ÌËÁ, Ú‡Í Ë ‚‚Âı ÔÓ ÒÚÛÂ. ùÚÓ ÔÓÁ‚ÓÎËÎÓ Û˜ÂÒÚ¸ ‚ÎËflÌËÂ Ó·‡ÚÌ˚ı ÚÓÍÓ‚ Ì‡ Ò‡Ï ‡Ô-
Ô‡‡Ú. î‡ÍÚË˜ÂÒÍË ‡ÒÒÏ‡ÚË‚‡ÂÚÒfl Á‡‰‡˜‡ Ó· Ó·ÚÂÍ‡ÌËË ‡ÔÔ‡‡Ú‡ ËÒıÓ‰fl˘ÂÈ ËÁ ÌÂ„Ó ÒÚÛÂÈ.
Ç [1]–[3] Ò˜ËÚ‡ÎÓÒ¸, ˜ÚÓ ÒÂÁ ‰‚Ë„‡ÚÂÎfl ÔÓÒÚË‡ÎÒfl ‰Ó ·ÂÒÍÓÌÂ˜ÌÓÒÚË, ÔÓ˝ÚÓÏÛ „‡ÌË˜Ì‡fl Ï‡ÍÒ-
‚ÂÎÎÓ‚ÒÍ‡fl ÙÛÌÍˆËfl ÌÂÈÚ‡ÎÓ‚ ËÏÂÎ‡ ÒÍÓÓÒÚ¸, ‡‚ÌÛ˛ ÌÛÎ˛, Ë ÚÂÏÔÂ‡ÚÛÛ Tw. Ç ‡ÒÒÏ‡ÚË‚‡-
ÂÏÓÈ ‚˚¯Â ÔÓÒÚ‡ÌÓ‚ÍÂ ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘‡fl „‡ÌË˜Ì‡fl ÙÛÌÍˆËfl ÏÓÊÂÚ ËÏÂÚ¸ ÔÓËÁ‚ÓÎ¸Ì˚Â ÁÌ‡˜Â-
ÌËfl u∞ Ë T∞. ùÚÓ Ó·ÒÚÓflÚÂÎ¸ÒÚ‚Ó ÔË‚Ó‰ËÚ Í ÚÓÏÛ, ˜ÚÓ ÔÓfl‚Îfl˛ÚÒfl ‰ÓÔÓÎÌËÚÂÎ¸Ì˚Â ·ÂÁ‡ÁÏÂ-
Ì˚Â Ô‡‡ÏÂÚ˚, ÓÔÂ‰ÂÎfl˛˘ËÂ ‡ÒÒÏ‡ÚË‚‡ÂÏÓÂ ‰‚ËÊÂÌËÂ. àı Ì‡ÎË˜ËÂ ÏÓÊÂÚ ÔÓÁ‚ÓÎËÚ¸
ÏÓ‰ÂÎËÓ‚‡Ú¸ ÔÓˆÂÒÒ ÓÚÍ‡˜ÍË ‚‡ÍÛÛÏÌÓÈ Í‡ÏÂ˚, ÍÛ‰‡ Ó·˚˜ÌÓ ÔÓÏÂ˘‡˛Ú ëèÑ ÔË ÔÓ‚Â‰Â-
ÌËË ˝ÍÒÔÂËÏÂÌÚ‡Î¸Ì˚ı ËÒÒÎÂ‰Ó‚‡ÌËÈ.

2. é·˘ËÂ ‚ÓÔÓÒ˚ ÔÓÒÚÓÂÌËfl ˜ËÒÎÂÌÌÓÈ ÒıÂÏ˚ Â¯ÂÌËfl

ëÓ‰ÂÊ‡˘‡flÒfl ‚ ÔÂ‰˚‰Û˘ÂÏ ‡Á‰ÂÎÂ Ï‡ÚÂÏ‡ÚË˜ÂÒÍ‡fl Á‡‰‡˜‡ ÙÓÏÛÎËÛÂÚÒfl Ú‡Í: Ì‡ÈÚË Â-
¯ÂÌËÂ Û‡‚ÌÂÌËÈ (1.1)–(1.3) ‰Îfl ÙÛÌÍˆËÈ f Ë g, Û‰Ó‚ÎÂÚ‚Ófl˛˘Ëı „‡ÌË˜Ì˚Ï ÛÒÎÓ‚ËflÏ (1.4), (1.5)
Ë ÛÒÎÓ‚ËflÏ Ì‡ ·ÂÒÍÓÌÂ˜ÌÓÒÚË (1.6). ùÚ‡ Á‡‰‡˜‡ Â¯‡ÂÚÒfl ˜ËÒÎÂÌÌÓ Ò ÔÓÏÓ˘¸˛ ÏÂÚÓ‰‡, fl‚Îfl˛˘Â-
„ÓÒfl Ó·Ó·˘ÂÌËÂÏ ̃ ËÒÎÂÌÌ˚ı ÏÂÚÓ‰Ó‚, ÍÓÚÓ˚Â ÔËÏÂÌfl˛ÚÒfl ‚ ‰ËÌ‡ÏËÍÂ ‡ÁÂÊÂÌÌ˚ı „‡ÁÓ‚ ÔË
Â¯ÂÌËË ÒÚ‡ˆËÓÌ‡Ì˚ı ÍËÌÂÚË˜ÂÒÍËı Û‡‚ÌÂÌËÈ (ÒÏ. [6], [7]). ùÚÓÚ ÏÂÚÓ‰ ·‡ÁËÛÂÚÒfl Ì‡ ÒÎÂ‰Û˛-
˘ÂÈ ËÚÂ‡ˆËÓÌÌÓÈ ÔÓˆÂ‰ÛÂ:

(2.1)

àÌ‰ÂÍÒ k ‚ (2.1) ÓÁÌ‡˜‡ÂÚ ÌÓÏÂ ËÚÂ‡ˆËË. ÇÒÂ ‚˚‡ÊÂÌËfl, ÓÚÏÂ˜ÂÌÌ˚Â ‚ (2.1) ËÌ‰ÂÍÒÓÏ k – 1, ËÁ-
‚ÂÒÚÌ˚, Ú‡Í Í‡Í ÓÌË ‚˚‡Ê‡˛ÚÒfl ˜ÂÂÁ Ì‡È‰ÂÌÌ˚Â ‚ (k – 1)-È ËÚÂ‡ˆËË Ï‡ÍÓÔ‡‡ÏÂÚ˚ ËÓÌÓ‚ Ë
ÌÂÈÚ‡ÎÓ‚.

éÒÌÓ‚Ì˚Ï ÏÂÚÓ‰ÓÏ, ÍÓÚÓ˚È ÔËÏÂÌflÂÚÒfl ‚ ‡ÁÂÊÂÌÌÓÏ „‡ÁÂ, fl‚ÎflÂÚÒfl ÏÂÚÓ‰ ı‡‡ÍÚÂË-
ÒÚËÍ. Ç ·ÓÎ¸¯ËÌÒÚ‚Â Á‡‰‡˜ ‡ÁÂÊÂÌÌ˚ı „‡ÁÓ‚ ÒËÎÓ‚ÓÂ ÔÓÎÂ ÓÚÒÛÚÒÚ‚ÛÂÚ (ËÒÍÎ˛˜ÂÌËÂÏ Á‰ÂÒ¸ fl‚-
ÎflÂÚÒfl ‡·ÓÚ‡ [8]), ÔÓ˝ÚÓÏÛ ı‡‡ÍÚÂËÒÚËÍË ‰ËÙÙÂÂÌˆË‡Î¸Ì˚ı ˜‡ÒÚÂÈ Û‡‚ÌÂÌËÈ – ˝ÚÓ ÔflÏ˚Â
ÎËÌËË. Ç ‡ÒÒÏ‡ÚË‚‡ÂÏÓÏ ÒÎÛ˜‡Â Û‡‚ÌÂÌËfl ı‡‡ÍÚÂËÒÚËÍ (Ú‡ÂÍÚÓËÈ ËÓÌ‡), ÔËıÓ‰fl˘Ëı ‚

g
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ÚÓ˜ÍÛ Ù‡ÁÓ‚Ó„Ó ÔÓÒÚ‡ÌÒÚ‚‡ (x, x), ·Û‰ÛÚ ÒÎÂ‰Û˛˘ËÂ:

(2.2)

áÌ‡fl (τ), (τ), Â¯ÂÌËÂ ÔÂ‚Ó„Ó Û‡‚ÌÂÌËfl (2.1) ÏÓÊÌÓ ÔÂ‰ÒÚ‡‚ËÚ¸ ‚ ‚Ë‰Â

(2.3)

Ç (2.3) ‚ÂÎË˜ËÌ‡ tb ÂÒÚ¸ ÁÌ‡˜ÂÌËÂ Ô‡‡ÏÂÚ‡ τ, ÍÓ„‰‡ ı‡‡ÍÚÂËÒÚËÍ‡ ÔÂÂÒÂÍ‡ÂÚ Ò˜ÂÚÌÛ˛ Ó·-
Î‡ÒÚ¸. ùÚÓ ÏÓÊÂÚ ·˚Ú¸ „‡Ì¸ ABCDA1B1C1D1 ËÎË „‡Ì¸ KLMNK1L1M1N1. îË„ÛËÛ˛˘‡fl ‚ (2.3)
‚ÂÎË˜ËÌ‡ fb ÂÒÚ¸ Á‡‰‡ÌÌ‡fl Ì‡ ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ÂÈ „‡ÌËˆÂ ÙÛÌÍˆËfl ‡ÒÔÂ‰ÂÎÂÌËfl ËÓÌÓ‚.

èËÌˆËÔË‡Î¸Ì˚Ï ÓÚÎË˜ËÂÏ ‡ÒÒÏ‡ÚË‚‡ÂÏÓÈ Á‡‰‡˜Ë ÓÚ Á‡‰‡˜ ‡ÁÂÊÂÌÌÓ„Ó „‡Á‡ fl‚ÎflÂÚÒfl Ì‡-
ÎË˜ËÂ ˝ÎÂÍÚË˜ÂÒÍÓ„Ó ÔÓÎfl, ÓÔÂ‰ÂÎflÂÏÓ„Ó ˜ËÒÎÂÌÌÓ Ë ËÁ‚ÂÒÚÌÓ„Ó ÚÓÎ¸ÍÓ ‚ ÛÁÎ‡ı ËÎË fl˜ÂÈÍ‡ı
‡Á·ËÂÌËfl ÙËÁË˜ÂÒÍÓ„Ó ÔÓÒÚ‡ÌÒÚ‚‡. éÔÂ‰ÂÎflÂÏÓÂ ‚ ıÓ‰Â ˜ËÒÎÂÌÌÓ„Ó Â¯ÂÌËfl ˝ÎÂÍÚË˜ÂÒÍÓÂ
ÔÓÎÂ ÏÓÊÂÚ ÓÍ‡Á‡Ú¸Òfl Ú‡ÍËÏ, ˜ÚÓ Ú‡ÂÍÚÓËfl ËÓÌ‡ ÌËÍÓ„‰‡ ÌÂ ·Û‰ÂÚ ‚˚ıÓ‰ËÚ¸ Ì‡ „‡ÌËˆÛ Ò˜ÂÚ-
ÌÓÈ Ó·Î‡ÒÚË. ëËÚÛ‡ˆËfl Á‰ÂÒ¸ ÔËÌˆËÔË‡Î¸ÌÓ ÓÚÎË˜‡ÂÚÒfl ÓÚ ÒËÚÛ‡ˆËË ‚ [8], „‰Â Ú‡ÍËÂ ı‡‡ÍÚÂË-
ÒÚËÍË ‚˚‰ÂÎflÎËÒ¸ ‡Ì‡ÎËÚË˜ÂÒÍË.

îÓÏÛÎ‡ (2.3) (Â¯ÂÌËÂ ‚ÚÓÓ„Ó Û‡‚ÌÂÌËfl (2.1) Á‡ÔËÒ˚‚‡ÂÚÒfl ‡Ì‡ÎÓ„Ë˜ÌÓ, ÒÏ. [7]) ÔÓÁ‚ÓÎflÂÚ
ÔÓ‡Ì‡ÎËÁËÓ‚‡Ú¸ ÓÒÓ·ÂÌÌÓÒÚË Â¯ÂÌËfl Û‡‚ÌÂÌËfl (2.1). ÇË‰ÌÓ, ˜ÚÓ f k Ë gk ·Û‰ÛÚ ‡Á˚‚Ì˚ÏË ‚
ÔÓÒÚ‡ÌÒÚ‚Â ÒÍÓÓÒÚÂÈ ÙÛÌÍˆËË, ÔË˜ÂÏ Ú‡Í Í‡Í B1 ‚ (1.3) ÒÛ˘ÂÒÚ‚ÂÌÌÓ ·ÓÎ¸¯Â Â‰ËÌËˆ˚ (B1 = 20),
ÚÓ ËÁ ÍÓÎ¸ˆÂ‚Ó„Ó ÓÚ‚ÂÒÚËfl ‚˚ıÓ‰ËÚ ‰ÂÎ¸ÚÓÓ·‡ÁÌ‡fl ÙÛÌÍˆËfl. èÎÓ˘‡‰¸ ‚˚ıÓ‰ÌÓ„Ó ÓÚ‚ÂÒÚËfl
ÏÌÓ„Ó ÏÂÌ¸¯Â ÔÎÓ˘‡‰Ë „‡ÌË CC1D1D, ÔÓ˝ÚÓÏÛ ÂÒÎË ÌÂ ÔËÌflÚ¸ ÏÂ˚, ÚÓ ‚ ÚÓ˜ÍÛ x ÔË‰ÂÚ ÚÓÎ¸-
ÍÓ Ï‡Î‡fl ˜‡ÒÚ¸ ı‡‡ÍÚÂËÒÚËÍ, ‚˚ıÓ‰fl˘Ëı ËÁ ÓÚ‚ÂÒÚËfl, ‡ ˝ÚÓ ÔË‚Â‰ÂÚ Í ÚÓÏÛ, ˜ÚÓ ·ÓÎ¸¯‡fl
˜‡ÒÚ¸ ËÌÙÓÏ‡ˆËË Ó ÒÚÛÂ ·Û‰ÂÚ ÛÚÂflÌ‡. àÁ-Á‡ ·ÓÎ¸¯ÓÈ ‚ÂÎË˜ËÌ˚ Ô‡‡ÏÂÚ‡ B1 ÙÛÌÍˆËfl ‡Ò-
ÔÂ‰ÂÎÂÌËfl ËÓÌÓ‚ ·Û‰ÂÚ ËÏÂÚ¸ ÏÌÓ„Ó„Ó·˚È ı‡‡ÍÚÂ ‚ ÔÓÒÚ‡ÌÒÚ‚Â ÒÍÓÓÒÚÂÈ. èÓˆÂÒÒ˚ ÔÂ-
ÂÁ‡fl‰ÍË ·Û‰ÛÚ ÔÂÂÌÓÒËÚ¸ ÛÍ‡Á‡ÌÌÛ˛ ÏÌÓ„Ó„Ó·ÓÒÚ¸ Ì‡ ÙÛÌÍˆË˛ ‡ÒÔÂ‰ÂÎÂÌËfl ÌÂÈÚ‡ÎÓ‚. Ç
‡ÁÂÊÂÌÌÓÏ „‡ÁÂ ÏÌÓ„Ó„Ó·ÓÒÚ¸ Û ÙÛÌÍˆËË ‡ÒÔÂ‰ÂÎÂÌËfl ËÏÂÂÚ ÏÂÒÚÓ ‚ „ËÔÂÁ‚ÛÍÓ‚˚ı ÚÂ˜Â-
ÌËflı. íÛ‰ÌÓÒÚ¸ ‡Ò˜ÂÚ‡ Ï‡ÍÓÔ‡‡ÏÂÚÓ‚ ‚ ˝ÚÓÏ ÒÎÛ˜‡Â Ò‚flÁ‡Ì‡ Ò ÚÂÏ, ˜ÚÓ ËÁ-Á‡ “„Ófl˜Ëı” ˜‡-
ÒÚËˆ ÙÛÌÍˆËfl ‡ÒÔÂ‰ÂÎÂÌËfl ·Û‰ÂÚ ËÏÂÚ¸ ÏÂ‰ÎÂÌÌÓ Á‡ÚÛı‡˛˘ËÈ ı‚ÓÒÚ, ̃ ÚÓ ÔË‚Â‰ÂÚ Í ·ÓÎ¸¯ÓÏÛ
ÁÌ‡˜ÂÌË˛ ˜ËÒÂÎ, ÏÓ‰ÂÎËÛ˛˘Ëı ·ÂÒÍÓÌÂ˜Ì˚Â ÔÂ‰ÂÎ˚ ‚ ËÌÚÂ„‡Î‡ı (1.3), ‡ ¯‡„ ‡Á·ËÂÌËfl ÒÍÓ-
ÓÒÚÌÓ„Ó ÔÓÒÚ‡ÌÒÚ‚‡ ‰ÓÎÊÂÌ ‚˚·Ë‡Ú¸Òfl ‚ ÒÓÓÚ‚ÂÚÒÚ‚ËË Ò ÛÁÍËÏ ‰ÂÎ¸ÚÓÓ·‡ÁÌ˚Ï ÔËÍÓÏ Û
ÙÛÌÍˆËË ‡ÒÔÂ‰ÂÎÂÌËfl, Ó·ÛÒÎÓ‚ÎÂÌÌ˚Ï “ıÓÎÓ‰Ì˚ÏË” ˜‡ÒÚËˆ‡ÏË. ùÚÓ ÔË‚Ó‰ËÚ Í ÌÂÔËÂÏÎÂÏÓ
·ÓÎ¸¯ÓÏÛ ‚ÂÏÂÌË Ò˜ÂÚ‡, ÍÓÚÓÓÂ ÚÂ·ÛÂÚÒfl ‰Îfl Â¯ÂÌËfl Á‡‰‡˜Ë Ò Ú‡ÍËÏ ·ÓÎ¸¯ËÏ ÍÓÎË˜ÂÒÚ‚ÓÏ
ÒÍÓÓÒÚÌ˚ı ÛÁÎÓ‚.

ÑÎfl ÔÂÓ‰ÓÎÂÌËfl ÛÍ‡Á‡ÌÌÓÈ ÚÛ‰ÌÓÒÚË ÔÂ‰Î‡„‡ÂÚÒfl ÒÎÂ‰Û˛˘‡fl ÔÓˆÂ‰Û‡. àÁ-Á‡ ÎËÌÂÈÌÓÒÚË
(2.1) Ì‡ k-È ËÚÂ‡ˆËË Ëı Â¯ÂÌËfl ÏÓÊÌÓ ÔÂ‰ÒÚ‡‚ËÚ¸ ‚ ‚Ë‰Â f k = f1 + f2, gk = g1 + g2 + g3, „‰Â ‚‚Â‰ÂÌ-
Ì˚Â ÙÛÌÍˆËË Û‰Ó‚ÎÂÚ‚Ófl˛Ú ÒÎÂ‰Û˛˘ËÏ Û‡‚ÌÂÌËflÏ:

(2.4)

îÛÌÍˆËË f1 Ë g1 ÔÓ‰˜ËÌÂÌ˚ „‡ÌË˜Ì˚Ï ÛÒÎÓ‚ËflÏ (1.3), (1.4), ‡ f2, g2, g3 ‡‚Ì˚ ÌÛÎ˛ Ì‡ „‡ÌËˆÂ
Ò˜ÂÚÌÓÈ Ó·Î‡ÒÚË. èÂ‰ÔÓÎ‡„‡ÂÚÒfl, ̃ ÚÓ Í‡Ê‰‡fl ËÁ ÛÍ‡Á‡ÌÌ˚ı ‚˚¯Â ÙÛÌÍˆËÈ ÓÚ‚ÂÚÒÚ‚ÂÌÌ‡ Á‡ Ò‚ÓÈ
„Ó· ‚ ÙÛÌÍˆËË ‡ÒÔÂ‰ÂÎÂÌËfl, Í ÚÓÏÛ ÊÂ ˝ÚË ÙÛÌÍˆËË, ÍÓÏÂ f1, ÌÂÔÂ˚‚Ì˚ ‚ ÔÓÒÚ‡ÌÒÚ‚Â
ÒÍÓÓÒÚÂÈ, ÔÓ˝ÚÓÏÛ ‚ Í‡Ê‰ÓÈ ÚÓ˜ÍÂ ÙËÁË˜ÂÒÍÓ„Ó ÔÓÒÚ‡ÌÒÚ‚‡ ÏÓÊÌÓ ÒÔÂˆË‡Î¸Ì˚Ï Ó·‡ÁÓÏ
ÔÓËÁ‚Ó‰ËÚ¸ ‡Á·ËÂÌËÂ ÒÍÓÓÒÚÌÓ„Ó ÔÓÒÚ‡ÌÒÚ‚‡ Ë ˝ÙÙÂÍÚË‚ÌÓ ‚˚˜ËÒÎflÚ¸ ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ËÂ
‚ÍÎ‡‰˚ ‚ Ï‡ÍÓÔ‡‡ÏÂÚ˚ Ì‡ ÌÂ·ÓÎ¸¯ÓÏ ÍÓÎË˜ÂÒÚ‚Â ÛÁÎÓ‚ ÒÍÓÓÒÚÌÓÈ ÒÂÚÍË.

3. óËÒÎÂÌÌ‡fl ÒıÂÏ‡ ‰Îfl ÓÔÂ‰ÂÎÂÌËfl ‚ÎËflÌËfl f1

ì‡‚ÌÂÌËÂ (2.4) ‰Îfl f1 Â¯‡ÂÚÒfl Ò „‡ÌË˜Ì˚Ï ÛÒÎÓ‚ËÂÏ (1.3). äÓÏÂ ‚˚ıÓ‰ÌÓ„Ó ÓÚ‚ÂÒÚËfl, Ì‡
‚ÒÂı ‰Û„Ëı „‡ÌËˆ‡ı Ë Ì‡ ·ÂÒÍÓÌÂ˜ÌÓÒÚË f1 ‡‚Ì‡ ÌÛÎ˛, ÔÓ˝ÚÓÏÛ ËÏÂÌÌÓ ËÓÌ˚, ‚˚ıÓ‰fl˘ËÂ ËÁ ÓÚ-
‚ÂÒÚËfl, ·Û‰ÛÚ ÙÓÏËÓ‚‡Ú¸ ÒÚÛ˛ ËÓÌÓ‚. ÇÎËflÌËÂ ˝ÚËı ˜‡ÒÚËˆ ‡ÒÔÓÒÚ‡ÌflÂÚÒfl ÔÓ ı‡‡ÍÚÂ-

d x̃
dτ
------ x,

dx̃
dτ
------– E, x̃ 0( )– x, x̃ 0( ) x, E FEk 1– x̃ τ( )( ).= = = = =

x̃ x̃

f k x x,( ) f b x̃ tb( ) x̃ tb( ),( ) ν1 x̃ s( )( ) sd

0

tb

∫–
 
 
 

exp F+ x̃ τ( ) x̃ τ( ),( ) ν1 x̃ s( )( ) sd

0

τ

∫–
 
 
 

exp τ .d

0

tb

∫+=

ξ i

∂ f 1

∂xi

-------- Ei

∂ f 1

∂ξ i

--------+ ν1 f 1, ξ i

∂ f 2

∂xi

-------- Ei

∂ f 2

∂ξ i

--------+– ν1F+ ν1 f 2,–= =

wi

∂g1

∂xi

-------- ν2g1, wi

∂gs

∂xi

--------– νsGs 1–
+ ν2gs, s– 2 3, i, 1 2 3., ,= = = =
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ËÒÚËÍ‡Ï (2.2), ‚˚ÔÛ˘ÂÌÌ˚Ï ËÁ ÓÚ‚ÂÒÚËfl Ë ÔËıÓ‰fl˘ËÏ ‚ ÚÓ˜ÍÛ x ÙËÁË˜ÂÒÍÓ„Ó ÔÓÒÚ‡ÌÒÚ‚‡.
í‡Í Í‡Í B1 > 1, ÚÓ ‚ÎËflÌËÂ ÓÚ‚ÂÒÚËfl ·Û‰ÂÚ ÔÂÂ‰‡‚‡Ú¸Òfl ÚÂÏË ı‡‡ÍÚÂËÒÚËÍ‡ÏË, ÒÍÓÓÒÚ¸ ËÓÌÓ‚
‚‰ÓÎ¸ ÍÓÚÓ˚ı Ï‡ÎÓ ÓÚÎË˜‡ÂÚÒfl ÓÚ u = { (r), (r), (r)}. áÌ‡˜ÂÌËÂ (r) ·‡ÎÓÒ¸ ËÁ ˝ÍÒÔÂË-
ÏÂÌÚ‡ (ÒÏ. [3]), ‡ ÓÌÓ Ú‡ÍÓ‚Ó, ˜ÚÓ ÔÓ ‚ÒÂÏÛ ÓÚ‚ÂÒÚË˛ fl‚ÎflÂÚÒfl ‚ÂÎË˜ËÌÓÈ ÔÓfl‰Í‡ Â‰ËÌËˆ˚. ëÓ-
ÒÚ‡‚Îfl˛˘‡fl ˝ÎÂÍÚË˜ÂÒÍÓ„Ó ÔÓÎfl Ez ËÏÂÂÚ ÔÓfl‰ÓÍ F. Ç ÒÚÛÂ F Ï‡Îó (≈0.01), ÔÓ˝ÚÓÏÛ ˝ÎÂÍÚË-
˜ÂÒÍÓÂ ÔÓÎÂ ÒÎ‡·Ó ‚ÎËflÂÚ Ì‡ Ú‡ÂÍÚÓËË ËÓÌÓ‚, ÓÔÂ‰ÂÎfl˛˘ËÂ ÌÓÒËÚÂÎ¸ ÙÛÌÍˆËË ‡ÒÔÂ‰ÂÎÂ-
ÌËfl. éÚÒ˛‰‡ ÒÎÂ‰ÛÂÚ, ˜ÚÓ ‚˚ıÓ‰ÌÓÂ ÓÚ‚ÂÒÚËÂ ·Û‰ÂÚ ÓÍ‡Á˚‚‡Ú¸ ‚ÎËflÌËÂ Ì‡ Ó·Î‡ÒÚË ‚ÌËÁ ÔÓ
ÔÓÚÓÍÛ. ç‡ ÙË„. 1 ˝ÚÓ – Ó·Î‡ÒÚ¸, „‰Â z ≥ 0. 

ï‡‡ÍÚÂËÒÚËÍË, ÔËıÓ‰fl˘ËÂ ‚ ÚÓ˜ÍÛ x, ÔÂ‰ÒÚ‡‚ËÏ ‚ ‚Ë‰Â

(3.1)

ÑÎfl ı‡‡ÍÚÂËÒÚËÍ (3.1), ÔËıÓ‰fl˘Ëı ‚ ÚÓ˜ÍÛ x ËÁ ÓÚ‚ÂÒÚËfl, ÁÌ‡˜ÂÌËfl ÒÍÓÓÒÚË x Ú‡ÍÓ‚Ó, ˜ÚÓ

ËÏÂ˛Ú ÏÂÒÚÓ ÒÓÓÚÌÓ¯ÂÌËfl D = { (tb) ≥ 0, R2 ≤ r ≤ R1, r = }, „‰Â tb ÓÔÂ‰ÂÎflÂÚÒfl ÒÓ-

ÓÚÌÓ¯ÂÌËÂÏ (tb) = 0. àÁ ÔÂ‰ÒÚ‡‚ÎÂÌËfl ‰Îfl f k ÒÎÂ‰ÛÂÚ, ̃ ÚÓ  = n1 + n2. àÒÔÓÎ¸ÁÛfl ‚‚Â‰ÂÌÌ˚Â ‚˚-
¯Â Ó·ÓÁÌ‡˜ÂÌËfl, ·Û‰ÂÏ ËÏÂÚ¸

(3.2)

Ç‚Â‰ÂÏ Ó·ÓÁÌ‡˜ÂÌËfl

íÓ„‰‡ tb = z*/ξz, ‡ D = {ξz – Az ≥ 0, R2 ≤  ≤ R2}. Ç ËÌÚÂ„‡ÎÂ (3.2) ÔÂÂÈ‰ÂÏ
Í ÌÓ‚˚Ï ÔÂÂÏÂÌÌ˚Ï ËÌÚÂ„ËÓ‚‡ÌËfl ÔÂÂÏÂÌÌ˚ı:

(3.3)

Ç ÂÁÛÎ¸Ú‡ÚÂ ÔÂÓ·‡ÁÓ‚‡ÌËfl (3.3) Ó·Î‡ÒÚ¸ D ÔÂÂÈ‰ÂÚ ‚  = {Az ≤ p ≤ ∞, R2 ≤ r ≤ R1, 0 ≤ θ ≤ 2π}.

üÍÓ·Ë‡Ì ÔÂÓ·‡ÁÓ‚‡ÌËfl (3.3) Á‡ÔË¯ÂÏ ‚ ‚Ë‰Â J = λ2r , „‰Â

Ç ÂÁÛÎ¸Ú‡ÚÂ ÔÂÂıÓ‰‡ Í ÌÓ‚˚Ï ÔÂÂÏÂÌÌ˚Ï ËÌÚÂ„‡Î (2.2) ÚÂÔÂ¸ ·Û‰ÂÚ ‚˚˜ËÒÎflÚ¸Òfl ÔÓ ÔÎÓ˘‡-
‰Ë ‚˚ıÓ‰ÌÓ„Ó ÓÚ‚ÂÒÚËfl Ë Ó‰ÌÓÈ ÒÍÓÓÒÚÌÓÈ ÔÂÂÏÂÌÌÓÈ. ùÚÓ ‰‡ÂÚ ‚ÓÁÏÓÊÌÓÒÚ¸ ‰Îfl Â„Ó ‚˚˜ËÒ-
ÎÂÌËfl ÔÓÒÚÓËÚ¸ ˜ËÒÎÂÌÌÛ˛ ÒıÂÏÛ, Û˜ËÚ˚‚‡˛˘Û˛ ‰ÂÎ¸ÚÓÓ·‡ÁÌ˚È ı‡‡ÍÚÂ ÙÛÌÍˆËË ‡ÒÔÂ‰Â-
ÎÂÌËfl.

ur uz uϕ uz

x s( ) x E x̃ τ( )( ) τ , x̃ s( )d

0

s

∫– x xs– E x̃ σ( )( ) σd

0

τ

∫ 
 
 

τ .d

0

s

∫+= =

ξ̃ z x̃2 tb( ) ỹ2 tb( )+

z̃ ni
k

n1 B1/π( )3/2 n r( )π 3/2– B1 x tb( ) u r( )–( )2– ν x̃ s( )( ) sd

0

tb

∫–
 
 
 

exp x.d

D

∫=

x̃ tb( ) x* xtb, x*– x E x̃ σ( )( ) σd

0

τ

∫ 
 
 

τ , x*d

0

tb

∫+ x* y* z*, ,{ } ,= = =

x̃ tb( ) x A, A– E x̃ s( )( ) s, Ad

0

tb

∫ Ax Ay Az, ,{ } .= = =

x* ξ xtb–( )2 y* ξ y–( )2+

ξ x λ x* r θcos–( ), ξ y λ y* r θsin–( ), ξ z p, λ p/z*.= = = =

D

J

J 1 r 1– θsin
∂x*
∂θ
--------- θ∂y*

∂θ
---------cos– 

  θ∂x*
∂r

---------cos– θ∂y*
∂r

---------sin– r 1– ∂ x* y*,( )
∂ r θ,( )

----------------------- ++ +=

+
y* r θsin–

z*r
------------------------- θ∂z*

∂θ
--------cos r θ∂z*

∂r
--------sin ∂ x* z*,( )

∂ r θ,( )
-----------------------–+ 

  x* r θcos–
z*r

-------------------------- r θ∂z*
∂r

--------cos θ∂z*
∂θ
--------sin– ∂ y* z*,( )

∂ r θ,( )
----------------------+ 

  ,+

∂ Q G,( )
∂ r θ,( )

-------------------
∂Q
∂r
-------∂G

∂θ
------- ∂Q

∂θ
-------∂G

∂r
-------.–=
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ê‡ÁÓ·¸ÂÏ ÓÚÂÁÍË ËÌÚÂ„ËÓ‚‡ÌËfl ÔÓ r Ë θ Ì‡ m0 Ë n0 ˜‡ÒÚÂÈ ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ, Ú.Â.

„‰Â rm =  + (m – 1)∆r, m = 1, 2, …, m0, θn = (n – 1)∆θ, n = 1, 2, …, n0, ∆r = (R1 – R2)/m0, ∆θ = 2π/n0.

Ç Í‡Ê‰ÓÏ ‰‚ÓÈÌÓÏ ËÌÚÂ„‡ÎÂ ÔÓ Ó·Î‡ÒÚË [rm – 1, rm] × [θn – 1, θn] ‚ÂÎË˜ËÌ˚ x, A, (r), (r),  Ò˜ËÚ‡-

˛ÚÒfl ÔÓÒÚÓflÌÌ˚ÏË Ë ‚˚˜ËÒÎÂÌÌ˚ÏË ‚ Í‡Ê‰ÓÏ Ú‡ÍÓÏ ËÌÚÂ„‡ÎÂ ‚ ÚÓ˜Í‡ı  = (rm – 1 + rm)/2,  =

= (θn – 1 + θn)/2. ë‰ÂÎ‡ÂÏ Á‡ÏÂÌÛ ÔÂÂÏÂÌÌÓÈ p: p = Az +  + c . íÓ„‰‡ ËÏÂÂÏ

(3.4)

Ç (3.4) ËÌÚÂ„‡Î ÔÓ ÔÂÂÏÂÌÌÓÈ Ò ‚˚˜ËÒÎflÂÚÒfl ÔË ÔÓÏÓ˘Ë Í‚‡‰‡ÚÛÌ˚ı ÙÓÏÛÎ É‡ÛÒÒ‡ ‚Ë‰‡

„‰Â Ck – ÍÓ˝ÙÙËˆËÂÌÚ˚, ‡ ck – ÛÁÎ˚ ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ÂÈ Í‚‡‰‡ÚÛÌÓÈ ÙÓÏÛÎ˚. ÖÒÎË  ≥ 3,

ÚÓ ËÌÚÂ„‡Î ‚˚˜ËÒÎflÂÚÒfl Í‚‡‰‡ÚÛÌÓÈ ÙÓÏÛÎÓÈ É‡ÛÒÒ‡ ‰Îfl ËÌÚÂ„‡ÎÓ‚ ÚËÔ‡ (c) dc.

èË  < 3 ËÌÚÂ„‡Î ‡Á·Ë‚‡ÂÚÒfl Ì‡ ‰‚‡, ‡ ËÏÂÌÌÓ: 

èÂ‚˚È ËÌÚÂ„‡Î ‚˚˜ËÒÎflÂÚÒfl ÔÓ É‡ÛÒÒÛ ‰Îfl ËÌÚÂ„‡ÎÓ‚ ‚Ë‰‡ (u)du (Ò ÔÓÏÓ˘¸˛ ÎËÌÂÈÌÓÈ

Á‡ÏÂÌ˚ ÔÂÂÏÂÌÌ˚ı ÏÓÊÌÓ Ò‰ÂÎ‡Ú¸ ÒËÏÏÂÚË˜Ì˚Â ÔÂ‰ÂÎ˚ ËÌÚÂ„ËÓ‚‡ÌËfl). ÇÚÓÓÈ ËÌÚÂ„‡Î, ‚
ÍÓÚÓÓÏ ÔÂ‰‚‡ËÚÂÎ¸ÌÓ Ò‰ÂÎ‡Ì‡ Á‡ÏÂÌ‡ c2 = t, ‚˚˜ËÒÎflÂÚÒfl Ò ÔÓÏÓ˘¸˛ ÙÓÏÛÎ É‡ÛÒÒ‡ ‰Îfl ËÌÚÂ-

„‡ÎÓ‚ (t)e–tdt. Ç‚Â‰ÂÏ ‚ (3.4) ÌÓ‚˚Â ÔÂÂÏÂÌÌ˚Â t = r – ρkcos(θ – ) + qk, γ = sin(θ – ) + qk/ρk.

Ç˚ÔÓÎÌË‚ ËÌÚÂ„ËÓ‚‡ÌËÂ ‚ ‰‚ÓÈÌ˚ı ËÌÚÂ„‡Î‡ı, ÔÓÎÛ˜ËÏ

·( ) θ rdd

0

2π

∫
R1

1

∫ ·( ) θ r,dd

θn 1–

θn

∫
rm 1–

rm

∫
n 1=

n0

∑
m 1=

m0

∑=

R1

n u J

rm θn

uz B1
1/2–

n1
i Dmn, Dmn

n 1=

n0

∑
m 1=

m0

∑≈ nλ2r J B1e ν– p
2– 1

∂Az

∂p
--------– 

  π3/2

 
 

1–

G,d

uz B1–

∞

∫
θm 1–

θm

∫
rm 1–

rm

∫=

dG e
λ2

B1g
2–
dcdθdr, g2 r ρ θ θ̃–( )cos– qur r( )+[ ] 2 ρ θ θ̃–( )sin uϕ+[ ] 2

, ν+ ν x s( )( ) s,d

0

tb

∫= = =

ρ x* qAx–( )2 y* qAy–( )2+ , θ̃ y* qAy–( )/ x* qAx–( ), qarctg λ 1– .= = =

Q h c( )e c
2– cd

uz B1–

∞

∫ Ckh ck( ),
k 1=

k0

∑≅=

uz B1

h
∞–

∞∫ e c
2–

uz B1

Q h c( )e c
2– cd

uz B1–

0

∫ 2t1/2( ) 1–
e t– h t( ) t.d

0

∞

∫+=

h
a–

a∫

h
0

∞∫ θ̃ ur θ̃ uϕ

n1 CkSk/4 qkΘn/ρk Qm Rmur–( ) ΘnRm+( ), „‰Â Sk

n 1=

n0

∑
k 1=

k0

∑
m 1=

m0

∑ Jk/ 1
∂Az

∂p
--------– 

 
k

e
νk–

π 1/2– ,= =

Θn γn( )Erf ωkρk γn( )sign γn 1–( )Erf ωkρk γn 1–( )sign–[ ] , Θn Θn/µ, µ θ θ̃k–( ),cos= = =

Qm B1π( ) 1/2– ωk
2um 1–

2–( )exp ωk
2um

2–( )exp–[ ] ,=

Rm um( )Erf ωk um( )sign um 1–( )Erf ωk um 1–( )sign–[ ] ,=

ul rl ρk θ θ̃k–( )cos– urqk, l+ m 1– , m ωl, λk B1.= = =
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íÛ‰ÌÓÒÚË ËÒÔÓÎ¸ÁÓ‚‡ÌËfl ÔÓÒÚÓÂÌÌÓÈ ‚˚¯Â ÒıÂÏ˚ ÒÓÒÚÓflÚ ‚ ÚÓÏ, ˜ÚÓ ‰Îfl ‚ÂÎË˜ËÌ x*, Az, J,
∂Az/∂p Ë ÔÓËÁ‚Ó‰Ì˚ı, ‚ıÓ‰fl˘Ëı ‚ J, ÓÚÒÛÚÒÚ‚Û˛Ú ‡Ì‡ÎËÚË˜ÂÒÍËÂ ‚˚‡ÊÂÌËfl Ë Ëı ÔËıÓ‰ËÚÒfl
ÓÔÂ‰ÂÎflÚ¸ ˜ËÒÎÂÌÌÓ. ÑÎfl ˝ÚÓ„Ó ÌÛÊÌÓ Ì‡ÈÚË Ú‡ÍËÂ ı‡‡ÍÚÂËÒÚËÍË (2.2), ÍÓÚÓ˚Â, ·Û‰Û˜Ë ‚˚-
ÔÛ˘ÂÌÌ˚ÏË ËÁ ÓÚ‚ÂÒÚËfl ÒÓ ÒÍÓÓÒÚflÏË, ÔËÌ‡‰ÎÂÊ‡˘ËÏË ÌÓÒËÚÂÎ˛ Á‡‰‡ÌÌÓÈ Ì‡ „‡ÌËˆÂ ÙÛÌÍ-
ˆËË ‡ÒÔÂ‰ÂÎÂÌËfl, ÔÓÔ‡‰‡ÎË ·˚ ‚ Á‡‰‡ÌÌÛ˛ ÚÓ˜ÍÛ x ÙËÁË˜ÂÒÍÓ„Ó ÔÓÒÚ‡ÌÒÚ‚‡. ç‡ Ú‡ÍËı ı‡‡Í-
ÚÂËÒÚËÍ‡ı ËÏÂ˛Ú ÏÂÒÚÓ ÒÎÂ‰Û˛˘ËÂ ÒÓÓÚÌÓ¯ÂÌËfl:

í‡Í Í‡Í Ì‡ ˝ÚËı Ú‡ÂÍÚÓËflı  ≥ 0, ÚÓ ÓÌË ÏÓ„ÛÚ ·˚Ú¸ Ì‡È‰ÂÌ˚ ËÁ Â¯ÂÌËfl Á‡‰‡˜Ë

(3.5)

ä‡Â‚‡fl Á‡‰‡˜‡ (3.5) Â¯‡Î‡Ò¸ ÏÂÚÓ‰ÓÏ ÛÒÚ‡ÌÓ‚ÎÂÌËfl ÔÓ ÒıÂÏÂ ∂q/∂t = Lq, q(0) = q0, q(z) = q1.
èË ˝ÚÓÏ ÒËÒÚÂÏ‡ Û‡‚ÌÂÌËÈ Â¯‡Î‡Ò¸ ˜ËÒÎÂÌÌÓ ÔË ÔÓÏÓ˘Ë ÚÂıÚÓ˜Â˜ÌÓÈ ‡ÁÌÓÒÚÌÓÈ ÒıÂÏ˚:

„‰Â ‚ÒÂ ÌÂÎËÌÂÈÌ˚Â ˜ÎÂÌ˚ ·‡ÎËÒ¸ Ò ÔÂ‰˚‰Û˘Â„Ó ¯‡„‡ ÔÓ ‚ÂÏÂÌË. êÂ¯ÂÌËÂ ‡ÁÌÓÒÚÌÓÈ Á‡‰‡˜Ë
ÓÒÛ˘ÂÒÚ‚ÎflÎÓÒ¸ Ó·˚˜Ì˚Ï ÏÂÚÓ‰ÓÏ ÔÓ„ÓÌÍË (ÒÏ. [9]). àÁ ÔË‚Â‰ÂÌÌÓ„Ó ‚ [9] ÛÒÎÓ‚Ëfl ÍÓÂÍÚÌÓÒÚË
Ë ÛÒÚÓÈ˜Ë‚ÓÒÚË ÏÂÚÓ‰‡ ‚ Ì‡¯ÂÏ ÒÎÛ˜‡Â ‚˚ÚÂÍ‡ÂÚ ÒÎÂ‰Û˛˘ÂÂ: ÂÒÎË ei = ∆z|Ci|/2 < 1, ÚÓ ¯‡„ ÔÓ ‚ÂÏÂÌË
∆t ÏÓÊÂÚ ·˚Ú¸ Î˛·˚Ï, ‚ ÔÓÚË‚ÌÓÏ ÒÎÛ˜‡Â ∆t Ò‚flÁ‡Ì Ò ∆z ÒÓÓÚÌÓ¯ÂÌËÂÏ 2∆t ≤ ∆z2/(ei – 1). ë˜ËÚ‡ÎÓÒ¸,
˜ÚÓ ÂÊËÏ ÛÒÚ‡ÌÓ‚ÎÂÌËfl Â¯ÂÌËfl Ì‡ÒÚÛÔËÎ, ÂÒÎË ·˚ÎÓ ‚˚ÔÓÎÌÂÌÓ ÌÂ‡‚ÂÌÒÚ‚Ó

 < 0.5p, „‰Â p ÂÒÚ¸ ÏËÌËÏ‡Î¸Ì˚È ‡ÁÏÂ fl˜ÂÈÍË ‡Á·ËÂÌËfl ÙËÁË-

˜ÂÒÍÓ„Ó ÔÓÒÚ‡ÌÒÚ‚‡. ÖÒÎË Ô‡‚‡fl ̃ ‡ÒÚ¸ ‚ ‚˚‡ÊÂÌËË ‰Îfl  ÒÚ‡ÌÓ‚ËÎ‡Ò¸ ÓÚËˆ‡ÚÂÎ¸ÌÓÈ, ÚÓ ÒÓ-
ÓÚ‚ÂÚÒÚ‚Û˛˘ËÈ ÍÓ˝ÙÙËˆËÂÌÚ Ck Ó·ÌÛÎflÎÒfl. 

éÔËÒ‡ÌÌ˚Â ‚˚¯Â ÒıÂÏ˚ ËÒÔÓÎ¸ÁÓ‚‡ÎËÒ¸ ‚Ó ‚ÒÂı ‡Ò˜ÂÚ‡ı Á‡‰‡˜Ë Ó ÒÚÛÂ. ç‡‰Ó ÓÚÏÂÚËÚ¸, ˜ÚÓ
Ì‡ ‡·ÓÚÛ ˝ÚÓ„Ó ·ÎÓÍ‡ Ú‡ÚËÎ‡Ò¸ ·óÎ¸¯‡fl ˜‡ÒÚ¸ ‚ÂÏÂÌË Ò˜ÂÚ‡ Ó‰ÌÓÈ ËÚÂ‡ˆËË, ÌÓ ˝ÚÓ ÌÂÓ·ıÓ-
‰ËÏÓ, Ú‡Í Í‡Í ÍÓÂÍÚÌ˚È Û˜ÂÚ ‚ÎËflÌËfl ÓÚ‚ÂÒÚËfl ÔÓÁ‚ÓÎflÂÚ ÓÔÂ‰ÂÎËÚ¸ ‚Ò˛ ÒÚÛÍÚÛÛ ÒÚÛÈ-
ÌÓ„Ó ÚÂ˜ÂÌËfl ‚ÌËÁ ÔÓ ÔÓÚÓÍÛ.

ç‡ ÙË„. 2 Ë ÙË„. 3 ÔÓÍ‡Á‡Ì˚ ÎËÌËË ‡‚ÌÓÈ ÔÎÓÚÌÓÒÚË ËÓÌÓ‚ (ÒÏ. [1]), ÔÓÎÛ˜ÂÌÌ˚Â ÔË ‡ÁÎË˜-
Ì˚ı ÏÂÚÓ‰‡ı ‡Ò˜ÂÚÓ‚. ç‡ ÙË„. 2 ËÁÓ·‡ÊÂÌ˚ ËÁÓÍÓÌˆÂÌÚ‡ÎË ËÓÌÓ‚, ÔÓÎÛ˜ÂÌÌ˚Â ‚ ‡Ò˜ÂÚ‡ı,
ÍÓ„‰‡ ÌÂ ÔÓ‚Ó‰ËÎÓÒ¸ ‡Á·ËÂÌËfl ÙÛÌÍˆËË ‡ÒÔÂ‰ÂÎÂÌËfl, ‡ ı‡‡ÍÚÂËÒÚËÍ‡ ÚflÌÛÎ‡Ò¸ Í „‡ÌËˆÂ
ÓÚ ÚÓ˜ÍË x. ç‡ ÙË„. 3 Ú‡ÍËÂ ÊÂ ‡Ò˜ÂÚ˚ ·˚ÎË Ò‰ÂÎ‡Ì˚ Ò ‡Á·ËÂÌËÂÏ ÙÛÌÍˆËË ‡ÒÔÂ‰ÂÎÂÌËfl Ë
‰Îfl ÓÔÂ‰ÂÎÂÌËfl ‚ÍÎ‡‰Ó‚ ÓÚ f1 ËÒÔÓÎ¸ÁÓ‚‡Î‡Ò¸ ÓÔËÒ‡ÌÌ‡fl ‚˚¯Â ÔÓˆÂ‰Û‡. ê‡ÁÎË˜ËÂ ‚ Í‡ÚËÌ‡ı
‡ÒÔÂ‰ÂÎÂÌËfl ÔÎÓÚÌÓÒÚË ÒÛ˘ÂÒÚ‚ÂÌÌÓ. ÇË‰ÌÓ, ˜ÚÓ Ì‡ ÙË„. 2 ÓÚÒÛÚÒÚ‚ÛÂÚ “ÍÓÒÒÓ‚Â” (‡ÒÔÓÎ‡-
„‡˛˘‡flÒfl Ì‡ ÓÒË ÒËÏÏÂÚËË Ó·Î‡ÒÚ¸ ÔÓ‚˚¯ÂÌÌÓÈ ÔÎÓÚÌÓÒÚË ËÓÌÓ‚, ÒÏ. [1]–[3]). í‡Í ˜ÚÓ ıÓÚfl ÔÓ-

x̃ 0( ) x, z̃ tb( ) 0, x̃ tb( ) rm θn, ỹ tb( )cos rm θn, x̃z x( )sin pk ckB1
1/2– uz rm( ) Az.+ += = = = = =

ξ̃ z

Lq d2q

dz̃2
--------

1

ξ̃ z
2

----- dq
dz̃
------ Eq– 

 + 0, q x̃ z̃( ) ỹ z̃( ),{ } , Eq Ex Ey,{ } , 0 z̃ z,≤ ≤= = = =

ξ̃ z
2

pk
2 2 Ez q s( ) s,( )( ) s, q 0( )d

z̃

z

∫– rm θncos rm θnsin,{ } q0, q z( ) x y,{ } q1.= = = = =

qi
l 1+ qi

l–
∆t

---------------------
qi 1+

l 1+ 2qi
l 1+– qi 1–

l 1++

∆z2
----------------------------------------------- Ci

qi 1+
l 1+ qi 1–

l 1+–
2∆z

--------------------------- Fi, Ci–+
Ez

ξ̃ z
2

----- 
 

i

l

, Fi

Eq

ξ̃ z
2

------ 
 

i

l

,= = =

x̃l 1+ x̃l–( )2
ỹl 1+ ỹl–( )2

+ 
 

0 z̃ z≤ ≤
max

ξ̃ z
2

0 1.5 3.0 4.5 6.0
z

1.2

1.8

2.4

3.0 0.01

0.1

0.20.5
0.5

0.2
0.2

0.1
0.01

0 1.5 4.53.0 6.0
z

1.2

1.8

2.4

3.0
0.01 0.02

0.05

0.1

0.2

0.4
0.61.01.52.0

0.2
0.4

0.6

îË„. 2. îË„. 3.
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ÒÚÓÂÌÌ‡fl ÔÓˆÂ‰Û‡ ÚÂ·ÛÂÚ ‰Ó‚ÓÎ¸ÌÓ ÁÌ‡˜ËÚÂÎ¸Ì˚ı Á‡Ú‡Ú Ï‡¯ËÌÌÓ„Ó ‚ÂÏÂÌË, ÓÌ‡ ÔÓÁ‚ÓÎflÂÚ
‡‰ÂÍ‚‡ÚÌÓ ‚ÓÒÔÓËÁ‚ÂÒÚË Í‡ÚËÌÛ ‚ÓÁÌËÍ‡˛˘Â„Ó ÚÂ˜ÂÌËfl ÔÎ‡ÁÏÂÌÌÓÈ ÒÚÛË.

èË z  0 ‰ÂÎ¸ÚÓÓ·‡ÁÌ˚È ı‡‡ÍÚÂ ÔÓ‰˚ÌÚÂ„‡Î¸ÌÓÈ ÙÛÌÍˆËË ‰Îfl r Ë θ ‚ ËÌÚÂ„‡Î‡ı (3.4)

ËÏÂÂÚ ÏÂÒÚÓ Ë ‰Îfl B1 ≈ 1. íÓ˜ÌÓÂ ÁÌ‡˜ÂÌËÂ ‚ÍÎ‡‰‡ ÓÚ f1 ·Û‰ÂÚ ‡‚ÌÓ n1 = /{2[1 + Erf( )]}.
èË z  0 ËÁ ÔË‚Â‰ÂÌÌÓÈ ‚˚¯Â ÙÓÏÛÎ˚ ‰Îfl ˜ËÒÎÂÌÌÓ„Ó ‡Ò˜ÂÚ‡ n1 ÏÓÊÌÓ ÔÓÎÛ˜ËÚ¸, ˜ÚÓ

éÚÒ˛‰‡ ÒÎÂ‰ÛÂÚ, ̃ ÚÓ ÔÓÒÚÓÂÌÌ˚Â ‚˚¯Â ÙÓÏÛÎ˚ ‚ ÒÎÛ˜‡Â z  0 ËÏÂ˛Ú ÔÓ ∆r ÚÓ˜ÌÓÒÚ¸ ÌÂ ÌËÊÂ
ÔÂ‚Ó„Ó ÔÓfl‰Í‡. íÓ˜ÌÓÒÚ¸ ‚˚˜ËÒÎÂÌËfl ËÌÚÂ„‡Î‡ ÔÓ ξ ÒÓÓÚ‚ÂÚÒÚ‚ÛÂÚ ÚÓ˜ÌÓÒÚË Í‚‡‰‡ÚÛÌÓÈ
ÙÓÏÛÎ˚ É‡ÛÒÒ‡. Ç ÌÂ‚˚ÓÊ‰ÂÌÌ˚ı ÒÎÛ˜‡flı ÔÓÒÚÓÂÌÌ˚Â ÙÓÏÛÎ˚ Ó·Î‡‰‡˛Ú ‚ÚÓ˚Ï ÔÓfl‰ÍÓÏ
ÚÓ˜ÌÓÒÚË Í‡Í ÔÓ ∆r, Ú‡Í Ë ÔÓ ∆θ. Ç ˝ÚÓÏ ÌÂÚÛ‰ÌÓ Û·Â‰ËÚ¸Òfl, ÂÒÎË ‡ÁÎÓÊËÚ¸ ‚ÒÂ ˝ÍÒÔÓÌÂÌÚ˚ Ë
“˝Ù˚” ÔÓ ÙÓÏÛÎÂ íÂÈÎÓ‡.

Ç ÒÎÛ˜‡Â ρk ≅ 0 ÁÌ‡˜ÂÌËÂ ÔÎÓÚÌÓÒÚË Ë ‰Û„Ëı Ï‡ÍÓÔ‡‡ÏÂÚÓ‚ ÏÓÊÂÚ ÒËÎ¸ÌÓ ‚ÓÁ‡ÒÚ‡Ú¸. ùÚÓÚ
˝ÙÙÂÍÚ ÓÒÓ·ÂÌÌÓ ÒËÎ¸ÌÓ ÔÓfl‚ÎflÂÚÒfl ‚ ÓÒÂÒËÏÏÂÚË˜ÌÓÏ ÒÎÛ˜‡Â, ÍÓ„‰‡ Ì‡ ÓÒË ÒËÏÏÂÚËË ÔÎÓÚ-

ÌÓÒÚ¸ ËÓÌÓ‚ ÒÚ‡ÌÓ‚ËÚÒfl ÔÓfl‰Í‡ . çÂÚÛ‰ÌÓ ‚Ë‰ÂÚ¸, ˜ÚÓ ‚ ˝ÚÓÏ ÒÎÛ˜‡Â ÔÓÒÚÓÂÌÌ‡fl ˜ËÒÎÂÌ-
Ì‡fl ÒıÂÏ‡ ‰‡ÂÚ Ô‡‚ËÎ¸Ì˚È ÂÁÛÎ¸Ú‡Ú ÒÓ ‚ÚÓ˚Ï ÔÓfl‰ÍÓÏ ÚÓ˜ÌÓÒÚË ÔÓ ∆θ Ë ∆r.

í‡ÍËÏ Ó·‡ÁÓÏ, ÔÓÒÚÓÂÌÌ‡fl ‚˚¯Â ÒıÂÏ‡ ‚˚˜ËÒÎÂÌËÈ fl‚ÎflÂÚÒfl ‡‚ÌÓÏÂÌÓ ÔË„Ó‰ÌÓÈ, Ú.Â.
‰‡ÂÚ Ô‡‚ËÎ¸Ì˚È „Î‡‚Ì˚È ‡ÒËÏÔÚÓÚË˜ÂÒÍËÈ ˜ÎÂÌ ·ÂÁ ÒÔÂˆË‡Î¸ÌÓ„Ó ‚˚·Ó‡ ¯‡„‡ ËÌÚÂ„ËÓ‚‡-
ÌËfl. çÂÍÓÚÓ˚Â Ó·˘ËÂ Ë‰ÂË ÔÓÒÚÓÂÌËfl Ú‡ÍËı ÒıÂÏ ËÏÂ˛ÚÒfl ‚ [10].

Ç‚Â‰ÂÌÌ‡fl ‡ÌÂÂ ÙÛÌÍˆËfl g1, ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ËÂ ËÌÚÂ„‡Î˚ ÓÚ ÍÓÚÓÓÈ ÓÔÂ‰ÂÎfl˛Ú ‚ÍÎ‡‰˚ ‚
Ï‡ÍÓÔ‡‡ÏÂÚ˚ ÌÂÈÚ‡ÎÓ‚ ÓÚ „‡ÌËˆ, ‚ k-Ï ÔË·ÎËÊÂÌËË ÔÂ‰ÒÚ‡‚ÎflÂÚÒfl ‚ ‚Ë‰Â

(3.6)

„‰Â

èÂ‚ÓÂ ÒÎ‡„‡ÂÏÓÂ ‚ (3.6) ÂÒÚ¸ ˜ÎÂÌ, ÓÚ‚Â˜‡˛˘ËÈ Á‡ ‚ÎËflÌËÂ ‚˚ıÓ‰ÌÓ„Ó ÓÚ‚ÂÒÚËfl. ùÚË ˜‡ÒÚË g1
ÓÔÂ‰ÂÎfl˛ÚÒfl Ò ÔÓÏÓ˘¸˛ ÔÓˆÂ‰Û˚, ÔÓÒÚÓÂÌÌÓÈ ‡ÌÂÂ ‰Îfl ËÓÌÓ‚. Ç ˝ÚÓÏ ÒÎÛ˜‡Â x* = x, Az = 0,

 = 1, ˜ÚÓ ÒÛ˘ÂÒÚ‚ÂÌÌÓ ÒÓÍ‡˘‡ÂÚ ‚ÂÏfl, ÌÂÓ·ıÓ‰ËÏÓÂ ‰Îfl ‡·ÓÚ˚ ˝ÚÓ„Ó ·ÎÓÍ‡. éÚÏÂÚËÏ, ˜ÚÓ, ‚
ÓÚÎË˜ËÂ ÓÚ ËÓÌÌÓÈ ÍÓÏÔÓÌÂÌÚ˚, ‚ÍÎ‡‰ ‚ Ï‡ÍÓÔ‡‡ÏÂÚ˚ ÌÂÈÚ‡ÎÓ‚ ÓÚ ˝ÚÓ„Ó ˜ÎÂÌ‡ Ò‡‚ÌËÚÂÎ¸-
ÌÓ Ï‡Î. ùÚÓ Ò‚flÁ‡ÌÓ Ò ÚÂÏ, ˜ÚÓ ÙÛÌÍˆËfl ‡ÒÔÂ‰ÂÎÂÌËfl ÌÂÈÚ‡ÎÓ‚, ‚˚ıÓ‰fl˘Ëı ËÁ ÓÚ‚ÂÒÚËfl, ÌÂ
fl‚ÎflÂÚÒfl ‰ÂÎ¸ÚÓÓ·‡ÁÌÓÈ, ‡ ÔÎÓ˘‡‰¸ Ò‡ÏÓ„Ó ÓÚ‚ÂÒÚËfl Ï‡Î‡ ÔÓ Ò‡‚ÌÂÌË˛ Ò ÔÎÓ˘‡‰¸˛ „‡ÌË
ëèÑ, Ò ÍÓÚÓÓÈ ÓÒÛ˘ÂÒÚ‚ÎflÂÚÒfl ‚˚ÔÛÒÍ ÒÚÛË.

ÇÚÓÓÂ ÒÎ‡„‡ÂÏÓÂ ‚ (3.6) ÓÔÂ‰ÂÎflÂÚ ‚ÍÎ‡‰˚ Ú‚Â‰˚ı ÔÓ‚ÂıÌÓÒÚÂÈ ‚ ÙÛÌÍˆË˛ ‡ÒÔÂ‰ÂÎÂÌËfl
ÌÂÈÚ‡ÎÓ‚. Ç ÚÂıÏÂÌÓÈ ÔÓÒÚ‡ÌÓ‚ÍÂ Á‡‰‡˜Ë Ó ÒÚÛÂ ˝ÚËÏË ÔÓ‚ÂıÌÓÒÚflÏË ·Û‰ÛÚ ¯ÂÒÚ¸ „‡ÌÂÈ
Ò‡ÏÓ„Ó ÔÎ‡ÁÏÂÌÌÓ„Ó ‰‚Ë„‡ÚÂÎfl.

óËÒÎÂÌÌ‡fl ÒıÂÏ‡ ‰Îfl ÓÔÂ‰ÂÎÂÌËfl ‚ÍÎ‡‰Ó‚ ‚ Ï‡ÍÓÔ‡‡ÏÂÚ˚ ÓÚ Í‡ÍÓ„Ó-ÎË·Ó ÒÎ‡„‡ÂÏÓ„Ó
(3.6) ÒÚÓËÚÒfl Ú‡Í ÊÂ, Í‡Í ‚ ‡ÒÒÏÓÚÂÌÌÓÏ ‚˚¯Â ÒÎÛ˜‡Â, Ú.Â. ÓÒÛ˘ÂÒÚ‚ÎflÂÚÒfl ÔÂÂıÓ‰ Í ÌÓ‚˚Ï
ÔÂÂÏÂÌÌ˚Ï ËÌÚÂ„ËÓ‚‡ÌËfl, ‚ ÂÁÛÎ¸Ú‡ÚÂ ˜Â„Ó ËÌÚÂ„ËÓ‚‡ÌËÂ ‚Â‰ÂÚÒfl ÔÓ ÔÎÓ˘‡‰Ë ÒÓÓÚ‚ÂÚ-
ÒÚ‚Û˛˘ÂÈ „‡ÌË Ë Ó‰ÌÓÈ ÒÍÓÓÒÚÌÓÈ ÔÂÂÏÂÌÌÓÈ. ëÓÓÚ‚ÂÚÒÚ‚Û˛˘ËÂ ÙÓÏÛÎ˚ ‰Ó‚ÓÎ¸ÌÓ ÔÓÒÚ˚
Ë Ëı ÌÂÚÛ‰ÌÓ ÔÓÎÛ˜‡Ú¸, ÒÎÂ‰Ûfl ÛÊÂ ÓÔËÒ‡ÌÌÓÏÛ ÏÂÚÓ‰Û.

4. óËÒÎÂÌÌ‡fl ÒıÂÏ‡ ‰Îfl Ì‡ıÓÊ‰ÂÌËfl f2 

Ç‚Â‰ÂÌÌ‡fl ‡ÌÂÂ ÔË ‡Á·ËÂÌËË f k ÙÛÌÍˆËfl f2 ÔÓ‰˜ËÌflÂÚÒfl ‚ÚÓÓÏÛ Û‡‚ÌÂÌË˛ (2.4). êÂ¯ÂÌËÂ
˝ÚÓ„Ó Û‡‚ÌÂÌËfl ÔË ÌÛÎÂ‚˚ı „‡ÌË˜Ì˚ı ÛÒÎÓ‚Ëflı Á‡ÔËÒ˚‚‡ÂÚÒfl ‚ ‚Ë‰Â

(4.1)

n uz B1

n1
i n rm( ) Ckh pk( ).

k 1=

k0

∑≅

B1

g1 x w,( ) π 3/2– e
w ũ xw

0( )–[ ]
2

– ν̃0–
nw

l xw
l( ) Bw/π( )3/2e

Bww2– ν̃l–
,

l 1=

6

∑+=

xw x wtb
l , ν̃ l– ν2

k 1– x ws–( ) s, ld

0

tb
l

∫ 0 … 6., ,= = =

J

f x x,( ) F+ x̃ τ( ) x τ( ),( ) ν1 x̃ s( )( ) sd

0

τ

∫–
 
 
 

exp τ ,d

0

tb

∫=

10
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ÄıËÔÓ‚, ÅË¯‡Â‚

„‰Â ˜ÂÂÁ f Ó·ÓÁÌ‡˜ÂÌÓ f2. Ç˚˜ËÒÎÂÌËÂ f ÒÓ„Î‡ÒÌÓ (4.1) ÓÒÛ˘ÂÒÚ‚ÎflÂÚÒfl ÒÎÂ‰Û˛˘ÂÈ ÔÓˆÂ‰ÛÓÈ:

(4.2)

á‰ÂÒ¸ F+(τ), ν1(s) ÂÒÚ¸ F+( (τ), (τ)), ν1( (s)), xk = {xk, yl, zm}, xi = {ξxi, ξyj, ξzn} ÒÛÚ¸ ÛÁÎ˚ Ù‡ÁÓ‚Ó„Ó
ÔÓÒÚ‡ÌÒÚ‚‡. éÌË ‰ÓÎÊÌ˚ ·˚Ú¸ Á‡‰‡Ì˚. èË τ = tσ ı‡‡ÍÚÂËÒÚËÍ‡ ‚ıÓ‰ËÚ ‚ ÔÓÍ‡Á‡ÌÌÛ˛ Ì‡ ÙË„. 4
Ò˜ÂÚÌÛ˛ fl˜ÂÈÍÛ (tσ ËÁ‚ÂÒÚÌ‡), ‡ ÔË τ = tσ + 1 ÔÓÍË‰‡ÂÚ ÂÂ (˝ÚÓ ÁÌ‡˜ÂÌËÂ τ ‰ÓÎÊÌÓ ·˚Ú¸ Ì‡È‰ÂÌÓ).
ùÎÂÍÚË˜ÂÒÍÓÂ ÔÓÎÂ Ò˜ËÚ‡ÎÓÒ¸ ÔÓÒÚÓflÌÌ˚Ï ‚ÌÛÚË fl˜ÂÈÍË Ë ÓÔÂ‰ÂÎflÎÓÒ¸ ÔÓ ÂÂ ˆÂÌÚÛ. ùÚÓ ‰Â-
Î‡ÎÓÒ¸ ÔË ÔÓÏÓ˘Ë ˜ËÒÎÂÌÌÓ„Ó ‰ËÙÙÂÂÌˆËÓ‚‡ÌËfl ‚˚˜ËÒÎÂÌÌÓ„Ó ‚ ÛÁÎ‡ı ÙËÁË˜ÂÒÍÓ„Ó ÔÓ-
ÒÚ‡ÌÒÚ‚‡ ÔÓÚÂÌˆË‡Î‡ ˝ÎÂÍÚË˜ÂÒÍÓ„Ó ÔÓÎfl Ò ÔÓÒÎÂ‰Û˛˘ËÏ ÛÒÂ‰ÌÂÌËÂÏ. ùÚÓ ÔÂ‰ÔÓÎÓÊÂÌËÂ

ÔÓÁ‚ÓÎflÂÚ ‚ÌÛÚË fl˜ÂÈÍË Á‡ÔËÒ‡Ú¸ ‚˚‡ÊÂÌËfl ‰Îfl (τ) Ë (τ) ‚ ‚Ë‰Â

(4.3)

„‰Â x1 = (tσ), x1 = (tσ),  – ÁÌ‡˜ÂÌËÂ Ì‡ÔflÊÂÌÌÓÒÚË ˝ÎÂÍÚË˜ÂÒÍÓ„Ó ÔÓÎfl ‚ÌÛÚË fl˜ÂÈÍË. é·Ó-
ÁÌ‡˜ËÏ ˜ÂÂÁ xb = {xb, yb, z} „‡ÌË Ò˜ÂÚÌÓÈ fl˜ÂÈÍË, Ì‡ ÍÓÚÓ˚Â ÏÓ„Î‡ ·˚ ÔËÈÚË ı‡‡ÍÚÂËÒÚËÍ‡,
ÂÒÎË ·˚ ‰‚ËÊÂÌËÂ ÓÒÛ˘ÂÒÚ‚ÎflÎÓÒ¸ Ò ÔÓÒÚÓflÌÌÓÈ ÒÍÓÓÒÚ¸˛ x1. èÓÎ‡„‡fl ‚ (4.3) (τ) = xb, Ì‡ıÓ‰ËÏ
ÁÌ‡˜ÂÌËÂ ∆tγ = tγ – tσ, γ = 1, 2, 3, ÔË ÍÓÚÓÓÏ ËÓÌ, ‰‚Ë„‡flÒ¸ ‚ ÔÓÒÚÓflÌÌÓÏ ˝ÎÂÍÚË˜ÂÒÍÓÏ ÔÓÎÂ E,

‰ÓÒÚË„‡ÂÚ ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ÂÈ „‡ÌË  (  = xb,  = yb,  = zb):

(4.4)

èÓÎÓÊËÚÂÎ¸ÌÓÒÚ¸ D ‚ (4.4) fl‚ÎflÂÚÒfl ÍËÚÂËÂÏ ÚÓ„Ó, ˜ÚÓ ÎËÌËfl AB ‰ÓıÓ‰ËÚ ‰Ó . ÖÒÎË D < 0, ÚÓ

‚ÌÛÚË Ò˜ÂÚÌÓÈ fl˜ÂÈÍË ÒÛ˘ÂÒÚ‚ÛÂÚ ÚÓ˜Í‡, ‚ ÍÓÚÓÓÈ ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘‡fl ÍÓÏÔÓÌÂÌÚ‡  ÏÂÌflÂÚ

Ò‚ÓÈ ÁÌ‡Í. èË ̋ ÚÓÏ ı‡‡ÍÚÂËÒÚËÍ‡ ÛÊÂ ÌÂ ‰ÓÒÚË„‡ÂÚ „‡ÌË , ‡ ÔÓ‚Ó‡˜Ë‚‡ÂÚ Í „‡ÌË  =  +

+ ∆xγ (∆xγ – ¯‡„ ‡Á·ËÂÌËfl ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ÂÈ ÍÓÓ‰ËÌ‡Ú˚ ÙËÁË˜ÂÒÍÓ„Ó ÔÓÒÚ‡ÌÒÚ‚‡).

Ç ˝ÚÓÏ ÒÎÛ˜‡Â ∆tγ ÓÔÂ‰ÂÎflÂÚÒfl ËÁ ÛÒÎÓ‚Ëfl ÔÓÔ‡‰‡ÌËfl ËÓÌ‡ ÔÓÒÎÂ ÔÓ‚ÓÓÚ‡ Ì‡ „‡Ì¸ . éÌÓ ‡‚ÌÓ

áÌ‡˜ÂÌËÂ tσ + 1 ÓÔÂ‰ÂÎflÂÚÒfl ÔÓ ÙÓÏÛÎÂ tσ + 1 = ∆t + tσ, „‰Â ∆t = min{∆t1, ∆t2, ∆t3}.

f xk xi,( ) Dσ, Dσ

σ 1=

σ0

∑ ν1 s( ) sd

0

tσ

∫–
 
 
 

F+ τ( ) ν1 s( ) sd

tσ

τ

∫–
 
 
 

exp τ .d

ttσ

tσ 1+

∫exp= =

x̃ x̃ x̃

x̃ x̃

x̃ τ( ) x1 x1 τ tσ–( )– E τ tσ–( )2/2, x̃ τ( )+ x1 E τ tσ–( ),–= =

x̃ x̃ E

x̃

xb
γ x1

b x2
b x3

b

∆tγ 2 xb
γ x1

γ–( )/ ξ1
γ ξ1

γ( ) Dsign+( ), D ξ1
γ( )2

2 xb
γ x1

γ–( ).–= =

xb
γ

x̃
xb

γ xh
γ xb

γ

ξ1
γ( )sign

xh
γ

∆tγ ξ1
γ/Eγ 2 xh

γ x*
γ–( )/Eγ, x*

γ+ x1
γ ξ1

γ( )2
/ 2Eγ( ).–= =

A
tσ

B tσ + 1

îË„. 4.



ÜìêçÄã ÇõóàëãàíÖãúçéâ åÄíÖåÄíàäà à åÄíÖåÄíàóÖëäéâ îàáàäà      ÚÓÏ 47      ‹ 3      2007

óàëãÖççéÖ åéÑÖãàêéÇÄçàÖ Ç íêÖïåÖêçéâ èéëíÄçéÇäÖ ëíêìà 499

èÓÒÎÂ ÓÔÂ‰ÂÎÂÌËfl tσ + 1 ÏÓÊÌÓ ‚˚˜ËÒÎËÚ¸ Dσ. ùÚÓ ‰ÂÎ‡ÂÚÒfl Ò ÔÓÏÓ˘¸˛ ÏÓ‰ËÙËÍ‡ˆËË ÒıÂÏ˚
Ò ˝ÍÒÔÓÌÂÌÚ‡ÏË. Ç Ì‡¯ÂÏ ÒÎÛ˜‡Â ËÏÂÂÏ

(4.5)

„‰Â

ç‡ÔÓÏÌËÏ, ˜ÚÓ ˝Ú‡ ÒıÂÏ‡ Ó·Î‡‰‡ÂÚ ‚ÚÓ˚Ï ÔÓfl‰ÍÓÏ ÚÓ˜ÌÓÒÚË ÔÓ ∆s. ÖÒÎË ∆s � 1, ÚÓ (4.5) ÔÂÂ-
ıÓ‰ËÚ ‚ Ó·˚˜ÌÛ˛ ÙÓÏÛÎÛ Ú‡ÔÂˆËË. èË ∆s > 1 ÒıÂÏ‡ (4.5) ‰‡ÂÚ Ô‡‚ËÎ¸ÌÛ˛ ‡ÒËÏÔÚÓÚËÍÛ ‰Ó ̃ ÎÂ-

ÌÓ‚ (∆s)–2. Ç ÓÚÎË˜ËÂ ÓÚ [6], ‚ Ì‡¯ÂÏ ÒÎÛ˜‡Â  ÏÂÌflÂÚÒfl ‚‰ÓÎ¸ ı‡‡ÍÚÂËÒÚËÍË. ÖÒÎË ˝ÎÂÍÚË˜Â-

ÒÍÓÂ ÔÓÎÂ ÔÓÚÂÌˆË‡Î¸ÌÓ, ÚÓ | | ÏÂÌflÂÚÒfl ÔÓ fl˜ÂÈÍÂ Ú‡Í ÊÂ, Í‡Í Ë Ï‡ÍÓÔ‡‡ÏÂÚ˚, ÔÓ˝ÚÓÏÛ ËÒ-
ÔÓÎ¸ÁÓ‚‡ÌËÂ ÒıÂÏ˚ (4.5) fl‚ÎflÂÚÒfl ÂÒÚÂÒÚ‚ÂÌÌ˚Ï.

éÚÎË˜ËÂÏ Á‡‰‡˜ Ò ÒËÎÓ‚˚Ï ÔÓÎÂÏ ÓÚ Á‡‰‡˜ ‡ÁÂÊÂÌÌÓ„Ó „‡Á‡ fl‚ÎflÂÚÒfl ÚÓÚ Ù‡ÍÚ, ˜ÚÓ Ú‡ÂÍ-
ÚÓËfl ˜‡ÒÚËˆ˚ ÏÓÊÂÚ ÌËÍÓ„‰‡ ÌÂ ‚˚ıÓ‰ËÚ¸ Ì‡ „‡ÌËˆÛ Ò˜ÂÚÌÓÈ Ó·Î‡ÒÚË. Ç ˝ÚÓÏ ÒÎÛ˜‡Â ÔËÌËÏ‡-
ÎÓÒ¸, ˜ÚÓ tb = ∞, ÔË˜ÂÏ ËÌÚÂ„‡Î˚ ‚ (4.1) ·Û‰ÛÚ ÒıÓ‰ËÚ¸Òfl, ˜ÚÓ Ë ËÒÔÓÎ¸ÁÓ‚‡ÎÓÒ¸ ‚ ‡Ò˜ÂÚ‡ı.

Ç Ì‡ÒÚÓfl˘ÂÈ ‡·ÓÚÂ, Ú‡Í ÊÂ Í‡Í Ë ‚ [6], [7], ‡Ò˜ÂÚ ÓÒÛ˘ÂÒÚ‚ÎflÎÒfl ·ÂÁ Á‡ÔÓÏËÌ‡ÌËfl ÙÛÌÍˆËË
‡ÒÔÂ‰ÂÎÂÌËfl (ÚÓÎ¸ÍÓ ÌÂ‰‡‚ÌÓ ÔÓfl‚ËÎËÒ¸ ùÇå, ÔÓÁ‚ÓÎfl˛˘ËÂ Á‡ÔÓÏËÌ‡Ú¸ ¯ÂÒÚËÏÂÌ˚Â Ï‡ÒÒË-
‚˚ ÓÚ ÙÛÌÍˆËÈ ‡ÒÔÂ‰ÂÎÂÌËfl). ÇÍÎ‡‰˚ ‚ Ï‡ÍÓÔ‡‡ÏÂÚ˚ ÓÚ f2 ÓÒÛ˘ÂÒÚ‚ÎflÎËÒ¸ ÔË ÔÓÏÓ˘Ë
Í‚‡‰‡ÚÛÌ˚ı ÙÓÏÛÎ ˜ËÒÎÂÌÌÓ„Ó ËÌÚÂ„ËÓ‚‡ÌËfl ‚Ë‰‡

(4.6)

„‰Â Anmσ – ÍÓ˝ÙÙËˆËÂÌÚ˚ Í‚‡‰‡ÚÛÌÓÈ ÙÓÏÛÎ˚, m0 × n0 × σ0 – ˜ËÒÎÓ ÛÁÎÓ‚ ÒÍÓÓÒÚÌÓ„Ó ÔÓ-
ÒÚ‡ÌÒÚ‚‡. á‡ÙËÍÒËÓ‚‡‚ xijl, ‚˚˜ËÒÎËÏ f ‰Îfl Í‡Ê‰Ó„Ó xmnσ ÔË ÔÓÏÓ˘Ë (4.4), (4.5), Ò‰ÂÎ‡‚ ÔË
˝ÚÓÏ ‚ÍÎ‡‰ ‚ Ô‡‚Û˛ ˜‡ÒÚ¸ (4.6), ÔÓÒÎÂ ˜Â„Ó ÔÂÂÈ‰ÂÏ Í ‚˚˜ËÒÎÂÌË˛ f2 ‚ ÒÎÂ‰Û˛˘ÂÈ ÚÓ˜ÍÂ ÙËÁË-
˜ÂÒÍÓ„Ó ÔÓÒÚ‡ÌÒÚ‚‡. í‡Í‡fl ÔÓˆÂ‰Û‡ ‚˚˜ËÒÎÂÌËfl ÌÂ ÚÂ·ÛÂÚ Á‡ÔÓÏËÌ‡ÌËfl ÙÛÌÍˆËË ‡ÒÔÂ‰Â-

ÎÂÌËfl ‚ ÛÁÎ‡ı ¯ÂÒÚËÏÂÌÓ„Ó Ù‡ÁÓ‚Ó„Ó ÔÓÒÚ‡ÌÒÚ‚‡. Ç (4.1) ËÏÂÂÏ F+ ~ (B2/B1)3/2exp[–B2/ (x –

− )2]. èË ‚˚˜ËÒÎÂÌËË ‚ÍÎ‡‰Ó‚ ‚ Ï‡ÍÓÔ‡‡ÏÂÚ˚ ËÓÌÓ‚ ‚ÒÂ ËÌÚÂ„‡Î˚ Ì‡‰Ó ÛÏÌÓÊ‡Ú¸ Ì‡

, ‡ B2 ≅ 1000, Ú‡Í ̃ ÚÓ ÔÓ‰ ËÌÚÂ„‡ÎÓÏ ‚ (4.1) ÒÚÓËÚ ÔÓ˜ÚË ‰ÂÎ¸Ú‡-ÙÛÌÍˆËfl, ÔÓ˝ÚÓÏÛ ÔË ‚˚˜ËÒ-
ÎÂÌËË ËÌÚÂ„‡ÎÓ‚ ÔÓ ÒÍÓÓÒÚÌÓÏÛ ÔÓÒÚ‡ÌÒÚ‚Û ÓÒÛ˘ÂÒÚ‚ÎflÎÒfl ÔÂÂıÓ‰ Í ÒÎÂ‰Û˛˘ÂÈ ÔÂÂÏÂÌ-

ÌÓÈ x = (  + c) . íÓ„‰‡ ‚ÍÎ‡‰ ‚ ÔÎÓÚÌÓÒÚ¸ ËÓÌÓ‚, Ì‡ÔËÏÂ, ·Û‰ÂÚ ÓÔÂ‰ÂÎflÚ¸Òfl ÒÎÂ‰Û˛˘ËÏ
Ó·‡ÁÓÏ:

„‰Â yk – ÛÁÂÎ, ‡ Ck – ÍÓ˝ÙÙËˆËÂÌÚ ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ÂÈ ÙÓÏÛÎ˚ É‡ÛÒÒ‡ (k0 = 6). èÓÒÚÓÂÌÌ‡fl ÔÓ-

ˆÂ‰Û‡ ÓÒÛ˘ÂÒÚ‚ÎflÂÚ ‚˚˜ËÒÎÂÌËÂ , ‚ÂÎË˜ËÌ‡ ÍÓÚÓÓÈ ÔÓfl‰Í‡ Â‰ËÌËˆ˚. ÄÌ‡ÎÓ„Ë˜ÌÓ ‚˚˜ËÒÎfl-
ÎËÒ¸ ‚ÍÎ‡‰˚ ‚ Ï‡ÍÓÔ‡‡ÏÂÚ˚ ÓÚ g2 Ë g3. ä‡Í ËÁ‚ÂÒÚÌÓ, Í‚‡‰‡ÚÛÌ˚Â ÙÓÏÛÎ˚ É‡ÛÒÒ‡ ̃ Û‚ÒÚ‚Ë-
ÚÂÎ¸Ì˚ Í „Î‡‰ÍÓÒÚË ÔÓ‰˚ÌÚÂ„‡Î¸ÌÓÈ ÙÛÌÍˆËË (ÒÏ. [10]). Ç ÓÔËÒ‡ÌÌÓÏ ÒÔÓÒÓ·Â ‚˚˜ËÒÎÂÌËfl f2, g2,
g3 ·Û‰ÛÚ ÌÂÔÂ˚‚Ì˚ ‚ ÔÓÒÚ‡ÌÒÚ‚Â ÒÍÓÓÒÚÂÈ, ÔÓ˝ÚÓÏÛ ÔËÏÂÌÂÌËÂ ÙÓÏÛÎ É‡ÛÒÒ‡ fl‚ÎflÂÚÒfl
ÓÔ‡‚‰‡ÌÌ˚Ï.

Dσ ν1 q( ) qd

0

tσ

∫–
 
 
 

Fσ
+ 1 e ∆s––( )( Fσ 1+

+ Fσ
+–( ) e ∆s–– 1 e ∆s––( )/∆s+( ),+exp=

∆s ν1 q( ) qd

tσ

tσ 1+

∫ ν1σ ν1σ 1++( )∆t/2, Fl
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x̃
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ÄıËÔÓ‚, ÅË¯‡Â‚

5. êÂÁÛÎ¸Ú‡Ú˚ ‚˚˜ËÒÎÂÌËÈ

èÓ‚Â‰ÂÌÌÓÂ ‚ [1]–[3] ‚ ÓÒÂÒËÏÏÂÚË˜ÌÓÈ ÔÓÒÚ‡ÌÓ‚ÍÂ ÏÓ‰ÂÎËÓ‚‡ÌËÂ ÒÚÛÈÌÓ„Ó ‰‚ËÊÂÌËfl,
‚ÓÁÌËÍ‡˛˘Â„Ó ÓÚ ‡·ÓÚ˚ ëèÑ, ‚˚fl‚ËÎÓ Ì‡ÎË˜ËÂ Ó·‡ÚÌ˚ı ËÓÌÌ˚ı ÚÓÍÓ‚, Ú.Â. ÚÓÍÓ‚, Ì‡Ô‡‚ÎÂÌ-
Ì˚ı Ì‡ ÒÂÁ ‰‚Ë„‡ÚÂÎfl („‡Ì¸ CC1D1C Ì‡ ÙË„. 1). Ç ‡ÏÍ‡ı ÔÓ‚Â‰ÂÌÌÓ„Ó ‚ Ì‡Á‚‡ÌÌ˚ı ‡·ÓÚ‡ı ÏÓ-
‰ÂÎËÓ‚‡ÌËfl ‚ÒÂ ‡Ò˜ÂÚ˚ ‚ÂÎËÒ¸ ‚ÌËÁ ÔÓ ÔÓÚÓÍÛ, Ú‡Í ˜ÚÓ ÒÍ‡Á‡Ú¸ ˜ÚÓ-ÎË·Ó ÍÓÌÍÂÚÌÓÂ Ó Ï‡Ò-
¯Ú‡·Â ‚ÎËflÌËfl ÒÚÛË Ì‡ Ó·Î‡ÒÚË ‚‚Âı ÔÓ ÔÓÚÓÍÛ, ÍÓÏÂ ÍÓÌÒÚ‡Ú‡ˆËË Â„Ó Ì‡ÎË˜Ëfl, ·˚ÎÓ ÌÂÎ¸Áfl.
í‡Í Í‡Í ÚÂÔÂ¸ ‡Ò˜ÂÚ˚ ÔÓ‚Ó‰flÚÒfl Í‡Í ‚ÌËÁ, Ú‡Í Ë ‚‚Âı ÔÓ ÒÚÛÂ, ÚÓ ÏÓÊÌÓ ÓÚ‚ÂÚËÚ¸ Ì‡ ‚ÓÔÓ-
Ò˚, Í‡Ò‡˛˘ËÂÒfl ‚ÎËflÌËfl ËÓÌÌ˚ı ÚÓÍÓ‚ Ì‡ Ì‡Á‚‡ÌÌ˚Â ‚˚¯Â Ó·Î‡ÒÚË.

èÂ‚ÓÌ‡˜‡Î¸ÌÓ ·˚Î‡ Ì‡È‰ÂÌ‡ Úfl„‡ Ò Û˜ÂÚÓÏ ËÓÌÓ‚, ÔÓÔ‡‰‡˛˘Ëı Ì‡ ÍÓÔÛÒ ‰‚Ë„‡ÚÂÎfl. ëËÎ‡
‚ÓÁ‰ÂÈÒÚ‚Ëfl ÔÓÚÓÍ‡ Ì‡ ‡ÔÔ‡‡Ú ‡‚Ì‡

(5.1)

ÇÓÓ·˘Â „Ó‚Ófl, ‚ Ô‡‚ÓÈ ˜‡ÒÚË (5.1) ÌÛÊÌÓ ·˚ÎÓ ·˚ Û˜ÂÒÚ¸ ËÏÔÛÎ¸Ò, ÔÂÂ‰‡‚‡ÂÏ˚È ÚÂÎÛ ÌÂÈ-
Ú‡Î¸ÌÓÈ ÍÓÏÔÓÌÂÌÚÓÈ, ÌÓ ÓÌ ÒÛ˘ÂÒÚ‚ÂÌÌÓ ÏÂÌ¸¯Â ËÏÔÛÎ¸Ò‡, ÍÓÚÓ˚È ÔÂÂ‰‡˛Ú ÚÂÎÛ ËÓÌ˚. ê‡Ò-
˜ÂÚ˚ ‚ÂÎË˜ËÌ˚ Fz ÔÓÍ‡Á‡ÎË, ̃ ÚÓ ̋ ÚÓ ÂÒÚ¸ Úfl„‡, ÓÒÌÓ‚Ì‡fl ̃ ‡ÒÚ¸ ÍÓÚÓÓÈ ÒÓÁ‰‡ÂÚÒfl ÔÓÚÓÍÓÏ ËÓÌÓ‚,
‚˚ıÓ‰fl˘ËÏ ËÁ ÓÚ‚ÂÒÚËfl. ÇÍÎ‡‰˚ ÓÒÚ‡Î¸Ì˚ı „‡ÌÂÈ ÌÂ ÔÂ‚˚¯‡˛Ú 0.3% ÓÚ ̋ ÚÓ„Ó ÁÌ‡˜ÂÌËfl Ë ‚ÒÂ
‰‡˛Ú Úfl„Û, ÍÓÏÂ „‡ÌË BB1C1C, ÍÓÚÓ‡fl ‰‡ÂÚ ÒÓÔÓÚË‚ÎÂÌËÂ.

ç‡ ÙË„. 5 Ë ÙË„. 6 ÔÂ‰ÒÚ‡‚ÎÂÌ˚ ÎËÌËË ÔÂÂÒÂ˜ÂÌËfl ÔÓ‚ÂıÌÓÒÚÂÈ ÛÓ‚Ìfl ÔÎÓÚÌÓÒÚË ËÓÌÓ‚ Ò
ÔÎÓÒÍÓÒÚflÏË y = x Ë y = –x ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ ÔË  = 0. ç‡ Ô‡‚˚ı ËÒÛÌÍ‡ı ËÁÓ·‡ÊÂÌ˚ ÎËÌËË ‰Îfl
Ó·Î‡ÒÚË z ≥ 0, ‡ Ì‡ ÎÂ‚˚ı – ‰Îfl Ó·Î‡ÒÚË –l ≤ z ≤ 0, „‰Â l – ‰ÎËÌ‡ ÍÓÔÛÒ‡ ‰‚Ë„‡ÚÂÎfl. ë‡Ï ‰‚Ë„‡ÚÂÎ¸
ÔÓÍ‡Á‡Ì ˜ÂÌ˚Ï ˆ‚ÂÚÓÏ. àÁ-Á‡ ÒËÏÏÂÚËË „ÂÓÏÂÚËË ‰‚Ë„‡ÚÂÎfl ‡ÒÔÂ‰ÂÎÂÌËÂ ÎËÌËÈ ÛÓ‚Ìfl ‚
˝ÚËı ÔÎÓÒÍÓÒÚflı ‰ÓÎÊÌ˚ ·˚Ú¸ Ë‰ÂÌÚË˜Ì˚, ÔÓ˝ÚÓÏÛ ËÏÂ˛˘ËÂÒfl ÓÚÎË˜Ëfl ‰‡˛Ú ÔÂ‰ÒÚ‡‚ÎÂÌËÂ Ó
ÚÓ˜ÌÓÒÚË ÔËÏÂÌflÂÏÓ„Ó ˜ËÒÎÂÌÌÓ„Ó ÏÂÚÓ‰‡. ä‡Í ‚Ë‰ÌÓ ËÁ Ò‡‚ÌÂÌËfl ËÒÛÌÍÓ‚, ÎËÌËË ÛÓ‚Ìfl ÒÓ
ÁÌ‡˜ÂÌËflÏË, ·ÓÎ¸¯ËÏË ËÎË ‡‚Ì˚ÏË Ó‰ÌÓÈ Ú˚Òfl˜ÌÓÈ, ‚ÓÒÔÓËÁ‚Ó‰flÚÒfl ‚ ̃ ËÒÎÂÌÌÓÏ Ò˜ÂÚÂ ‰ÓÒÚ‡-
ÚÓ˜ÌÓ ıÓÓ¯Ó. ç‡ ÙË„. 7 ÔÂ‰ÒÚ‡‚ÎÂÌ˚ ÎËÌËË ÛÓ‚Ìfl ‚ ÔÎÓÒÍÓÒÚË XOZ (y = 0). ë‡‚ÌÂÌËÂ Ò ËÁÓ·-
‡ÊÂÌËflÏË Ì‡ ÙË„. 5 Ë ÙË„. 6 ÔÓÍ‡Á˚‚‡ÂÚ, Í‡Í ‚ÎËflÂÚ ÌÂÓÒÂÒËÏÏÂÚË˜ÌÓÒÚ¸ ÔÓÒÚ‡ÌÓ‚ÍË Á‡‰‡˜Ë
Ì‡ Í‡ÚËÌÛ ÚÂ˜ÂÌËfl. ÇË‰ÌÓ, ˜ÚÓ ‚ÌËÁ ÔÓ ÔÓÚÓÍÛ ÒÚÛfl ·Û‰ÂÚ Ô‡ÍÚË˜ÂÒÍË ÓÒÂÒËÏÏÂÚË˜ÌÓÈ. ÑÎfl
z < 0 (‚ Ó·Î‡ÒÚË ‚‚Âı ÔÓ ÔÓÚÓÍÛ) ËÏÂÂÚÒfl ÌÂ·ÓÎ¸¯ÓÂ ÓÚÎË˜ËÂ ‚ ‡ÒÔÂ‰ÂÎÂÌËË ÎËÌËÈ ÛÓ‚Ìfl
ÔÎÓÚÌÓÒÚË ËÓÌÓ‚, Ó·ÛÒÎÓ‚ÎÂÌÌÓÂ ÌÂÓÒÂÒËÏÏÂÚË˜ÌÓÒÚ¸˛ ÔÓÒÚ‡ÌÓ‚ÍË Á‡‰‡˜Ë. 

ÄÌ‡ÎËÁ ‰‚ËÊÂÌËfl ÔÎ‡ÁÏ˚ ‚ Í‡Ì‡ÎÂ ëèÑ ÔÓÍ‡Á˚‚‡ÂÚ, ̃ ÚÓ ‚˚ıÓ‰fl˘‡fl ËÁ ‰‚Ë„‡ÚÂÎfl ÒÚÛfl ‰ÓÎÊ-
Ì‡ ·˚Ú¸ Á‡ÍÛ˜ÂÌÌÓÈ. éˆÂÌÍË ÔÓÍ‡Á˚‚‡˛Ú, ˜ÚÓ ‚ÂÎË˜ËÌ‡  ÒÓÒÚ‡‚ÎflÂÚ ~5–7% ÓÚ ÒÍÓÓÒÚË .
ÇÓÁÏÓÊÌÓÒÚ¸ ÔÓ‚Â‰ÂÌËfl ‡Ò˜ÂÚÓ‚ ‚ ÔÓËÁ‚ÓÎ¸ÌÓÈ „ÂÓÏÂÚËË ÔÓÁ‚ÓÎflÂÚ ÓÔÂ‰ÂÎËÚ¸ ‚ÎËflÌËÂ
˝ÙÙÂÍÚÓ‚ Á‡ÍÛ˜ÂÌÌÓÒÚË Ì‡ ‡ÒÔÂ‰ÂÎÂÌËÂ Ô‡‡ÏÂÚÓ‚ ‚ ÒÚÛÂ.

F mi xξn f xd σ.d∫∫
S

∫°–=

uϕ

uϕ uz

0.00030.00030.0003

0.0000840.0000840.000084 0.000190.000190.00019

0.000720.000720.00072

SPTSPTSPT

0.0000840.0000840.000084

0.000140.000140.00014

0.000190.000190.00019
0.000350.000350.00035

0.070.070.07

0.0320.0320.032

0.1080.1080.108

0.1460.1460.1460.2610.2610.261

0.2990.2990.299
0.2230.2230.223

0.1850.1850.185
0.650.650.65

0.0320.0320.032

1.00

0.71

0

–0.71

–1.00
–2.66 –2.00 –1.33 –0.67 0 0 1 2

îË„. 5.
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Å˚ÎË ÔÓ‚Â‰ÂÌ˚ ‡Ò˜ÂÚ˚, ‚ ÍÓÚÓ˚ı ÙË„ÛËÛ˛˘‡fl ‚ „‡ÌË˜ÌÓÏ ÛÒÎÓ‚ËË (1.4)  ÔÓÎ‡„‡Î‡Ò¸

‡‚ÌÓÈ  = 0.1(1 + cosϕ).

ç‡ ÙË„. 8, 9 ÔÂ‰ÒÚ‡‚ÎÂÌ˚ ÎËÌËË ËÓÌÌÓ„Ó ÚÓÍ‡ ‰Îfl ÒÎÛ˜‡Â‚  = 0 Ë  ≠ 0 ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ, Ú.Â.
ÎËÌËË, fl‚Îfl˛˘ËÂÒfl ËÌÚÂ„‡Î¸Ì˚ÏË ÍË‚˚ÏË ÒËÒÚÂÏ˚ dx/dt = qui, x(0) = xw, xw ∈ ABCDA1B1C1D1,

ÔË˜ÂÏ q = 1 (Ò‚ÂÚÎ˚Â ÎËÌËË), ÂÒÎË (xw) ≥ 0, ‚ ÔÓÚË‚ÌÓÏ ÒÎÛ˜‡Â q = –1 (ÚÂÏÌ˚Â ÎËÌËË). Ç ̂ ÂÎÓÏ

Í‡ÚËÌ‡ ÎËÌËÈ ÚÓÍ‡ Ò  = 0 Ë Ò  ≠ 0 Ó‰ËÌ‡ÍÓ‚‡fl. éÚÎË˜ËÂ ÒÓÒÚÓËÚ ‚ ÚÓÏ, ̃ ÚÓ ÔË  = 0 Ì‡ „‡ÌË
ABCD Ë Ì‡ BB1C1C ÔËıÓ‰flÚ Ó·‡ÚÌ˚Â ÚÓÍË, ÚÓ„‰‡ Í‡Í ‰Îfl ÒÚÛË Ò Á‡ÍÛÚÍÓÈ Ó·‡ÚÌ˚Â ÚÓÍË ÔË-
ıÓ‰flÚ ÚÓÎ¸ÍÓ Ì‡ „‡Ì¸ BB1C1C, ‡ Ò „‡ÌË ABCD ÎËÌËË ÚÓÍ‡ ÒıÓ‰flÚ Ë Á‡Í‡Ì˜Ë‚‡˛ÚÒfl Ì‡ ÚÓˆÂ‚ÓÈ
ÔÓ‚ÂıÌÓÒÚË, „‰Â ‡ÒÔÓÎÓÊÂÌÓ ‚˚ıÓ‰ÌÓÂ ÓÚ‚ÂÒÚËÂ.

ç‡ ÙË„. 10–12 ÔÂ‰ÒÚ‡‚ÎÂÌÓ: Ì‡ ‚ÂıÌËı ËÒÛÌÍ‡ı – „‡ÙËÍË ÙÛÌÍˆËÈ ni = ni(x, y, z0), ‡ Ì‡ ÌËÊ-
ÌËı – ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ËÂ ËÏ ÎËÌËË ÛÓ‚Ìfl ˝ÚËı ÙÛÌÍˆËÈ ‚ ÔÎÓÒÍÓÒÚË z = z0. ëÎÂ‚‡ – ‰Îfl  = 0, ‡
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ÒÔ‡‚‡ – ‰Îfl  ≠ 0. èË z0 = 1 (ÙË„. 10) ‚Ë‰ÌÓ, ˜ÚÓ Á‡ÍÛ˜ÂÌÌÓÒÚ¸ ÒÚÛË ÒÍ‡Á˚‚‡ÂÚÒfl Ì‡ ÔÓÎÓÊÂ-

ÌËË Ï‡ÍÒËÏÛÏ‡ ÔÎÓÚÌÓÒÚË Ë Â„Ó ‚ÂÎË˜ËÌÂ. ÖÒÎË ‰Îfl  = 0 ˝ÚÓÚ Ï‡ÍÒËÏÛÏ ‡ÒÔÓÎÓÊÂÌ Ì‡ ÓÒË z, Ú.Â.
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ÂÒÚ¸ “ÍÓÒÒÓ‚Â”, ÚÓ, ÍÓ„‰‡  ≠ 0, Ï‡ÍÒËÏÛÏ Á‡ÏÂÚÌÓ ÏÂÌ¸¯Â, ‡ ÂÒÎË ÒÛ‰ËÚ¸ ÔÓ ÎËÌËflÏ ÛÓ‚Ìfl –
ÒÓÓÚ‚ÂÚÒÚ‚ÛÂÚ ÓÚ‚ÂÒÚË˛.

èË z0 = 1.5 (ÒÏ. ÙË„. 11) Ì‡·Î˛‰‡ÂÚÒfl ÛÊÂ Á‡ÏÂÚÌÓÂ ÓÚÎË˜ËÂ ‚ ÔÓ‚Â‰ÂÌËË ÔÎÓÚÌÓÒÚË ËÓÌÓ‚.
èË  ≠ 0 Ì‡˜ËÌ‡˛Ú Ó·‡ÁÓ‚˚‚‡Ú¸Òfl ‰‚‡ ÔËÍ‡ ‚ ÔÎÓÚÌÓÒÚË ËÓÌÓ‚. èË z0 = 2 (ÒÏ. ÙË„. 12) ˝ÚË
ÔËÍË ÓÍÓÌ˜‡ÚÂÎ¸ÌÓ ‡ÒıÓ‰flÚÒfl Ë ÓÚÎË˜ËÂ ‚ ÔÓ‚Â‰ÂÌËË ÔÎÓÚÌÓÒÚË ËÓÌÓ‚ ‚ ÒÚÛÂ Ò Á‡ÍÛÚÍÓÈ Ë ·ÂÁ
ÌÂÂ ÔÓfl‚ÎflÂÚÒfl Ì‡Ë·ÓÎÂÂ ÓÚ˜ÂÚÎË‚Ó. èË ˝ÚÓÏ ‚Ë‰ÌÓ, ˜ÚÓ ÍÓÒÒÓ‚Â‡ ‚ ˝ÚÓÏ ÒÎÛ˜‡Â ÌÂÚ, Ú‡Í Í‡Í
ÔËÍË ÒÓÓÚ‚ÂÚÒÚ‚Û˛Ú ‚ÎËflÌË˛ ÓÚ‚ÂÒÚËfl. í‡ÍËÏ Ó·‡ÁÓÏ, ÔÓÍ‡Á‡ÌÓ, ˜ÚÓ Á‡ÍÛ˜ÂÌÌÓÒÚ¸ ÒÚÛË ÏÓ-
ÊÂÚ fl‚ÎflÚ¸Òfl ÔË˜ËÌÓÈ ÚÓ„Ó, ˜ÚÓ ËÌÓ„‰‡ ‚ ˝ÍÒÔÂËÏÂÌÚ‡ı ÍÓÒÒÓ‚Â ÌÂ Ì‡·Î˛‰‡ÂÚÒfl. éÒÚ‡ÂÚÒfl
ÌÂflÒÌÓÈ Á‡‚ËÒËÏÓÒÚ¸  ÓÚ ϕ. ÇÓÁÏÓÊÌÓ, ˜ÚÓ ‰‚Û„Ó·ÓÒÚ¸ ‚ ‡ÒÔÂ‰ÂÎÂÌËË ÔÎÓÚÌÓÒÚË ‚˚Á‚‡Ì‡

ÒÔÂˆËÙËÍÓÈ Á‡‰‡ÌÌÓÈ Á‡‚ËÒËÏÓÒÚË  ÓÚ ‡ÁËÏÛÚ‡Î¸ÌÓ„Ó Û„Î‡. á‰ÂÒ¸ ÔÓÒÎÂ‰ÌÂÂ ÒÎÓ‚Ó ‰ÓÎÊÌÓ
ÔËÌ‡‰ÎÂÊ‡Ú¸ ˝ÍÒÔÂËÏÂÌÚ‡ÚÓ‡Ï.

Ç Á‡ÍÎ˛˜ÂÌËÂ Ì‡‰Ó ÓÚÏÂÚËÚ¸, ˜ÚÓ ‚ÓÁÏÓÊÌÓÒÚ¸ Á‡ÔÓÏËÌ‡Ú¸ ÏÌÓ„ÓÏÂÌ˚Â Ï‡ÒÒË‚˚ ÓÚ ÙÛÌÍ-
ˆËË ‡ÒÔÂ‰ÂÎÂÌËfl ÒÓÁ‰‡Î‡ ‚ÓÁÏÓÊÌÓÒÚ¸ ‰Îfl ËÌÚÂÌÒË‚ÌÓ„Ó ‡Á‚ËÚËfl ÌÂÒÚ‡ˆËÓÌ‡Ì˚ı ̃ ËÒÎÂÌÌ˚ı
ÏÂÚÓ‰Ó‚ ‰Îfl Â¯ÂÌËfl Á‡‰‡˜ ‡ÁÂÊÂÌÌ˚ı „‡ÁÓ‚ Ë ÍËÌÂÚË˜ÂÒÍÓÈ ÚÂÓËË. èÓ˝ÚÓÏÛ ÒÎÂ‰Û˛˘ËÈ ̄ ‡„
‚ ‡Á‚ËÚËË Ì‡Ô‡‚ÎÂÌËfl, Ò‚flÁ‡ÌÌÓ„Ó Ò Â¯ÂÌËÂÏ ÔÓ·ÎÂÏ˚ ÏÓ‰ÂÎËÓ‚‡ÌËfl ÚÂ˜ÂÌËÈ, ‚ÓÁÌËÍ‡˛-
˘Ëı ÓÚ ‡·ÓÚ˚ ˝ÎÂÍÚË˜ÂÒÍËı Â‡ÍÚË‚Ì˚ı ‰‚Ë„‡ÚÂÎÂÈ, ‰ÓÎÊÂÌ ·˚Ú¸ Ì‡Ô‡‚ÎÂÌ Ì‡ ÒÓÁ‰‡ÌËÂ ÌÂ-
ÒÚ‡ˆËÓÌ‡Ì˚ı ÏÂÚÓ‰Ó‚ Â¯ÂÌËfl Á‡‰‡˜Ë (1.1)–(1.6). éÒÌÓ‚Ì‡fl ÚÛ‰ÌÓÒÚ¸, ÍÓÚÓÛ˛ ÌÂÓ·ıÓ‰ËÏÓ
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ÔÂÓ‰ÓÎÂÚ¸, ˝ÚÓ ÒÓÁ‰‡ÌËÂ ÌÂÒÚ‡ˆËÓÌ‡ÌÓ„Ó ˜ËÒÎÂÌÌÓ„Ó ÏÂÚÓ‰‡, Û˜ËÚ˚‚‡˛˘Â„Ó ‰ÂÎ¸ÚÓÓ·‡Á-
ÌÓÒÚ¸ „‡ÌË˜ÌÓÈ ÙÛÌÍˆËË ‡ÒÔÂ‰ÂÎÂÌËfl ËÓÌÓ‚ Ë ·ÓÎ¸¯Û˛ ‡ÁÌËˆÛ ‚ Ï‡Ò¯Ú‡·‡ı ÒÍÓÓÒÚÌ˚ı
ÔÓÒÚ‡ÌÒÚ‚ Û ËÓÌÓ‚ Ë ÌÂÈÚ‡ÎÓ‚. ëÚ‡Ì‰‡ÚÌ˚Â ‚‡Ë‡ÌÚ˚ ÏÂÚÓ‰‡ ˜‡ÒÚËˆ Á‰ÂÒ¸ ÌÂ „Ó‰flÚÒfl.

ëèàëéä ãàíÖêÄíìêõ

1. ÅË¯‡Â‚ Ä.å. óËÒÎÂÌÌÓÂ ÏÓ‰ÂÎËÓ‚‡ÌËÂ ÒÚÛË ‡ÁÂÊÂÌÌÓ„Ó ÒÎ‡·Ó ËÓÌËÁÓ‚‡ÌÌÓ„Ó „‡Á‡, ‚˚ıÓ‰fl˘Â„Ó
ËÁ ÍÓÎ¸ˆÂ‚Ó„Ó ÓÚ‚ÂÒÚËfl // Ü. ‚˚˜ËÒÎ. Ï‡ÚÂÏ. Ë Ï‡ÚÂÏ. ÙËÁ. 1993. í. 33. ‹ 7. ë. 1109–1118.

2. ÅË¯‡Â‚ Ä.å., ä‡Î‡¯ÌËÍÓ‚ Ç.ä., äËÏ Ç. óËÒÎÂÌÌÓÂ ËÒÒÎÂ‰Ó‚‡ÌËÂ ÒÚÛË ‡ÁÂÊÂÌÌÓÈ ÔÎ‡ÁÏ˚ ÒÚ‡ˆËÓ-
Ì‡ÌÓ„Ó ÛÒÍÓËÚÂÎfl Ò Á‡ÏÍÌÛÚ˚Ï ‰ÂÈÙÓÏ ˝ÎÂÍÚÓÌÓ‚ (çáÑè) // îËÁ. ÔÎ‡ÁÏ˚. 1992. í. 18. Ç˚Ô. 6.
ë. 698–708.

3. ÅË¯‡Â‚ Ä.å., ä‡Î‡¯ÌËÍÓ‚ Ç.ä., äËÏ Ç., ò‡‚˚ÍËÌ‡ Ä.Ç. óËÒÎÂÌÌÓÂ ÏÓ‰ÂÎËÓ‚‡ÌËÂ ÔÎ‡ÁÏÂÌÌÓÈ ÒÚÛË
ÒÚ‡ˆËÓÌ‡ÌÓ„Ó ÔÎ‡ÁÏÂÌÌÓ„Ó ‰‚Ë„‡ÚÂÎfl, ‡ÒÔÓÒÚ‡Ìfl˛˘ÂÈÒfl ‚ ÒÂ‰Â ÌËÁÍÓ„Ó ‰‡‚ÎÂÌËfl // îËÁ. ÔÎ‡ÁÏ˚.
1998. í. 24. ‹ 11. ë. 989–995.

îË„. 12.

0.0190.0190.019

0.0190.0190.019

0.0190.0190.019

0.0190.0190.019

0.0310.0310.031

0.0310.0310.031

0.0310.0310.031

0.0430.0430.043

0.0430.0430.043

0.0560.0560.056

0.0560.0560.056

0.0560.0560.056
0.0680.0680.068

0.0680.0680.068

0.0680.0680.068

0.0930.0930.093

0.0930.0930.093

0.0810.0810.081

0.0810.0810.081

0.0810.0810.081

0.0430.0430.043

0.0430.0430.043

0.0230.0230.023

0.0230.0230.023

0.0230.0230.0230.0230.0230.023 0.0380.0380.038

0.0380.0380.038

0.0380.0380.038

0.0540.0540.054

0.0540.0540.054

0.0850.0850.085

0.0850.0850.085

0.10.10.1

0.0690.0690.069

0.0690.0690.069
0.0690.0690.069

0.0850.0850.085 0.1160.1160.116

0.0540.0540.054

–0.5 0 0.5 1.0

0.032 0.82 0.13

–0.5 0 0.5 1.0

0.026 0.066 0.11
1.0

0.5

0

–0.5

0 0.5 1.0–0.5

1.0

0.5

0

–0.5

–1.0 0 0.5 1.0–0.5–1.0



ÜìêçÄã ÇõóàëãàíÖãúçéâ åÄíÖåÄíàäà à åÄíÖåÄíàóÖëäéâ îàáàäà      ÚÓÏ 47      ‹ 3      2007

óàëãÖççéÖ åéÑÖãàêéÇÄçàÖ Ç íêÖïåÖêçéâ èéëíÄçéÇäÖ ëíêìà 505

4. ÇÓÎÍÓ‚ Å.à., åÓÓÁÓ‚ Ä.à., ë‚Â¯ÌËÍÓ‚ Ä.É., üÍÛÌËÌ ë.Ä. óËÒÎÂÌÌÓÂ ÏÓ‰ÂÎËÓ‚‡ÌËÂ ËÓÌÓ‚ ‚ ÒËÒÚÂÏÂ
Ò Á‡ÏÍÌÛÚ˚Ï ‰ÂÈÙÓÏ // îËÁ. ÔÎ‡ÁÏ˚. 1981. í. 7. Ç˚Ô. 2. ë. 245–253.

5. ÜÂ‚‡Ì‰Ó‚ è.à., åÓÓÁÓ‚ Ä.à., üÍÛÌËÌ ë.Ä. ÑËÌ‡ÏËÍ‡ ÔÎ‡ÁÏ˚, Ó·‡ÁÛ˛˘ÂÈÒfl ÔË ËÓÌËÁ‡ˆËË ‡ÁÂ-
ÊÂÌÌÓ„Ó „‡Á‡ // îËÁ. ÔÎ‡ÁÏ˚. 1984. í. 10. Ç˚Ô. 2. ë. 353–365.

6. ò‡ıÓ‚ Ö.å. åÂÚÓ‰ ËÒÒÎÂ‰Ó‚‡ÌËfl ‰‚ËÊÂÌËÈ ‡ÁÂÊÂÌÌÓ„Ó „‡Á‡. å.: ç‡ÛÍ‡, 1974.

7. ã‡ËÌ‡ à.ç. ëÓÔÓÚË‚ÎÂÌËÂ ÒÙÂ˚ ‚ ÒËÎ¸ÌÓ ‡ÁÂÊÂÌÌÓÏ „‡ÁÂ // óËÒÎ. ÏÂÚÓ‰˚ ‚ ‰ËÌ‡ÏËÍÂ ‡ÁÂÊÂÌ-
Ì˚ı „‡ÁÓ‚. å.: Çñ Äç ëëëê, 1973. ë. 22–30.

8. ÜÛÍ Ç.à. êÂ¯ÂÌËÂ ÍËÌÂÚË˜ÂÒÍÓ„Ó Û‡‚ÌÂÌËfl ‰Îfl „‡Á‡ ‚ ÔÓÎÂ Úfl„ÓÚÂÌËfl ÔÎ‡ÌÂÚ˚ // ÑÓÍÎ. Äç ëëëê.
1977. í. 233. ‹ 3. ë. 325–328.

9. ë‡Ï‡ÒÍËÈ Ä.Ä., çËÍÓÎ‡Â‚ Ö.ë. åÂÚÓ‰˚ Â¯ÂÌËfl ÒÂÚÓ˜Ì˚ı Û‡‚ÌÂÌËÈ. å.: îËÁÏ‡Ú„ËÁ, 1978.

10. çËÍËÙÓÓ‚ Ä.î., ì‚‡Ó‚ Ç.Å. ëÔÂˆË‡Î¸Ì˚Â ÙÛÌÍˆËË Ï‡ÚÂÏ‡ÚË˜ÂÒÍÓÈ ÙËÁËÍË. å.: îËÁÏ‡Ú„ËÁ, 1978.



ÜìêçÄã ÇõóàëãàíÖãúçéâ åÄíÖåÄíàäà à åÄíÖåÄíàóÖëäéâ îàáàäà, 2007, ÚÓÏ 47, ‹ 3, Ò. 506–529

506

åÖíéÑ êÖòÖçàü ìêÄÇçÖçàâ íÖéêàà ÇáÄàåéÑÖâëíÇàü 

èêéëíêÄçëíÇÖççéÉé èéÉêÄçàóçéÉé ëãéü

à ÇçÖòçÖÉé çÖÇüáäéÉé èéíéäÄ1)

© 2007 „.   É. ã. äÓÓÎÂ‚

(140180 ÜÛÍÓ‚ÒÍËÈ, å.Ó., ÛÎ. ÜÛÍÓ‚ÒÍÓ„Ó, 1, îÉìè ñÄÉà)
e-mail: glk777@mail.ru

èÓÒÚÛÔËÎ‡ ‚ Â‰‡ÍˆË˛ 29.03.2006 „.

ê‡Á‡·ÓÚ‡Ì ÌÓ‚˚È ÔÓ‰ıÓ‰ Í Â¯ÂÌË˛ ÔÓÒÚ‡ÌÒÚ‚ÂÌÌ˚ı ÒÚ‡ˆËÓÌ‡Ì˚ı Û‡‚ÌÂÌËÈ ÚÂÓËË
‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl Î‡ÏËÌ‡ÌÓ„Ó ÔÓ„‡ÌË˜ÌÓ„Ó ÒÎÓfl Ò ‚ÌÂ¯ÌËÏ ÌÂ‚flÁÍËÏ ÔÓÚÓÍÓÏ. åÂÚÓ‰ Ò ÛÒÔÂ-
ıÓÏ ÏÓÊÂÚ ËÒÔÓÎ¸ÁÓ‚‡Ú¸Òfl Ú‡ÍÊÂ ‰Îfl ËÒÒÎÂ‰Ó‚‡ÌËfl ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl ÔÎÓÒÍËı ÚÂ˜ÂÌËÈ. ç‡ ÓÒ-
ÌÓ‚Â ˝ÚÓ„Ó ÏÂÚÓ‰‡ ‚ÔÂ‚˚Â Â¯ÂÌ‡ Á‡‰‡˜‡ ÔÓÒÚ‡ÌÒÚ‚ÂÌÌÓ„Ó Ó·ÚÂÍ‡ÌËfl ÌÂÓ‚ÌÓÒÚË (·Û„Ó-
ÓÍ Ë ‚Ô‡‰ËÌ‡) ‚flÁÍËÏ Ò‚ÂıÁ‚ÛÍÓ‚˚Ï ÔÓÚÓÍÓÏ „‡Á‡ ‚ ÂÊËÏÂ ÍÎ‡ÒÒË˜ÂÒÍÓ„Ó ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl,
ÓÔÂ‰ÂÎÂÌ˚ ‡ÒËÏÔÚÓÚË˜ÂÒÍËÂ ÁÌ‡˜ÂÌËfl Ô‡‡ÏÂÚ‡ ‚˚ÒÓÚ˚ ÌÂÓ‚ÌÓÒÚË, ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ËÂ ·ÂÁ-
ÓÚ˚‚ÌÓÏÛ Ó·ÚÂÍ‡ÌË˛ ÔÓÚÓÍ‡, ÔÓÒÚÓÂÌ˚ Í‡ÚËÌ˚ ÓÚ˚‚ÌÓ„Ó Ó·ÚÂÍ‡ÌËfl. ÅË·Î. 27. îË„. 9.

äÎ˛˜Â‚˚Â ÒÎÓ‚‡: ˜ËÒÎÂÌÌ˚Â ÏÂÚÓ‰˚, Ò‚ÂıÁ‚ÛÍÓ‚ÓÂ ÚÂ˜ÂÌËÂ, ÔÓÒÚ‡ÌÒÚ‚ÂÌÌ˚È ÔÓ„‡ÌË˜-
Ì˚È ÒÎÓÈ, ‚Á‡ËÏÓ‰ÂÈÒÚ‚ËÂ, ÓÚ˚‚ÌÓÂ Ó·ÚÂÍ‡ÌËÂ.

1. ÇÇÖÑÖçàÖ

óËÒÎÂÌÌÓÂ ËÒÒÎÂ‰Ó‚‡ÌËÂ ÔÓÒÚ‡ÌÒÚ‚ÂÌÌ˚ı ÚÂ˜ÂÌËÈ ‚ Ó·Î‡ÒÚË ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl ÔÓ„‡ÌË˜ÌÓ„Ó
ÒÎÓfl Ò ‚ÌÂ¯ÌËÏ ÌÂ‚flÁÍËÏ ÔÓÚÓÍÓÏ fl‚ÎflÂÚÒfl Ó‰ÌÓÈ ËÁ ÒÎÓÊÌÂÈ¯Ëı ÔÓ·ÎÂÏ ‚˚˜ËÒÎËÚÂÎ¸ÌÓÈ
‡˝Ó„Ë‰Ó‰ËÌ‡ÏËÍË. àÒÒÎÂ‰Ó‚‡ÌËfl Ú‡ÍÓ„Ó ÚËÔ‡ Ì‡ıÓ‰flÚÒfl Â˘Â ‚ ÒÚ‡‰ËË ‡Á‚ËÚËfl. àÒÚÓË˜ÂÒÍË
‡Á‡·ÓÚÍ‡ ˜ËÒÎÂÌÌ˚ı ÏÂÚÓ‰Ó‚ Â¯ÂÌËfl Û‡‚ÌÂÌËÈ ÚÂÓËË ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl ÔÓ„‡ÌË˜ÌÓ„Ó ÒÎÓfl Ò
‚ÌÂ¯ÌËÏ ÌÂ‚flÁÍËÏ ÔÓÚÓÍÓÏ Ì‡˜ËÌ‡Î‡Ò¸ Ò ‡Á‡·ÓÚÍË ÏÂÚÓ‰Ó‚ Â¯ÂÌËfl ÔÎÓÒÍËı ‰‚ÛÏÂÌ˚ı ÚÂ-
˜ÂÌËÈ ÒÓ Ò‚ÂıÁ‚ÛÍÓ‚˚Ï ÚËÔÓÏ ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl (ÒÏ. [1], [2]). ìÊÂ ÔÓÁÊÂ, ‚ ÔÓ‰ÓÎÊÂÌËÂ ‡Á‚ËÚËfl
˝ÚËı ÏÂÚÓ‰Ó‚, ÓÌË ‡Á‡·‡Ú˚‚‡ÎËÒ¸ ‰Îfl Â¯ÂÌËfl Û‡‚ÌÂÌËÈ ÔÎÓÒÍËı ÚÂ˜ÂÌËÈ Ò ‰ÓÁ‚ÛÍÓ‚˚Ï, „Ë-
ÔÂÁ‚ÛÍÓ‚˚Ï Ë Ú‡ÌÒÁ‚ÛÍÓ‚˚Ï ÚËÔÓÏ ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl. èÓ‰Ó·ÌÓ Ó· ̋ ÚËı ÏÂÚÓ‰‡ı ÒÏ. [3]–[7]. óÚÓ
Í‡Ò‡ÂÚÒfl ÔÓÒÚ‡ÌÒÚ‚ÂÌÌ˚ı ÚÂıÏÂÌ˚ı ÚÂ˜ÂÌËÈ, ÚÓ ÒËÚÛ‡ˆËfl Ì‡ ÒÂ„Ó‰Ìfl¯ÌËÈ ‰ÂÌ¸ ÒÍÎ‡‰˚‚‡ÂÚ-
Òfl Ò ÚÓ˜ÌÓÒÚ¸˛ ‰Ó Ì‡Ó·ÓÓÚ. çÂÒÏÓÚfl Ì‡ ÚÓ ˜ÚÓ ÔÓÒÚ‡ÌÓ‚Í‡ Á‡‰‡˜Ë ‰Îfl Ó·Î‡ÒÚË ÍÎ‡ÒÒË˜ÂÒÍÓ„Ó
ÔÓÒÚ‡ÌÒÚ‚ÂÌÌÓ„Ó Ò‚ÂıÁ‚ÛÍÓ‚Ó„Ó ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl, ‚ ÍÓÚÓÓÈ Ì‡ÍÎÓÌ˚ ÎËÌËÈ ÚÓÍ‡, ‚˚Á‚‡ÌÌ˚Â
Ó·ÚÂÍ‡ÂÏ˚Ï ÚÂÎÓÏ Ë ÚÓÎ˘ËÌÓÈ ‚˚ÚÂÒÌÂÌËfl ‚flÁÍÓ„Ó ÔÓ‰ÒÎÓfl, fl‚Îfl˛ÚÒfl ‚ÂÎË˜ËÌ‡ÏË Ó‰ÌÓ„Ó ÔÓ-
fl‰Í‡ ‚Ó ‚ÌÂ¯ÌÂÏ ÌÂ‚flÁÍÓÏ ÔÓÚÓÍÂ, ·˚Î‡ ÒÙÓÏÛÎËÓ‚‡Ì‡ 25 ÎÂÚ Ì‡Á‡‰ (ÒÏ. [8], [9]), ‰Ó ÒËı ÔÓ
ÌÂ ·˚ÎÓ ÔÓÎÛ˜ÂÌÓ Â¯ÂÌËfl ‚ ÔÓÒÚÂÈ¯ÂÈ ÎËÌÂÈÌÓÈ ÔÓÒÚ‡ÌÓ‚ÍÂ. ïÓÚfl ÛÊÂ ‡Á‡·ÓÚ‡Ì˚ ÏÂÚÓ‰˚
Ë Â¯ÂÌ fl‰ Á‡‰‡˜ ‰Îfl ‰ÓÁ‚ÛÍÓ‚Ó„Ó (ÒÏ. [10]) Ë ÒËÎ¸ÌÓ„Ó „ËÔÂÁ‚ÛÍÓ‚Ó„Ó (ÒÏ. [11]) ÚËÔÓ‚ ‚Á‡ËÏÓ-
‰ÂÈÒÚ‚Ëfl, ‰Îfl ÍÓÏÔÂÌÒ‡ˆËÓÌÌÓ„Ó ÂÊËÏ‡ ÚÂ˜ÂÌËfl (ÒÏ. [12])2). èÓ-‚Ë‰ËÏÓÏÛ, ˝ÚÓ Ò‚flÁ‡ÌÓ ÒÓ ÒÎÓÊ-
Ì˚Ï ‚Ë‰ÓÏ ÛÒÎÓ‚Ëfl ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl ‰Îfl ÔÓÒÚ‡ÌÒÚ‚ÂÌÌÓ„Ó Ò‚ÂıÁ‚ÛÍÓ‚Ó„Ó ÚÂ˜ÂÌËfl. Ç ˜‡ÒÚÌÓ-
ÒÚË, Â¯ÂÌËÂ ÎËÌÂÈÌÓÈ Á‡‰‡˜Ë ‰Îfl ÚÂ˜ÂÌËÈ ÌÂÒÊËÏ‡ÂÏÓÈ ÊË‰ÍÓÒÚË ËÎË ÒÎ‡·Ó„Ó „ËÔÂÁ‚ÛÍÓ‚Ó„Ó
‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl (‚ ÓÚÎË˜ËÂ ÓÚ Ò‚ÂıÁ‚ÛÍÓ‚Ó„Ó ÔÓÒÚ‡ÌÒÚ‚ÂÌÌÓ„Ó ÚÂ˜ÂÌËfl) ÏÓÊÂÚ ·˚Ú¸ ‚˚ÔËÒ‡-
ÌÓ ˜ÂÂÁ ËÌÚÂ„‡Î˚ îÛ¸Â ‚ ‡Ì‡ÎËÚË˜ÂÒÍÓÏ ‚Ë‰Â. Ñ‡ÌÌ‡fl ‡·ÓÚ‡ Ó„‡ÌË˜Ë‚‡ÂÚÒfl ‡ÒÒÏÓÚÂÌËÂÏ
Á‡‰‡˜ ÚÂÓËË ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl ÒÚ‡ˆËÓÌ‡Ì˚ı Û‡‚ÌÂÌËÈ ‰‚ËÊÂÌËfl. èÓÒÚ‡ÌÓ‚Í‡ Á‡‰‡˜ ‰Îfl ÌÂÒÚ‡-
ˆËÓÌ‡Ì˚ı Û‡‚ÌÂÌËÈ ÚÂÓËË ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl, ‡ Ú‡ÍÊÂ ‚ÓÔÓÒ˚ ËÒÒÎÂ‰Ó‚‡ÌËfl „Ë‰Ó‰ËÌ‡ÏË˜Â-
ÒÍÓÈ ÛÒÚÓÈ˜Ë‚ÓÒÚË ˝ÚËı Â¯ÂÌËÈ ÔÓ‰Ó·ÌÓ ÔÂ‰ÒÚ‡‚ÎÂÌ˚ ‚ [13].

ç‡Ë·ÓÎÂÂ ÔÓÎÌÓ ‡Á‡·ÓÚ‡Ì˚ ˜ËÒÎÂÌÌ˚Â ÏÂÚÓ‰˚ Ë ËÒÒÎÂ‰Ó‚‡Ì˚ ÚÂ˜ÂÌËfl ÌÂÒÊËÏ‡ÂÏÓÈ ÊË‰-
ÍÓÒÚË. Ç [14] ‡ÒÒÏÓÚÂÌ‡ ÔÓ·ÎÂÏ‡ ÚÂıÏÂÌÓ„Ó ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl ÚÂ˜ÂÌËÈ ÌÂÒÊËÏ‡ÂÏÓÈ ÊË‰ÍÓ-
ÒÚË ‚ ÚÛ·‡ı. ÅÓÎÂÂ ÚÓ„Ó, ‚ ˝ÚÓÈ ÊÂ ‡·ÓÚÂ ÛÍ‡Á‡Ì‡ Â˘Â Ó‰Ì‡ ÙÛÌ‰‡ÏÂÌÚ‡Î¸Ì‡fl ÔÓ·ÎÂÏ‡, ‚ÓÁÌË-

1) ê‡·ÓÚ‡ ‚˚ÔÓÎÌÂÌ‡ ÔË ÙËÌ‡ÌÒÓ‚ÓÈ ÔÓ‰‰ÂÊÍÂ êîîà (ÍÓ‰ ÔÓÂÍÚ‡ 04-01-00765) Ë ÉÓÒÛ‰‡ÒÚ‚ÂÌÌÓÈ ÔÓ‰‰ÂÊÍÂ ‚Â-
‰Û˘Ëı Ì‡Û˜Ì˚ı ¯ÍÓÎ (ÌÓÏÂ „‡ÌÚ‡ çò-2001.2003.1).

2) èÓÒÚ‡ÌÓ‚Í‡ Á‡‰‡˜Ë Ó ÒÎ‡·ÓÏ ÔÓÒÚ‡ÌÒÚ‚ÂÌÌÓÏ „ËÔÂÁ‚ÛÍÓ‚ÓÏ ‚Á‡ËÏÓ‰ÂÈÒÚ‚ËË ·˚Î‡ ‰ÓÎÓÊÂÌ‡ Ì‡ EUROMECH 384
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Ú‡Ï ·˚ÎË ÔÂ‰ÒÚ‡‚ÎÂÌ˚ ÌÂÍÓÚÓ˚Â Â¯ÂÌËfl ÎËÌÂÈÌÓÈ Ë ÌÂÎËÌÂÈÌÓÈ Á‡‰‡˜Ë, ÌÓ ÂÁÛÎ¸Ú‡Ú˚ ˝ÚÓÈ ‡·ÓÚ˚ ÓÔÛ·ÎËÍÓ-
‚‡Ì˚ ÌÂ ·˚ÎË.

ìÑä 519.634
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Í‡˛˘‡fl ÔË Â¯ÂÌËË Û‡‚ÌÂÌËÈ ÔÓÒÚ‡ÌÒÚ‚ÂÌÌÓ„Ó ÔÓ„‡ÌË˜ÌÓ„Ó ÒÎÓfl Ó·‡ÚÌ˚Ï ÏÂÚÓ‰ÓÏ, Ú.Â.
Â¯ÂÌËÂ Û‡‚ÌÂÌËÈ ÔÓÒÚ‡ÌÒÚ‚ÂÌÌÓ„Ó ÔÓ„‡ÌË˜ÌÓ„Ó ÒÎÓfl ÔÓ Á‡‰‡ÌÌÓÈ ‚ÂÎË˜ËÌÂ ÚÓÎ˘ËÌ˚ ‚˚-
ÚÂÒÌÂÌËfl. ÄÌ‡ÎËÁ ˝ÚËı Û‡‚ÌÂÌËÈ ÛÍ‡Á˚‚‡ÂÚ Ì‡ Ëı ˝ÎÎËÔÚË˜ÂÒÍËÈ ı‡‡ÍÚÂ, ÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ, ÔË-
‚Ó‰ËÚ Í ÓÚÍÎÓÌÂÌË˛ ÓÚ Â¯ÂÌËfl ‚ ÂÁÛÎ¸Ú‡ÚÂ ËÒÔÓÎ¸ÁÓ‚‡ÌËfl Ï‡¯Â‚Ó„Ó ÏÂÚÓ‰‡ ÔË Â¯ÂÌËË
Û‡‚ÌÂÌËÈ è‡Ì‰ÚÎfl.

Ç [15] ‡Á‚ËÚ Ó·‡ÚÌ˚È ÍÓÌÂ˜ÌÓ-‡ÁÌÓÒÚÌ˚È ÏÂÚÓ‰ Â¯ÂÌËfl Û‡‚ÌÂÌËÈ ÔÓ„‡ÌË˜ÌÓ„Ó ÒÎÓfl,
ÍÓÚÓ˚È ËÒÔÓÎ¸ÁÓ‚‡ÎÒfl ‰Îfl ‡Ì‡ÎËÁ‡ ÚÂ˜ÂÌËfl ÌÂÒÊËÏ‡ÂÏÓÈ ÊË‰ÍÓÒÚË ÓÍÓÎÓ ÚÂıÏÂÌÓ„Ó Í˚Î‡.

é‰ËÌ ËÁ Ì‡Ë·ÓÎÂÂ Ì‡‰ÂÊÌ˚ı Ë ·˚ÒÚ˚ı ˜ËÒÎÂÌÌ˚ı ÏÂÚÓ‰Ó‚ ‰Îfl ‡Ò˜ÂÚ‡ ÚÂıÏÂÌ˚ı ÚÂ˜ÂÌËÈ
fl‚ÎflÂÚÒfl ÒÔÂÍÚ‡Î¸Ì˚È ÏÂÚÓ‰, ‡Á‡·ÓÚ‡ÌÌ˚È ‚ [10] ‰Îfl ‡Ò˜ÂÚ‡ ÚÂıÏÂÌÓ„Ó ‰Ó Á‚ÛÍÓ‚Ó„Ó ÚÂ-
˜ÂÌËfl ÓÍÓÎÓ Ï‡Î˚ı ÔÂÔflÚÒÚ‚ËÈ. ëÔÂÍÚ‡Î¸Ì˚È ÏÂÚÓ‰ fl‚ÎflÂÚÒfl ̋ ÙÙÂÍÚË‚Ì˚Ï ‰Îfl ËÒÒÎÂ‰Ó‚‡ÌËfl
ÚÂ˜ÂÌËÈ Ò ‚ÓÁ‚‡ÚÌ˚ÏË ÎËÌËflÏË ÚÓÍ‡. é‰Ì‡ÍÓ ÔËÏÂÌÂÌËÂ ˝ÚÓ„Ó ÏÂÚÓ‰‡ Ó„‡ÌË˜Ë‚‡ÂÚÒfl Ó·˚˜-
Ì˚ÏË ÛÒÎÓ‚ËflÏË ÒıÓ‰ËÏÓÒÚË ÔÂÓ·‡ÁÓ‚‡ÌËÈ îÛ¸Â, Ú‡Í ˜ÚÓ ÙÓÏ˚ ÚÂÎ‡ Ò ‡Á˚‚‡ÏË Ì‡ÍÎÓÌ‡
ÔÓ‚ÂıÌÓÒÚË fl‚Îfl˛ÚÒfl ·ÓÎÂÂ ÒÎÓÊÌ˚ÏË ‰Îfl ËÒÒÎÂ‰Ó‚‡ÌËfl, ÔË ˝ÚÓÏ ÔÓfl‚Îfl˛ÚÒfl ÓÒˆËÎÎflˆËË
Í‡Í ÂÁÛÎ¸Ú‡Ú Â¯ÂÌËfl.

Ç [16] ÔËÏÂÌflÎÒfl Í‚‡ÁËÓ‰ÌÓ‚ÂÏÂÌÌ˚È ÏÂÚÓ‰ ‰Îfl ‚˚˜ËÒÎÂÌËfl ÚÂıÏÂÌÓ„Ó ÓÚ˚‚ÌÓ„Ó ÚÂ˜Â-
ÌËfl ‚ ÔÓ„‡ÌË˜ÌÓÏ ÒÎÓÂ. Ç [17] ˝ÚÓÚ ÏÂÚÓ‰ ËÒÔÓÎ¸ÁÓ‚‡ÎÒfl ‰Îfl ‡Ì‡ÎËÁ‡ ÚÂ˜ÂÌËfl ÓÍÓÎÓ ÚÂıÏÂÌÓ-
„Ó Í˚Î‡. Ç [18] ‡ÒÒÏÓÚÂÌÓ ÔÂËÓ‰Ë˜ÂÒÍÓÂ ÚÂıÏÂÌÓÂ ÚÂ˜ÂÌËÂ ‚ÓÍÛ„ ÎÓÔ‡ÚÍË ‚ÂÚÓÎÂÚ‡ ‚ ‰Ó-
Á‚ÛÍÓ‚ÓÏ ÔÓÚÓÍÂ Ò ËÒÔÓÎ¸ÁÓ‚‡ÌËÂÏ ÔÓÎÛÌÂfl‚ÌÓ„Ó ÏÂÚÓ‰‡ ÔÂ‰ËÍÚÓ-ÍÓÂÍÚÓ Ò ÎÓÍ‡Î¸ÌÓÈ ÎË-
ÌÂ‡ËÁ‡ˆËÂÈ Ë Ï‡¯Â‚˚Ï ËÌÚÂ„ËÓ‚‡ÌËÂÏ Û‡‚ÌÂÌËÈ ÔÓ„‡ÌË˜ÌÓ„Ó ÒÎÓfl ‚ ÔÂËÓ‰Ë˜ÂÒÍÓÏ
Ì‡Ô‡‚ÎÂÌËË.

ñÂÎ¸ ‰‡ÌÌÓÈ ‡·ÓÚ˚ – ÔÂ‰ÒÚ‡‚ËÚ¸ ·˚ÒÚ˚È Ë Ì‡‰ÂÊÌ˚È ˜ËÒÎÂÌÌ˚È ÏÂÚÓ‰, ÔÓÁ‚ÓÎfl˛˘ËÈ
‡ÒÒ˜ËÚ˚‚‡Ú¸ ÔÓÒÚ‡ÌÒÚ‚ÂÌÌ˚Â ÚÂ˜ÂÌËfl ÊË‰ÍÓÒÚË ‚ Ó·Î‡ÒÚË ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl Î‡ÏËÌ‡ÌÓ„Ó ÔÓ-
„‡ÌË˜ÌÓ„Ó ÒÎÓfl ÒÓ Ò‚ÂıÁ‚ÛÍÓ‚˚Ï ÌÂ‚flÁÍËÏ ÔÓÚÓÍÓÏ, ‡ Ú‡ÍÊÂ ÚÂ˜ÂÌËfl Ò ‰Û„ËÏË ÚËÔ‡ÏË ‚Á‡Ë-
ÏÓ‰ÂÈÒÚ‚Ëfl, ‚ÍÎ˛˜‡fl ÂÊËÏ˚ ÓÚ˚‚ÌÓ„Ó ÚÂ˜ÂÌËfl.

2. èéëíÄçéÇäÄ áÄÑÄóà

çÂÒÏÓÚfl Ì‡ ÏÌÓÊÂÒÚ‚Ó ÙËÁË˜ÂÒÍËı ÒËÚÛ‡ˆËÈ, ÍÓÚÓ˚Â ÔË‚Ó‰flÚ Í ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ë˛ Î‡ÏËÌ‡-
ÌÓ„Ó ÔÓ„‡ÌË˜ÌÓ„Ó ÒÎÓfl Ò ‚ÌÂ¯ÌËÏ ÌÂ‚flÁÍËÏ ÔÓÚÓÍÓÏ, ÙÓÏÛÎËÓ‚Í‡ Ï‡ÚÂÏ‡ÚË˜ÂÒÍÓÈ ÔÓÒÚ‡ÌÓ‚ÍË
Á‡‰‡˜Ë ‚ ·ÂÁ‡ÁÏÂÌ˚ı ÔÂÂÏÂÌÌ˚ı fl‚ÎflÂÚÒfl ‚ ÓÔÂ‰ÂÎÂÌÌÓÈ ÒÚÂÔÂÌË ÛÌË‚ÂÒ‡Î¸ÌÓÈ (ÒÏ. [8], [19],
[20]). ÑÎfl ÓÔËÒ‡ÌËfl ÚÂ˜ÂÌËfl ‚·ÎËÁË ÔËÒÚÂÌÓ˜ÌÓ„Ó ÒÎÓfl ËÒÔÓÎ¸ÁÛ˛ÚÒfl Û‡‚ÌÂÌËfl è‡Ì‰ÚÎfl:

(2.1)

(2.2)

(2.3)

ìÒÎÓ‚Ëfl ÔËÎËÔ‡ÌËfl Ì‡ ÔÓ‚ÂıÌÓÒÚË Ó·ÚÂÍ‡ÂÏÓ„Ó ÚÂÎ‡ Á‡ÔËÒ˚‚‡˛ÚÒfl ‚ ÙÓÏÂ

u = v = w = 0 ËÎË y = 0, (2.4)

„‰Â ‚ ËÒÔÓÎ¸ÁÛÂÏÓÈ ÓÚÓ„ÓÌ‡Î¸ÌÓÈ ÒËÒÚÂÏÂ ÍÓÓ‰ËÌ‡Ú x – ‡ÒÒÚÓflÌËÂ, ËÁÏÂflÂÏÓÂ ‚‰ÓÎ¸ ÔÓ‚Âı-
ÌÓÒÚË ÚÂÎ‡, y – ‡ÒÒÚÓflÌËÂ, ÌÓÏ‡Î¸ÌÓÂ Í ÌÂÏÛ, z – ‡ÒÒÚÓflÌËÂ ‚ ÔÓÔÂÂ˜ÌÓÏ Ì‡Ô‡‚ÎÂÌËË. îÓÏ‡
‰Û„Ëı „‡ÌË˜Ì˚ı ÛÒÎÓ‚ËÈ Á‡‚ËÒËÚ ÓÚ ÍÓÌÍÂÚÌÓÈ ÏÓ‰ÂÎË ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl. ÖÒÎË ËÒÔÓÎ¸ÁÛÂÚÒfl
ÍÎ‡ÒÒË˜ÂÒÍ‡fl ÏÓ‰ÂÎ¸ ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl ÔÓ„‡ÌË˜ÌÓ„Ó ÒÎÓfl Ò ‚ÌÂ¯ÌËÏ ÌÂ‚flÁÍËÏ ÔÓÚÓÍÓÏ, ÍÓ„‰‡ ‚Â-
ÎË˜ËÌ‡ ÔÓ‚ÂıÌÓÒÚÌÓ„Ó ÚÂÌËfl Ì‡ ÔÓ‚ÂıÌÓÒÚË ÚÂÎ‡ fl‚ÎflÂÚÒfl ‚ÂÎË˜ËÌÓÈ ÍÓÌÂ˜ÌÓÈ ‚‚Âı ÔÓ ÚÂ-
˜ÂÌË˛ ÓÚ Ó·Î‡ÒÚË ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl, ÚÓ„‰‡ Û‡‚ÌÂÌËfl (2.1)–(2.3) ‰ÓÎÊÌ˚ Û‰Ó‚ÎÂÚ‚ÓflÚ¸ ÛÒÎÓ‚ËflÏ
Ò‡˘Ë‚‡ÌËfl Ò Â¯ÂÌËÂÏ ‚‚Âı ÔÓ ÚÂ˜ÂÌË˛ Ë ‚ ÔÓÔÂÂ˜ÌÓÏ Ì‡Ô‡‚ÎÂÌËË ‚‰ÓÎ¸ ÓÒË z ‚ ‚Ë‰Â

u = y, w = 0 ÔË x  –∞, (2.5)

u = y, w = 0 ÔË z  ±∞ (2.6)

Ë ÛÒÎÓ‚Ë˛ Ò‡˘Ë‚‡ÌËfl Ò Â¯ÂÌËÂÏ ‰Îfl ÓÒÌÓ‚ÌÓÈ ˜‡ÒÚË ÔÓ„‡ÌË˜ÌÓ„Ó ÒÎÓfl

u = y – δ(x, z) + … ÔË y  ∞, (2.7)

(2.8)

u
∂u
∂x
------ v

∂u
∂y
------ w

∂u
∂z
------+ + ∂p

∂x
------–

∂2u

∂y2
--------,+=

u
∂w
∂x
------- v

∂w
∂y
------- w

∂w
∂z
-------+ + ∂p

∂z
------–

∂2w

∂y2
---------,+=

∂u
∂x
------ ∂v

∂y
------- ∂w

∂z
-------+ + 0.=

w O y 1–( ),=
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„‰Â δ(x, z) – ÔË‡˘ÂÌËÂ ÚÓÎ˘ËÌ˚ ‚˚ÚÂÒÌÂÌËfl ÔÓ„‡ÌË˜ÌÓ„Ó ÒÎÓfl, Ó·ÛÒÎÓ‚ÎÂÌÌÓÈ ‚ÎËflÌËÂÏ Ó·Î‡ÒÚË
‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl ÓÚÌÓÒËÚÂÎ¸ÌÓ Â„Ó ‚ÂÎË˜ËÌ˚ ‚ ÌÂ‚ÓÁÏÛ˘ÂÌÌÓÏ Ì‡·Â„‡˛˘ÂÏ ÔÓÚÓÍÂ. ÖÒÎË ÙÛÌÍˆËfl
δ(x, z) ËÁ‚ÂÒÚÌ‡ Ë ËÁ‚ÂÒÚÌ‡ ÙÓÏ‡ Ó·ÚÂÍ‡ÂÏÓÈ ÔÓ‚ÂıÌÓÒÚË f(x, z), ÚÓ ÏÓÊÌÓ Ì‡ÈÚË ‡ÒÔÂ‰ÂÎÂÌËÂ
‰‡‚ÎÂÌËfl p(x, z) ‚‰ÓÎ¸ Ó·Î‡ÒÚË ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl, ËÒÔÓÎ¸ÁÛfl ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ËÈ Á‡ÍÓÌ ‚Á‡ËÏÓ‰ÂÈ-
ÒÚ‚Ëfl. Ç Ò‚ÂıÁ‚ÛÍÓ‚ÓÏ ÚÂ˜ÂÌËË ÓÌ ‰‡ÂÚÒfl ÙÓÏÛÎÓÈ (ÒÏ. [21])

(2.9)

‚ ÚÓ ‚ÂÏfl Í‡Í ‚ ‰ÓÁ‚ÛÍÓ‚ÓÏ ÔÓÚÓÍÂ ËÌÚÂ„‡Î ÉËÎ¸·ÂÚ‡ ËÁ ÚÂÓËË ÎËÌÂÈÌ˚ı ÔÓÚÂÌˆË‡Î¸Ì˚ı ÚÂ-
˜ÂÌËÈ ‰‡ÂÚ ÒÓÓÚÌÓ¯ÂÌËÂ p Ë δ (ÒÏ. [19]) ‚ ‚Ë‰Â

(2.10)

„‰Â f(x, z) – ÙÓÏ‡ Ó·ÚÂÍ‡ÂÏÓÈ ÔÓ‚ÂıÌÓÒÚË.
çÂÍÓÚÓ˚Â ÙÓÏ˚ Ú‡ÌÒÁ‚ÛÍÓ‚Ó„Ó ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl, ‚ ÍÓÚÓ˚ı ‰‡‚ÎÂÌËÂ Ë ÚÓÎ˘ËÌ‡ ‚˚ÚÂÒÌÂ-

ÌËfl Ò‚flÁ‡Ì˚ ‚ fl‚ÌÓÏ ‚Ë‰Â, ÏÓÊÌÓ Ì‡ÈÚË ‚ [22]. Ç Ó·˘ÂÏ ÒÎÛ˜‡Â ‰Îfl Ú‡ÌÒÁ‚ÛÍÓ‚Ó„Ó ÚÂ˜ÂÌËfl ÌÂ-
Ó·ıÓ‰ËÏÓ Ó‰ÌÓ‚ÂÏÂÌÌÓ Â¯‡Ú¸ ÌÂÎËÌÂÈÌ˚Â ÚÂıÏÂÌ˚Â Û‡‚ÌÂÌËfl ÌÂ‚flÁÍÓ„Ó Ú‡ÌÒÁ‚ÛÍÓ‚Ó„Ó
ÚÂ˜ÂÌËfl Ò Û‡‚ÌÂÌËflÏË ÔÓÒÚ‡ÌÒÚ‚ÂÌÌÓ„Ó ÔÓ„‡ÌË˜ÌÓ„Ó ÒÎÓfl.

Ç „ËÔÂÁ‚ÛÍÓ‚ÓÏ ÚÂ˜ÂÌËË Á‡ÍÓÌ ÒÎ‡·Ó„Ó ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl ÏÓÊÂÚ ·˚Ú¸ ÔÂ‰ÒÚ‡‚ÎÂÌ ‚ ÙÓÏÂ
(ÒÏ. [23])

(2.11)

îÓÏÛÎ‡ (2.11) Ú‡ÍÊÂ ÓÔËÒ˚‚‡ÂÚ ‚ ÔÎÓÒÍÓÏ ‰‚ÛÏÂÌÓÏ ÚÂ˜ÂÌËË Á‡ÍÓÌ Ò‚ÂıÁ‚ÛÍÓ‚Ó„Ó ‚Á‡ËÏÓ-
‰ÂÈÒÚ‚Ëfl.

ÑÎfl ÍÓÏÔÂÌÒ‡ˆËÓÌÌÓ„Ó ÂÊËÏ‡ Ó·ÚÂÍ‡ÌËfl ÌÂÓ‚ÌÓÒÚË Á‡ÍÓÌ ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl ‚˚„Îfl‰ËÚ Í‡Í
ÓÚÒÛÚÒÚ‚ËÂ ËÁÏÂÌÂÌËfl ÒÛÏÏ‡ÌÓÈ ‚ÂÎË˜ËÌ˚ ÚÓÎ˘ËÌ˚ ‚˚ÚÂÒÌÂÌËfl Ë ÙÓÏ˚ ÚÂÎ‡ ÔË ÔÓıÓÊ‰Â-
ÌËË Ì‡‰ ÔÂÔflÚÒÚ‚ËÂÏ (ÒÏ. [12]):

(2.12)

ÅÓÎÂÂ ÔÓÎÌ˚È Ó·ÁÓ ‚ÓÁÏÓÊÌ˚ı ÚËÔÓ‚ ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl ÔÓÒÚ‡ÌÒÚ‚ÂÌÌÓ„Ó ÔÓ„‡ÌË˜ÌÓ„Ó
ÒÎÓfl Ò ‚ÌÂ¯ÌËÏ ÌÂ‚flÁÍËÏ ‰ÓÁ‚ÛÍÓ‚˚Ï Ë Ò‚ÂıÁ‚ÛÍÓ‚˚Ï ÔÓÚÓÍÓÏ Ë ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ËÂ ˝ÚËÏ ÚËÔ‡Ï
‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl Í‡Â‚˚Â ÛÒÎÓ‚Ëfl ÒÏ. ‚ ·Ë·ÎËÓ„‡ÙËflı ‡·ÓÚ [24]–[26].

Ç Ó·˘ÂÏ ‚Ë‰Â, ‚ÍÎ˛˜‡˛˘ÂÏ ÔÂ‰ÒÚ‡‚ÎÂÌÌ˚Â ‚˚¯Â ÚËÔ˚ ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl Ë fl‰ ‰Û„Ëı, Á‡ÔË-
¯ÂÏ ÛÒÎÓ‚ËÂ ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl ‚ ‚Ë‰Â

(2.13)

3. ëàëíÖåÄ ÇÖäíéêçõï ìêÄÇçÖçàâ
ÑËÙÙÂÂÌˆËÛfl Û‡‚ÌÂÌËfl (2.1), (2.2) ÔÓ y Ë ÒÍÎ‡‰˚‚‡fl Ëı, ÔÓÎÛ˜‡ÂÏ

(3.1)

(3.2)

(3.3)

(3.4)

p
1
π
---

δxx'' x' z',( ) f xx'' x' z',( )+

x x'–( )2 z z'–( )2–
--------------------------------------------------- x' z',dd

z' z x' x–( )–=

z' z x' x–( )+=

∫
∞–

x

∫=

p
1

2π
------

δx'x''' f x'x'''+

x x'–( )2 z z'–( )2+
------------------------------------------------ x' z',dd

∞–

∞

∫
∞–

∞

∫=

p
∂δ
∂x
------

∂f
∂x
------.+=

∂δ
∂x
------ ∂f

∂x
------+ 0.=

Q p x z,( ) ∂δ x z,( )
∂x

------------------- ∂f x z,( )
∂x

-------------------, , 
  0.=

u
∂ω
∂x
------- v

∂ω
∂y
------- w

∂ω
∂z
------- ω∂w

∂z
-------– τ∂u

∂z
------+ + +

∂2ω
∂y2
---------,=

u
∂τ
∂x
------ v

∂τ
∂y
----- w

∂τ
∂z
----- ω∂w

∂x
------- τ∂u

∂x
------–+ + +

∂2τ
∂y2
--------,=

∂u
∂x
------ ∂v

∂y
------- ∂w

∂z
-------+ + 0,=

∂u
∂y
------ ω,=
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(3.5)

É‡ÌË˜Ì˚Â ÛÒÎÓ‚Ëfl Ì‡ ÔÓ‚ÂıÌÓÒÚË Ú‚Â‰Ó„Ó ÚÂÎ‡ ÔË y = 0 ÏÓ„ÛÚ ·˚Ú¸ Á‡ÔËÒ‡Ì˚ ‚ ÙÓÏÂ

(3.6)

(3.7)

èÂ‚ÓÂ Ë ‚ÚÓÓÂ ÛÒÎÓ‚Ëfl ÏÓ„ÛÚ ·˚Ú¸ ‚˚‚Â‰ÂÌ˚ ËÁ Û‡‚ÌÂÌËÈ ÏÓÏÂÌÚ‡ ÍÓÎË˜ÂÒÚ‚‡ ‰‚ËÊÂÌËfl
(2.1), (2.2) ÔË y = 0 Ò ËÒÔÓÎ¸ÁÓ‚‡ÌËÂÏ ÛÒÎÓ‚Ëfl ÔËÎËÔ‡ÌËfl.

ê‡ÒÒÏÓÚËÏ ÚÂÔÂ¸ ÔÓÒÚ‡ÌÓ‚ÍÛ Í‡Â‚˚ı ÛÒÎÓ‚ËÈ ÔË ·ÓÎ¸¯Ëı y. ÅÛ‰ÂÏ ËÒÍ‡Ú¸ Â¯ÂÌËÂ ‚ ÙÓÏÂ

(3.8)

(3.9)

á‰ÂÒ¸ A = –δ. àÁ Û‡‚ÌÂÌËfl ÌÂ‡Á˚‚ÌÓÒÚË (2.3) ÔÓÎÛ˜‡ÂÏ

(3.10)

èÓ‰ÒÚ‡‚Îflfl ‡ÒËÏÔÚÓÚË˜ÂÒÍÓÂ ‡ÁÎÓÊÂÌËÂ (3.8)–(3.10) ‚ (2.1), (2.2) Ë ÔË‡‚ÌË‚‡fl ˜ÎÂÌ˚ Ò Ó‰ËÌ‡-
ÍÓ‚˚Ï ÔÓfl‰ÍÓÏ ÒÚÂÔÂÌË y, ÔÓÎÛ˜‡ÂÏ ÒÎÂ‰Û˛˘ËÂ Û‡‚ÌÂÌËfl. àÁ Û‡‚ÌÂÌËfl (2.1) ËÏÂÂÏ

(3.11)

(3.12)

Ë ËÁ (2.2)

(3.13)

óÚÓ·˚ ËÒÍÎ˛˜ËÚ¸ ÎÓ„‡ËÙÏË˜ÂÒÍËÈ ÓÒÚ v ÔË ·ÓÎ¸¯Ëı y, ̃ ÚÓ ÒÎÂ‰ÛÂÚ ËÁ (3.11), Á‡ÔË¯ÂÏ, ËÒ-
ÔÓÎ¸ÁÛfl (3.9) Ë (2.2), Í‡Â‚˚Â ÛÒÎÓ‚Ëfl ‰Îfl Á‡‚ËıÂÌÌÓÒÚË ÔË ·ÓÎ¸¯Ëı y ‚ ‚Ë‰Â

(3.14)

Ñ‚‡ „‡ÌË˜Ì˚ı ÛÒÎÓ‚Ëfl ÔË x  –∞
ω = 1, τ = 0 ÔË x = –∞, (3.15)

Ë

ω = 1, τ = 0 ÔË z = ±∞ (3.16)

ÌÂÔÓÒÂ‰ÒÚ‚ÂÌÌÓ ÒÎÂ‰Û˛Ú ËÁ (2.5), (2.6).
éÒÚ‡ÂÚÒfl ‚˚‡ÁËÚ¸ Á‡ÍÓÌ ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl (2.13) ˜ÂÂÁ v. ÑËÙÙÂÂÌˆËÛfl Û‡‚ÌÂÌËÂ (3.10) ÔÓ

y Ë ÔÓ‰ÒÚ‡‚Îflfl ÂÁÛÎ¸Ú‡Ú ‚ (2.13), ÏÓÊÌÓ ÔËÈÚË Í ‚˚‚Ó‰Û, ̃ ÚÓ Á‡ÍÓÌ ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl ÏÓÊÂÚ ·˚Ú¸
Á‡ÔËÒ‡Ì ‚ ‚Ë‰Â

(3.17)

óÚÓ·˚ ‡Á‡·ÓÚ‡Ú¸ Ó·˘ËÈ ÔÓ‰ıÓ‰ Í ˜ËÒÎÂÌÌÓÏÛ Â¯ÂÌË˛ ÚÂıÏÂÌ˚ı Û‡‚ÌÂÌËÈ ÔÓ„‡ÌË˜ÌÓ„Ó
ÒÎÓfl ÒÓ ‚Á‡ËÏÓ‰ÂÈÒÚ‚ËÂÏ Ë ÓÚ˚‚ÓÏ, ÔÂ‰ÔÓÎÓÊËÏ, ˜ÚÓ ‚ Ó·˘ÂÏ ÒÎÛ˜‡Â ÔÓ·ÎÂÏ‡ ÏÓÊÂÚ ·˚Ú¸

∂w
∂y
------- τ .=

∂ω
∂y
-------

∂p
∂x
------,

∂τ
∂y
----- ∂p

∂z
------,= =

u 0, v 0, w 0.= = =

u y A x z,( ) c x z,( )y 1– …,+ + +=

w b x z,( )y 1– ….+=

v
∂A x z,( )

∂x
--------------------y– ∂c x z,( )

∂x
------------------- ∂b x z,( )

∂z
-------------------+ 

  yln– B x z,( ) ….+ +=

O yln( ) : 
∂c
∂x
------ ∂b

∂z
------+ 0,=

O 1( ) : ∂c
∂x
------ A

∂A
∂x
------ B+ + ∂p

∂x
------+ 0,=

O 1( ) : 
∂b
∂x
------ ∂p

∂z
------+ 0.=

∂ω
∂x
------- ∂τ

∂z
-----+ 0,=

∂τ
∂x
------

∂p
∂z
------ ω

u2
-----– 0,=

ÔË y ∞.

Q p x z,( ) ∂v x y z, ,( )
∂y

--------------------------
y ∞→
lim

∂f x z,( )
∂x

-------------------, , 
  0.=
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Á‡ÔËÒ‡Ì‡ ‚ ‚ÂÍÚÓÌÓÏ ‚Ë‰Â ‚ ÒÎÂ‰Û˛˘ÂÈ ÙÓÏÂ:

(3.18)

„‰Â ‚ÂÍÚÓ W ÔÂ‰ÒÚ‡‚ÎflÂÚ ÒÓ·ÓÈ ÌÂËÁ‚ÂÒÚÌ˚È ÍÓÏÔÓÌÂÌÚ ‚ÂÍÚÓÌÓÈ ÙÛÌÍˆËË IΩ ‚ ÚÓ˜ÍÂ (x, y, z),
‚ÂÍÚÓ P – ÌÂËÁ‚ÂÒÚÌ˚È ÍÓÏÔÓÌÂÌÚ Ip ‚ÂÍÚÓÌÓÈ ÙÛÌÍˆËË „‡‰ËÂÌÚ‡ ‰‡‚ÎÂÌËfl ‚ ÚÓ˜ÍÂ (x, z).

É‡ÌË˜Ì˚Â ÛÒÎÓ‚Ëfl Ì‡ ÔÓ‚ÂıÌÓÒÚË ÚÂÎ‡ ËÏÂ˛Ú ‚Ë‰

(3.19)

Ë „‡ÌË˜Ì˚Â ÛÒÎÓ‚Ëfl Ò‡˘Ë‚‡ÌËfl Ò ÓÒÌÓ‚Ì˚Ï ÔÓ„‡ÌË˜Ì˚Ï ÒÎÓÂÏ ‚ ‚Ë‰Â

(3.20)

ìÒÎÓ‚Ëfl Ò‡˘Ë‚‡ÌËfl Ò ÌÂ‚ÓÁÏÛ˘ÂÌÌ˚Ï ÚÂ˜ÂÌËÂÏ ‚ÔÂÂ‰Ë Ó·Î‡ÒÚË ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl Ë ‚ ÔÓÔÂ-
Â˜ÌÓÏ Ì‡Ô‡‚ÎÂÌËË ‚‰ÓÎ¸ ÓÒË z ËÏÂÂÚ ‚Ë‰

(3.21)

(3.22)

ìÒÎÓ‚ËÂ ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl ÔÂ‰ÒÚ‡‚ÎflÂÚÒfl ‚ ‚Ë‰Â

(3.23)

Ç ˜‡ÒÚÌÓÒÚË, ‰Îfl Û‡‚ÌÂÌËÈ (3.1)–(3.5) ‚ÂÍÚÓ˚ W Ë P ÏÓ„ÛÚ ·˚Ú¸ Á‡ÔËÒ‡Ì˚ Ú‡ÍËÏ Ó·‡ÁÓÏ:

(3.24)

íÓ„‰‡ Ï‡ÚËˆ˚ A, B, C Ë D, ÔÓÎÛ˜ÂÌÌ˚Â ËÁ Û‡‚ÌÂÌËÈ (3.1)–(3.5), ËÏÂ˛Ú ‚Ë‰

å‡ÚËˆ‡ H ÌÛÎÂ‚‡fl; ËÁ Û‡‚ÌÂÌËÈ (3.6), (3.7) Ì‡ıÓ‰ËÏ

A
∂W
∂x
-------- B

∂W
∂y
-------- C

∂W
∂z
-------- D

∂2W
∂y2
---------- HP+ + + + 0,=

EW G
∂W
∂y
-------- HwP F+ + + 0 ÔË y 0,= =

At
∂W
∂x
-------- Bt

∂W
∂y
-------- Ct

∂W
∂z
-------- EtW HtP Ft+ + + + + 0 ÔË y ∞.=

Ain
∂W
∂x
-------- Bin

∂W
∂y
-------- Cin

∂W
∂z
-------- EinW HinP Fin+ + + + + 0 ÔË x ∞– ,=

Aun
∂W
∂x
-------- Bun

∂W
∂y
-------- Cun

∂W
∂z
-------- EunW HunP Fun+ + + + + 0 ÔË z ∞± .=

Q W
y ∞→
lim p f x', ,( ) 0.=

W

ω
τ
v

u

w

, P
px'

pz'
, IΩ 5, I p 2.= = = =

A

u 0 0 ω 0

0 u 0 τ– ω
0 0 0 1 0

0 0 0 0 0

0 0 0 0 0

, B

v 0 ω 0 0

0 v 0 0 0

0 0 1 0 0

0 0 0 1– 0

0 0 0 0 1–

, C

w 0 0 τ 0

0 w 0 0 0

0 0 0 0 1

0 0 0 0 0

0 0 0 0 0

, D

1 0 0 0 0

0 1 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

.= = = =

G

1 0 0 0 0

0 1 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

, E

0 0 0 0 0

0 0 0 0 0

0 0 1 0 0

0 0 0 1 0

0 0 0 0 1

, Hw

1 0

0 1

0 0

0 0

0 0

.= = =
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å‡ÚËˆ˚ Hw Ë F ÌÛÎÂ‚˚Â; ËÁ Û‡‚ÌÂÌËÈ (3.14) Ë (3.3)–(3.5) Ì‡ıÓ‰ËÏ

å‡ÚËˆ‡ Ft ÌÛÎÂ‚‡fl; ËÁ Û‡‚ÌÂÌËÈ (3.15), (3.16) ÔÓÎÛ˜‡ÂÏ

å‡ÚËˆ˚ Ain, Bin, Cin, Hin, ‡ Ú‡ÍÊÂ Aun, Bun, Cun, Hun ÌÛÎÂ‚˚Â.
Ç‚Â‰ÂÏ ÍÓÌÂ˜ÌÓ-‡ÁÌÓÒÚÌÛ˛ ÒÂÚÍÛ

Ë Ó·ÓÁÌ‡˜ËÏ ‚ÂÎË˜ËÌ˚ W(yk, xj, zl) ‚ ÛÁÎ‡ı ˝ÚÓÈ ÒÂÚÍË ˜ÂÂÁ Wk, j, l, ‡ ‚ÂÎË˜ËÌ˚ P(xj, zl) ‚ÂÍÚÓ‡ P ‚
ÛÁÎ‡ı ÍÓÌÂ˜ÌÓ-‡ÁÌÓÒÚÌÓÈ ÒÂÚÍË – ˜ÂÂÁ Pj, l.

ë‰ÂÎ‡ÂÏ ÌÂÍÓÚÓÓÂ Ó·˘ÂÂ ÔÂ‰ÔÓÎÓÊÂÌËÂ ÓÚÌÓÒËÚÂÎ¸ÌÓ ÍÓÌÂ˜ÌÓ-‡ÁÌÓÒÚÌ˚ı ÒıÂÏ, ËÒÔÓÎ¸-
ÁÛÂÏ˚ı ÔË ‡ÔÔÓÍÒËÏ‡ˆËË ÒËÒÚÂÏ˚ ‚ÂÍÚÓÌ˚ı Û‡‚ÌÂÌËÈ (3.18)–(3.22).

ì‡‚ÌÂÌËfl (3.18)–(3.22) fl‚Îfl˛ÚÒfl Û‡‚ÌÂÌËflÏË Ô‡‡·ÓÎË˜ÂÒÍÓ„Ó ÚËÔ‡. ÇÂÍÚÓ Ì‡Ô‡‚ÎÂÌËfl
Ô‡‡·ÓÎË˜ÌÓÒÚË Á‡‚ËÒËÚ ÓÚ ÁÌ‡ÍÓ‚ ÍÓÏÔÓÌÂÌÚ˚ ‚ÂÍÚÓÓ‚ ÒÍÓÓÒÚË u Ë w. ÖÒÎË ÁÌ‡Í u ËÎË w ËÁ-
ÏÂÌËÚ¸ Ì‡ ÔÓÚË‚ÓÔÓÎÓÊÌ˚È, Ì‡Ô‡‚ÎÂÌËÂ ‡ÒÔÓÒÚ‡ÌÂÌËfl ‚ÓÁÏÛ˘ÂÌËÈ Ú‡ÍÊÂ ÏÂÌflÂÚÒfl. èÓ-
˝ÚÓÏÛ, ‰Îfl ÚÓ„Ó ˜ÚÓ·˚ ËÏÂÚ¸ ÛÒÚÓÈ˜Ë‚Û˛ ÍÓÌÂ˜ÌÓ-‡ÁÌÓÒÚÌÛ˛ ÒıÂÏÛ, ÏÂÚÓ‰ ‡ÔÔÓÍÒËÏ‡ˆËË ÌÂ-
ÎËÌÂÈÌ˚ı ˜ÎÂÌÓ‚ Û‡‚ÌÂÌËÈ (3.18) ‰ÓÎÊÂÌ Á‡‚ËÒÂÚ¸ ÓÚ ÁÌ‡Í‡ u Ë w. é·˚˜ÌÓ ‰Îfl ÔÓÎÓÊËÚÂÎ¸Ì˚ı
‚ÂÎË˜ËÌ u ËÒÔÓÎ¸ÁÛÂÚÒfl ÏÂÚÓ‰ ‡ÔÔÓÍÒËÏ‡ˆËË ‚‚Âı ÔÓ ÔÓÚÓÍÛ, ‚ Ó·Î‡ÒÚË ÓÚ˚‚‡ ‰Îfl ÓÚËˆ‡-
ÚÂÎ¸Ì˚ı ÁÌ‡˜ÂÌËÈ u ËÒÔÓÎ¸ÁÛÂÚÒfl ÏÂÚÓ‰ ‡ÔÔÓÍÒËÏ‡ˆËË ‚ÌËÁ ÔÓ ÔÓÚÓÍÛ. óÚÓ·˚ ÔÓÎÛ˜ËÚ¸ ‡Ô-
ÔÓÍÒËÏ‡ˆË˛ ÔÂ‚˚ı ÔÓËÁ‚Ó‰Ì˚ı ÒÓ ‚ÚÓ˚Ï ÔÓfl‰ÍÓÏ ÚÓ˜ÌÓÒÚË, ÌÂÓ·ıÓ‰ËÏÓ ËÒÔÓÎ¸ÁÓ‚‡Ú¸ ‰‚‡
ËÎË ÚË ÁÌ‡˜ÂÌËfl ‚ÂÎË˜ËÌ ÙÛÌÍˆËË ‚ ÛÁÎ‡ı ÒÂÚÍË. é‰Ì‡ÍÓ ÂÒÎË ËÒÔÓÎ¸ÁÛÂÚÒfl ËÁÏÂÌÂÌËÂ ÏÂÚÓ‰‡
‡ÔÔÓÍÒËÏ‡ˆËË ‚ Á‡‚ËÒËÏÓÒÚË ÓÚ ÁÌ‡Í‡ ÒÍÓÓÒÚË, ‚ Ó·˘ÂÏ ÒÎÛ˜‡Â ËÏÂÂÚÒfl ÔflÚ¸ ÌÂËÁ‚ÂÒÚÌ˚ı ‚Â-
ÎË˜ËÌ ÙÛÌÍˆËË ‚ ÚÓ˜Í‡ı ÒÂÚÍË ‚ Í‡Ê‰ÓÏ Ì‡Ô‡‚ÎÂÌËË ÔË ‡ÔÔÓÍÒËÏ‡ˆËË ÔÂ‚˚ı ÔÓËÁ‚Ó‰Ì˚ı
‚ Û‡‚ÌÂÌËflı. èflÚË ‚ÂÎË˜ËÌ ‰ÓÒÚ‡ÚÓ˜ÌÓ Ú‡ÍÊÂ, ˜ÚÓ·˚ ÔÓÎÛ˜ËÚ¸ ‚ÚÓÓÈ ÔÓfl‰ÓÍ ÚÓ˜ÌÓÒÚË ÔË
‡ÔÔÓÍÒËÏ‡ˆËË ‚ÚÓÓÈ ÔÓËÁ‚Ó‰ÌÓÈ ÙÛÌÍˆËË. Ç ‰‡Î¸ÌÂÈ¯ÂÏ ˝ÚÓ ÔÂ‰ÔÓÎÓÊÂÌËÂ ·Û‰ÂÚ ËÒÔÓÎ¸-
ÁÓ‚‡Ú¸Òfl ÔË ÔÓÒÚÓÂÌËË ˜ËÒÎÂÌÌÓ„Ó Â¯ÂÌËfl.

Ç ˝ÚÓÏ ÒÎÛ˜‡Â Í‡Ê‰ÓÈ ÚÓ˜ÍÂ k, j, l ÍÓÌÂ˜ÌÓ-‡ÁÌÓÒÚÌÓÈ ÒÂÚÍË ÒÚ‡‚ËÏ ‚ ÒÓÓÚ‚ÂÚÒÚ‚ËÂ ÍÓÌÂ˜ÌÓ-
‡ÁÌÓÒÚÌÓÂ ‚ÂÍÚÓÌÓÂ Û‡‚ÌÂÌËÂ Lk, j, l = 0, ÍÓÚÓÓÂ ÔÂ‰ÒÚ‡‚ÎflÂÚ ÒÓ·ÓÈ ‚ÂÍÚÓÌÓÂ ÔÂ‰ÒÚ‡‚ÎÂÌËÂ
ÍÓÌÂ˜ÌÓ-‡ÁÌÓÒÚÌÓÈ ‡ÔÔÓÍÒËÏ‡ˆËË Û‡‚ÌÂÌËÈ (3.18)–(3.22) ‚·ÎËÁË ÚÓ˜ÍË (yk, xj, zl).

ÇÌÛÚË ÒÂÚÍË {2 ≤ k ≤ M – 1; 2 ≤ j ≤ N; 2 ≤ l ≤ I – 1}, „‰Â Û‡‚ÌÂÌËfl ÔÓ„‡ÌË˜ÌÓ„Ó ÒÎÓfl (3.18) ‡Ô-
ÔÓÍÒËÏËÛ˛ÚÒfl ÍÓÌÂ˜ÌÓ-‡ÁÌÓÒÚÌ˚ÏË ÒıÂÏ‡ÏË, ‚ÂÍÚÓ Lk, j, l Á‡‚ËÒËÚ ÓÚ ‚ÂÍÚÓÓ‚ Wk – 2, j – 2, l – 2, …,
Wk, j, l, …, Wk + 2, j + 2, l + 2 Ë ‚ÂÍÚÓÓ‚ Pj – 2, l – 2…, Pj, l, …, Pj + 2, l + 2:

(3.25)

(3.26)

(á‰ÂÒ¸ Ë ‰‡ÎÂÂ ÂÒÎË ‚ÂÎË˜ËÌ˚ ËÌ‰ÂÍÒÓ‚ k, j, l ÙÛÌÍˆËÈ ‚ ÙÓÏÛÎ‡ı ÒÚ‡ÌÓ‚flÚÒfl ‡‚Ì˚ÏË ÌÛÎ˛ ËÎË
ÓÚËˆ‡ÚÂÎ¸Ì˚ÏË ÎË·Ó ·ÓÎ¸¯Â, ˜ÂÏ ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ËÂ ‚ÂÎË˜ËÌ˚ N, M, I, ÚÓ ˝ÚÓ ÁÌ‡˜ËÚ, ˜ÚÓ Á‰ÂÒ¸
ÌÂÚ Á‡‚ËÒËÏÓÒÚË ÙÛÌÍˆËÈ ÓÚ ‚ÂÎË˜ËÌ Ò Ú‡ÍËÏË ËÌ‰ÂÍÒ‡ÏË.)

Ç˚·Ë‡fl ÎÂ‚Û˛ „‡ÌË˜ÌÛ˛ ÒÚÓÓÌÛ ‡Ò˜ÂÚÌÓÈ Ó·Î‡ÒÚË ‰ÓÒÚ‡ÚÓ˜ÌÓ ‰‡ÎÂÍÓ ‚‚Âı ÔÓ ÔÓÚÓÍÛ ÓÚ
ÔÂÔflÚÒÚ‚Ëfl, Á‡ÔËÒ˚‚‡ÂÏ „‡ÌË˜Ì˚Â ÛÒÎÓ‚Ëfl (3.21) ‚ ÙÓÏÂ

(3.27)

At

1 0 0 0 0

0 1 0 0 0

0 0 0 1 0

0 0 0 0 0

0 0 0 0 0

, Bt

1 0 0 0 0

0 1 0 0 0

0 0 0 1 0

0 0 0 0 0

0 0 0 0 0

, Ct

0 1 0 0 0

0 0 0 0 0

0 0 0 0 1

0 0 0 0 0

0 0 0 0 0

, Et

0 0 0 0 0

0 0 0 0 0

0 0 1 0 0

0 0 0 1 0

0 0 0 0 1

, Ht

0 0

0 ω/u2–

0 0

0 0

0 0

.= = = = =

Ein Eun

1 0 0 0 0

0 1 0 0 0

0 0 1 0 0

0 0 0 1 0

0 0 0 0 1

, Fin Fun

1–

0

0

yk–

0

.= == =

yk x j zl, ,( ), k 1 2 … M, j, , , 1 2 … N , l, , , 1 2 … I ,, , ,= = =

Lk j l, , Lk j l, , Wk 2– j 2– l 2–, , … Wk j l, , … Wk 2+ j 2+ l 2+, , P j 2– l 2–, … P j l, … P j 2+ l 2+,, , , , , , , , ,( ) 0,= =

k 2 3 … M 1, j–, , , 2 3 … N , l, , , 2 3 … I 1.–, , ,= = =

Lk 1 l, , Lk 1 l, , Wk 2– 1 l 2–, , … Wk 1 l, , … Wk 2+ 3 l 2+, ,, , , ,( ) 0,= =
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äÓÓÎÂ‚

(3.28)

É‡ÌË˜Ì˚Â ÛÒÎÓ‚Ëfl Ì‡ ‚ÂıÌÂÈ „‡ÌËˆÂ ‡Ò˜ÂÚÌÓÈ ÒÂÚÍË ÏÓ„ÛÚ ·˚Ú¸ ÔÂ‰ÒÚ‡‚ÎÂÌ˚ ‚ ‚Ë‰Â

(3.29)

(3.30)

Ë, ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ, Ì‡ ÌËÊÌÂÈ „‡ÌËˆÂ ‡Ò˜ÂÚÌÓÈ ÒÂÚÍË – ‚ ‚Ë‰Â

(3.31)

(3.32)

ìÒÎÓ‚ËÂ ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl (3.23) ÏÓÊÂÚ ·˚Ú¸ Á‡ÔËÒ‡ÌÓ ‚ ‚Ë‰Â

(3.33)

(3.34)

(3.35)

ùÚÓ Á‡‚Â¯‡ÂÚ ÔÓÒÚÓÂÌËÂ ÒËÒÚÂÏ˚ ÍÓÌÂ˜ÌÓ-‡ÁÌÓÒÚÌ˚ı Û‡‚ÌÂÌËÈ.

4. åÖíéÑ êÖòÖçàü

èÂ‰ÔÓÎÓÊËÏ, ˜ÚÓ ËÏÂÂÚÒfl ÌÂÍÓÚÓÓÂ ÔË·ÎËÊÂÌËÂ ‰Îfl ‚ÂÍÚÓÓ‚ ,  Ë , ÔÓÎÛ˜ÂÌ-
Ì˚ı Ì‡ ÔÂ‰˚‰Û˘ÂÈ n-È ËÚÂ‡ˆËË ËÎË ‚ÁflÚÓÈ ‚ Í‡˜ÂÒÚ‚Â ÌÛÎÂ‚Ó„Ó ÔË·ÎËÊÂÌËfl. ìÎÛ˜¯ÂÌÌÓÂ
ÔË·ÎËÊÂÌËÂ

(4.1)

ÏÓÊÂÚ ·˚Ú¸ Ì‡È‰ÂÌÓ ÔÓ‰ÒÚ‡ÌÓ‚ÍÓÈ (4.1) ‚ Û‡‚ÌÂÌËfl (3.25)–(3.33) ÔË ËÒÔÓÎ¸ÁÓ‚‡ÌËË ‡ÁÎÓÊÂÌËfl
íÂÈÎÓ‡. Ç ÂÁÛÎ¸Ú‡ÚÂ ÔÓÎÛ˜‡ÂÚÒfl ÒÎÂ‰Û˛˘‡fl ÒËÒÚÂÏ‡ ÎËÌÂÈÌ˚ı Û‡‚ÌÂÌËÈ ‰Îfl ‚ÂÍÚÓÓ‚ ÔÓ-
Ô‡‚ÍË ∆Wk, j, l Ë ∆Pj, l:

(4.2)

‚Ó ‚ÌÛÚÂÌÌËı ÚÓ˜Í‡ı ‚˚˜ËÒÎËÚÂÎ¸ÌÓÈ Ó·Î‡ÒÚË. ç‡ ÎÂ‚ÓÈ ÒÚÓÓÌÂ, ‚ÂıÌÂÈ Ë ÌËÊÌÂÈ „‡ÌËˆ‡ı
ËÏÂÂÏ

(4.3)

(4.4)

(4.5)

k 1 2 … M, l, , , 1 2 … I ., , ,= =

LM j l, , LM j l, , WM 2– j 2– l 2–, , … WM j l, , … WM j 2+ l 2+, , P j 2– l 2–, … P j l, … P j 2+ l 2+,, , , , , , , , ,( ) 0,= =

j 2 3 … N , l, , , 2 3 … I 1,–, , ,= =

L1 j l, , L1 j l, , W1 j 2– l 2–, , … W1 j l, , … W3 j 2+ l 2+, , P j 2– l 2–, … P j l, … P j 2+ l 2+,, , , , , , , , ,( ) 0,= =

j 2 3 … N , l, , , 2 3 … I 1.–, , ,= =

Q j l, Q j l, WM 1 1, , … WM j l, , … WM N I, , p1 1, … p j l, … pN I,, , , , , , , , ,( ) 0,= =

j 1 2 … N , l, , , 1 2 … I ,, , ,= =

P j l, P j l, p j 2– l 2–, … p j l, … p j 2+ l 2+,, , , ,( ).=

Wk j l, ,
n P j l,

n p j l,
n

Wk j l, ,
n 1+ Wk j l, ,

n ∆Wk j l, , ,+=

P j l,
n 1+ P j l,

n ∆P j l, ,+=

p j l,
n 1+ p j l,

n ∆ p j l,+=

∂Lk j l, ,

∂Wr s t, ,
----------------∆Wr s t, ,

∂Lk j l, ,

∂Ps t,
---------------∆Ps t,+

r k 2–=

k 2+

∑ 
 
 

t l 2–=

l 2+

∑
s j 2–=

j 2+

∑ Lk j l, , ,–=

k 2 3 … M 1, j–, , , 2 3 … N 2, l–, , , 2 3 … I 1,–, , ,= = =

∂Lk 1 l, ,

∂Wr s t, ,
----------------∆Wr s t, ,

∂Lk 1 l, ,

∂Ps t,
----------------∆Ps t,+

r k 2–=

k 2+

∑ 
 
 

t l 2–=

l 2+

∑
s 1=

3

∑ Lk 1 l, , ,–=

k 2 3 … M 1, l–, , , 2 3 … I 1,–, , ,= =

∂LM j l, ,

∂Wr s t, ,
-----------------∆Wr s t, ,

∂LM j l, ,

∂Ps t,
-----------------∆Ps t,+

r M 2–=

M

∑ 
 
 

t l 2–=

l 2+

∑
s j 2–=

j 2+

∑ LM j l, , ,–=

j 1 2 … N , l, , , 1 2 … I ,, , ,= =

∂L1 j l, ,

∂Wr s t, ,
----------------∆Wr s t, ,

∂L1 j l, ,

∂Ps t,
---------------∆Ps t,+

r 1=

3

∑ 
 
 

t l 2–=

l 2+

∑
s j 2–=

j 2+

∑ L1 j l, , ,–=

j 1 2 … N , l, , , 1 2 … I ., , ,= =
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ç‡ ÔÂÂ‰ÌÂÈ Ë Á‡‰ÌÂÈ „‡ÌËˆ‡ı Ú‡ÍÊÂ ËÏÂÂÏ

(4.6)

(4.7)

k = 2, 3, …, M – 1, j = 2, 3, …, N – 2. (4.8)

óÚÓ·˚ Ì‡ÈÚË ÔË·ÎËÊÂÌÌÓÂ Â¯ÂÌËÂ ̋ ÚÓÈ ÒËÒÚÂÏ˚ ÎËÌÂÈÌ˚ı Û‡‚ÌÂÌËÈ, ËÒÔÓÎ¸ÁÛÂÏ ÏÂÚÓ‰ Ï‡Ú-
Ë˜ÌÓÈ ÔÓ„ÓÌÍË, ÓÒÌÓ‚‡ÌÌ˚È Ì‡ ÒÎÂ‰Û˛˘Ëı ÂÍÛÂÌÚÌ˚ı ÙÓÏÛÎ‡ı:

(4.9)

á‰ÂÒ¸ 5555k, j, l, ,  Ë 7777k, j, l, ,  – Ï‡ÚËˆ˚ ‡ÁÏÂÓ‚ IΩ × IΩ, Sk, j, l ÂÒÚ¸ IΩ-ÍÓÏÔÓ-
ÌÂÌÚÌ˚È ‚ÂÍÚÓ. í‡ÍËÏ Ó·‡ÁÓÏ, ËÒÔÓÎ¸ÁÛ˛ÚÒfl ÌÂfl‚Ì˚Â ÒıÂÏ˚ ‡ÔÔÓÍÒËÏ‡ˆËË ÔË Â¯ÂÌËË ÒË-
ÒÚÂÏ˚ Û‡‚ÌÂÌËÈ ÔÓ ÍÓÓ‰ËÌ‡Ú‡Ï x, y z Ë ÛÒÎÓ‚Ë˛ ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl. é‰Ì‡ÍÓ ‚ ÒÎÛ˜‡Â ÓÚ˚‚‡ ÔÓ-
ÚÓÍ‡ (u < 0) ‚ Û‡‚ÌÂÌËflı ÔÓ„‡ÌË˜ÌÓ„Ó ÒÎÓfl ‚ Ó·Î‡ÒÚË ‚ÓÁ‚‡ÚÌÓ„Ó ÚÂ˜ÂÌËfl ÔÓ x Ù‡ÍÚË˜ÂÒÍË Â-
‡ÎËÁÛÂÚÒfl fl‚Ì‡fl ÒıÂÏ‡, ˜ÚÓ, ÍÓÌÂ˜ÌÓ, ‰ÓÎÊÌÓ ÔÓ‚ÎËflÚ¸ Ì‡ ÒÍÓÓÒÚ¸ ÒıÓ‰ËÏÓÒÚË ËÚÂ‡ˆËÓÌÌÓ„Ó
ÔÓˆÂÒÒ‡. ÑÎfl ÔÓ·ÎÂÏ˚ ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl ÚÂıÏÂÌÓ„Ó ÔÓ„‡ÌË˜ÌÓ„Ó ÒÎÓfl Ò ÌÂ‚flÁÍËÏ ÔÓÚÓÍÓÏ
Ó˜ÂÌ¸ ‚‡ÊÌÓ, Í‡Í ‚˚·‡Ú¸ ‚ÂÍÚÓ ∆3333j, l, ̃ ÚÓ·˚ ÔÓÎÛ˜ËÚ¸ ÛÒÚÓÈ˜Ë‚ÓÂ Â¯ÂÌËÂ. Å˚ÎÓ Ì‡È‰ÂÌÓ, ̃ ÚÓ
‰ÓÒÚ‡ÚÓ˜ÌÓ Ì‡‰ÂÊÌ˚Â Ë ·˚ÒÚ˚Â ̃ ËÒÎÂÌÌ˚Â ÏÂÚÓ‰˚ ÏÓ„ÛÚ ·˚Ú¸ Â‡ÎËÁÓ‚‡Ì˚ ‚ ÒÎÛ˜‡Â, ÂÒÎË ‚ÂÍ-
ÚÓ ∆3333j, l ÓÔÂ‰ÂÎËÚ¸ ‚ ‚Ë‰Â

(4.10)

ÚÓ„‰‡ ∆3333j, l ÂÒÚ¸ 5Ip-ÍÓÏÔÓÌÂÌÚÌ˚È ‚ÂÍÚÓ Ë ]]]]k, j, l ÂÒÚ¸ IΩ × 5Ip-Ï‡ÚËˆ‡. ÑÎfl j = N – 1 Ë j = N ÙÓ-
ÏÛÎ‡ (4.8) ÔË‚Ó‰ËÚ Í ‚˚‡ÊÂÌËflÏ

(4.11)

(4.12)

äÓÏ·ËÌËÛfl (4.8) Ë (4.9) Ò Û‡‚ÌÂÌËflÏË (4.2), ÏÓÊÌÓ ‚‚ÂÒÚË ÒÎÂ‰Û˛˘ËÂ ÂÍÛÒË‚Ì˚Â ÙÓÏÛÎ˚
‰Îfl ‚˚˜ËÒÎÂÌËfl ÔÓ„ÓÌÓ˜Ì˚ı Ï‡ÚËˆ:

∂Lk j 1, ,

∂Wr s t, ,
----------------∆Wr s t, ,

∂Lk j 1, ,

∂Ps t,
----------------∆Ps t,+

r k 2–=

k 2+

∑ 
 
 

t 1=

3

∑
s j 2–=

j 2+

∑ Lk j 1, , ,–=

k 2 … M 1, j–, , 2 … N 2,–, ,= =

∂Lk j I, ,

∂Wr s t, ,
----------------∆Wr s t, ,

∂Lk j I, ,

∂Ps t,
----------------∆Ps t,+

r k 2–=

k 2+

∑ 
 
 

t I 2–=

I

∑
s j 2–=

j 2+

∑ Lk j I, , ,–=

∆Wk j l, , 5555k j l, , ∆Wk 1+ j l, , 7777k j l, , ∆Wk 2+ j l, , 5555k j l, ,' ∆Wk j 1+ l, , 7777k j l, ,' ∆Wk j 2+ l, , ++ + +=

+ 5555k j l, ,'' ∆Wk j l 1+, , 7777k j l, ,'' ∆Wk j l 2+, , ]]]]k j l, , ∆3333 j l, Sk j l, , ,+ + +

k 2 3 … M 1, j–, , , 1 2 … N 2, l–, , , 2 3 … I 1.–, , ,= = =

5555k j l, ,' 5555k j l, ,'' 7777k j l, ,' 7777k j l, ,''

∆3333 j l,

∆P j l,

∆P j 1– l,

∆P j 2– l,

∆P j l 1–,

∆P j l 1+,

, j 3 4 … N , ∆33331 l,, , ,

∆P1 l,

0

0

0

0

, ∆33332 l,

∆P2 l,

∆P1 l,

0

0

0

;= = = =

∆Wk N 1– l, , 5555k N 1– l, , ∆Wk 1+ N 1– l, , 7777k N 1– l, , ∆Wk 2+ N 1– l, , 5555k N 1– l, ,' ∆Wk N l, , ++ +=

+ 5555k N 1– l, ,'' ∆Wk N l 1+, , 7777k N 1– l, ,'' ∆Wk N l 2+, , ]]]]k N 1– l, , ∆3333N 1– l, Sk N 1– l, , ,+ + +

∆Wk N l, , 5555k N l, , ∆Wk 1+ N l, , 7777k N l, , ∆Wk 2+ N l, , ++=

+ 5555k N l, ,'' ∆Wk N l 1+, , 7777k N l, ,'' ∆Wk N l 2+, , ]]]]k N l, , ∆3333N l, Sk N l, , ,+ + +

k 2 3 … M 1, l–, , , 2 3 … I 1.–, , ,= =

5555k j l, , $$$$k j l, ,
1–

@@@@k j l, , 7777k 1– j l, ,
∂Lk j l, ,

∂Wk 1+ j l, ,
----------------------+ 

  , 7777k j l, ,– $$$$k j l, ,
1– ∂Lk j l, ,

∂Wk 2+ j l, ,
----------------------,–= =

5555k j l, ,' $$$$k j l, ,
1–

@@@@k j l, ,' 7777k j 1– l, ,'
∂Lk j l, ,

∂Wk j 1+ l, ,
----------------------+ 

  , 7777k j l, ,'– $$$$k j l, ,
1– ∂Lk j l, ,

∂Wk j 2+ l, ,
----------------------,–= =

11
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äÓÓÎÂ‚

„‰Â Ï‡ÚËˆ˚ @@@@k, j, l, ,  Ë $$$$k, j, l ËÏÂ˛Ú ‚Ë‰

èÂÓ·‡ÁÓ‚‡ÌËÂ Ï‡ÚËˆ˚  ‚˚ÂÁ‡ÂÚ ÔÓÒÎÂ‰ÌËÂ Ip ‚ÂÍÚÓÓ‚ Ï‡ÚËˆ˚ ]]]]k, j – 1, l, ‰ÂÎ‡-
ÂÚ Ò‰‚Ë„ ‚Ô‡‚Ó Ì‡ ‚ÂÎË˜ËÌÛ Ip ‚ÒÂı ˝ÎÂÏÂÌÚÓ‚ Ë ‰ÂÎ‡ÂÚ ÌÛÎÂ‚˚ÏË ÔÂ‚˚Â Ip ‚ÂÍÚÓÓ‚ ˝ÚÓÈ Ï‡Ú-
Ëˆ˚; ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ, ÔÂÓ·‡ÁÓ‚‡ÌËÂ Ï‡ÚËˆ˚  Û‰‡ÎflÂÚ ÔÓÒÎÂ‰ÌËÂ 2Ip ‚ÂÍÚÓÓ‚ Ï‡ÚËˆ˚

]]]]k, j – 2, l, ÒÓ‚Â¯‡ÂÚ Ò‰‚Ë„ ‚Ô‡‚Ó Ì‡ ‚ÂÎË˜ËÌÛ 2Ip ‚ÒÂı ˝ÎÂÏÂÌÚÓ‚ Ë ‰ÂÎ‡ÂÚ ÌÛÎÂ‚˚ÏË ÔÂ-

‚˚Â 2Ip ‚ÂÍÚÓÓ‚ ˝ÚÓÈ Ï‡ÚËˆ˚. å‡ÚËˆ˚ ,  ‡‚Ì˚ ÌÛÎ˛.

óÚÓ·˚ Ì‡˜‡Ú¸ ‚˚˜ËÒÎÂÌËfl, ËÒÔÓÎ¸ÁÓ‚‡ÎË ÒÎÂ‰Û˛˘ËÂ Ì‡˜‡Î¸Ì˚Â ÛÒÎÓ‚Ëfl ‚ÌËÁÛ, ÒÎÂ‚‡ Ë Ì‡ ÔÂ-
Â‰ÌÂÈ „‡ÌËˆÂ ‡Ò˜ÂÚÌÓÈ ÒÂÚÍË:

5555k j l, ,'' $$$$k j l, ,
1–

@@@@k j l, ,'' 7777k j l 1–, ,''
∂Lk j l, ,

∂Wk j l 1+, ,
----------------------+ 

  , 7777k j l, ,''– $$$$k j l, ,
1– ∂Lk j l, ,

∂Wk j l 2+, ,
----------------------,–= =

]]]]k j l, , $$$$k j l, ,
1–

@@@@k j l, , ]]]]k 1– j l, ,
∂Lk j l, ,

∂Wk 2– j l, ,
----------------------]]]]k 2– j l, ,

∂Lk j l, ,

∂3333 j l,
--------------- **** j 1–' @@@@k j l, ,' ]]]]k j 1– l, , ++ + +

–=

+ **** j 2–'
∂Lk j l, ,

∂Wk j 2– l, ,
----------------------]]]]k j 2– l, , ****l 1–'' @@@@k j l, ,'' ]]]]k j l 1–, , ****l 2–''

∂Lk j l, ,

∂Wk j l 2–, ,
----------------------]]]]k j l 2–, ,+ + 

 ,

Sk j l, , $$$$k j l, ,
1–

@@@@k j l, , Sk 1– j l, ,
∂Lk j l, ,

∂Wk 2– j l, ,
----------------------Sk 2– j l, , Lk j l, , @@@@k j l, ,' Sk j 1– l, , ++ + +

–=

+
∂Lk j l, ,

∂Wk j 2– l, ,
----------------------Sk j 2– l, , @@@@k j l, ,'' Sk j l 1–, ,

∂Lk j l, ,

∂Wk j l 2–, ,
----------------------Sk j l 2–, ,+ + 

 ,

k 2 3 … M 1, j–, , , 2 3 … N 2, l–, , , 2 3 … I 1.–, , ,= = =

@@@@k j l, ,' @@@@k j l, ,''

@@@@k j l, ,
∂Lk j l, ,

∂Wk 2– j l, ,
----------------------5555k 2– j l, ,

∂Lk j l, ,

∂Wk 1– j l, ,
----------------------, @@@@k j l, ,'+

∂Lk j l, ,

∂Wk j 2– l, ,
----------------------5555k j 2– l, ,'

∂Lk j l, ,

∂Wk j 1– l, ,
----------------------,+= =

@@@@k j l, ,''
∂Lk j l, ,

∂Wk j l 2–, ,
----------------------5555k j l 2–, ,''

∂Lk j l, ,

∂Wk j l 1–, ,
----------------------,+=

$$$$k j l, , @@@@k j l, , 5555k 1– j l, ,
∂Lk j l, ,

∂Wk 2– j l, ,
----------------------7777k 2– j l, , @@@@k j l, ,' 5555k j 1– l, ,'

∂Lk j l, ,

∂Wk j 2– l, ,
----------------------7777k j 2– l, ,' ++ + +=

+ @@@@k j l, ,'' 5555k j l 1–, ,''
∂Lk j l, ,

∂Wk j l 2–, ,
----------------------7777k j l 2–, ,'

∂Lk j l, ,

∂Wk j l, ,
----------------.+ +'

**** j 1–' @@@@k j l, ,'

**** j 2–'

∂Lk j l, ,

∂Wk j 2– l, ,
----------------------

****l 1–'' ****l 1–''

55551 j l, , $$$$1 j l, ,
1– ∂L1 j l, ,

∂W2 j l, ,
---------------- 

  , 77771 j l, ,– $$$$1 j l, ,
1– ∂L1 j l, ,

∂W1 2+ j l, ,
----------------------,–= =

55551 j l, ,' $$$$1 j l, ,
1– ∂L1 j l, ,

∂W1 j 1+ l, ,
---------------------- 

  , 77771 j l, ,'– $$$$1 j l, ,
1– ∂L1 j l, ,

∂W1 j 2+ l, ,
----------------------,–= =

55551 j l, ,'' $$$$1 j l, ,
1– ∂L1 j l, ,

∂W1 j l 1+, ,
---------------------- 

  , 77771 j l, ,''– $$$$1 j l, ,
1– ∂L1 j l, ,

∂W1 j l 2+, ,
----------------------,–= =

]]]]1 j l, , $$$$1 j l, ,
1– ∂L1 j l, ,

∂3333 j l,
--------------- **** j 1–' @@@@1 j l, ,' ]]]]1 j 1– l, , ++

–=

+ **** j 2–'
∂L1 j l, ,

∂W1 j 2– l, ,
----------------------]]]]1 j 2– l, , ****l 1–'' @@@@1 j l, ,'' ]]]]1 j l 1–, , ****l 2–''

∂L1 j l, ,

∂W1 j l 2–, ,
----------------------]]]]1 j l 2–, ,+ + 

 ,
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„‰Â Ï‡ÚËˆ˚ @@@@1, j, l, ,  Ë $$$$1, j, l ‰‡˛ÚÒfl Ò ÔÓÏÓ˘¸˛ ÙÓÏÛÎ

Ï‡ÚËˆ˚ @@@@k, 1, l, ,  Ë $$$$k, 1, l ËÏÂ˛Ú ‚Ë‰

S1 j l, , $$$$1 j l, ,
1– L1 j l, , @@@@1 j l, ,' S1 j 1– l, ,

∂L1 j l, ,

∂W1 j 2– l, ,
----------------------S1 j 2– l, , @@@@1 j l, ,'' S1 j l 1–, ,

∂L1 j l, ,

∂W1 j l 2–, ,
----------------------S1 j l 2–, ,+ + + + 

  ,–=

@@@@1 j l, ,' @@@@1 j l, ,''

@@@@1 j l, , 0, @@@@1 j l, ,'
∂L1 j l, ,

∂W1 j 2– l, ,
----------------------55551 j 2– l, ,'

∂L1 j l, ,

∂W1 j 1– l, ,
----------------------, @@@@1 j l, ,''

∂L1 j l, ,

∂W1 j l 2–, ,
----------------------55551 j l 2–, ,''

∂L1 j l, ,

∂W1 j l 1–, ,
----------------------,+=+= =

$$$$1 j l, , @@@@1 j l, ,' 55551 j 1– l, ,'
∂L1 j l, ,

∂W1 j 2– l, ,
----------------------77771 j 2– l, ,' @@@@1 j l, ,'' 55551 j l 1–, ,''

∂L1 j l, ,

∂W1 j l 2–, ,
----------------------77771 j l 2–, ,'

∂L1 j l, ,

∂W1 j l, ,
----------------,+ + + +=

5555k 1 l, , $$$$k 1 l, ,
1–

@@@@k 1 l, , 7777k 1– 1 l, ,
∂Lk 1 l, ,

∂Wk 1+ 1 l, ,
----------------------+ 

  , 7777k 1 l, ,– $$$$k 1 l, ,
1– ∂Lk 1 l, ,

∂Wk 2+ 1 l, ,
----------------------,–= =

5555k 1 l, ,' $$$$k 1 l, ,
1– ∂Lk 1 l, ,

∂Wk 1 1+ l, ,
----------------------, 7777k 1 l, ,'– $$$$k 1 l, ,

1– ∂Lk 1 l, ,

∂Wk 1 2+ l, ,
----------------------,–= ='

5555k 1 l, ,'' $$$$k 1 l, ,
1–

@@@@k 1 l, ,'' 7777k 1 l 1–, ,''
∂Lk 1 l, ,

∂Wk 1 l 1+, ,
----------------------+ 

  , 7777k 1 l, ,''– $$$$k 1 l, ,
1– ∂Lk 1 l, ,

∂Wk 1 l 2+, ,
----------------------,–= =

]]]]k 1 l, ,  = $$$$k 1 l, ,
1–

@@@@k 1 l, , ]]]]k 1– 1 l, ,
∂Lk 1 l, ,

∂Wk 2– 1 l, ,
----------------------]]]]k 2– 1 l, ,

∂Lk 1 l, ,

∂33331 l,
---------------- ++ +

–

+ ****l 1–'' @@@@k 1 l, ,'' ]]]]k 1 l 1–, , ****l 2–''
∂Lk 1 l, ,

∂Wk 1 l 2–, ,
----------------------]]]]k 1 l 2–, ,+ 

 ,

Sk 1 l, , $$$$k 1 l, ,
1–

@@@@k 1 l, , Sk 1– 1 l, ,
∂Lk 1 l, ,

∂Wk 2– 1 l, ,
----------------------Sk 2– 1 l, , Lk 1 l, , @@@@k 1 l, ,'' Sk 1 l 1–, ,

∂Lk 1 l, ,

∂Wk 1 l 2–, ,
----------------------Sk 1 l 2–, ,+ + + + 

  ;–=

@@@@k 1 l, ,' @@@@k 1 l, ,''

@@@@k 1 l, ,
∂Lk 1 l, ,

∂Wk 2– 1 l, ,
----------------------5555k 2– 1 l, ,

∂Lk 1 l, ,

∂Wk 1– 1 l, ,
----------------------, @@@@k 1 l, ,'+ 0, @@@@k 1 l, ,''

∂Lk 1 l, ,

∂Wk 1 l 2–, ,
----------------------5555k 1 l 2–, ,''

∂Lk 1 l, ,

∂Wk 1 l 1–, ,
----------------------,+== =

$$$$k 1 l, , @@@@k 1 l, , 5555k 1– 1 l, ,
∂Lk 1 l, ,

∂Wk 2– 1 l, ,
----------------------7777k 2– 1 l, , @@@@k 1 l, ,'' 5555k 1 l 1–, ,''

∂Lk 1 l, ,

∂Wk 1 l 2–, ,
----------------------7777k 1 l 2–, ,

∂Lk 1 l, ,

∂Wk 1 l, ,
----------------,+ + + +=

5555k j 1, , $$$$k j 1, ,
1–

@@@@k j 1, , 7777k 1– j 1, ,
∂Lk j 1, ,

∂Wk 1+ j 1, ,
-----------------------+ 

  , 7777k j 1, ,''– $$$$k j 1, ,
1– ∂Lk j 1, ,

∂Wk 2+ j 1, ,
-----------------------,–= ='

5555k j 1, ,' $$$$k j 1, ,
1–

@@@@k j 1, ,' 7777k j 1– 1, ,'
∂Lk j 1, ,

∂Wk j 1+ 1, ,
-----------------------+ 

  , 7777k j 1, ,'– $$$$k j 1, ,
1– ∂Lk j 1, ,

∂Wk j 2+ 1, ,
-----------------------,–= =

5555k j 1, ,'' $$$$k j 1, ,
1– ∂Lk j 1, ,

∂Wk j 2, ,
----------------- 

  , 7777k j 1, ,''– $$$$k j 1, ,
1– ∂Lk j 1, ,

∂Wk j 3, ,
-----------------,–= =

]]]]k j 1, , $$$$k j 1, ,
1–

@@@@k j 1, , ]]]]k 1– j 1, ,
∂Lk j 1, ,

∂Wk 2– j 1, ,
-----------------------]]]]k 2– j 1, ,

∂Lk j 1, ,

∂3333 j 1,
---------------- ++ +

–=

+ **** j 1–' @@@@k j 1, ,' ]]]]k j 1– 1, , **** j 2–'
∂Lk j 1, ,

∂Wk j 2– 1, ,
-----------------------]]]]k j 2– 1, ,+ 

 ,

Sk j 1, , $$$$k j 1, ,
1–

@@@@k j 1, , Sk 1– j 1, ,
∂Lk j 1, ,

∂Wk 2– j 1, ,
-----------------------Sk 2– j 1, , Lk j 1, , @@@@k j 1, ,' Sk j 1– 1, ,

∂Lk j 1, ,

∂Wk j 2– 1, ,
-----------------------Sk j 2– 1, ,+ + + + 

  ,–=

11*
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äÓÓÎÂ‚

‡ Ï‡ÚËˆ˚ @@@@k, j, 1, ,  Ë $$$$k, j, 1 ËÏÂ˛Ú ‚Ë‰

ùÚË ÙÓÏÛÎ˚ ÔÓÎÛ˜ÂÌ˚ ÔÓ‰ÒÚ‡ÌÓ‚ÍÓÈ (4.8) ‚ (4.3), (4.5) Ë (4.6). ä‡Í ÚÓÎ¸ÍÓ ÔÓ„ÓÌÓ˜Ì˚Â Ï‡Ú-
Ëˆ˚ Ì‡È‰ÂÌ˚, ÏÓÊÌÓ Ò‚ÂÒÚË Û‡‚ÌÂÌËÂ (4.8) Í ÒËÒÚÂÏÂ

    k = 1, 2, …, M,    l = 1, 2, …, I. (4.13)

á‰ÂÒ¸ Ï‡ÚËˆ˚ ^̂̂̂k, j, l Ë ‚ÂÍÚÓ˚ Gk, j, l ‚˚˜ËÒÎfl˛ÚÒfl ÂÍÛÒË‚ÌÓ Ò ËÒÔÓÎ¸ÁÓ‚‡ÌËÂÏ ÙÓÏÛÎ

èÂÓ·‡ÁÓ‚‡ÌËÂ Ï‡ÚËˆ˚  Û‰‡ÎflÂÚ ÔÓÒÎÂ‰ÌËÂ Ip ‚ÂÍÚÓÓ‚ Ï‡ÚËˆ˚ ^̂̂̂k, j + 1, l, Ò‰‚Ë„‡ÂÚ
‚ÎÂ‚Ó Ì‡ ‚ÂÎË˜ËÌÛ Ip ‚ÒÂ ˝ÎÂÏÂÌÚ˚ Ë ‰ÂÎ‡ÂÚ ÌÛÎÂ‚˚ÏË ÔÓÒÎÂ‰ÌËÂ Ip ‚ÂÍÚÓÓ‚ ˝ÚÓÈ Ï‡ÚËˆ˚, ÒÓ-
ÓÚ‚ÂÚÒÚ‚ÂÌÌÓ. èÂÓ·‡ÁÓ‚‡ÌËÂ Ï‡ÚËˆ˚  Û‰‡ÎflÂÚ ÔÓÒÎÂ‰ÌËÂ 2Ip ‚ÂÍÚÓÓ‚ Ï‡ÚËˆ˚

^̂̂̂k, j + 2, l, Ò‰‚Ë„‡ÂÚ ‚ÎÂ‚Ó Ì‡ ‚ÂÎË˜ËÌÛ 2Ip ‚ÒÂ ˝ÎÂÏÂÌÚ˚ Ë ‰ÂÎ‡ÂÚ ÌÛÎÂ‚˚ÏË ÔÓÒÎÂ‰ÌËÂ 2Ip ‚ÂÍ-

ÚÓÓ‚ ˝ÚÓÈ Ï‡ÚËˆ˚. èÂÓ·‡ÁÓ‚‡ÌËÂ Ï‡ÚËˆ  Û‰‡ÎflÂÚ ÔÂ‚˚Â Ip Ë ÔÓÒÎÂ‰ÌËÂ Ip ‚ÂÍÚÓÓ‚

Ï‡ÚËˆ˚ ^̂̂̂k, j, l + 1, Ò‰‚Ë„‡ÂÚ ‚ÎÂ‚Ó Ì‡ ‚ÂÎË˜ËÌÛ Ip ‚ÒÂ ˝ÎÂÏÂÌÚ˚ Ï‡ÚËˆ˚ Ë ‰ÂÎ‡ÂÚ ÌÛÎÂ‚˚ÏË

ÔÓÒÎÂ‰ÌËÂ 2Ip ‚ÂÍÚÓÓ‚ ˝ÚÓÈ Ï‡ÚËˆ˚ ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ. èÂÓ·‡ÁÓ‚‡ÌËÂ Ï‡ÚËˆ  Û‰‡ÎflÂÚ

ÔÂ‚˚Â 2Ip ‚ÂÍÚÓÓ‚ Ï‡ÚËˆ˚ ^̂̂̂k, j, l + 2, Ò‰‚Ë„‡ÂÚ ‚ÎÂ‚Ó Ì‡ ‚ÂÎË˜ËÌÛ 2Ip ‚ÒÂ ˝ÎÂÏÂÌÚ˚ Ï‡ÚË-
ˆ˚ Ë ‰ÂÎ‡ÂÚ ÌÛÎÂ‚˚ÏË ÔÓÒÎÂ‰ÌËÂ 2Ip ‚ÂÍÚÓÓ‚ ˝ÚÓÈ Ï‡ÚËˆ˚. íÓ„‰‡ Ì‡˜‡Î¸Ì˚Â ÛÒÎÓ‚Ëfl ‰ÓÎÊÌ˚
·˚Ú¸ ÒÙÓÏÛÎËÓ‚‡Ì˚ Ì‡ ‚ÂıÌÂÈ, ÎÂ‚ÓÈ Ë Á‡‰ÌÂÈ ÒÚÓÓÌÂ ‚˚˜ËÒÎËÚÂÎ¸ÌÓÈ Ó·Î‡ÒÚË. àÁ (4.4),
(4.10) Ë (4.7) ‚Ë‰ËÏ, ˜ÚÓ

óÚÓ·˚ ÓÔÂ‰ÂÎËÚ¸ ÌÂËÁ‚ÂÒÚÌ˚È ‚ÂÍÚÓ 3333j, l, ËÒÔÓÎ¸ÁÛÂÏ ÒËÒÚÂÏÛ Û‡‚ÌÂÌËÈ (3.33). àÁ ˝ÚËı
Û‡‚ÌÂÌËÈ ÔÓÎÛ˜ËÏ

(4.14)

@@@@k j 1, ,' @@@@k j 1, ,''

@@@@k j 1, ,
∂Lk j 1, ,

∂Wk 2– j 1, ,
-----------------------5555k 2– j 1, ,

∂Lk j 1, ,

∂Wk 1– j 1, ,
-----------------------, @@@@k j 1, ,'+

∂Lk j 1, ,

∂Wk j 2– 1, ,
-----------------------5555k j 2– 1, ,'

∂Lk j 1, ,

∂Wk j 1– 1, ,
-----------------------, @@@@k j 1, ,'' 0,=+= =

$$$$k j 1, , @@@@k j 1, , 5555k 1– j 1, ,
∂Lk j 1, ,

∂Wk 2– j 1, ,
-----------------------7777k 2– j 1, , @@@@k j 1, ,' 5555k j 1– 1, ,'

∂Lk j 1, ,

∂Wk j 2– 1, ,
-----------------------7777k j 2– 1, ,'

∂Lk j 1, ,

∂Wk j 1, ,
-----------------.+ + + +=

∆Wk j l, , ^̂̂̂k j l, , ∆3333 j l, Gk j l, , , j+ 1 2 … N ., , ,= =

^̂̂̂k j l, , ]]]]k j l, , 5555k j l, , ^̂̂̂k 1+ j l, , 7777k j l, , ^̂̂̂k 2+ j l, , **** j 1+' 5555k j l, ,' ^̂̂̂k j 1+ l, , **** j 2+' 7777k j l, ,' ^̂̂̂k j 2+ l, , ++ + + +=

+ ****l 1+'' 5555k j l, ,'' ^̂̂̂k j l 1+, , ****l 2+'' 7777k j l, ,'' ^̂̂̂k j l 2+, , ,+

Gk j l, , Sk j l, , 5555k j l, , Gk 1+ j l, , 7777k j l, , Gk 2+ j l, , 5555k j l, ,' Gk j 1+ l, , 7777k j l, ,' Gk j 2+ l, , ++ + + +=

+ 5555k j l, ,'' Gk j l 1+, , 7777k j l, ,'' Gk j l 2+, , .+

**** j 1+' 5555k j l, ,'

**** j 2+'

7777k j l, ,'

****l 1+''

5555k j l, ,''

****l 2+''

7777k j l, ,''

^̂̂̂M j l, , ]]]]M j l, , **** j 1+' 5555M j l, ,' ^̂̂̂M j 1+ l, , **** j 2+' 7777M j l, ,' ^̂̂̂M j 2+ l, , ++ +=

+ ****l 1+'' 5555M j l, ,'' ^̂̂̂M j l 1+, , ****l 2+'' 7777M j l, ,'' ^̂̂̂M j l 2+, , ,+

GM j l, , SM j l, , 5555M j l, ,' GM j 1+ l, , 7777M j l, ,' GM j 2+ l, , 5555M j l, ,'' GM j l 1+, , 7777M j l, ,'' GM j l 2+, , ;+ + + +=

^̂̂̂k N l, , ]]]]k N l, , 5555k N l, , ^̂̂̂k 1+ N l, , 7777k N l, , ^̂̂̂k 2+ N l, , ****l 1+'' 5555k N l, ,'' ^̂̂̂k N l 1+, , ****l 2+'' 7777k N l, ,'' ^̂̂̂k N l 2+, , ,+ + + +=

Gk N l, , Sk N l, , 5555k N l, , Gk 1+ N l, , 7777k N l, , Gk 2+ N l, , 5555k N l, ,'' Gk N l 1+, , 7777k N l, ,'' Gk N l 2+, , ;+ + + +=

^̂̂̂k j I, , ]]]]k j I, , 5555k j I, , ^̂̂̂k 1+ j I, , 7777k j I, , ^̂̂̂k 2+ j I, , **** j 1+' 5555k j I, ,' ^̂̂̂k j 1+ I, , **** j 2+' 7777k j I, ,' ^̂̂̂k j 2+ I, , ,+ + + +=

Gk j I, , Sk j I, , 5555k j I, , Gk 1+ j I, , 7777k j I, , Gk 2+ j I, , 5555k j I, ,' Gk j 1+ I, , 7777k j I, ,' Gk j 2+ I, , .+ + + +=

∂Q j l,

∂WM s t, ,
------------------∆WM s t, ,

∂Q j l,

∂ps t,
------------∆ ps t,+ 

 
t 1=

I

∑
s 1=

N

∑ Q j l, .–=
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ëÓ‚ÏÂÒÚÌÓ Ò (4.10), (4.13) ËÏÂÂÚ ÒËÒÚÂÏÛ Û‡‚ÌÂÌËÈ ‰Îfl Ì‡ıÓÊ‰ÂÌËfl ∆pj, l Ë Á‡ÚÂÏ ∆3333j, l. ùÚ‡ ÒËÒÚÂ-
Ï‡ Â¯‡ÂÚÒfl Ò ËÒÔÓÎ¸ÁÓ‚‡ÌËÂÏ ÏÂÚÓ‰‡ Ï‡ÚË˜ÌÓÈ ÔÓ„ÓÌÍË. Ç‚Â‰ÂÏ ‚ÂÍÚÓ ∆pj ‡ÁÏÂÌÓÒÚË I:

ÑÎfl ˝ÚÓÈ ‚ÂÍÚÓÌÓÈ ÙÛÌÍˆËË ‚ Ó·˘ÂÏ ÒÎÛ˜‡Â ËÏÂÂÏ ÒËcÚÂÏÛ Û‡‚ÌÂÌËÈ

(4.15)

„‰Â Ï‡ÚËˆ˚ Aj, s Ë ‚ÂÍÚÓ˚ Fj Ì‡ıÓ‰flÚÒfl ËÁ (4.13), (4.10), (4.14). ÅÛ‰ÂÏ ËÒÍ‡Ú¸ ÔË·ÎËÊÂÌÌÓÂ Â-
¯ÂÌËÂ ˝ÚËı Û‡‚ÌÂÌËÈ Ì‡ Í‡Ê‰ÓÈ n-È ËÚÂ‡ˆËË Ë ·Û‰ÂÏ ÔËÌËÏ‡Ú¸ ‚ ‡ÒÒÏÓÚÂÌËÂ ‰Îfl Í‡Ê‰Ó„Ó
‚ÂÍÚÓ‡ Û‡‚ÌÂÌËfl Ò ËÌ‰ÂÍÒÓÏ j ÚÓÎ¸ÍÓ ÔflÚ¸ Ï‡ÚËˆ, ·ÎËÊ‡È¯Ëı Í ‰Ë‡„ÓÌ‡Î¸ÌÓÈ Ï‡ÚËˆÂ A Ò ËÌ-
‰ÂÍÒÓÏ j, j, Ú.Â. Ï‡ÚËˆ˚ Aj, j – 2, …, Aj, j + 2. ÑÎfl Â¯ÂÌËfl ˝ÚËı Û‡‚ÌÂÌËÈ ËÒÔÓÎ¸ÁÓ‚‡ÎÒfl ÏÂÚÓ‰ Ï‡Ú-
Ë˜ÌÓÈ ÔÓ„ÓÌÍË, ÓÒÌÓ‚‡ÌÌ˚È Ì‡ ÂÍÛÂÌÚÌÓÏ ËÒÔÓÎ¸ÁÓ‚‡ÌËË ÙÓÏÛÎ˚

(4.16)

á‰ÂÒ¸ Rj Ë T fl‚Îfl˛ÚÒfl I × I-Ï‡ÚËˆ‡ÏË, ‡ Sj ÂÒÚ¸ I-ÍÓÏÔÓÌÂÌÚÌ˚È ‚ÂÍÚÓ.

äÓÏ·ËÌËÛfl (4.16) Ò Û‡‚ÌÂÌËflÏË (4.14), ÏÓÊÌÓ ‚˚‚ÂÒÚË ÒÎÂ‰Û˛˘Û˛ ÂÍÛÒË‚ÌÛ˛ ÙÓÏÛÎÛ
‰Îfl ‚˚˜ËÒÎÂÌËfl ÔÓ„ÓÌÓ˜Ì˚ı Ï‡ÚËˆ:

„‰Â Ï‡ÚËˆ˚ Bj Ë Dj ‰‡˛ÚÒfl ‚˚‡ÊÂÌËflÏË

óÚÓ·˚ Ì‡˜‡Ú¸ ‚˚˜ËÒÎÂÌËfl, Ï˚ ËÒÔÓÎ¸ÁÓ‚‡ÎË ÒÎÂ‰Û˛˘ËÂ Ì‡˜‡Î¸Ì˚Â ÛÒÎÓ‚Ëfl:

Ë

èË j = N – 1 Ï‡ÚËˆ˚ Aj, j + 2 Ë ÔË j = N Ï‡ÚËˆ˚ Aj, j + 1, Aj, j + 2 ÓÚÒÛÚÒÚ‚Û˛Ú, Ú.Â. ÙÓÏ‡Î¸ÌÓ ˝ÚË
Ï‡ÚËˆ˚ ‡‚Ì˚ ÌÛÎ˛. í‡ÍËÏ Ó·‡ÁÓÏ, Ï‡ÚËˆ˚ RN, TN, TN – 1 ‡‚Ì˚ ÌÛÎ˛ Ë ÔË j = N Ì‡ıÓ‰ËÏ ∆pN:

(4.17)

Ñ‡ÎÂÂ Ì‡ıÓ‰ËÏ ∆pj ËÁ (4.16) ‰Îfl j = N – 1, …, 1 Ë ∆  ËÁ (4.10). ÇÂÍÚÓ˚ ∆Wk, j, l Ì‡ıÓ‰flÚÒfl ËÁ (4.13).

çÓ‚ÓÂ ÔË·ÎËÊÂÌËÂ ‰Îfl ‚ÂÍÚÓÓ‚  Ë  ·ÂÂÚÒfl ‚ ÙÓÏÂ

(4.18)

„‰Â r – ÂÎ‡ÍÒ‡ˆËÓÌÌ˚È Ô‡‡ÏÂÚ.

∆p j

∆ p j 1,

…
∆ p j l,

…
∆ p j I,

.=

A j s, ∆ps

s 1=

N

∑ F j+ 0, j 1 2 … N ,, , ,= =

∆p j R j∆p j 1+ T j∆p j 2+ S j, j+ + 1 2 … N 2.–, , ,= =

R j D j
1– B jT j 1– A j j 1+,+( ), j– 3 4 … N 1,–, , ,= =

T j D j
1– A j j 2+, , j– 3 4 … N 2,–, , ,= =

S j D j
1– B jS j 1– S j 2– F j+ +( ), j– 3 4 … N ,, , ,= =

B j A j j 2–, R j 2– A j j 1–, , D j+ B jR j 1– A j j 2–, T j 2– A j j, .+ += =

R1 A1 1,
1– A1 2, , T1– A1 1,

1– A1 3, , S1– A1 1, F1= = =

R2 A' A2 1, T1 A2 3,+( ), A' A2 1, R1 A2 2,+( ) 1– ,–= =

S2 A' A2 1, F1 F2+( ), T2 A'A2 4, .= =

∆pN SN .=

3333 j l,
n

Wk j l, ,
n 1+

3333 j l,
n 1+

Wk j l, ,
n 1+ Wk j l, ,

n r∆Wk j l, , , 3333 j l,
n 1++ 3333 j l,

n r∆3333 j l, , p j l,
n 1++ p j l,

n r∆ p j l, ,+= = =
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äÓÓÎÂ‚

5. åÖíéÑ Ä

ç‡ ÓÒÌÓ‚Â ‰‡ÌÌÓ„Ó ‡Î„ÓËÚÏ‡ ·˚ÎË ‡Á‡·ÓÚ‡Ì˚ ÏÂÚÓ‰˚ Â¯ÂÌËfl ÚÂıÏÂÌ˚ı Û‡‚ÌÂÌËÈ ÔÓ-
„‡ÌË˜ÌÓ„Ó ÒÎÓfl Ò ÓÚ˚‚ÓÏ Ë ‚Á‡ËÏÓ‰ÂÈÒÚ‚ËÂÏ. Ç ÏÂÚÓ‰Â Ä Â¯ÂÌËÂ Ì‡ıÓ‰ËÚÒfl ‰Îfl ‚ÂÍÚÓ‡ W,
ÓÔÂ‰ÂÎÂÌÌÓ„Ó ‚ (3.24):

(5.1)

ÑÎfl ˝ÚÓ„Ó ‚ÂÍÚÓ‡ ÒËÒÚÂÏ‡ „‡ÌË˜Ì˚ı ÛÒÎÓ‚ËÈ ËÏÂÂÚ ÒÎÂ‰Û˛˘Û˛ ÙÓÏÛ. ë ÎÂ‚ÓÈ ÒÚÓÓÌ˚ ‚˚-
˜ËÒÎËÚÂÎ¸ÌÓÈ Ó·Î‡ÒÚË ËÏÂÂÏ

(5.2)

á‰ÂÒ¸ Ë ‰‡ÎÂÂ , s = 1, …, 5, ÓÔÂ‰ÂÎflÂÚ ÍÓÌÂ˜ÌÓ-‡ÁÌÓÒÚÌ˚È ÓÔÂ‡ÚÓ, ‰ÂÈÒÚ‚Û˛˘ËÈ Ì‡ ÒÂ-
ÚÓ˜ÌÛ˛ ÙÛÌÍˆË˛ {ωk, j, l}, {τk, 1, l}, {vk, 1, l}, {uk, 1, l}, {wk, j, l}. íÓ„‰‡ „‡ÌË˜Ì˚Â ÛÒÎÓ‚Ëfl (5.2) ÏÓ„ÛÚ
·˚Ú¸ ÔÂ‰ÒÚ‡‚ÎÂÌ˚ ‚ ‚Ë‰Â

(5.3)

ÇÓÁ‚‡ÚËÏÒfl Í Û‡‚ÌÂÌËflÏ (3.1), (3.2). ÑÎfl ÛÁÎÓ‚˚ı ÚÓ˜ÂÍ ÎËÌËË ÒÂÚÍË, ÒÎÂ‰Û˛˘ÂÈ ‚‚Âı ÔÓ
ÔÓÚÓÍÛ ÓÚ „‡ÌËˆ˚, ËÒÔÓÎ¸ÁÓ‚‡Î‡Ò¸ ‡ÔÔÓÍÒËÏ‡ˆËfl ä˝ÌÍ‡–çËÍÓÎÒÓÌ ‰Îfl ∂ω/∂x, ∂τ/∂x, ÔË‚Ó‰fl
Í ÒÎÂ‰Û˛˘ÂÈ ÍÓÌÂ˜ÌÓ-‡ÁÌÓÒÚÌÓÈ ÒıÂÏÂ ‚ÚÓÓ„Ó ÔÓfl‰Í‡ ‰Îfl (3.1), (3.2), ÍÓÚÓ‡fl ËÒÔÓÎ¸ÁÛÂÚÒfl
‰Îfl j = 2 Ë ‚ÒÂı k = 2, 3, …, M – 1, l = 2, 3, …, I – 1:

(5.4)

(5.5)

Wk j l, ,

ωk j l, ,

τk j l, ,

v k j l, ,

uk j l, ,

wk j l, ,

.=

Lk 1 l, ,
1 ωk 1 l, , 1– 0, Lk 1 l, ,

2 τk 1 l, , 0, Lk 1 l, ,
3

v k 1 l, , 0,= = = = = =

Lk 1 l, ,
4 uk 1 l, , yk– 0, Lk 1 l, ,

5 wk 1 l, , 0, k 1 2 … M, l, , , 1 2 … I ., , ,= = = = = =

Lk j l, ,
s

Lk 1 l, ,

Lk 1 l, ,
1

…

Lk 1 l, ,
3

…

Lk 1 l, ,
5

0.= =

Lk j l, ,
1 1

2
--- uk j l, , uk j 1– l, ,+( )

ωk j l, , ωk j 1– l, ,–
x j x j 1––

------------------------------------ 1
2
--- v k j l, , v k j 1– l, ,+( )

λ yωk j l, , λ yωk j 1– l, ,+
2

------------------------------------------------ ++=

+
1
2
--- wk j l, , wk j 1– l, ,+( )

ωk j l 1–, , ωk j l 1+, ,– ωk j 1– l 1–, , ωk j 1– l 1+, ,–+
2 zl 1+ zl 1––( )

------------------------------------------------------------------------------------------------------ –

–
1
2
--- ωk j l, , ωk j 1– l, ,+( )

wk j l 1–, , wk j l 1+, ,– wk j 1– l 1–, , wk j 1– l 1+, ,–+
2 zl 1+ zl 1––( )

------------------------------------------------------------------------------------------------------ +

+
1
2
--- τk j l, , τk j 1– l, ,+( )

uk j l 1–, , uk j l 1+, ,– uk j 1– l 1–, , uk j 1– l 1+, ,–+
2 zl 1+ zl 1––( )

--------------------------------------------------------------------------------------------------
λ yyωk j l, , λ yyωk j 1– l, ,+

2
----------------------------------------------------– 0,=

Lk j l, ,
2 1

2
--- uk j l, , uk j 1– l, ,+( )

τk j l, , τk j 1– l, ,–
x j x j 1––

--------------------------------- 1
2
--- v k j l, , v k j 1– l, ,+( )

λ yτk j l, , λ yτk j 1– l, ,+
2

--------------------------------------------- ++=

+
1
2
--- wk j l, , wk j 1– l, ,+( )

τk j l 1–, , τk j l 1+, ,– τk j 1– l 1–, , τk j 1– l 1+, ,–+
2 zl 1+ zl 1––( )

------------------------------------------------------------------------------------------------ –

–
1
2
--- ωk j l, , ωk j 1– l, ,+( )

wk j l, , wk j 1– l, ,–
x j x j 1––

------------------------------------ 1
2
--- τk j l, , τk j 1– l, ,+( )

uk j l, , uk j 1– l, ,–
x j x j 1––

----------------------------------
λ yyτk j l, , λ yyτk j 1– l, ,+

2
-------------------------------------------------–+ 0.=
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(5.6)

(5.7)

(5.8)

ëËÏ‚ÓÎ˚ λy Ë λyy ‚ (5.4), (5.5) Ó·ÓÁÌ‡˜‡˛Ú ÍÓÌÂ˜ÌÓ-‡ÁÌÓÒÚÌ˚Â ÓÔÂ‡ÚÓ˚, ‰ÂÈÒÚ‚Û˛˘ËÂ Ì‡ ÒÂ-
ÚÓ˜ÌÛ˛ ÙÛÌÍˆË˛, ˜ÚÓ·˚ ÔÂ‰ÒÚ‡‚ËÚ¸ ÔÂ‚Û˛ Ë ‚ÚÓÛ˛ ÔÓËÁ‚Ó‰Ì˚Â ÔÓ y. ÅÛ‰Û˜Ë ÔËÏÂÌÂÌ˚ Í
Á‡‚ËıÂÌÌÓÒÚË, ÓÌË ÏÓ„ÛÚ ·˚Ú¸ Á‡ÔËÒ‡Ì˚ ‚ ‚Ë‰Â

(5.9)

(5.10)

á‰ÂÒ¸

Ë

Ç˚‡ÊÂÌËfl (5.4), (5.5), ·Û‰Û˜Ë ÔÓ‰ÒÚ‡‚ÎÂÌ˚ ‚ (3.1), (3.2), ÔÓÁ‚ÓÎfl˛Ú ‚˚˜ËÒÎËÚ¸ ‚ÂÎË˜ËÌ˚ Lk, j, l
‰Îfl Î˛·Ó„Ó ‡ÒÔÂ‰ÂÎÂÌËfl {ωk, j, l} ‚ ÔÓÚÓÍÂ. ùÚ‡ ÒıÂÏ‡ ÛÒÚÓÈ˜Ë‚‡ ÔË ÛÒÎÓ‚ËË, ̃ ÚÓ ÔÓ‰ÓÎ¸Ì‡fl ÍÓÏ-
ÔÓÌÂÌÚ‡ ÒÍÓÓÒÚË u ÔÓÎÓÊËÚÂÎ¸Ì‡, ˜ÚÓ ÒÔ‡‚Â‰ÎË‚Ó ‰Îfl ÎÂ‚ÓÈ „‡ÌËˆ˚ ‡Ò˜ÂÚÌÓÈ ÒÂÚÍË (j = 1) Ë
‰Îfl ÎËÌËÈ ÒÂÚÍË, ·ÎËÊ‡È¯ÂÈ Í ÌÂÈ ( j = 2). é‰Ì‡ÍÓ ‰‡ÎÂÂ ‚ÌËÁ ÔÓ ÔÓÚÓÍÛ ÔÓ‰ÓÎ¸Ì‡fl ÍÓÏÔÓÌÂÌÚ‡
ÒÍÓÓÒÚË ËÁÏÂÌflÂÚ ÁÌ‡Í, ÂÒÎË ÓÚ˚‚ ËÏÂÂÚ ÏÂÒÚÓ. óÚÓ·˚ ÛÔ‡‚ÎflÚ¸ ˝ÚÓÈ ÒËÚÛ‡ˆËÂÈ, ÌÂÓ·ıÓ‰ËÏÓ
Ò‰ÂÎ‡Ú¸ ÒıÂÏÛ ÛÒÚÓÈ˜Ë‚ÓÈ ÌÂÁ‡‚ËÒËÏÓ ÓÚ ÁÌ‡Í‡ u. ùÚÓ ·˚ÎÓ ‰ÓÒÚË„ÌÛÚÓ ËÒÔÓÎ¸ÁÓ‚‡ÌËÂÏ ‚ (3.1),
(3.2) ‚ÏÂÒÚÓ ‡ÔÔÓÍÒËÏ‡ˆËË ä˝ÌÍ‡–çËÍÓÎÒÓÌ ‡ÔÔÓÍÒËÏ‡ˆËË ÔÓÚË‚ ÔÓÚÓÍ‡ ‰Îfl ∂/∂x, ÔÂ‰ÒÚ‡‚-
ÎÂÌÌÓÈ ‚ ‚Ë‰Â

(5.11)

„‰Â

íÓ„‰‡ Û‡‚ÌÂÌËfl (3.1), (3.2) ÔËÌËÏ‡˛Ú ‚Ë‰

(5.12)

(5.13)

˜ÚÓ ·˚ÎÓ ËÒÔÓÎ¸ÁÓ‚‡ÌÓ ‰Îfl j = 3, 4, …, N Ë k = 2, 3, …, M – 1. ëÌÓ‚‡ ËÒÔÓÎ¸ÁÛÂÏ ÙÓÏÛÎ˚ (5.9),

Lk j l, ,
3 v k j l, , v k j 1– l, , v k 1– j l, ,– v k 1– j 1– l, ,–+

2 yk yk 1––( )
------------------------------------------------------------------------------------------

uk j l, , uk j 1– l, ,–
x j x j 1––

---------------------------------- ++=

+
wk j l 1–, , wk j l 1+, ,– wk j 1– l 1–, , wk j 1– l 1+, ,–+

2 zl 1+ zl 1––( )
------------------------------------------------------------------------------------------------------,

Lk j l, ,
4 uk j l, , uk 1– j l, ,–

yk yk 1––
---------------------------------- 0.5 ωk j l, , ωk 1– j l, ,+( ),–=

Lk j l, ,
5 wk j l, , wk 1– j l, ,–

yk yk 1––
------------------------------------ 0.5 τk j l, , τk 1– j l, ,+( ).–=

λ yωk j l, ,
ξ2ωk 2β– j l, ,– ωk β– j l, , 1 ξ2–( )ωk j l, ,–+

yk 2β– yk–( ) ξ ξ 2–( )
--------------------------------------------------------------------------------------------,=

λ yyωk j l, , 2
νωk 2β– j l, , δωk β– j l, , ωk β+ j l, , 1 δ ν+ +( )ωk j l, ,–+ +

ν δξ2 γ2+ +( ) yk 2β– yk–( )2
--------------------------------------------------------------------------------------------------------------------------.=

β
v k j l, , v k j 1– l, ,+( ), k 2 M 1,–,≠sign

1, k– 2,=

1, k M 1–=





=

γ
yk β+ yk–
yk 2β– yk–
-----------------------, ξ

yk β– yk–
yk 2β– yk–
-----------------------, δ γ γ3–

ξ3 ξ–
-------------, ν γ3 γξ2–

ξ2 1–
-------------------.= = = =

λ xωk j l, ,
1

x j x j α––
---------------------

ωk j 2α– l, ,

µ µ 1–( )
---------------------

µ
µ 1–
------------ωk j α– l, ,–

1 µ+
µ

------------ωk j l, ,+ ,=

α uk j l, , , µsign
x j x j 2α––
x j x j α––
-----------------------.= =

Lk j l, ,
1 uk j l, , λ xωk j l, , v k j l, , λ yωk j l, , wk j l, , λ zωk j l, , ωk j l, , λ zwk j l, ,– τk j l, , λ zuk j l, , λ yyωk j l, ,–+ + + 0,= =

Lk j l, ,
2 uk j l, , λ xτk j l, , v k j l, , λ yτk j l, , wk j l, , λ zτk j l, , τk j l, , λ xuk j l, ,– ωk j l, , λ xwk j l, , λ yyτk j l, ,–+ + + 0,= =
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(5.10) ‰Îfl ÔÓËÁ‚Ó‰Ì˚ı ω Ë τ ÔÓ y. äÓÏÂ ÚÓ„Ó, Ô‡‡ÏÂÚ β Á‡‚ËÒËÚ ÓÚ ÁÌ‡Í‡ vk, j, l, Ú.Â.

(5.14)

ÑÎfl ‚˚˜ËÒÎÂÌËfl ÔÓÒÎÂ‰ÌÂÈ ÍÓÏÔÓÌÂÌÚ˚ ÒÍÓÓÒÚË vk, j, l ‚ (5.12) Ë (5.13) ËÒÔÓÎ¸ÁÛÂÚÒfl ÒÎÂ‰Û˛˘‡fl
‡ÔÔÓÍÒËÏ‡ˆËfl:

(5.15)

á‰ÂÒ¸ ‰Îfl λxuk, j ÙÓÏÛÎ‡ (5.11) ËÒÔÓÎ¸ÁÛÂÚÒfl Ò α = 1, ÍÓÚÓ‡fl ÒÓÓÚ‚ÂÚÒÚ‚ÛÂÚ ‡ÔÔÓÍÒËÏ‡ˆËË ‚‚Âı
ÔÓ ÔÓÚÓÍÛ ÔÓËÁ‚Ó‰ÌÓÈ ∂u/∂x. ÑÎfl ÓÔÂ‡ÚÓ‡ λz ‚ Û‡‚ÌÂÌËflı (5.12), (5.13) Ë (5.15) ËÒÔÓÎ¸ÁÛÂÚÒfl
ˆÂÌÚ‡Î¸Ì‡fl ‡ÁÌÓÒÚ¸. ÄÔÔÓÍÒËÏ‡ˆËfl ∂/∂z ‰‡ÂÚÒfl ÙÓÏÛÎÓÈ

(5.16)

„‰Â

äÓÏÔÓÌÂÌÚ˚ ÔÓ‰ÓÎ¸ÌÓÈ uk, j, l Ë ÔÓÔÂÂ˜ÌÓÈ ÒÍÓÓÒÚË wk, j, l ‚ (5.12) Ë (5.13) ‚˚˜ËÒÎfl˛ÚÒfl Ò ÔÓÏÓ-
˘¸˛ (5.7) Ë (5.8). ç‡ ÌËÊÌÂÈ „‡ÌËˆÂ ‚˚˜ËÒÎËÚÂÎ¸ÌÓÈ Ó·Î‡ÒÚË „‡ÌË˜Ì˚Â ÛÒÎÓ‚Ëfl (3.7) ÔÂ‰ÒÚ‡‚-
Îfl˛ÚÒfl ‚ ‚Ë‰Â

„‰Â ÓÔÂ‡ÚÓ  ‰‡ÂÚÒfl ÙÓÏÛÎÓÈ (5.9) Ò β = –1. É‡ÌË˜Ì˚Â ÛÒÎÓ‚Ëfl (3.14) Ì‡ ‚ÂıÌÂÈ ÔÓ‚Âı-
ÌÓÒÚË ‡Ò˜ÂÚÌÓÈ ÒÂÚÍË ‡Ì‡ÎÓ„Ë˜Ì˚ Û‡‚ÌÂÌË˛ ‰Îfl Á‡‚ËıÂÌÌÓÒÚË (3.1). ÑÎfl j = 2 ËÒÔÓÎ¸ÁÛÂÚÒfl ‡Ô-
ÔÓÍÒËÏ‡ˆËfl ä˝ÌÍ‡–çËÍÓÎÒÓÌ:

(5.17)

(5.18)

ÑÎfl ÓÒÚ‡Î¸Ì˚ı ÚÓ˜ÂÍ ‡Ò˜ÂÚÌÓÈ Ó·Î‡ÒÚË, Ú.Â. ‰Îfl j = 3, 4, …, N, ËÒÔÓÎ¸ÁÛÂÚÒfl ‡ÔÔÓÍÒËÏ‡ˆËfl
‚‚Âı ÔÓ ÔÓÚÓÍÛ ‰Îfl ÔÂ‰ÒÚ‡‚ÎÂÌËfl ∂/∂x ËÁ (3.14), ÔË‚Ó‰fl˘‡fl Í ‚Ë‰Û

(5.19)

(5.20)

á‰ÂÒ¸  ‚ÁflÚ‡ ËÁ (5.11) Ò α = 1. éÔÂ‡ÚÓ˚ , ,  ÚÂ ÊÂ Ò‡Ï˚Â, ̃ ÚÓ Ë , ,

β
v k j l, , , k 2 M 1,–,≠sign

1, k– 2,=

1, k M 1.–=





=

Lk j l, ,
3 v k j l, , v k 1– j l, ,–

yk yk 1––
------------------------------------ λ xuk j l, , λ zwk j l, ,+ + 0.= =

λ zωk j l, ,
1

zl zl 1+–
-------------------

ωk j l 1–, ,

µ' µ' 1–( )
-----------------------

µ'
µ' 1–
-------------ωk j l 1+, ,–

1 µ'+
µ'

-------------ωk j l, ,+ ,=

µ'
zl zl 1––
zl zl 1+–
-------------------.=

L1 j l, ,

λ y
β 1–=( )ω1 j l, , px j l, ,'–

λ y
β 1–=( )τ1 j l, , pz j l, ,'–

v 1 j l, ,

u1 j l, ,

w1 j l, ,

0, j 2 3 … N , l, , , 2 3 … I 1,–, , ,= = = =

λ y
β 1–=( )

LM j l, ,
1 ωM j l, , ωM j 1– l, ,–

x j x j 1––
---------------------------------------

τk j l 1–, , τk j l 1+, ,– τk j 1– l 1–, , τk j 1– l 1+, ,–+
2 zl 1+ zl 1––( )

------------------------------------------------------------------------------------------------+ 0,= =

LM j l, ,
2 τM j l, , τM j 1– l, ,–

x j x j 1––
------------------------------------

1
2
--- pzj l,' ωM j l, , /uM j l, ,

2 pz j 1– l,' ωM j 1– l, , /uM j 1– l, ,
2+( )– 0.= =

LM j l, ,
1 λ x

α 1=( )ωM j l, , λ zτk j l, ,+ 0,= =

LM j l, ,
2 λ x

α 1=( )τM j l, ,  – pzj l,' ωM j l, , /uM j l, ,
2 0.= =

λ x
α 1=( ) LM j l, ,

3 LM j l, ,
4 LM j l, ,

5 Lk j l, ,
3 Lk j l, ,

4
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 ËÁ Û‡‚ÌÂÌËÈ (5.6)–(5.8) ÔË k = M. ç‡ ÔÂÂ‰ÌÂÈ Ë Á‡‰ÌÂÈ „‡ÌËˆ‡ı Ú‡ÍÊÂ ËÏÂÂÏ ‰Îfl l = 1 Ë l = I:

(5.21)

ùÚÓÚ Ó·˘ËÈ ÔÓ‰ıÓ‰ ·˚Î ÔËÏÂÌÂÌ ‰Îfl Â¯ÂÌËfl ÚÂıÏÂÌ˚ı Û‡‚ÌÂÌËÈ ÒÓ Ò‚ÂıÁ‚ÛÍÓ‚˚Ï ÛÒÎÓ-
‚ËÂÏ ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl. ÇÓÁ‚‡˘‡flÒ¸ Í ÛÒÎÓ‚Ë˛ ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl (2.9), Ì‡‰Ó ÔËÌflÚ¸ ‚Ó ‚ÌËÏ‡ÌËÂ,
˜ÚÓ ‚Á‡ËÏÓ‰ÂÈÒÚ‚ËÂ ‚Â‰ÂÚ Í ‚ÎËflÌË˛ ‚‚Âı ÔÓ ÔÓÚÓÍÛ ˜ÂÂÁ ‚ÂÒ¸ ÔÓ„‡ÌË˜Ì˚È ÒÎÓÈ, ‰‡ÊÂ ÍÓ„‰‡
ÔÓ„‡ÌË˜Ì˚È ÒÎÓÈ Ì‡ ÚÂÎÂ fl‚ÎflÂÚÒfl ‚Ò˛‰Û ·ÂÁÓÚ˚‚Ì˚Ï. ùÚÓ ÁÌ‡˜ËÚ, ˜ÚÓ ÚÂ·ÛÂÚÒfl ‰ÓÔÓÎÌË-
ÚÂÎ¸ÌÓÂ „‡ÌË˜ÌÓÂ ÛÒÎÓ‚ËÂ ‚ÌËÁ ÔÓ ÔÓÚÓÍÛ ÓÚ Ó·Î‡ÒÚË ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl. ÅÛ‰ÂÏ ÔÂ‰ÔÓÎ‡„‡Ú¸, ˜ÚÓ
ÙÓÏ‡ Ó·ÚÂÍ‡ÂÏÓÈ ÌÂÓ‚ÌÓÒÚË ÒÚÂÏËÚÒfl Í ÌÛÎ˛ ÔË x2 + z2  ∞ Ë ÓÚ˚‚ ÔÓÚÓÍ‡, ÂÒÎË ËÏÂÂÚÒfl,
fl‚ÎflÂÚÒfl ÎÓÍ‡Î¸Ì˚Ï, ÔÓ˝ÚÓÏÛ

p = 0 ÔË x = ∞, (5.22)

p = 0 ÔË z = ±∞. (5.23)

ùÚÓ ÁÌ‡˜ËÚ, ˜ÚÓ Û‡‚ÌÂÌËÂ (2.9) ‰ÓÎÊÌÓ ·˚Ú¸ ‡ÔÔÓÍÒËÏËÓ‚‡ÌÓ Ú‡Í, ˜ÚÓ·˚ ÔË‚ÌÓÒËÚ¸ Á‡‚ËÒË-
ÏÓÒÚ¸ Â¯ÂÌËfl ‚ ‚˚˜ËÒÎËÚÂÎ¸ÌÓÈ Ó·Î‡ÒÚË ÓÚ ÒÓÒÚÓflÌËfl ÔÓÚÓÍ‡ ‚ÌËÁ ÔÓ ÚÂ˜ÂÌË˛. ùÚÓ ‰ÓÒÚË„‡ÂÚ-
Òfl ËÒÔÓÎ¸ÁÓ‚‡ÌËÂÏ ‡ÔÔÓÍÒËÏ‡ˆËË ‚ÌËÁ ÔÓ ÔÓÚÓÍÛ ‰Îfl ÔÂ‰ÒÚ‡‚ÎÂÌËfl ÙÛÌÍˆËË p ‚ (2.9). Ç ÂÁÛÎ¸-
Ú‡ÚÂ ÔÓÎÛ˜‡ÂÏ ÒÎÂ‰Û˛˘ËÈ fl‰ ÓÔÂ‡ÚÓÌ˚ı Û‡‚ÌÂÌËÈ:

(5.24)

ÍÓÚÓ˚È ‰ÓÎÊÂÌ ·˚Ú¸ ËÒÔÓÎ¸ÁÓ‚‡Ì ‰Îfl j = 1, 2, …, N – 1, l = 2, 3, …, I – 1. Ç ËÚÓ„Â ÛÒÎÓ‚ËÂ ‚ÌËÁ ÔÓ
ÔÓÚÓÍÛ (5.22) ‰‡ÂÚ

(5.25)

Ë ÛÒÎÓ‚ËÂ Á‡ÚÛı‡ÌËfl ‰‡‚ÎÂÌËfl ÔË ·ÓÎ¸¯Ëı |z| ËÏÂÂÚ ‚Ë‰

(5.26)

í‡ÍËÏ Ó·‡ÁÓÏ, ‡ÒÔÂ‰ÂÎÂÌËÂ p1, l (l = 2, 3, …, I – 1) ÌÂ Á‡‰‡ÂÚÒfl Á‡‡ÌÂÂ, ‡ ÓÔÂ‰ÂÎflÂÚÒfl ˜ÂÂÁ
ÒËÒÚÂÏÛ Û‡‚ÌÂÌËÈ (5.24), ‡ÔÔÓÍÒËÏËÛ˛˘Ëı ÛÒÎÓ‚ËÂ ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl, Ë ÒËÒÚÂÏÛ Í‡Â‚˚ı ÛÒÎÓ-
‚ËÈ (5.25), (5.26).

çÂÓ·ıÓ‰ËÏÓ ÓÔÂ‰ÂÎËÚ¸, Í‡Í ‡ÔÔÓÍÒËÏËÓ‚‡Ú¸ „‡‰ËÂÌÚ ‰‡‚ÎÂÌËfl ‚ ÙÓÏÛÎÂ (3.24):

(5.27)

(5.28)

„‰Â

ùÚÓ Á‡Í‡Ì˜Ë‚‡ÂÚ ÙÓÏÛÎËÓ‚‡ÌËÂ ÍÓÌÂ˜ÌÓ-‡ÁÌÓÒÚÌ˚ı Û‡‚ÌÂÌËÈ.

6. åÖíéÑ Ç

ùÚÓÚ ÏÂÚÓ‰ ÓÒÌÓ‚‡Ì Ì‡ ËÒÔÓÎ¸ÁÓ‚‡ÌËË ÙÛÌÍˆËË σ, ÓÔÂ‰ÂÎÂÌÌÓÈ ‚ [19] ÔÓ ÙÓÏÛÎÂ

(6.1)

Lk j l, ,
5

Lk j l, ,
1 ωk 1 l, , 1– 0, Lk j l, ,

2 τk 1 l, , 0, Lk j l, ,
3

v k 1 l, , 0,= = = = = =

Lk j l, ,
4 uk 1 l, , yk– 0, Lk j l, ,

5 wk 1 l, , 0, k 1 2 … M, l, , , 2 3 … N ., , ,= = = = = =

Q j l,
1
2
--- p j l, p j 1+ l,+( )

λ y
β 1=( )

vM j l, , vM j 1+ l, ,+( )
2

------------------------------------------------------------ 1
2
---

∂ f j l,

∂x
-----------

∂ f j 1+ l,

∂x
-----------------+ 

 , , 
  0,=

QN l, pN l, 0, l 1 2 … I ,, , ,= = =

Q j l, p j l, 0, j 2 3 … N , l, , , 1 Ë l I .= = = = =

∂p j l,

∂x
----------- 2

α' p j 1+ l, p j l, β'p j 1– l,+ +
x j 1+ x j–( ) α' η ξβ '+ +( )

-----------------------------------------------------------,=

∂p j l,

∂z
-----------

η
1 η–
------------λ z p j 1+ l,–

1
1 η–
------------λ z p j l, ,+=

j 2 3 … N 1, l–, , , 2 3 … I 1,–, , ,= =

α'
ξ2 η2–

1 ξ2–
----------------,– β'

η2 1–

1 ξ2–
--------------, η

x j 1– x1–
x j 1+ x j–
---------------------,= ==

ξ
2x j x j 1–– x j 2––

x j 1+ x j–
----------------------------------------, j– 3 4 … N 1, l–, , , 2 3 … I 1, ξ–, , , 3

x j x j 1––
x j 1+ x j–
---------------------, j 2.= = = = =

σ ∂ω
∂x
-------

∂τ
∂z
-----.+=
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ÑËÙÙÂÂÌˆËÛfl Û‡‚ÌÂÌËfl (3.1) ÔÓ x Ë Û‡‚ÌÂÌËfl (3.2) ÔÓ z Ë ÒÍÎ‡‰˚‚‡fl Ëı ‚ÏÂÒÚÂ, ÔÓÎÛ˜‡ÂÏ

(6.2)

„‰Â

ì‡‚ÌÂÌËfl (6.2) ‰ÓÎÊÌ˚ Û‰Ó‚ÎÂÚ‚ÓflÚ¸ „‡ÌË˜Ì˚Ï ÛÒÎÓ‚ËflÏ

σ = 0 ÔË x  –∞, (6.3)

σ = 0 ÔË z  ±∞, (6.4)

σ = 0 ÔË y  ∞, (6.5)

(6.6)

ìÒÎÓ‚Ëfl (6.3) Ë (6.4) ‚˚‚Ó‰flÚÒfl Ò ÔÓÏÓ˘¸˛ ‰ËÙÙÂÂÌˆËÓ‚‡ÌËfl Û‡‚ÌÂÌËÈ (2.5) Ë (2.6) ÔÓ x Ë z Ë
ÒÎÓÊÂÌËÂÏ ÂÁÛÎ¸Ú‡ÚÓ‚. ìÒÎÓ‚ËÂ (6.5) ‚˚‚Ó‰ËÚÒfl ËÁ (3.14). ìÒÎÓ‚ËÂ (6.6) ÔÓÎÛ˜‡ÂÚÒfl ‚ ÂÁÛÎ¸Ú‡ÚÂ
‰ËÙÙÂÂÌˆËÓ‚‡ÌËfl (2.1) Ë (2.2) ÔÓ x Ë z Ë ÒÎÓÊÂÌËÂÏ ÂÁÛÎ¸Ú‡ÚÓ‚ ÔË y = 0. ÑËÙÙÂÂÌˆËÛfl
Û‡‚ÌÂÌËÂ ÌÂ‡Á˚‚ÌÓÒÚË (2.3) ÔÓ y, Ì‡ıÓ‰ËÏ, ̃ ÚÓ ‚ÚÓ‡fl ÔÓËÁ‚Ó‰Ì‡fl ‚ÂÚËÍ‡Î¸ÌÓÈ ÍÓÏÔÓÌÂÌÚ˚
ÒÍÓÓÒÚË ÓÔÂ‰ÂÎflÂÚÒfl ÔÓ ÙÓÏÛÎÂ σ, ‡ ËÏÂÌÌÓ

(6.7)

Ò „‡ÌË˜Ì˚ÏË ÛÒÎÓ‚ËflÏË

(6.8)

˜ÚÓ ÒÎÂ‰ÛÂÚ ËÁ Û‡‚ÌÂÌËfl (2.3) ÔË y = 0. ë ˆÂÎ¸˛ ÔÂÂÙÓÏÛÎËÓ‚‡ÌËfl Á‡‰‡˜Ë ÓÔÂ‰ÂÎËÏ ‚ÂÍÚÓ
ÔÂÂÏÂÌÌ˚ı W Ë P:

(6.9)

é·ÓÁÌ‡˜ËÏ ÁÌ‡˜ÂÌËfl W(yk, xj, zl) ‚ÂÍÚÓ‡ W ‚ ÛÁÎ‡ı ‡Ò˜ÂÚÌÓÈ ÒÂÚÍË ˜ÂÂÁ Wk, j, l, ‡ ÁÌ‡˜ÂÌËfl P(xj, zl)
‚ÂÍÚÓ‡ P ‚ ÛÁÎ‡ı ‡Ò˜ÂÚÌÓÈ ÒÂÚÍË – ˜ÂÂÁ Pj, l. ÑÎfl ˝ÚËı ‚ÂÍÚÓÓ‚ ÒËÒÚÂÏ‡ „‡ÌË˜Ì˚ı ÛÒÎÓ‚ËÈ
ËÏÂÂÚ ÒÎÂ‰Û˛˘ËÈ ‚Ë‰. ëÌ‡˜‡Î‡ Ì‡ ÎÂ‚ÓÈ „‡ÌËˆÂ ‡Ò˜ÂÚÌÓÈ Ó·Î‡ÒÚË ËÒÔÓÎ¸ÁÛÂÏ Û‡‚ÌÂÌËfl

(6.10)

u
∂σ
∂x
------ v

∂σ
∂y
------ w

∂σ
∂z
------ Φ+ + +

∂2σ
∂y2
---------,=

Φ 2
∂u
∂z
------∂τ

∂x
------ ∂w

∂x
-------∂ω

∂z
-------+ 

  ∂u
∂x
------ ∂w

∂z
-------– 

  ∂ω
∂x
------- ∂τ

∂z
-----– 

  ∂v
∂x
-------∂ω

∂y
------- ∂v

∂z
-------∂τ

∂y
-----.+ + +=

∂σ
∂y
------ ∂2 p

∂x2
--------

∂2 p

∂z2
-------- ÔË y+ 0.= =

∂2
v

∂y2
--------- σ,–=

∂v
∂y
------- 0 ÔË y 0,= =

W

ω
τ
v

u

w

σ
v y'

, P
px'

pz'

pxx'' pzz''+

, IΩ 7, I p 3.= = = =

Lk 1 l, ,

ωk 1 l, , 1–

τk 1 l, ,

v k 1 l, ,

uk 1 l, , yk–

wk 1 l, ,

σk 1 l, ,

v yk 1 l, ,'

0, k 1 2 … M, l, , , 1 2 … I ., , ,= = = =
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ÑÎfl ÛÁÎÓ‚˚ı ÚÓ˜ÂÍ Ì‡ ÒÂÚÍÂ, ÒÎÂ‰Û˛˘Ëı ÔÓÒÎÂ ̋ ÚÓÈ „‡ÌËˆ˚ ‚ÌËÁ ÔÓ ÔÓÚÓÍÛ, ËÒÔÓÎ¸ÁÛÂÚÒfl ‡Ô-
ÔÓÍÒËÏ‡ˆËfl ä˝ÌÍ‡–çËÍÓÎÒÓÌ ‰Îfl ÔÂ‚˚ı ÔÓËÁ‚Ó‰Ì˚ı ÔÓ x ∂σ/∂x, ˜ÚÓ ÔË‚Ó‰ËÚ Í ÒÎÂ‰Û˛˘ÂÈ
ÍÓÌÂ˜ÌÓ-‡ÁÌÓÒÚÌÓÈ ÒıÂÏÂ ‚ÚÓÓ„Ó ÔÓfl‰Í‡ ÚÓ˜ÌÓÒÚË ‰Îfl Û‡‚ÌÂÌËfl (6.2), ËÒÔÓÎ¸ÁÛÂÏÓÈ ÔË j = 2 Ë
‚ÒÂı k = 2, 3, …, M – 1, l = 2, 3, …, I – 1:

(6.11)

(6.12)

„‰Â ÓÔÂ‡ÚÓ˚  Ë  ËÏÂ˛Ú ‚Ë‰

Ë λz ‰‡ÂÚÒfl ‚˚‡ÊÂÌËÂÏ (5.16). äÓÌÂ˜ÌÓ-‡ÁÌÓÒÚÌ˚Â ÓÔÂ‡ÚÓ˚ Û‡‚ÌÂÌËfl ÌÂ‡Á˚‚ÌÓÒÚË ÔÂ‰-
ÒÚ‡‚Îfl˛ÚÒfl ‚ ‚Ë‰Â

(6.13)

(6.14)

ÇÓ ‚ÌÛÚÂÌÌËı ÚÓ˜Í‡ı ‚˚˜ËÒÎËÚÂÎ¸ÌÓÈ ÒÂÚÍË ÔË j = 3, 4, …, N, k = 2, 3, …, M, l = 2, 3, …, I – 1
‚ÏÂÒÚÓ ÒıÂÏ˚ ä˝ÌÍ‡–çËÍÓÎÒÓÌ, ËÒÔÓÎ¸ÁÛfl ‡ÔÔÓÍÒËÏ‡ˆË˛ ÔÓÚË‚ ÔÓÚÓÍ‡ ‰Îfl ÔÂ‰ÒÚ‡‚ÎÂÌËfl
∂/∂x, ÔÓÎÛ˜‡ÂÏ

(6.15)

„‰Â

(6.16)

ÓÔÂ‡ÚÓ˚ λx Ë λz ÓÔÂ‰ÂÎÂÌ˚ ‚ (5.11), (5.16).

äÓÌÂ˜ÌÓ-‡ÁÌÓÒÚÌ˚Â ÓÔÂ‡ÚÓ˚ , , ,  ‰Îfl j = 3, 4, …, N, k = 2, 3, …, M, l =

= 2, 3, …, I – 1 ÚÂ ÊÂ Ò‡Ï˚Â, ˜ÚÓ Ë ‚ (5.12), (5.13), (5.7), (5.8); ÓÔÂ‡ÚÓ˚  Ë  Ú‡ÍÊÂ ÚÂ ÊÂ
Ò‡Ï˚Â, ˜ÚÓ Ë ‚ (6.13), (6.14).

É‡ÌË˜Ì˚Â ÛÒÎÓ‚Ëfl Ì‡ ‚ÂıÌÂÈ „‡ÌËˆÂ ‡Ò˜ÂÚÌÓÈ Ó·Î‡ÒÚË ÏÓ„ÛÚ ·˚Ú¸ ÔÂ‰ÒÚ‡‚ÎÂÌ˚ ‚ ‚Ë‰Â

(6.17)

äÓÌÂ˜ÌÓ-‡ÁÌÓÒÚÌ˚Â ÓÔÂ‡ÚÓ˚ , , ,  ‰Îfl j = 2, 3, …, N, l = 2, 3, …, I – 1 ÚÂ

ÊÂ Ò‡Ï˚Â, ˜ÚÓ Ë ‚ (5.12), (5.13), (5.7), (5.8); ÓÔÂ‡ÚÓ˚  Ë  Ú‡ÍÊÂ ÚÂ ÊÂ Ò‡Ï˚Â, ˜ÚÓ Ë ‚
(6.13), (6.14).

Lk j l, ,
6 1

2
--- uk j l, , uk j 1– l, ,+( )λ x

cσk j l, ,
1
2
--- v k j l, , v k j 1– l, ,+( )

λ yσk j l, , λ yσk j 1– l, ,+
2

----------------------------------------------- ++=

+
1
2
--- wk j l, , wk j 1– l, ,+( )λ z

cσk j l, , Φk j l, ,
λ yyσk j l, , λ yyσk j 1– l, ,+

2
---------------------------------------------------–+ 0,=

Φk j l, , 2 λ z
cuk j l, , λ x

cτk j l, , λ x
cwk j l, , λ z

cωk j l, ,+( ) λ x
cuk j l, , λ z

cwk j l, ,–( ) λ x
cωk j l, , λ z

cτk j l, ,–( ) ++=

+ λ x
c
v k j l, ,

λ y ωk j l, , ωk j 1– l, ,+( )
2

----------------------------------------------- λ z
c
v k j l, ,

λ y τk j l, , τk j 1– l, ,+( )
2

--------------------------------------------,+

λ x
c λ z

c

λ x
cσk j l, ,

σk j l, , σk j 1– l, ,–
x j x j 1––

-----------------------------------, λ z
cσk j l, ,

λ z σk j l, , σk j 1– l, ,+( )
2

----------------------------------------------= =

Lk j l, ,
3 v k j l, , v k j 1– l, , v k 1– j l, ,– v k 1– j 1– l, ,–+

2 yk yk 1––( )
------------------------------------------------------------------------------------------ 0.5 v yk j l, ,' v yk j 1– l, ,'–( )– 0,= =

Lk j l, ,
7 v yk j l, ,' v yk 1– j l, ,'–

yk yk 1––
---------------------------------------- 0.5 σk j l, , σk 1– j l, ,+( )+ 0.= =

Lk j l, ,
6 uk j l, , λ xσk j l, , v k j l, , λ yσk j l, , wk j l, , λ zσk j l, , Φk j l, , λ yyσk j l, ,–+ 0,=+ +=

Φk j l, , 2 λ zuk j l, , λ xτk j l, , λ xwk j l, , λ zωk j l, ,+( ) λ xuk j l, , λ zwk j l, ,–( ) λ xωk j l, , λ zτk j l, ,–( ) ++=

+ λ xv k j l, , λ yωk j l, , λ zv k j l, , λ yτk j l, , ,+

Lk j l, ,
1 Lk j l, ,

2 Lk j l, ,
5 Lk j l, ,

6

Lk j l, ,
4 Lk j l, ,

7

LM j l, ,
6 σM j l, , 0, j 2 3 … N , l, , , 2 3 … I 1.–, , ,= = = =

LM j l, ,
1 LM j l, ,

2 LM j l, ,
5 LM j l, ,

6

Lk j l, ,
4 Lk j l, ,

7
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ç‡ ÌËÊÌÂÈ „‡ÌËˆÂ ‡Ò˜ÂÚÌÓÈ Ó·Î‡ÒÚË „‡ÌË˜Ì˚Â ÛÒÎÓ‚Ëfl ËÏÂ˛Ú ‚Ë‰

„‰Â ÓÔÂ‡ÚÓ  ÓÔÂ‰ÂÎflÂÚÒfl ËÁ (5.9) Ò β = –1. äÓÌÂ˜ÌÓ-‡ÁÌÓÒÚÌ˚Â ÓÔÂ‡ÚÓ˚ Ì‡ ‚ÂıÌÂÈ

„‡ÌËˆÂ ‡Ò˜ÂÚÌÓÈ Ó·Î‡ÒÚË , , ,  ÚÂ ÊÂ Ò‡Ï˚Â, ˜ÚÓ Ë ‚ ÏÂÚÓ‰Â A. éÔÂ‡ÚÓ˚

,  Ì‡ıÓ‰flÚÒfl ËÁ (6.13), (6.14) ÔË k = M. ç‡ ÔÂÂ‰ÌÂÈ Ë Á‡‰ÌÂÈ „‡ÌËˆ‡ı ‡Ò˜ÂÚÌÓÈ Ó·-
Î‡ÒÚË ‰Îfl l = 1 Ë l = I Ú‡ÍÊÂ ËÏÂÂÏ

ÇÂÎË˜ËÌ‡ ∇ 2pj, l =  +  ‚˚˜ËÒÎflÂÚÒfl Ò ËÒÔÓÎ¸ÁÓ‚‡ÌËÂÏ ÒÎÂ‰Û˛˘ÂÈ ÍÓÌÂ˜ÌÓ-‡ÁÌÓÒÚÌÓÈ
ÒıÂÏ˚:
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7. ëêÄÇçÖçàÖ ëäéêéëíà ëïéÑàåéëíà åÖíéÑéÇ Ä à Ç
ë ÑêìÉàåà åÖíéÑÄåà

óÚÓ·˚ ÔÓ‚ÂÒÚË Ò‡‚ÌÂÌËÂ ÒÍÓÓÒÚË ÒıÓ‰ËÏÓÒÚË ÔÂ‰ÎÓÊÂÌÌ˚ı ÏÂÚÓ‰Ó‚ Ò ‰Û„ËÏË, ÊÂÎ‡-
ÚÂÎ¸ÌÓ ‡ÒÒ˜ËÚ‡Ú¸ Í‡ÍÛ˛-ÎË·Ó “ÚÂÒÚÓ‚Û˛ ÔÓ·ÎÂÏÛ”. í‡Í Í‡Í ‚ Ì‡ÒÚÓfl˘ÂÂ ‚ÂÏfl Ì‡Ï ÌÂ Û‰‡ÎÓÒ¸
Ó·Ì‡ÛÊËÚ¸ ‚ Ì‡Û˜ÌÓÈ ÎËÚÂ‡ÚÛÂ Í‡ÍÓ„Ó-ÌË·Û‰¸ ÚÂıÏÂÌÓ„Ó ‡Ò˜ÂÚ‡ Û‡‚ÌÂÌËfl ÔÓ„‡ÌË˜ÌÓ„Ó
ÒÎÓfl Ò ÛÒÎÓ‚ËÂÏ Ò‚ÂıÁ‚ÛÍÓ‚Ó„Ó ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl, ÚÓ Ï˚ ÔÓÚÂÒÚËÓ‚‡ÎË ÏÂÚÓ‰˚ Ì‡ ÔËÏÂÂ Â-
¯ÂÌËfl ‰‚ÛÏÂÌÓÈ Á‡‰‡˜Ë Ó·ÚÂÍ‡ÌËfl ‚flÁÍËÏ Ò‚ÂıÁ‚ÛÍÓ‚˚Ï ÔÓÚÓÍÓÏ ÒÓ ‚Á‡ËÏÓ‰ÂÈÒÚ‚ËÂÏ Ë ÓÚ˚-
‚ÓÏ Ï‡ÎÓÈ ÔÓÎÓÒÚË. îÓÏÛÎËÓ‚Í‡ Á‡‰‡˜Ë ‰Îfl Ú‡ÍÓ„Ó ÒÎÛ˜‡fl ‰‡Ì‡ ‚˚¯Â ÔË ÛÒÎÓ‚Ëflı ∂/∂z = 0,
w = τ = 0. ìÒÎÓ‚ËÂ ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl ‰Îfl ˝ÚÓ„Ó ÒÎÛ˜‡fl ‚ ·ÂÁ‡ÁÏÂÌ˚ı ÔÂÂÏÂÌÌ˚ı ÓÔËÒ˚‚‡ÂÚÒfl
Û‡‚ÌÂÌËÂÏ (2.11). îÓÏ‡ ÔÓÎÓÒÚË ‰‡ÂÚÒfl ÙÓÏÛÎÓÈ f(x) = h/(1 + x2), „‰Â h – Ô‡‡ÏÂÚ Á‡‰‡˜Ë. ê‡Á-
ÏÂ ‡Ò˜ÂÚÌÓÈ ÒÂÚÍË ·˚Î 701 × 101 Ò ÔÓÒÚÓflÌÌ˚Ï ¯‡„ÓÏ ∆x = 0.1, ∆y = 0.1. íÂ˜ÂÌËÂ ‡ÒÒ˜ËÚ˚‚‡-
ÎÓÒ¸ ÓÚ ‚ÂÎË˜ËÌ˚ h = 0 ‰Ó h = –4 Ò ̄ ‡„ÓÏ ∆h = –0.25. ÇÂÎË˜ËÌ‡ r ‚Ó ‚ÒÂı ‚˚˜ËÒÎÂÌËflı ·˚Î‡ ‡‚ÌÓÈ
r = 0.9. åÂÚÓ‰ Ä Ë ÏÂÚÓ‰ Ç ÔÓÍ‡Á‡ÎË Ô‡ÍÚË˜ÂÒÍË Ó‰ËÌ‡ÍÓ‚Û˛ ÒÍÓÓÒÚ¸ ÒıÓ‰ËÏÓÒÚË ËÚÂ‡ˆËÓÌÌÓ„Ó
ÔÓˆÂÒÒ‡. Ç ÂÁÛÎ¸Ú‡ÚÂ ÚÂ·Ó‚‡ÎÓÒ¸ ~12 ËÚÂ‡ˆËÈ, ˜ÚÓ·˚ ÔÓÎÛ˜ËÚ¸ Â¯ÂÌËÂ Ò ÚÓ˜ÌÓÒÚ¸˛ ÔÓfl‰Í‡
10–4 ‰Îfl ·ÂÁÓÚ˚‚Ì˚ı ÚÂ˜ÂÌËÈ Ë ~15 ËÚÂ‡ˆËÈ ‰Îfl ÚÂ˜ÂÌËÈ Ò ÓÚ˚‚ÓÏ ÔÓÚÓÍ‡ ‰Îfl –2 > h ≥ –4:

ê‡ÒÔÂ‰ÂÎÂÌËÂ ÚÂÌËfl Ë ‰‡‚ÎÂÌËfl Ì‡ ÔÓ‚ÂıÌÓÒÚË ÚÂÎ‡ ÔÂ‰ÒÚ‡‚ÎÂÌ˚ ‰Îfl ˝ÚÓÈ Á‡‰‡˜Ë Ì‡ ÙË„. 1
‰Îfl h = –4. ÑÎfl Â¯ÂÌËfl Ò ÔÓÏÓ˘¸˛ ÏÂÚÓ‰‡ îÛ¸Â, ÔÓÎÛ˜ÂÌÌÓ„Ó Ñ‡ÍÓÏ, ÚÂ·ÛÂÚÒfl ~50 ËÚÂ‡ˆËÈ.
êÂÁÛÎ¸Ú‡Ú˚ ÔÓÍ‡Á˚‚‡˛Ú, ˜ÚÓ ‰Îfl ˜ËÒÎÂÌÌÓ„Ó Â¯ÂÌËfl Á‡‰‡˜ ‰‚ÛÏÂÌÓ„Ó ÚÂ˜ÂÌËfl ÔÂ‰ÒÚ‡‚ÎÂÌ-
Ì˚Â ÏÂÚÓ‰˚ ÛÒÚÛÔ‡˛Ú ÔÓ ÒÍÓÓÒÚË ÒıÓ‰ËÏÓÒÚË ËÚÂ‡ˆËÓÌÌÓ„Ó ÔÓˆÂÒÒ‡ ÚÓÎ¸ÍÓ ÔflÏÓÏÛ ÏÂÚÓ‰Û
(ÒÏ. [27]), ÔË ËÒÔÓÎ¸ÁÓ‚‡ÌËË ÍÓÚÓÓ„Ó ÚÂ·ÛÂÚÒfl ~5–6 ËÚÂ‡ˆËÈ.

8. íêÖïåÖêçõÖ ëÇÖêïáÇìäéÇõÖ íÖóÖçàü

ÑÎfl ‡Ò˜ÂÚ‡ ÔÓÒÚ‡ÌÒÚ‚ÂÌÌ˚ı Ò‚ÂıÁ‚ÛÍÓ‚˚ı ÚÂ˜ÂÌËÈ ËÒÔÓÎ¸ÁÓ‚‡Î‡Ò¸ ÒÎÂ‰Û˛˘‡fl ÒıÂÏ‡ ‡Ô-
ÔÓÍÒËÏ‡ˆËË ËÌÚÂ„‡Î‡ (2.9). ëÌ‡˜‡Î‡ ÔÂÂÔË¯ÂÏ Û‡‚ÌÂÌËfl (2.9) ‚ ‚Ë‰Â

(8.1)

äÓÌÂ˜ÌÓ-‡ÁÌÓÒÚÌÓÂ ÔÂ‰ÒÚ‡‚ÎÂÌËÂ ˝ÚÓ„Ó ÛÒÎÓ‚Ëfl ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl ·Û‰ÂÏ Û‰Ó‚ÎÂÚ‚ÓflÚ¸ ‚ ÚÓ˜ÍÂ
(xj – 0.5, zl). ÅÛ‰ÂÏ ‡ÔÔÓÍÒËÏËÓ‚‡Ú¸ ‚ ˝ÚÓÏ ‚˚‡ÊÂÌËË  Ë  ÔÓ ÙÓÏÛÎÂ

ωk j,
n 1+ ωk j,

n ; p j
n 1+ p j

n––
k j,

max 10 4– .<

p
1
π
--- δxx'' x' z',( ) f xx'' x' z',( )+[ ]–( ) z z'–

x x'–
------------ 
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δxx'' f xx''+ ∂v
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M j l, ,

∂v
∂y
-------

M j 1– l, ,
– ∂f

∂x
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j l,

∂f
∂x
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j 1– l,
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  x j x j 1––( ) 1– .=
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0
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ω
(x

)
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x

îË„. 1. ëÔÎÓ¯Ì‡fl ÎËÌËfl – ‰Îfl τ(x), ¯ÚËıÓ‚‡fl – ‰Îfl p(x), ÒÂÚÍ‡ 701 × 101.
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äÓÓÎÂ‚

íÓ„‰‡ ‚·ÎËÁË ÓÒÓ·ÓÈ ÚÓ˜ÍË xj, zl ˜‡ÒÚ¸ ËÌÚÂ„‡Î‡ (8.1) ÓÚ Ï‡ÎÓÈ Ó·Î‡ÒÚË xj – 1 < x < xj Ë zl + (xj – xj – 1) <

< z < zl – (xj – xj – 1) ÏÓÊÌÓ ÓˆÂÌËÚ¸ ˜ÂÂÁ  –  +  – . éÒÚ‡‚¯‡flÒfl ˜‡ÒÚ¸ ËÌÚÂ-

„‡Î‡ ‚˚˜ËÒÎflÂÚÒfl ÛÊÂ Ó·˚˜Ì˚Ï ÏÂÚÓ‰ÓÏ Ú‡ÔÂˆËÈ, „‰Â ÔÓ‰˚ÌÚÂ„‡Î¸ÌÓÂ ‚˚‡ÊÂÌËÂ (x', z') +

+ (x', z') ÓˆÂÌË‚‡ÂÚÒfl ‚ ˆÂÌÚÂ Í‡Ê‰ÓÈ ËÌÚÂ„‡Î¸ÌÓÈ fl˜ÂÈÍË, ‡ ˜ÎÂÌ  ÓÔÂ‰ÂÎfl-

ÂÚÒfl Í‡Í ‡ÁÌÓÒÚ¸ ‚ÂÎË˜ËÌ , ‚˚˜ËÒÎÂÌÌ˚ı Ì‡ ÒÂÂ‰ËÌÂ ‚ÂıÌÂÈ Ë ÌËÊÌÂÈ „‡ÌËˆ ËÌ-

ÚÂ„‡Î¸ÌÓÈ fl˜ÂÈÍË. Ç ÂÁÛÎ¸Ú‡ÚÂ ËÏÂÂÏ

„‰Â ÍÓ˝ÙÙËˆËÂÌÚ˚ aj, l, s', r', bj, l, s', r' Á‡‚ËÒflÚ ÓÚ ÍÓÌÂ˜ÌÓ-‡ÁÌÓÒÚÌÓÈ ÒÂÚÍË Ë ËÁ-Á‡ „ÓÏÓÁ‰ÍÓÒÚË ËÁ-
ÎÓÊÂÌËfl ÌÂ ÔË‚Ó‰flÚÒfl.

ÖÒÎË ËÒÔÓÎ¸ÁÛÂÚÒfl Ú‡ÍÓÈ ÚËÔ ‡ÔÔÓÍÒËÏ‡ˆËË, ÚÓ ‚ ÒÎÛ˜‡Â, ÍÓ„‰‡ Â¯ÂÌËÂ ÌÂ Á‡‚ËÒËÚ ÓÚ z, ÔÓ-

ÎÛ˜‡ÂÚÒfl Ò ÚÓ˜ÌÓÒÚ¸˛  +  ÛÒÎÓ‚ËÂ ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl ‰Îfl ‰‚ÛÏÂÌÓ„Ó ÒÎÛ˜‡fl.
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Å˚Î‡ ÔÓ‚Â‰ÂÌ‡ ÔÓ‚ÂÍ‡ ÚÓ˜ÌÓÒÚË ‡ÔÔÓÍÒËÏ‡ˆËË ËÌÚÂ„‡Î‡ (2.9) ‰Îfl ÌÂÍÓÚÓ˚ı ÔÓÒÚ˚ı
ÒÎÛ˜‡Â‚, ÍÓ„‰‡ ‚ÓÁÏÓÊÌÓ Ì‡ÈÚË ‡Ì‡ÎËÚË˜ÂÒÍÓÂ ‚˚‡ÊÂÌËÂ ‰Îfl ËÌÚÂ„‡Î‡ (2.9). Ç ˜‡ÒÚÌÓÒÚË, ÂÒÎË
˜ÎÂÌ (x, z) + (x, z) Á‡ÏÂÌflÂÚÒfl ‚˚‡ÊÂÌËÂÏ 2rexp(–r2); r2 = x2 + z2, ÚÓ ÏÓÊÌÓ ÔÓÎÛ˜ËÚ¸
‡Ì‡ÎËÚË˜ÂÒÍÛ˛ ‚ÂÎË˜ËÌÛ ‰Îfl p ‚ ÚÓ˜ÍÂ x = 0, z = 0. ê‡ÁÌÓÒÚ¸ ÏÂÊ‰Û ‡Ì‡ÎËÚË˜ÂÒÍÓÈ ‚ÂÎË˜ËÌÓÈ Ë
‚˚˜ËÒÎÂÌÌÓÈ ‰Îfl ‡ÁÌÓÒÚÌÓÈ ÒÂÚÍË N = 101, L = 41 ‰ÓÒÚ‡ÚÓ˜ÌÓ Ï‡Î‡. ÑÎfl ‚ÂÎË˜ËÌ˚ ‰‡‚ÎÂÌËfl
p(0, 0) ‡Ì‡ÎËÚË˜ÂÒÍÓÂ ÁÌ‡˜ÂÌËÂ ÂÒÚ¸ 0.8473, ‡ ‚˚˜ËÒÎÂÌÌÓÂ 0.8323.

Å˚ÎÓ ÔÓ‚Â‰ÂÌÓ ËÒÒÎÂ‰Ó‚‡ÌËÂ ÚÂ˜ÂÌËfl ÓÍÓÎÓ Ï‡ÎÓÈ ÌÂÓ‚ÌÓÒÚË, ÓÔËÒ˚‚‡ÂÏÓÂ Û‡‚ÌÂÌËÂÏ

„‰Â h – Ô‡‡ÏÂÚ Á‡‰‡˜Ë. èÓÎÓÊËÚÂÎ¸Ì˚Â ÁÌ‡˜ÂÌËfl h ÒÓÓÚ‚ÂÚÒÚ‚Û˛Ú ÙÓÏÂ ·Û„ÓÍ‡, ÓÚËˆ‡ÚÂÎ¸-
Ì˚Â – ÎÛÌÍË.

ëÌ‡˜‡Î‡ ‚˚˜ËÒÎÂÌËfl ·˚ÎË ‚˚ÔÓÎÌÂÌ˚ Ì‡ Ó‰ÌÓÓ‰ÌÓÈ ÒÂÚÍÂ ‡ÁÏÂÌÓÒÚ¸˛ M × N × I = 101 ×
× 61 × 41. ò‡„Ë ÒÂÚÍË ∆y = 0.2, ∆x = 0.2, ∆z = 0.4. Ç ‰Ë‡Ô‡ÁÓÌÂ ·ÂÁÓÚ˚‚ÌÓ„Ó ÚÂ˜ÂÌËfl ‰Îfl 3 > h > –2
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ÚÂ·ÛÂÚÒfl ÚÓÎ¸ÍÓ 18–20 ËÚÂ‡ˆËÈ, ˜ÚÓ·˚ ÔÓÎÛ˜ËÚ¸ Â-
¯ÂÌËÂ Ò ÚÓ˜ÌÓÒÚ¸˛ 10–4:

ÇÂÎË˜ËÌ‡ Ô‡‡ÏÂÚ‡ ÂÎ‡ÍÒ‡ˆËË ‚Ó ‚ÒÂı ˝ÚËı ‡Ò˜ÂÚ‡ı
·˚Î‡ ‡‚Ì‡ r = 0.9. é‰Ì‡ÍÓ ‚ Ó·Î‡ÒÚË ÓÚ˚‚‡ ÚÂ˜ÂÌËfl
‰Îfl ‚ÂÎË˜ËÌ Ô‡‡ÏÂÚ‡ h < –2 Ë h > 3, ˜ÚÓ·˚ ÔÓÎÛ˜ËÚ¸
ÒıÓ‰ËÏÓÒÚ¸ ËÚÂ‡ˆËÓÌÌÓ„Ó ÔÓˆÂÒÒ‡, ÌÂÓ·ıÓ‰ËÏÓ
ÛÏÂÌ¸¯ËÚ¸ Ô‡‡ÏÂÚ r ‰Ó ‚ÂÎË˜ËÌ˚ r = 0.4. óËÒÎÓ ÌÂÓ·-
ıÓ‰ËÏ˚ı ËÚÂ‡ˆËÈ Ú‡ÍÊÂ Û‚ÂÎË˜Ë‚‡ÂÚÒfl ‰Ó n ≈ 70–80 ‚
‰Ë‡Ô‡ÁÓÌÂ Ô‡‡ÏÂÚ‡ h, ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘Â„Ó ÓÚ˚‚Ì˚Ï
ÚÂ˜ÂÌËflÏ.

êÂÁÛÎ¸Ú‡Ú˚ Â¯ÂÌËfl ÔÂ‰ÒÚ‡‚ÎÂÌ˚ Ì‡ ÙË„. 2, 3 ‰Îfl
Ô‡‡ÏÂÚÓ‚ h = 2 Ë ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ Ì‡ ÓÒË ÒËÏÏÂÚËË
ÚÂ˜ÂÌËfl z = 0. ê‡ÁÏÂ ‡Ò˜ÂÚÌÓÈ ÒÂÚÍË 161 × 101 × 101.
ë‡‚ÌÂÌËÂ ÂÁÛÎ¸Ú‡ÚÓ‚, Ò‰ÂÎ‡ÌÌ˚ı Ì‡ ‡ÁÎË˜Ì˚ı ÒÂÚ-
Í‡ı, ÔÂ‰ÒÚ‡‚ÎÂÌ˚ Ì‡ ÙË„. 4: ¯ÚËıÓ‚‡fl ÎËÌËfl – Â-

∆Wk j l, , ; ∆P j l,
k j l, ,
max 10 4– .<

ÁÛÎ¸Ú‡Ú Ì‡ ÒÂÚÍÂ 101 × 61 × 41, ÒÔÎÓ¯Ì‡fl – ÒÂÚÍ‡ 161 × 101 × 101 ‰Îfl z = 0. ï‡‡ÍÚÂËÒÚËÍË ÚÂ˜ÂÌËfl
‚ ÔÓÔÂÂ˜ÌÓÏ Ì‡Ô‡‚ÎÂÌËË Ì‡ ÔÓ‚ÂıÌÓÒÚË ÚÂÎ‡ ÔÂ‰ÒÚ‡‚ÎÂÌ˚ Ì‡ ÙË„. 5 ‰Îfl xa = 1.3, „‰Â ‚ÂÎË˜ËÌ‡
ÔÓ‚ÂıÌÓÒÚÌÓ„Ó ÚÂÌËfl ω(0, x, z) ÔËÌËÏ‡ÂÚ ÏËÌËÏ‡Î¸ÌÓÂ ÁÌ‡˜ÂÌËÂ. á‰ÂÒ¸ ÒÔÎÓ¯ÌÓÈ ÎËÌËÂÈ ÔÓ-
Í‡Á‡ÌÓ ‡ÒÔÂ‰ÂÎÂÌËÂ ‰‡‚ÎÂÌËfl, ¯ÚËıÓ‚‡fl ÎËÌËfl – ÍÓÏÔÓÌÂÌÚ‡ ‚ÂÎË˜ËÌ˚ ÔÓ‚ÂıÌÓÒÚÌÓ„Ó ÚÂ-
ÌËfl ‚‰ÓÎ¸ ÓÒË x (ÙÛÌÍˆËfl ω), ÚÓ˜Â˜Ì‡fl ÎËÌËfl ÂÒÚ¸ ÍÓÏÔÓÌÂÌÚ‡ ‚ÂÎË˜ËÌ˚ ÔÓ‚ÂıÌÓÒÚÌÓ„Ó ÚÂÌËfl
‚‰ÓÎ¸ ÓÒË z (ÙÛÌÍˆËfl τ). èÓÒÚ‡ÌÒÚ‚ÂÌÌÓÂ ‡ÒÔÂ‰ÂÎÂÌËÂ ÍÓÏÔÓÌÂÌÚ˚ ‚ÂÎË˜ËÌ˚ ÚÂÌËfl ω Ì‡
ÔÓ‚ÂıÌÓÒÚË ÚÂÎ‡ ÔÂ‰ÒÚ‡‚ÎÂÌÓ Ì‡ ÙË„. 6 ‰Îfl h = 4.

êÂ¯ÂÌËfl ‰Îfl ÓÚËˆ‡ÚÂÎ¸Ì˚ı ÁÌ‡˜ÂÌËÈ h ÔÂ‰ÒÚ‡‚ÎÂÌ˚ Ì‡ ÙË„. 7, 8 Ì‡ ÓÒË ÒËÏÏÂÚËË ÚÂ˜ÂÌËfl
z = 0. ê‡ÁÏÂ ÍÓÌÂ˜ÌÓ-‡ÁÌÓÒÚÌÓÈ ÒÂÚÍË 161 × 101 × 101. ë‡‚ÌÂÌËÂ ÂÁÛÎ¸Ú‡ÚÓ‚, ÔÓÎÛ˜ÂÌÌ˚ı Ì‡
‡ÁÎË˜Ì˚ı ÒÂÚÍ‡ı, ‰‡ÌÓ Ì‡ ÙË„. 9, ‰Îfl Ô‡‡ÏÂÚ‡ h = –3. á‰ÂÒ¸ ¯ÚËıÓ‚‡fl ÎËÌËfl – ÂÁÛÎ¸Ú‡Ú˚ Ì‡
ÒÂÚÍÂ ‡ÁÏÂÌÓÒÚË 101 × 61 × 41, ÒÔÎÓ¯Ì‡fl ÎËÌËfl – Ì‡ ÒÂÚÍÂ 161 × 101 × 101 ‰Îfl z = 0.

á‡ÏÂÚËÏ, ˜ÚÓ ÔÂ‰ÒÚ‡‚ÎÂÌÌ˚Â ˜ËÒÎÂÌÌ˚Â Â¯ÂÌËfl Ó„‡ÌË˜ÂÌ˚ ‰Ë‡Ô‡ÁÓÌÓÏ –3 ≤ h ≤ 4. àÚÂ‡-
ˆËÓÌÌ‡fl ÒıÓ‰ËÏÓÒÚ¸ ˜ËÒÎÂÌÌÓ„Ó Â¯ÂÌËfl ·˚Î‡ ÔÓÎÛ˜ÂÌ‡ Ë ‚ ‰Ë‡Ô‡ÁÓÌÂ, ÔÂ‚˚¯‡˛˘ÂÏ ‰‡ÌÌ˚È
ÔÓ˜ÚË ‚ ‰‚‡ ‡Á‡. é‰Ì‡ÍÓ Ó„‡ÌË˜ÂÌÌ˚Â ‡ÁÏÂ˚ Ï‡ÍÒËÏ‡Î¸ÌÓÈ ÍÓÌÂ˜ÌÓ-‡ÁÌÓÒÚÌÓÈ ÒÂÚÍË, ËÒ-
ÔÓÎ¸ÁÛÂÏÓÈ ‚ ‰‡ÌÌ˚ı ‡Ò˜ÂÚ‡ı, ÌÂ ÔÓÁ‚ÓÎfl˛Ú ÔÓÎÛ˜ËÚ¸ Â¯ÂÌËÂ Ò ÌÂÓ·ıÓ‰ËÏÓÈ ÒÚÂÔÂÌ¸˛ ÚÓ˜ÌÓ-
ÒÚË ‚ Ó·Î‡ÒÚflı Ò ·ÓÎ¸¯ËÏË „‡‰ËÂÌÚ‡ÏË ÙÛÌÍˆËÈ. Ç·ÎËÁË ÌËı Â¯ÂÌËÂ Ì‡˜ËÌ‡ÂÚ Á‡‚ËÒÂÚ¸ ÓÚ ‡Á-
ÏÂ‡ ÒÂÚÓÍ. èÓ˝ÚÓÏÛ Á‰ÂÒ¸ ˝ÚË Â¯ÂÌËfl ÌÂ ÔË‚Ó‰flÚÒfl.

9. ÇõÇéÑõ

ê‡Á‡·ÓÚ‡Ì ˝ÙÙÂÍÚË‚Ì˚È ÏÂÚÓ‰ Â¯ÂÌËfl Û‡‚ÌÂÌËÈ ÚÂÓËË ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl, ÔÓÁ‚ÓÎfl˛˘ËÈ
‡ÒÒ˜ËÚ˚‚‡Ú¸ ÔÓÒÚ‡ÌÒÚ‚ÂÌÌ˚Â ÚÂ˜ÂÌËfl ÊË‰ÍÓÒÚË ‚ Ó·Î‡ÒÚË ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl Î‡ÏËÌ‡ÌÓ„Ó ÔÓ-
„‡ÌË˜ÌÓ„Ó ÒÎÓfl ÒÓ Ò‚ÂıÁ‚ÛÍÓ‚˚Ï ÌÂ‚flÁÍËÏ ÔÓÚÓÍÓÏ, ‡ Ú‡ÍÊÂ ÚÂ˜ÂÌËfl Ò ‰Û„ËÏË ÚËÔ‡ÏË ‚Á‡Ë-
ÏÓ‰ÂÈÒÚ‚Ëfl, ‚ÍÎ˛˜‡fl ÂÊËÏ˚ ÓÚ˚‚ÌÓ„Ó ÚÂ˜ÂÌËfl. ùÚÓÚ ÏÂÚÓ‰ ·ÂÁ ÓÒÓ·˚ı ÒÎÓÊÌÓÒÚÂÈ ÏÓÊÂÚ
·˚Ú¸ ËÒÔÓÎ¸ÁÓ‚‡Ì ‰Îfl ‡Ò˜ÂÚ‡ ÚÛ·ÛÎÂÌÚÌÓ„Ó ÔÓ„‡ÌË˜ÌÓ„Ó ÒÎÓfl ÒÓ ‚Á‡ËÏÓ‰ÂÈÒÚ‚ËÂÏ, ‡ Ú‡ÍÊÂ
ÚÂ˜ÂÌËÈ ÊË‰ÍÓÒÚË Ë „‡Á‡, „‰Â ÒÛ˘ÂÒÚ‚ÂÌÌÓ ‚ÎËflÌËÂ ÚÂÏÔÂ‡ÚÛ˚, ÔÎÓÚÌÓÒÚË, ˝ÌÚ‡Î¸ÔËË Ë ‰.
í‡ÍÊÂ ÏÓÊÌÓ ‚‚ÂÒÚË ÌÂÒÚ‡ˆËÓÌ‡Ì˚Â ̃ ÎÂÌ˚ ‚ Û‡‚ÌÂÌËfl Ë ‡ÒÒÏÓÚÂÚ¸ ÌÂÒÚ‡ˆËÓÌ‡Ì˚Â ÔÓˆÂÒÒ˚. 
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Ç ‡ÏÍ‡ı ‡ÒËÏÔÚÓÚË˜ÂÒÍÓÈ ÚÂÓËË Ò‚Ó·Ó‰ÌÓ„Ó ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl ËÁÛ˜ÂÌÓ ‚ÎËflÌËÂ ÛÔÛ„ÓÒÚË
Ó·ÚÂÍ‡ÂÏÓÈ ÔÓ‚ÂıÌÓÒÚË Ì‡ ÚÂıÏÂÌ˚Â Ô‡ÍÂÚ˚ ‚ÓÎÌ íÓÎÎÏËÌ‡–òÎËıÚËÌ„‡, „ÂÌÂËÛÂÏ˚Â
‡ÍÛÒÚË˜ÂÒÍËÏË ‚ÓÁÏÛ˘ÂÌËflÏË, ‚ÓÁÌËÍ‡˛˘ËÏË ‚·ÎËÁË ÔÓ„‡ÌË˜ÌÓ„Ó ÒÎÓfl ÔË Ú‡ÌÒÁ‚ÛÍÓ‚˚ı
ÒÍÓÓÒÚflı Ì‡·Â„‡˛˘Â„Ó ÔÓÚÓÍ‡. èÓÍ‡Á‡ÌÓ, ˜ÚÓ ÛÔÛ„ÓÒÚ¸ Ó·ÚÂÍ‡ÂÏÓÈ ÔÓ‚ÂıÌÓÒÚË ÁÌ‡˜Ë-
ÚÂÎ¸ÌÓ ÓÒÎ‡·ÎflÂÚ Ì‡Ë·ÓÎÂÂ ÌÂÛÒÚÓÈ˜Ë‚˚Â ÍÓÒ˚Â ‚ÓÎÌ˚, ÌÓ ÌÂ ÏÂÌflÂÚ ı‡‡ÍÚÂÌÛ˛ ÔÓ‰ÍÓ‚Ó-
Ó·‡ÁÌÛ˛ ÙÓÏÛ ‚ÓÎÌÓ‚˚ı Ô‡ÍÂÚÓ‚ Ò ‰‚ÛÏfl Ï‡ÍÒËÏÛÏ‡ÏË ‚ÓÁÏÛ˘ÂÌÌÓ„Ó ‰‚ËÊÂÌËfl, ‡ÒÔÓ-
ÒÚ‡Ìfl˛˘ËÏËÒfl ÔÓ‰ Û„ÎÓÏ Í Ì‡·Â„‡˛˘ÂÏÛ ÔÓÚÓÍÛ. ÅË·Î. 13. îË„. 7.

äÎ˛˜Â‚˚Â ÒÎÓ‚‡: ‡ÍÛÒÚË˜ÂÒÍËÂ ‚ÓÁÏÛ˘ÂÌËfl, ÚÂıÏÂÌ˚Â ‚ÓÎÌ˚ íÓÎÎÏËÌ‡–òÎËıÚËÌ„‡, ‚ÓÎ-
ÌÓ‚˚Â Ô‡ÍÂÚ˚, Ú‡ÌÒÁ‚ÛÍÓ‚‡fl „Ë‰Ó‰ËÌ‡ÏËÍ‡, ÛÔÛ„ÓÒÚ¸ ÔÓ‚ÂıÌÓÒÚË.

ÇÇÖÑÖçàÖ

ÄÍÛÒÚË˜ÂÒÍËÂ ‚ÓÁÏÛ˘ÂÌËfl, ‚˚Á˚‚‡˛˘ËÂ ÓÒÚ ‚ÓÎÌ íÓÎÎÏËÌ‡–òÎËıÚËÌ„‡, fl‚Îfl˛ÚÒfl Ó‰ÌÓÈ
ËÁ ‚ÓÁÏÓÊÌ˚ı ÔË˜ËÌ ÔÓÚÂË ÛÒÚÓÈ˜Ë‚ÓÒÚË ÔÓ„‡ÌË˜ÌÓ„Ó ÒÎÓfl Ò ÔÓÒÎÂ‰Û˛˘ËÏ ÔÂÂıÓ‰ÓÏ Î‡ÏË-
Ì‡ÌÓ„Ó ÚÂ˜ÂÌËfl ‚ ÚÛ·ÛÎÂÌÚÌÓÂ. ë ÔÓÏÓ˘¸˛ ÚÂÓËË Ò‚Ó·Ó‰ÌÓ„Ó ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl (ÒÏ. [1]–[3]) ‚
[4], [5] ·˚ÎÓ ÔÓÍ‡Á‡ÌÓ, ˜ÚÓ ‡ÍÛÒÚË˜ÂÒÍËÂ ‚ÓÁÏÛ˘ÂÌËfl, ‚ÓÁÌËÍ‡˛˘ËÂ ‚ ÔÓÚÂÌˆË‡Î¸ÌÓÈ Ó·Î‡ÒÚË
Ú‡ÌÒÁ‚ÛÍÓ‚Ó„Ó ÔÓÚÓÍ‡ ‚·ÎËÁË ÔÓ„‡ÌË˜ÌÓ„Ó ÒÎÓfl, ÏÓ„ÛÚ ÌÂÔÓÒÂ‰ÒÚ‚ÂÌÌÓ ÔÂÓ·‡ÁÓ‚˚‚‡Ú¸Òfl ‚
‚ÓÎÌ˚ íÓÎÎÏËÌ‡–òÎËıÚËÌ„‡ ·ÂÁ Ì‡ÎË˜Ëfl Î˛·˚ı ‰Û„Ëı ÎÓÍ‡Î¸Ì˚ı ÌÂÓ‰ÌÓÓ‰ÌÓÒÚÂÈ ÚÂ˜ÂÌËfl.

é‰ÌËÏ ËÁ ˝ÙÙÂÍÚË‚Ì˚ı Ù‡ÍÚÓÓ‚, Ò‰ÂÊË‚‡˛˘Ëı ÓÒÚ ‚ÓÎÌ íÓÎÎÏËÌ‡–òÎËıÚËÌ„‡, fl‚ÎflÂÚÒfl
ÛÔÛ„ÓÒÚ¸ Ó·ÚÂÍ‡ÂÏÓÈ ÔÓ‚ÂıÌÓÒÚË, ̃ ÚÓ ·˚ÎÓ ÔÓÍ‡Á‡ÌÓ Â˘Â ‚ ‡ÌÌËı ̋ ÍÒÔÂËÏÂÌÚ‡Î¸Ì˚ı (ÒÏ. [6], [7])
Ë ÚÂÓÂÚË˜ÂÒÍËı (ÒÏ. [8], [9]) ‡·ÓÚ‡ı. Ç ‡ÏÍ‡ı ÚÂÓËË Ò‚Ó·Ó‰ÌÓ„Ó ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl ‚ [10] ·˚ÎÓ
ËÁÛ˜ÂÌÓ ‚ÎËflÌËÂ ÛÔÛ„ÓÒÚË Ó·ÚÂÍ‡ÂÏÓÈ ÔÓ‚ÂıÌÓÒÚË Ì‡ ı‡‡ÍÚÂËÒÚËÍË ÓÚ‰ÂÎ¸Ì˚ı ÔÎÓÒÍËı ‚ÓÎÌ
íÓÎÎÏËÌ‡–òÎËıÚËÌ„‡, ‡ ‚ [11] ÔÓÍ‡Á‡ÌÓ, ˜ÚÓ ÛÔÛ„ÓÒÚ¸ ÔÓ‚ÂıÌÓÒÚË ÏÓÊÂÚ ÒÛ˘ÂÒÚ‚ÂÌÌÓ Á‡ÏÂ‰-
ÎflÚ¸ ‡Á‚ËÚËÂ Ô‡ÍÂÚÓ‚ ‚ÓÎÌ íÓÎÎÏËÌ‡–òÎËıÚËÌ„‡, „ÂÌÂËÛÂÏ˚ı ‰‚ÛÏÂÌ˚ÏË ‡ÍÛÒÚË˜ÂÒÍËÏË
‚ÓÁÏÛ˘ÂÌËflÏË, ÔÓÌËÍ‡˛˘ËÏË ‚ ÔÓ„‡ÌË˜Ì˚È ÒÎÓÈ ËÁ ‚ÌÂ¯ÌÂ„Ó ÔÓÚÓÍ‡. Ñ‡ÌÌ‡fl ‡·ÓÚ‡ fl‚ÎflÂÚ-
Òfl Ó·Ó·˘ÂÌËÂÏ [11] Ì‡ ÚÂıÏÂÌ˚È ÒÎÛ˜‡È.

1. èéëíÄçéÇäÄ áÄÑÄóà

ê‡ÒÒÏÓÚËÏ Ó·ÚÂÍ‡ÌËÂ ÔÎÓÒÍÓÈ ÔÎ‡ÒÚËÌÍË ‡‚ÌÓÏÂÌ˚Ï ÔÓÚÓÍÓÏ ÒÊËÏ‡ÂÏÓ„Ó „‡Á‡ ÒÓ ÒÍÓÓ-
ÒÚ¸˛ , Ï‡ÎÓ ÓÚÎË˜‡˛˘ÂÈÒfl ÓÚ ÒÍÓÓÒÚË  ‡ÒÔÓÒÚ‡ÌÂÌËfl Á‚ÛÍÓ‚˚ı ‚ÓÎÌ (˜ËÒÎÓ å‡ı‡ M∞ =

= /  ≈ 1). èÛÒÚ¸ Ì‡ ‡ÒÒÚÓflÌËË L* ÓÚ ÔÂÂ‰ÌÂÈ ÍÓÏÍË ÔÎ‡ÒÚËÌ˚ ‚Ó ‚ÌÂ¯ÌÂÏ ÔÓÚÓÍÂ Ì‡ ‡Ò-
ÒÚÓflÌËË y* ~ ε–2R–1/2L* ÓÚ ÔÓ‚ÂıÌÓÒÚË ÔÎ‡ÒÚËÌ˚ ‚ÓÁÌËÍÎÓ ÚÂıÏÂÌÓÂ ·ÂÁ‚ËıÂ‚ÓÂ ‚ÓÁÏÛ˘ÂÌËÂ
Ò ı‡‡ÍÚÂÌ˚Ï ÔÓÔÂÂ˜Ì˚Ï ‡ÁÏÂÓÏ ∆y* ~ ε–2R–1/2L*, ÔÓ‰ÓÎ¸Ì˚Ï ∆x* ~ ε–3/2R–1/2L* Ë ·ÓÍÓ‚˚Ï
∆z* ~ ε–2R–1/2L* (ε ~ R–1/9 – Ï‡Î˚È Ô‡‡ÏÂÚ ÚÂÓËË, ÒÏ. [12], [13], „‰Â ˜ËÒÎÓ êÂÈÌÓÎ¸‰Ò‡ R =
= L*/   ∞). èÛÒÚ¸ ‚ÒÂ „Ë‰Ó‰ËÌ‡ÏË˜ÂÒÍËÂ ÙÛÌÍˆËË ˝ÚÓ„Ó ‚ÓÁÏÛ˘ÂÌËfl (ÔÎÓÚÌÓÒÚ¸,
‰‡‚ÎÂÌËÂ Ë ÒÍÓÓÒÚË) ÓÚÍÎÓÌËÎËÒ¸ Ì‡ ‚ÂÎË˜ËÌ˚ ÔÓfl‰Í‡ ε2. íÓ„‰‡ ‚ÓÁÏÛ˘ÂÌÌÓÂ ‰‚ËÊÂÌËÂ ‚Ó
‚ÌÂ¯ÌÂÈ Ó·Î‡ÒÚË (Ò ÔÓ‰ÓÎ¸ÌÓÈ ÍÓÓ‰ËÌ‡ÚÓÈ X = ε3/2R1/2(x* – L*)/L*, ·ÓÍÓ‚ÓÈ z = ε2R1/2z*/L* Ë ÔÓ-

1) ê‡·ÓÚ‡ ‚˚ÔÓÎÌÂÌ‡ ÔË ÙËÌ‡ÌÒÓ‚ÓÈ ÔÓ‰‰ÂÊÍÂ êîîà (ÍÓ‰ ÔÓÂÍÚ‡ 04-01-00807).

U∞* c∞*

U∞* c∞*

µ∞* U∞* ρ∞*

ìÑä 519.634
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ÔÂÂ˜ÌÓÈ y = ε2R1/2y*/L*) ÓÔËÒ˚‚‡ÂÚÒfl ÒÎÂ‰Û˛˘ËÏ Û‡‚ÌÂÌËÂÏ ‰Îfl ÔÓÚÂÌˆË‡Î‡ ϕ (ÒÏ. [13], [5]):

(1.1)

„‰Â c∞ ~ (  – 1)R1/9 = O(1) – Ô‡‡ÏÂÚ, Ò‚flÁ‡ÌÌ˚È Ò Ï‡Î˚Ï ÓÚÍÎÓÌÂÌËÂÏ ˜ËÒÎ‡ å‡ı‡ ÓÚ Â‰ËÌËˆ˚
(T – ‚ÂÏfl).

ÇÓÁÏÛ˘ÂÌÌÓÂ ‰‚ËÊÂÌËÂ ‚ÌÂ¯ÌÂÈ Ó·Î‡ÒÚË ÔÓÓÊ‰‡ÂÚ ‰‡‚ÎÂÌËÂ P(T, X, Z) = –∂ϕ/∂X(T, X, y = 0, Z),
ÔÂÂ‰‡˛˘ÂÂÒfl ·ÂÁ ËÁÏÂÌÂÌËfl Í‡Í ‚ ÓÒÌÓ‚ÌÛ˛ ÚÓÎ˘Û ÔÓ„‡ÌË˜ÌÓ„Ó ÒÎÓfl („‰Â y* ~ R–1/2L*), Ú‡Í Ë ‚
ÛÁÍËÈ ÔËÒÚÂÌÓ˜Ì˚È ÒÎÓÈ (Ò ÔÓÔÂÂ˜ÌÓÈ ÍÓÓ‰ËÌ‡ÚÓÈ Y = ε–1R1/2y*/L*), ‚˚Á˚‚‡fl ‚ ÌÂÏ ‰‚ËÊÂÌËÂ,
ÓÔËÒ˚‚‡ÂÏÓÂ ÒËÒÚÂÏÓÈ Û‡‚ÌÂÌËÈ è‡Ì‰ÚÎfl (ÒÏ. [13], [5])

(1.2)

ìÒÎÓ‚Ëfl Ò‡˘Ë‚‡ÌËfl Â¯ÂÌËÈ ‚ ÔËÒÚÂÌÓ˜ÌÓÏ ÔÓ‰ÒÎÓÂ Ë ‚ÌÂ¯ÌÂÈ Ó·Î‡ÒÚË (˜ÂÂÁ ÓÒÌÓ‚ÌÛ˛
ÚÓÎ˘Û ÔÓ„‡ÌË˜ÌÓ„Ó ÒÎÓfl) ËÏÂ˛Ú ‚Ë‰

U – Y  A(T, X, Z) + F(T, X, Z), W  0 ÔË Y  ∞, (1.3)

∂ϕ/∂X = –P, ∂ϕ/∂y = –∂A/∂X ÔË y = 0, (1.4)

„‰Â ÙÛÌÍˆËfl A ËÏÂÂÚ ÙËÁË˜ÂÒÍËÈ ÒÏ˚ÒÎ Ï„ÌÓ‚ÂÌÌÓ„Ó ÒÏÂ˘ÂÌËfl ÎËÌËÈ ÚÓÍ‡ ‚ ÓÒÌÓ‚ÌÓÈ ÚÓÎ˘Â ÔÓ-
„‡ÌË˜ÌÓ„Ó ÒÎÓfl. (Ç Á‡ÔËÒË (1.1), (1.3) Ú‡ÍÊÂ ËÒÔÓÎ¸ÁÓ‚‡ÎÓÒ¸ ÔÂÓ·‡ÁÓ‚‡ÌËÂ è‡Ì‰ÚÎfl, ·Î‡„Ó-
‰‡fl ˜ÂÏÛ Ó·ÚÂÍ‡ÂÏÓÈ ÔÓ‚ÂıÌÓÒÚË, ‰ÂÙÓÏËÓ‚‡ÌÌÓÈ Ì‡ ‚ÂÎË˜ËÌÛ F, ‚ ÌÓ‚˚ı ÔÂÂÏÂÌÌ˚ı ÒÓ-
ÓÚ‚ÂÚÒÚ‚ÛÂÚ Y = 0.)

éÒÚ‡ÎÓÒ¸ Â˘Â ‚˚ÒÚ‡‚ËÚ¸ ÛÒÎÓ‚ËÂ Á‡ÚÛı‡ÌËfl ‚ÓÁÏÛ˘ÂÌËÈ ÔË ‚˚ıÓ‰Â ËÁ Ó·Î‡ÒÚË ‚ÌÂ¯ÌÂ„Ó ÔÓ-
ÚÓÍ‡

∂ϕ/∂y  0 ÔË y  ∞ (1.5)

Ë Á‡‰‡Ú¸ Ì‡˜‡Î¸ÌÓÂ ÛÒÎÓ‚ËÂ

ϕ(T = 0, X, Y, Z) = ϕ0(X, Y, Z), (1.6)

„‰Â ϕ0(X, Y = 0, Z) ≡ 0 (ÔÓÒÍÓÎ¸ÍÛ Ï˚ ÔÂ‰ÔÓÎ‡„‡ÂÏ, ˜ÚÓ ‚ Ì‡˜‡Î¸Ì˚È ÏÓÏÂÌÚ ‚ÓÁÏÛ˘ÂÌËÂ Á‡Ó‰Ë-
ÎÓÒ¸ ‚ÌÂ ÔÓ„‡ÌË˜ÌÓ„Ó ÒÎÓfl).

à, ÍÓÌÂ˜ÌÓ, Ì‡‰Ó ÌÂ Á‡·˚‚‡Ú¸ ÔÓ ÛÒÎÓ‚Ëfl ÔËÎËÔ‡ÌËfl Ì‡ ÒÚÂÌÍÂ

U = V = W = 0 ÔË Y = 0 (1.7)

‚ÍÛÔÂ ÒÓ Ò‚flÁ¸˛ ÏÂÊ‰Û ‰ÂÙÓÏ‡ˆËÂÈ ÔÓ‚ÂıÌÓÒÚË Ë ÔËÍÎ‡‰˚‚‡ÂÏ˚Ï ‰‡‚ÎÂÌËÂÏ

P = –KF, (1.8)

„‰Â K – ÍÓ˝ÙÙËˆËÂÌÚ ÛÔÛ„ÓÒÚË.
íÂÏ Ò‡Ï˚Ï Ï˚ Á‡‚Â¯ËÎË ÔÓÒÚ‡ÌÓ‚ÍÛ Ì‡¯ÂÈ Á‡‰‡˜Ë. Ñ‡‚ÎÂÌËÂ P ‚ ÌÂÈ fl‚ÎflÂÚÒfl Ò‡ÏÓËÌ‰ÛˆË-

Ó‚‡ÌÌ˚Ï Ë Ë˘ÂÚÒfl Ì‡fl‰Û Ò ‰Û„ËÏË ÙÛÌÍˆËflÏË ÚÂ˜ÂÌËfl.

2. ãàçÖâçéÖ êÖòÖçàÖ

ë˜ËÚ‡fl ‚ÓÁÏÛ˘ÂÌËfl Ï‡Î˚ÏË, ÎËÌÂ‡ËÁÛÂÏ Á‡‰‡˜Û (1.1)–(1.8) ÔÓ Ï‡ÎÓÏÛ ‡ÏÔÎËÚÛ‰ÌÓÏÛ Ô‡‡-
ÏÂÚÛ δ  0

(U – Y, V, W, P, A, ϕ) = δ(U', V', W', P', A', ϕ'),

‡ Á‡ÚÂÏ ‡ÁÎÓÊËÏ ËÒÍÓÏ˚Â ÙÛÌÍˆËË ‚ ËÌÚÂ„‡Î˚ îÛ¸Â–ã‡ÔÎ‡Ò‡. ç‡ÔËÏÂ, ‡ÁÎÓÊÂÌËÂ ‰Îfl

∂2ϕ
∂T∂X
-------------- c∞

∂2ϕ
∂X2
--------- ∂2ϕ

∂y2
--------- ∂2ϕ

∂z2
---------––+ 0,=

M∞
2

∂U
∂X
------- ∂V

∂Y
-------+ 0

∂P
∂Y
------, 0,= =

∂U
∂T
------- U

∂U
∂X
------- V

∂U
∂Y
-------+ + ∂P

∂X
-------–

∂2U

∂Y2
---------,+=

∂W
∂T
-------- U

∂W
∂X
-------- V

∂W
∂Y
--------+ + ∂P

∂Z
------–

∂2W

∂Y2
----------.+=

12*
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ë‡‚ÂÌÍÓ‚

‰‡‚ÎÂÌËfl ËÏÂÂÚ ‚Ë‰

(2.1)

íÓ„‰‡ ‰Îfl Ó·‡ÁÓ‚ ËÒÍÓÏ˚ı ÙÛÌÍˆËÈ ÔÓÎÛ˜‡ÂÚÒfl ÒËÒÚÂÏ‡ ‰ËÙÙÂÂÌˆË‡Î¸Ì˚ı Û‡‚ÌÂÌËÈ (ÔÓ Y),
Ò‚Ó‰fl˘‡flÒfl Í Â¯ÂÌË˛ Û‡‚ÌÂÌËfl ùÈË. éÍÓÌ˜‡ÚÂÎ¸ÌÓ ËÏÂÂÏ (ÒÏ. [12], [13])

(2.2)

„‰Â

Q(k, ω, m) = (ik)1/3kµ/(K – µ), µ = k2/λ, λ = , Reλ > 0,

Φ(Ω) = , Ω = ω(ik)–2/3,

„‰Â Ai(ζ) – ÙÛÌÍˆËfl ùÈË, ˝ÍÒÔÓÌÂÌˆË‡Î¸ÌÓ Á‡ÚÛı‡˛˘‡fl ‚ ÒÂÍÚÓÂ |argζ| < π/3.
èË‡‚ÌË‚‡ÌËÂ ÁÌ‡ÏÂÌ‡ÚÂÎfl ‚ (2.2) Í ÌÛÎ˛ ÔË‚Ó‰ËÚ Í ‰ËÒÔÂÒËÓÌÌÓÏÛ ÒÓÓÚÌÓ¯ÂÌË˛

Φ(Ω) = Q(k, ω, m; K), (2.3)

ÓÔËÒ˚‚‡˛˘ÂÏÛ ÒÓ·ÒÚ‚ÂÌÌ˚Â ÍÓÎÂ·‡ÌËfl ÔÓ„‡ÌË˜ÌÓ„Ó ÒÎÓfl (‚ÓÎÌ˚ íÓÎÎÏËÌ‡–òÎËıÚËÌ„‡).
Ç ÔÎÓÒÍÓÏ ÒÎÛ˜‡Â (m = 0) ˝ÚÓ ‰ËÒÔÂÒËÓÌÌÓÂ ÒÓÓÚÌÓ¯ÂÌËÂ ÔÓ‰Ó·ÌÓ ËÁÛ˜‡ÎÓÒ¸ ‚ [10]. Å˚ÎÓ ÔÓ-
Í‡Á‡ÌÓ, ˜ÚÓ ÓÌÓ ËÏÂÂÚ Ò˜ÂÚÌ˚È Ì‡·Ó ÍÓÌÂÈ, ÌÂÛÒÚÓÈ˜Ë‚˚Ï ËÁ ÍÓÚÓ˚ı fl‚ÎflÂÚÒfl ÚÓÎ¸ÍÓ ÔÂ-
‚˚È: Reω1(k, m = 0) > 0 ÔË ÔÂ‚˚¯ÂÌËË ÌÂÍÓÚÓÓ„Ó ÔÓÓ„Ó‚Ó„Ó, “ÌÂÈÚ‡Î¸ÌÓ„Ó” ÁÌ‡˜ÂÌËfl k = k∗ .
ÄÌ‡ÎËÁ ÔÓÍ‡Á‡Î, ˜ÚÓ ÔË m ≠ 0 ‰ËÒÔÂÒËÓÌÌÓÂ ÒÓÓÚÌÓ¯ÂÌËÂ (2.3) ‚Â‰ÂÚ ÒÂ·fl ‡Ì‡ÎÓ„Ë˜Ì˚Ï Ó·‡-
ÁÓÏ: ËÁ ‚ÒÂ„Ó Ò˜ÂÚÌÓ„Ó Ì‡·Ó‡ ÍÓÌÂÈ ÌÂÛÒÚÓÈ˜Ë‚˚Ï ÔÓ-ÔÂÊÌÂÏÛ ÓÒÚ‡ÂÚÒfl ÚÓÎ¸ÍÓ ÔÂ‚˚È.

Ç ÒÎÛ˜‡Â ÊÂÒÚÍÓÈ ÔÓ‚ÂıÌÓÒÚË (K = 0) ‰ËÒÔÂÒËÓÌÌÓÂ ÒÓÓÚÌÓ¯ÂÌËÂ (2.3) ËÁÛ˜‡ÎÓÒ¸ ‚ [5]. Å˚ÎÓ
ÔÓÍ‡Á‡ÌÓ, ˜ÚÓ Ï‡ÍÒËÏ‡Î¸Ì˚È ËÌÍÂÏÂÌÚ Ì‡‡ÒÚ‡ÌËfl σmax = maxσ (0 ≤ k < ∞, m = const) ÌÂÓ„‡ÌË-
˜ÂÌÌÓ ‚ÓÁ‡ÒÚ‡ÂÚ Ò ÓÒÚÓÏ m, ÚÓ˜ÌÂÂ, 

σmax ~ σ0, max(k/k0, max)2/3 ÔË k  +∞ Ë m ~ k7/3/|Φ(Ω0, max)|. (2.4)

åÓÊÌÓ ÔÓÍ‡Á‡Ú¸, ˜ÚÓ ÓˆÂÌÍ‡ (2.4) ÓÒÚ‡ÂÚÒfl ÒÔ‡‚Â‰ÎË‚ÓÈ Ë ‰Îfl ÛÔÛ„ÓÈ ÔÓ‚ÂıÌÓÒÚË (Á‡‚ËÒË-
ÏÓÒÚ¸ ÓÚ K ÔÓfl‚ÎflÂÚÒfl ÎË¯¸ ‚ ÒÎÂ‰Û˛˘Ëı ˜ÎÂÌ‡ı ‡ÁÎÓÊÂÌËfl). í‡ÍËÏ Ó·‡ÁÓÏ, ‚ Ú‡ÌÒÁ‚ÛÍÓ‚ÓÏ
ÔÓ„‡ÌË˜ÌÓÏ ÒÎÓÂ Ì‡Ë·ÓÎÂÂ ÌÂÛÒÚÓÈ˜Ë‚˚ ÍÓÒ˚Â ‚ÓÎÌ˚ (‡ÒÔÓÒÚ‡Ìfl˛˘ËÂÒfl ÔÓ‰ Û„ÎÓÏ Í Ì‡·Â-
„‡˛˘ÂÏÛ ÔÓÚÓÍÛ), ÌÂÁ‡‚ËÒËÏÓ ÓÚ Ò‚ÓÈÒÚ‚ ÛÔÛ„ÓÒÚË Ó·ÚÂÍ‡ÂÏÓÈ ÔÓ‚ÂıÌÓÒÚË.

íËÔË˜Ì‡fl ‰ËÒÔÂÒËÓÌÌ‡fl Á‡‚ËÒËÏÓÒÚ¸ ËÌÍÂÏÂÌÚ‡ Ì‡‡ÒÚ‡ÌËfl ‚ÓÁÏÛ˘ÂÌËÈ σ = Reω1 ÓÚ k Ë m
ÔË‚Â‰ÂÌ‡ Ì‡ ÙË„. 1 ÔË c∞ = 1 Ë K = 1. í‡ÍÓÈ ‚Ë‰ ËÁÓÎËÓ‚‡ÌËÈ ËÌÍÂÏÂÌÚ‡ Ì‡‡ÒÚ‡ÌËfl ‚ÓÁÏÛ˘ÂÌËÈ
(Í‡Í Ë ËÁÓÎËÌËÈ Imω1(k, m) Ì‡ ÙË„. 2) ı‡‡ÍÚÂÂÌ Ë ‚ ÒÎÛ˜‡Â ÊÂÒÚÍÓÈ ÔÓ‚ÂıÌÓÒÚË (1/K = 0, ÒÏ. [5]).

èÂÂÔË¯ÂÏ (2.1) ‚ ‚Ë‰Â

P'(T, X, Z) = Re , (2.5)

(2.6)

àÌÚÂ„‡Î (2.6) ËÁÛ˜‡ÎÒfl ‡ÌÂÂ ‚ [11] ÔË m = 0. ê‡ÒÔÓÒÚ‡Ìflfl ÓÔËÒ‡ÌÌÛ˛ ‚ [11] ÏÂÚÓ‰ËÍÛ Ì‡
Ó·˘ËÈ ÒÎÛ˜‡È m ≠ 0, ËÏÂÂÏ ‡ÒËÏÔÚÓÚË˜ÂÒÍÛ˛ ÓˆÂÌÍÛ ‰Îfl ·ÓÎ¸¯Ëı ‚ÂÏÂÌ T (ÒÏ. Ú‡ÍÊÂ [5])

P' T X Z, ,( ) Re
1

2πi
-------- dm imZ( ) k P k m ω, ,( ) ωT ikX+( )exp ωd

b i∞–

b i∞+

∫d

0

∞

∫exp

∞–

∞

∫ 
 
 

.=

P ik( )–1/3Q k ω m, ,( )

Φ Ω( ) ϕ0 k m Y, ,( ) Yd

0

∞

∫
Φ Ω( ) Q k ω m, ,( )–
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„‰Â λ1 = , ω1 = (ik)2/3Ω1(k, m), Ω1 – ÔÂ‚˚È ÍÓÂÌ¸ ‰ËÒÔÂÒËÓÌÌÓ„Ó ÒÓÓÚÌÓ¯ÂÌËfl
(2.3) (‡ ÔÓ‰ λ1 ÔÓ‰‡ÁÛÏÂ‚‡ÂÚÒfl Â„ÛÎflÌ‡fl ‚ÂÚ‚¸ ÍÓÌfl Ò Reλ1 > 0).

3. ÇéãçéÇéâ èÄäÖí

ê‡ÒÒÏÓÚËÏ ‰Îfl ÔÓÒÚÓÚ˚ ÚÓ˜Â˜Ì˚È ËÒÚÓ˜ÌËÍ ‚ÓÁÏÛ˘ÂÌËÈ, Ì‡ıÓ‰fl˘ËÈÒfl Ì‡ ‡ÒÒÚÓflÌËË Y0 ≠ 0
ÓÚ ÔÓ‚ÂıÌÓÒÚË ÔÎ‡ÒÚËÌ˚: ϕ0 = 4π2δ(X)δ(Z)δ(Y – Y0). íÓ„‰‡ 

Ë ‚ÒÂ ‰ÂÎÓ Ò‚Ó‰ËÚÒfl Í ‚˚˜ËÒÎÂÌË˛ ‰‚ÓÈÌÓ„Ó ËÌÚÂ„‡Î‡

(3.1)

„‰Â, Í‡Í ÛÊÂ ·˚ÎÓ ÒÍ‡Á‡ÌÓ, ω1 fl‚ÎflÂÚÒfl ÔÂ‚˚Ï ÍÓÌÂÏ ‰ËÒÔÂÒËÓÌÌÓ„Ó ÒÓÓÚÌÓ¯ÂÌËfl (2.3).

á‡ÏÂÚËÏ, ̃ ÚÓ, ÌÂÒÏÓÚfl Ì‡ ÌÂÓ„‡ÌË˜ÂÌÌ˚È ÓÒÚ ËÌÍÂÏÂÌÚ‡ Ì‡‡ÒÚ‡ÌËfl Reω1 ~ σ0, max(k/k0, max)2/3

Ò Û‚ÂÎË˜ÂÌËÂÏ k, ËÌÚÂ„‡Î (3.1) ÒıÓ‰ËÚÒfl Á‡ Ò˜ÂÚ ‡ÒËÏÔÚÓÚËÍË λ1 ~ k7/3/|Φ(Ω0, max)| ÔË k  +∞.

Å˚ÎË ÔÓ‚Â‰ÂÌ˚ ˜ËÒÎÂÌÌ˚Â ‡Ò˜ÂÚ˚ ËÌÚÂ„‡Î‡ (3.1) ÔÓ ÏÂÚÓ‰Û Ú‡ÔÂˆËÈ Ò ¯‡„‡ÏË ∆k = 0.003
Ë ∆m = 0.1 (‚ Í‡˜ÂÒÚ‚Â ‚ÂıÌÂ„Ó ÔÂ‰ÂÎ‡ ‰ÓÒÚ‡ÚÓ˜ÌÓ ·˚ÎÓ ‚ÁflÚ¸ k∞ = 6.0 Ë m∞ = 12.0), ˜ÚÓ „‡‡Ì-
ÚËÓ‚‡ÎÓ 1%-˛ ÚÓ˜ÌÓÒÚ¸ ‚˚˜ËÒÎÂÌËÈ.
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∞
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ê‡Ò˜ÂÚ˚ ÔÓÍ‡Á‡ÎË, ˜ÚÓ Í ÏÓÏÂÌÚÛ ‚ÂÏÂÌË T = 5 (ÒÏ. ÙË„. 3 Ë ÙË„. 4) ‡ÒÔÂ‰ÂÎÂÌËÂ ‰‡‚ÎÂÌËfl
P' ÔËÌËÏ‡ÂÚ ı‡‡ÍÚÂÌÛ˛ ÙÓÏÛ ‚ÓÎÌÓ‚Ó„Ó Ô‡ÍÂÚ‡, ‡ÒÚÛ˘Â„Ó Ò ÚÂ˜ÂÌËÂÏ ‚ÂÏÂÌË (‚ ÒËÎÛ ÒËÏ-
ÏÂÚËË ÔÓ Z, ÔË‚Ó‰ËÚÒfl ÚÓÎ¸ÍÓ ÔÓÎÓ‚ËÌ‡ Í‡ÚËÌÍË Ò Z ≥ 0). ÄÏÔÎËÚÛ‰Ì˚Â ı‡‡ÍÚÂËÒÚËÍË ‚ÓÎ-
ÌÓ‚Ó„Ó Ô‡ÍÂÚ‡ Û‰Ó·ÌÂÂ ÔÓÒÎÂ‰ËÚ¸ ÔÓ ÙË„. 5, Ì‡ ÍÓÚÓÓÈ ÔÂ‰ÒÚ‡‚ÎÂÌ˚ ËÁÓÎËÌËË ÙÛÌÍˆËË |Pc|
(Ó„Ë·‡˛˘ÂÈ P') Ì‡ ÚÓÚ ÊÂ ÏÓÏÂÌÚ ‚ÂÏÂÌË T = 5. ÇË‰ÌÓ, ˜ÚÓ Ó·Î‡ÒÚ¸ Ò Ï‡ÍÒËÏ‡Î¸Ì˚ÏË ‡ÏÔÎËÚÛ-
‰‡ÏË ‚ÓÁÏÛ˘ÂÌËÈ ‚ ÓÍÂÒÚÌÓÒÚË Pmax = max|Pc(–∞ < X < ∞, 0 ≤ Z < ∞)| = |Pc(Xmax, Zmax)| ÒÏÂ˘ÂÌ‡ Ò
ÓÒË ÒËÏÏÂÚËË Z = 0, ˜ÚÓ Ò‚Ë‰ÂÚÂÎ¸ÒÚ‚ÛÂÚ Ó ‡Á‰‚ÓÂÌËË ‚ÓÁÏÛ˘ÂÌËÈ (ÔÓÒÍÓÎ¸ÍÛ Í‡ÚËÌ‡ ‚ÓÁÏÛ-
˘ÂÌÌÓ„Ó ‰‚ËÊÂÌËfl ÒËÏÏÂÚË˜Ì‡ ÓÚÌÓÒËÚÂÎ¸ÌÓ Z = 0). íÓ˜ÌÓ Ú‡Í‡fl ÊÂ Í‡ÚËÌ‡ Ì‡·Î˛‰‡ÂÚÒfl ‚
ÒÎÛ˜‡Â ÊÂÒÚÍÓÈ ÔÓ‚ÂıÌÓÒÚË (ÒÏ. [5]) Ë Ó·˙flÒÌflÂÚÒfl ÚÂÏ ÊÂ Ù‡ÍÚÓÏ Ì‡Ë·ÓÎ¸¯ÂÈ ÌÂÛÒÚÓÈ˜Ë‚ÓÒÚË
ÍÓÒ˚ı ‚ÓÎÌ.

Ç Ò‡ÏÓÏ ‰ÂÎÂ, ̃ ËÒÎÂÌÌ˚È ‡Ì‡ÎËÁ ÔÓ‰˚ÌÚÂ„‡Î¸ÌÓÈ ÙÛÌÍˆËË ËÁ (3.1) ÔÓÍ‡Á˚‚‡ÂÚ, ̃ ÚÓ ‚ ÏÓÏÂÌÚ
‚ÂÏÂÌË T = 5 ÂÂ ÏÓ‰ÛÎ¸ ‰ÓÒÚË„‡ÂÚ Ï‡ÍÒËÏÛÏ‡ ÔË kmax = 1.350 Ë mmax = 1.60. ÉÛÔÔÓ‚‡fl ÒÍÓÓÒÚ¸
‰‚ËÊÂÌËfl ˝ÚËı Ì‡Ë·ÓÎÂÂ ÌÂÛÒÚÓÈ˜Ë‚˚ı ‚ÓÎÌ ÒÓÒÚ‡‚ÎflÂÚ Wmax = |∂Im(ω1(kmax, mmax))/∂m| = 0.95 Ë
Umax = |∂Im(ω1(kmax, mmax)/∂k| = 6.7, ̃ ÚÓ ‰‡ÂÚ ÓˆÂÌÍÛ Xmax = UmaxT = 33.5 Ë Zmax = WmaxT = 4.95, ıÓÓ¯Ó
ÒÓ„Î‡ÒÛ˛˘Û˛Òfl Ò ‚˚˜ËÒÎÂÌÌ˚ÏË ÁÌ‡˜ÂÌËflÏË Xmax = 34.7 Ë Zmax = 4.40 (ÙË„. 5). Ñ‡ÎÂÂ, ÙÓÌÚ ˝ÚËı
‚ÓÎÌ ÔÓ‚ÂÌÛÚ ÔÓ‰ Û„ÎÓÏ βmax = /kmax) = 50° ÔÓ ÓÚÌÓ¯ÂÌË˛ Í ÓÒË X, ˜ÚÓ Ú‡ÍÊÂ ıÓÓ¯Ó
ÒÓ„Î‡ÒÛÂÚÒfl Ò ÔÂ‰ÒÚ‡‚ÎÂÌÌ˚ÏË Ì‡ ÙË„. 4 ÂÁÛÎ¸Ú‡Ú‡ÏË.

ç‡È‰ÂÌÌÓÂ ÔÓ‚Â‰ÂÌËÂ ‚ÓÎÌÓ‚Ó„Ó Ô‡ÍÂÚ‡ (‚˚ÚflÌÛÚ‡fl ‚ÔÂÂ‰ ÔÓ‰ÍÓ‚ÓÓ·‡ÁÌ‡fl ÙÓÏ‡ Ò Ï‡ÍÒË-
ÏÛÏ‡ÏË ‚ÓÁÏÛ˘ÂÌËÈ Ì‡ “ÌÓÊÍ‡ı”) fl‚ÎflÂÚÒfl ı‡‡ÍÚÂÌÓÈ Ô‡ÍÚË˜ÂÒÍË ‰Îfl ‚ÒÂ„Ó Ú‡ÌÒÁ‚ÛÍÓ‚Ó„Ó
‰Ë‡Ô‡ÁÓÌ‡, ÔÓÒÍÓÎ¸ÍÛ ÓÔÂ‰ÂÎflÂÚÒfl ÎË¯¸ ı‡‡ÍÚÂÓÏ ÔÓ‚Â‰ÂÌËfl ‰ËÒÔÂÒËÓÌÌ˚ı ÍË‚˚ı Reω1(k, m)
Ë Imω1(k, m) (ÒÏ. ÙË„. 1 Ë ÙË„. 2), ‚Â‰Û˘Ëı ÒÂ·fl ÔÓ‰Ó·Ì˚Ï Ó·‡ÁÓÏ ‚ ¯ËÓÍÓÏ ‰Ë‡Ô‡ÁÓÌÂ ˜ËÒÂÎ
c∞ Ë K (‚˚fl‚ÎÂÌÓ ËÁ ˜ËÒÎÂÌÌ˚ı ‡Ò˜ÂÚÓ‚). í‡ÍËÏ Ó·‡ÁÓÏ, ÛÔÛ„ÓÒÚ¸ Ó·ÚÂÍ‡ÂÏÓÈ ÔÓ‚ÂıÌÓÒÚË ÌÂ
‚ÎËflÂÚ Ì‡ Í‡˜ÂÒÚ‚ÂÌÌÛ˛ Í‡ÚËÌÛ ‡Á‚ËÚËfl ‚ÓÁÏÛ˘ÂÌËÈ (Ó·‡ÁÓ‚‡ÌËÂ ÔÓ‰ÍÓ‚ÓÓ·‡ÁÌÓÈ ÙÓÏ˚),
ÌÓ ÔË‚Ó‰ËÚ Í ÁÌ‡˜ËÚÂÎ¸ÌÓÏÛ ÓÒÎ‡·ÎÂÌË˛ ‚ÓÎÌÓ‚˚ı Ô‡ÍÂÚÓ‚ Ë Ëı ·ÓÎÂÂ ·˚ÒÚÓÏÛ ÒÌÓÒÛ ‚ÌËÁ ÔÓ
ÚÂ˜ÂÌË˛ (Ò. Pmax = 0.694, Xmax = 34.7, Zmax = 4.40 ‚ ÒÎÛ˜‡Â K = 1 Ò Pmax = 10.7, Xmax = 17.9, Zmax = 1.70
‚ ÒÎÛ˜‡Â 1/K = 0). íÂÏ Ò‡Ï˚Ï ÓÒÌÓ‚ÌÓÈ ‚˚‚Ó‰ ‡·ÓÚ˚ [11] Ó·Ó·˘ÂÌ Ì‡ ÚÂıÏÂÌ˚È ÒÎÛ˜‡È. 

èÓÒÏÓÚËÏ ÚÂÔÂ¸, ÒÍÓÎ¸ ‰‡ÎÂÍÓ ‚Ó ‚ÌÂ¯Ì˛˛ Ó·Î‡ÒÚ¸ ÔÓÌËÍ‡ÂÚ ‚ÓÁÏÛ˘ÂÌÌÓÂ ‰‚ËÊÂÌËÂ.
ÑÎfl Ó·‡Á‡ ‰‡‚ÎÂÌËfl (T, X, Y, Z) ‚Ó ‚ÌÂ¯ÌÂÈ Ó·Î‡ÒÚË ÎÂ„ÍÓ ÔÓÎÛ˜ËÚ¸ ÔÓÒÚÓÂ ‚˚‡ÊÂÌËÂ, Ò‚fl-

arctan mmax(
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Á˚‚‡˛˘ÂÂ Â„Ó Ò Ó·‡ÁÓÏ ÛÊÂ ËÁÛ˜ÂÌÌÓ„Ó ‰‡‚ÎÂÌËfl P'(T, X, Z) Ì‡ ÔÓ‚ÂıÌÓÒÚË ÔÎ‡ÒÚËÌ˚:

(k, m, ω, Y) = (k, m, ω)exp[–λ(k, m, ω)Y], λ = , Reλ > 0.

éÚÒ˛‰‡, Û˜ËÚ˚‚‡fl ÚÓÎ¸ÍÓ ÔÂ‚˚È ÍÓÂÌ¸ ‰ËÒÔÂÒËÓÌÌÓ„Ó ÒÓÓÚÌÓ¯ÂÌËfl (2.3), Ò‡ÁÛ ÊÂ ÔÓÎÛ-
˜‡ÂÏ (T, X, Y, Z) ~ Re(Pout, c(T, X, Y, Z)) Ò ÙÓÏÛÎÓÈ

(3.2)

Pout' P ik ω ikc∞+( ) m2+
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ÒÓ‚Ô‡‰‡˛˘ÂÈ Ò (3.1), ÂÒÎË ‚ ÌÂÈ Á‡ÏÂÌËÚ¸ Y Ì‡ Y + Y0. àÁÓÎËÌËË ‡ÏÔÎËÚÛ‰˚ ‰‡‚ÎÂÌËfl |Pout, c| ‚ ÒÂ-
˜ÂÌËË ÔÎÓÒÍÓÒÚflÏË X = Xmax = 34.7 Ë Z = Zmax = 4.40 ÔÂ‰ÒÚ‡‚ÎÂÌ˚ Ì‡ ÙË„. 6 Ë ÙË„. 7 ÒÓÓÚ‚ÂÚÒÚ‚ÂÌ-
ÌÓ. ÇË‰ÌÓ, ˜ÚÓ ‰‡‚ÎÂÌËÂ ÂÁÍÓ Á‡ÚÛı‡ÂÚ Ò Û‚ÂÎË˜ÂÌËÂÏ ‡ÒÒÚÓflÌËfl ÓÚ ÒÚÂÌÍË, ÛÏÂÌ¸¯‡flÒ¸ ÛÊÂ
ÔËÏÂÌÓ ‚ 10 ‡Á ÔË ÓÚıÓ‰Â ÓÚ ÌÂÂ ‚ÒÂ„Ó ÎË¯¸ Ì‡ Y = 0.75.

Ç Á‡ÍÎ˛˜ÂÌËÂ Á‡‰‡‰ËÏÒfl ‚ÓÔÓÒÓÏ, Í‡Í Û‰‡ÎÂÌÌÓÒÚ¸ ËÁÌ‡˜‡Î¸ÌÓ„Ó ‚ÓÁÏÛ˘ÂÌËfl ÓÚ ÒÚÂÌÍË ‚ÎË-
flÂÚ Ì‡ ‡ÏÔÎËÚÛ‰Û „ÂÌÂËÛÂÏÓ„Ó ‚ÓÎÌÓ‚Ó„Ó Ô‡ÍÂÚ‡, Ú.Â. Í‡Í P' Á‡‚ËÒËÚ ÓÚ Y0 ÔË ÙËÍÒËÓ‚‡ÌÌ˚ı
T, X Ë Z. àÁ ÒÓÔÓÒÚ‡‚ÎÂÌËfl ÙÓÏÛÎ (3.1) Ë (3.2) ÎÂ„ÍÓ ‚Ë‰ÂÚ¸, ˜ÚÓ

P'(T, X, Z; Y0 + ∆Y) = (T, X, Z, ∆Y).

ëÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ, ÓÚ‚ÂÚ Ì‡ ÔÓÒÚ‡‚ÎÂÌÌ˚È ‚ÓÔÓÒ ‰‡˛Ú ‚ÒÂ ÚÂ ÊÂ ÙË„. 6 Ë 7, ÓÚÍÛ‰‡ Á‡ÍÎ˛˜‡ÂÏ,
˜ÚÓ ‡ÏÔÎËÚÛ‰‡ „ÂÌÂËÛÂÏ˚ı ‚ÓÎÌÓ‚˚ı Ô‡ÍÂÚÓ‚ ÂÁÍÓ (Ô‡ÍÚË˜ÂÒÍË ÔÓ ˝ÍÒÔÓÌÂÌÚÂ) Á‡ÚÛı‡ÂÚ Ò
ÓÚ‰‡ÎÂÌËÂÏ ËÁÌ‡˜‡Î¸ÌÓ„Ó ‚ÓÁÏÛ˘ÂÌËfl ÓÚ ÒÚÂÌÍË.

áÄäãûóÖçàÖ

í‡ÍËÏ Ó·‡ÁÓÏ, ‚ ‡ÏÍ‡ı ‡ÒËÏÔÚÓÚË˜ÂÒÍÓÈ ÚÂÓËË ÔÓÍ‡Á‡ÌÓ, ˜ÚÓ ÛÔÛ„ÓÒÚ¸ Ó·ÚÂÍ‡ÂÏÓÈ ÔÓ-
‚ÂıÌÓÒÚË ÁÌ‡˜ËÚÂÎ¸ÌÓ ÓÒÎ‡·ÎflÂÚ ÚÂıÏÂÌ˚Â ‚ÓÎÌÓ‚˚Â Ô‡ÍÂÚ˚, „ÂÌÂËÛÂÏ˚Â ‡ÍÛÒÚË˜ÂÒÍËÏË
‚ÓÁÏÛ˘ÂÌËflÏË. èË ˝ÚÓÏ ÌÂ ÏÂÌflÂÚÒfl ı‡‡ÍÚÂÌ‡fl ÔÓ‰ÍÓ‚ÓÓ·‡ÁÌ‡fl ÙÓÏ‡ Ô‡ÍÂÚ‡ Ò ‰‚ÛÏfl Ï‡Í-
ÒËÏÛÏ‡ÏË ‚ÓÁÏÛ˘ÂÌËÈ, ‡ÒÔÓÒÚ‡Ìfl˛˘ËÏËÒfl ÔÓ‰ Û„ÎÓÏ Í ‚ÌÂ¯ÌÂÏÛ ÚÂ˜ÂÌË˛.
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èÓÎÛ˜ÂÌ˚ ÌÓ‚˚Â ÓˆÂÌÍË ‚˚˜ËÒÎËÚÂÎ¸ÌÓÈ ÒÎÓÊÌÓÒÚË Á‡‰‡˜Ë ÔÓÒÚÓÂÌËfl ÚÛÔËÍÓ‚˚ı ÔÓÍ˚-
ÚËÈ ˆÂÎÓ˜ËÒÎÂÌÌÓÈ Ï‡ÚËˆ˚ (ÔÓËÒÍ‡ Ï‡ÍÒËÏ‡Î¸Ì˚ı ÍÓÌ˙˛ÌÍˆËÈ ÎÓ„Ë˜ÂÒÍÓÈ ÙÛÌÍˆËË ÒÔÂ-
ˆË‡Î¸ÌÓ„Ó ‚Ë‰‡). ÅË·Î. 7. í‡·Î. 1.

äÎ˛˜Â‚˚Â ÒÎÓ‚‡: ‰ËÒÍÂÚÌ˚Â ÔÓˆÂ‰Û˚ ‡ÒÔÓÁÌ‡‚‡ÌËfl Ë ÍÎ‡ÒÒËÙËÍ‡ˆËË, ÚÛÔËÍÓ‚ÓÂ ÔÓÍ˚-
ÚËÂ ˆÂÎÓ˜ËÒÎÂÌÌÓÈ Ï‡ÚËˆ˚, ‡ÒËÏÔÚÓÚË˜ÂÒÍË ÓÔÚËÏ‡Î¸Ì˚È ‡Î„ÓËÚÏ, ÏÂÚË˜ÂÒÍËÂ Ò‚ÓÈÒÚ‚‡
ÏÌÓÊÂÒÚ‚‡ ÔÓÍ˚ÚËÈ, ÏÂÚË˜ÂÒÍËÂ Ò‚ÓÈÒÚ‚‡ ‰ËÁ˙˛ÌÍÚË‚Ì˚ı ÌÓÏ‡Î¸Ì˚ı ÙÓÏ.

äÓÏ·ËÌ‡ÚÓÌ˚È (ÎÓ„Ë˜ÂÒÍËÈ) ‡Ì‡ÎËÁ ‰‡ÌÌ˚ı ‚ Á‡‰‡˜‡ı ‡ÒÔÓÁÌ‡‚‡ÌËfl Ë ÍÎ‡ÒÒËÙËÍ‡ˆËË ÓÒÌÓ-
‚‡Ì Ì‡ ËÒÔÓÎ¸ÁÓ‚‡ÌËË ‡ÔÔ‡‡Ú‡ ‰ËÒÍÂÚÌÓÈ Ï‡ÚÂÏ‡ÚËÍË, ‚ ̃ ‡ÒÚÌÓÒÚË ÏÂÚÓ‰Ó‚ ÔÓÒÚÓÂÌËfl ÔÓÍ˚-
ÚËÈ ·ÛÎÂ‚˚ı Ë ˆÂÎÓ˜ËÒÎÂÌÌ˚ı Ï‡ÚËˆ (ÌÓÏ‡Î¸Ì˚ı ÙÓÏ ÎÓ„Ë˜ÂÒÍËı ÙÛÌÍˆËÈ), ˜ÚÓ ÓÍ‡Á˚‚‡ÂÚ-
Òfl ÒÎÓÊÌ˚Ï ‚ ÒËÎÛ ̃ ËÒÚÓ ‚˚˜ËÒÎËÚÂÎ¸Ì˚ı ÚÛ‰ÌÓÒÚÂÈ ÔÂÂ·ÓÌÓ„Ó ı‡‡ÍÚÂ‡. èË ̋ ÚÓÏ ÓÒÓ·Û˛
ÒÎÓÊÌÓÒÚ¸ ÔÂ‰ÒÚ‡‚ÎflÂÚ ÔÓÒÚÓÂÌËÂ ÚÛÔËÍÓ‚˚ı ÔÓÍ˚ÚËÈ ˆÂÎÓ˜ËÒÎÂÌÌÓÈ Ï‡ÚËˆ˚ (ÒÔÂˆË‡Î¸-
ÌÓÈ ÌÓÏ‡Î¸ÌÓÈ ÙÓÏ˚ ‰‚ÛÁÌ‡˜ÌÓÈ ÎÓ„Ë˜ÂÒÍÓÈ ÙÛÌÍˆËË, Á‡‰‡ÌÌÓÈ ÔÂÂ˜ËÒÎÂÌËÂÏ ÌÛÎÂÈ). èÓËÒÍË
˝ÙÙÂÍÚË‚Ì˚ı ‡Î„ÓËÚÏÓ‚ ÔÓÒÚÓÂÌËfl ÚÛÔËÍÓ‚˚ı ÔÓÍ˚ÚËÈ ‚Â‰ÛÚÒfl Ò ÒÂÂ‰ËÌ˚ 1960-ı „Ó‰Ó‚.

Ç [1]–[4] ‡ÒÒÏÓÚÂÌ ÒÎÛ˜‡È, ÍÓ„‰‡ ˜ËÒÎÓ ÒÚÓÍ m ‚ Ï‡ÚËˆÂ ËÏÂÂÚ ·ÓÎÂÂ ÌËÁÍËÈ ÔÓfl‰ÓÍ Ó-
ÒÚ‡, ˜ÂÏ ˜ËÒÎÓ ÒÚÓÎ·ˆÓ‚ n, ÔË ÛÒÎÓ‚ËË, ˜ÚÓ n  ∞. ÑÎfl ˝ÚÓ„Ó ÒÎÛ˜‡fl ÔÓÒÚÓÂÌ ‡ÒËÏÔÚÓÚË˜ÂÒÍË
ÓÔÚËÏ‡Î¸Ì˚È ‡Î„ÓËÚÏ ÔÓËÒÍ‡ ÚÛÔËÍÓ‚˚ı ÔÓÍ˚ÚËÈ. ÄÎ„ÓËÚÏ ‡·ÓÚ‡ÂÚ Ò ÔÓÎËÌÓÏË‡Î¸ÌÓÈ Á‡-
‰ÂÊÍÓÈ ÓÚÌÓÒËÚÂÎ¸ÌÓ m Ë n (˜ËÒÎÓ ˝ÎÂÏÂÌÚ‡Ì˚ı ÓÔÂ‡ˆËÈ, ‚˚ÔÓÎÌflÂÏ˚ı ‡Î„ÓËÚÏÓÏ Ì‡ Í‡Ê-
‰ÓÏ ¯‡„Â, Ó„‡ÌË˜ÂÌÓ Ò‚ÂıÛ ÔÓÎËÌÓÏÓÏ ÓÚ m Ë n) Ë ˜ËÒÎÓ Â„Ó ¯‡„Ó‚ ÔË n  ∞ ÔÓ˜ÚË ‚ÒÂ„‰‡
(‰Îfl ÔÓ˜ÚË ‚ÒÂı Ï‡ÚËˆ ‰‡ÌÌÓ„Ó ‡ÁÏÂ‡) ‡ÒËÏÔÚÓÚË˜ÂÒÍË ‡‚ÌÓ ˜ËÒÎÛ ÚÛÔËÍÓ‚˚ı ÔÓÍ˚ÚËÈ.

Ç Ì‡ÒÚÓfl˘ÂÈ ‡·ÓÚÂ ‡ÒÒÏÓÚÂÌ ÒÎÛ˜‡È, ÍÓ„‰‡ n ≤ m. èÓÒÚÓÂÌ ‡Î„ÓËÚÏ ÔÓËÒÍ‡ ÚÛÔËÍÓ‚˚ı
ÔÓÍ˚ÚËÈ ˆÂÎÓ˜ËÒÎÂÌÌÓÈ Ï‡ÚËˆ˚ c ˝ÎÂÏÂÌÚ‡ÏË ËÁ {0, 1, …, k – 1}, k ≥ 2, Ò ÔÓÎËÌÓÏË‡Î¸ÌÓÈ Á‡-
‰ÂÊÍÓÈ Ì‡ Í‡Ê‰ÓÏ ¯‡„Â Ë Ú‡ÍÓÈ, ˜ÚÓ ÎÓ„‡ËÙÏ ÔÓ ÓÒÌÓ‚‡ÌË˛ k ˜ËÒÎ‡ Â„Ó ¯‡„Ó‚ ÔË n  ∞
ÔÓ˜ÚË ‚ÒÂ„‰‡ ‡ÒËÏÔÚÓÚË˜ÂÒÍË ‡‚ÂÌ ÎÓ„‡ËÙÏÛ ÔÓ ÓÒÌÓ‚‡ÌË˛ k ˜ËÒÎ‡ ÚÛÔËÍÓ‚˚ı ÔÓÍ˚ÚËÈ.
é·ÓÒÌÓ‚‡ÌËÂ ‡Î„ÓËÚÏ‡ ·‡ÁËÛÂÚÒfl Ì‡ ËÁÛ˜ÂÌËË ÏÂÚË˜ÂÒÍËı (ÍÓÎË˜ÂÒÚ‚ÂÌÌ˚ı) Ò‚ÓÈÒÚ‚ ÏÌÓÊÂ-
ÒÚ‚‡ ÚÛÔËÍÓ‚˚ı ÔÓÍ˚ÚËÈ Ë Ú‡Í Ì‡Á˚‚‡ÂÏ˚ı σ-ÔÓ‰Ï‡ÚËˆ ˆÂÎÓ˜ËÒÎÂÌÌÓÈ Ï‡ÚËˆ˚. èÓÎÛ˜ÂÌ˚
ÌÓ‚˚Â ‡ÒËÏÔÚÓÚË˜ÂÒÍËÂ ÓˆÂÌÍË ÚËÔË˜Ì˚ı ÁÌ‡˜ÂÌËÈ ̃ ËÒÎ‡ ÚÛÔËÍÓ‚˚ı ÔÓÍ˚ÚËÈ Ë ‰ÎËÌ˚ ÚÛÔËÍÓ-
‚Ó„Ó ÔÓÍ˚ÚËfl Ë Ú‡ÍËÂ ÊÂ ÓˆÂÌÍË ‰Îfl ÍÓÎË˜ÂÒÚ‚ÂÌÌ˚ı ı‡‡ÍÚÂËÒÚËÍ ÏÌÓÊÂÒÚ‚‡ σ-ÔÓ‰Ï‡ÚËˆ.
ÄÌ‡ÎÓ„Ë˜Ì˚Â ÂÁÛÎ¸Ú‡Ú˚ ÔË‚Â‰ÂÌ˚ ‰Îfl Á‡‰‡˜ ÔÓÒÚÓÂÌËfl ÌÓÏ‡Î¸Ì˚ı ÙÓÏ ‰‚ÛÁÌ‡˜ÌÓÈ ÎÓ„Ë-
˜ÂÒÍÓÈ ÙÛÌÍˆËË, Á‡‰‡ÌÌÓÈ ÔÂÂ˜ËÒÎÂÌËÂÏ ÌÛÎÂ‚˚ı ÚÓ˜ÂÍ.

1. åÂÚË˜ÂÒÍËÂ Ò‚ÓÈÒÚ‚‡ ÚÛÔËÍÓ‚˚ı ÔÓÍ˚ÚËÈ Ë σ-ÔÓ‰Ï‡ÚËˆ

‚ ÒÎÛ˜‡Â n ≤ m ≤ , β < 1/2

èÛÒÚ¸  – ÏÌÓÊÂÒÚ‚Ó ‚ÒÂı Ï‡ÚËˆ ‡ÁÏÂ‡ m × n Ò ˝ÎÂÏÂÌÚ‡ÏË ËÁ {0, 1, …, k – 1}, k ≥ 2; ,
k ≥ 2, r ≤ n, – ÏÌÓÊÂÒÚ‚Ó ‚ÒÂı Ì‡·ÓÓ‚ ‚Ë‰‡ (σ1, …, σr), „‰Â σi ∈ {0, 1, …, k – 1}.

1) ê‡·ÓÚ‡ ‚˚ÔÓÎÌÂÌ‡ ÔË ˜‡ÒÚË˜ÌÓÈ ÙËÌ‡ÌÒÓ‚ÓÈ ÔÓ‰‰ÂÊÍÂ êîîà (ÍÓ‰ ÔÓÂÍÚ‡ 04-01-00795), „‡ÌÚ‡ ÔÂÁË‰ÂÌÚ‡ êî
ÔÓ ÔÓ‰‰ÂÊÍÂ ‚Â‰Û˘Ëı Ì‡Û˜Ì˚ı ¯ÍÓÎ çò ‹ 5833.2006.1 Ë ÔÓ„‡ÏÏ˚ éåç êÄç “ÄÎ„Â·‡Ë˜ÂÒÍËÂ Ë ÍÓÏ·ËÌ‡ÚÓ-
Ì˚Â ÏÂÚÓ‰˚ Ï‡ÚÂÏ‡ÚË˜ÂÒÍÓÈ ÍË·ÂÌÂÚËÍË”.
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ê‡ÒÒÏÓÚËÏ σ ∈ , σ = (σ1, …, σr). óÂÂÁ Qp(σ), p ∈ {1, 2, …, r}, Ó·ÓÁÌ‡˜ËÏ ÏÌÓÊÂÒÚ‚Ó ‚ÒÂı

Ì‡·ÓÓ‚ (β1, …, βr) ‚  Ú‡ÍËı, ˜ÚÓ βp ≠ σp Ë βj = σj ÔË j ∈ {1, 2, …, r}\{p}.

èÛÒÚ¸ L ∈ . íÛÔËÍÓ‚˚Ï σ-ÔÓÍ˚ÚËÂÏ Ï‡ÚËˆ˚ L Ì‡Á˚‚‡ÂÚÒfl Ì‡·Ó ÒÚÓÎ·ˆÓ‚ H ˝ÚÓÈ Ï‡Ú-
Ëˆ˚ Ú‡ÍÓÈ, ˜ÚÓ ÔÓ‰Ï‡ÚËˆ‡ LH Ï‡ÚËˆ˚ L, Ó·‡ÁÓ‚‡ÌÌ‡fl ÒÚÓÎ·ˆ‡ÏË Ì‡·Ó‡ H, Ó·Î‡‰‡ÂÚ ÒÎÂ‰Û-
˛˘ËÏË ‰‚ÛÏfl Ò‚ÓÈÒÚ‚‡ÏË: 1) LH ÌÂ ÒÓ‰ÂÊËÚ ÒÚÓÍÛ σ; 2) ÂÒÎË p ∈ {1, 2, …, r}, ÚÓ LH ÒÓ‰ÂÊËÚ
ıÓÚfl ·˚ Ó‰ÌÛ ÒÚÓÍÛ ËÁ ÏÌÓÊÂÒÚ‚‡ Qp(σ). èÓ‰Ï‡ÚËˆ‡ Ï‡ÚËˆ˚ L, ËÏÂ˛˘‡fl Ò ÚÓ˜ÌÓÒÚ¸˛ ‰Ó ÔÂ-
ÂÒÚ‡ÌÓ‚ÍË ÒÚÓÍ ‚Ë‰

„‰Â βp ≠ σp ‰Îfl p = 1, 2, …, r, Ì‡Á˚‚‡ÂÚÒfl σ-ÔÓ‰Ï‡ÚËˆÂÈ. 

í‡ÍËÏ Ó·‡ÁÓÏ, H fl‚ÎflÂÚÒfl ÚÛÔËÍÓ‚˚Ï σ-ÔÓÍ˚ÚËÂÏ ÚÓ„‰‡ Ë ÚÓÎ¸ÍÓ ÚÓ„‰‡, ÍÓ„‰‡ LH ÌÂ ÒÓ‰Â-
ÊËÚ ÒÚÓÍÛ σ Ë ÒÓ‰ÂÊËÚ σ-ÔÓ‰Ï‡ÚËˆÛ. 

èÓÌflÚËÂ ÚÛÔËÍÓ‚Ó„Ó (0, …, 0)-ÔÓÍ˚ÚËfl ·ÛÎÂ‚ÓÈ Ï‡ÚËˆ˚ ÒÓ‚Ô‡‰‡ÂÚ Ò ıÓÓ¯Ó ËÁ‚ÂÒÚÌ˚Ï ÔÓ-
ÌflÚËÂÏ ÌÂÔË‚Ó‰ËÏÓ„Ó ÔÓÍ˚ÚËfl ·ÛÎÂ‚ÓÈ Ï‡ÚËˆ˚. éÚÏÂÚËÏ, ˜ÚÓ (0, …, 0)-ÔÓ‰Ï‡ÚËˆ‡ ·ÛÎÂ‚ÓÈ
Ï‡ÚËˆ˚ fl‚ÎflÂÚÒfl Â‰ËÌË˜ÌÓÈ ÔÓ‰Ï‡ÚËˆÂÈ.

èÓÎÓÊËÏ, ˜ÚÓ S(L, σ) – ÏÌÓÊÂÒÚ‚Ó ‚ÒÂı σ-ÔÓ‰Ï‡ÚËˆ Ï‡ÚËˆ˚ L, B(L, σ) – ÏÌÓÊÂÒÚ‚Ó ‚ÒÂı ÚÛ-
ÔËÍÓ‚˚ı σ-ÔÓÍ˚ÚËÈ Ï‡ÚËˆ˚ L. èÛÒÚ¸, ‰‡ÎÂÂ, 

r1 = [logkm – logklnlogkm – 1], |V| – ÏÓ˘ÌÓÒÚ¸ ÏÌÓÊÂÒÚ‚‡ V.

èÛÒÚ¸ n ≤ m ≤ , β < 1/2. Ç ‡ÒÒÏ‡ÚË‚‡ÂÏÓÏ ÒÎÛ˜‡Â ÔÓÎÛ˜ÂÌ‡ ‡ÒËÏÔÚÓÚËÍ‡ ÎÓ„‡ËÙÏ‡ ÚËÔË˜-
ÌÓ„Ó ˜ËÒÎ‡ ÔÓ‰Ï‡ÚËˆ ËÁ S(L) Ò ÔÓfl‰ÍÓÏ ÌÂ ÏÂÌ¸¯ËÏ r1 (ÔË n  ∞). èÓÍ‡Á‡ÌÓ, ˜ÚÓ ˝Ú‡ ‡ÒËÏÔ-
ÚÓÚËÍ‡ ÒÓ‚Ô‡‰‡ÂÚ Ò ‡ÒËÏÔÚÓÚËÍÓÈ ÎÓ„‡ËÙÏ‡ ÚËÔË˜ÌÓ„Ó ˜ËÒÎ‡ ÔÓÍ˚ÚËÈ ËÁ B(L) Ë ÒÓ‚Ô‡‰‡ÂÚ Ò
‡ÒËÏÔÚÓÚËÍÓÈ ÎÓ„‡ËÙÏ‡ ÚËÔË˜ÌÓ„Ó ̃ ËÒÎ‡ ÚÂı ÔÓÍ˚ÚËÈ ËÁ B(L), Û ÍÓÚÓ˚ı ‰ÎËÌ˚ ÌÂ ÏÂÌ¸¯Â r1.
èÓÎÛ˜ÂÌ‡ ÓˆÂÌÍ‡ ÚËÔË˜ÌÓÈ ‰ÎËÌ˚ ÔÓÍ˚ÚËfl ËÁ B(L). ìÍ‡Á‡ÌÌ˚Â ÓˆÂÌÍË ÔË‚Â‰ÂÌ˚ ‚ ÒÙÓÏÛÎË-
Ó‚‡ÌÌ˚ı ÌËÊÂ ÚÂÓÂÏ‡ı 1–3. 

á‡ÏÂ˜‡ÌËÂ 1. ÖÒÎË ‚ Ï‡ÚËˆÂ L ËÁ  ÂÒÚ¸ ‰‚Â Ó‰ËÌ‡ÍÓ‚˚Â ÒÚÓÍË, ÚÓ, Ó˜Â‚Ë‰ÌÓ, ÔË Û‰‡ÎÂÌËË Ó‰ÌÓÈ
ËÁ ÌËı ÏÌÓÊÂÒÚ‚Ó B(L) ÌÂ ÏÂÌflÂÚÒfl. ëÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ, ÔË ÔÓ‰Ò˜ÂÚÂ ˜ËÒÎ‡ ÚÛÔËÍÓ‚˚ı ÔÓÍ˚ÚËÈ Ï‡ÚËˆ˚ L

ËÏÂÂÚ ÒÏ˚ÒÎ ‡ÒÒÏ‡ÚË‚‡Ú¸ ÒÎÛ˜‡È, ÍÓ„‰‡ ‚ L ÌÂÚ Ó‰ËÌ‡ÍÓ‚˚ı ÒÚÓÍ. èË m ≤ , β < 1/2, ÚÂ·ÛÂÏ˚Ï

Ò‚ÓÈÒÚ‚ÓÏ Ó·Î‡‰‡˛Ú ÔÓ˜ÚË ‚ÒÂ Ï‡ÚËˆ˚  (ÒÏ. ÌËÊÂ ÛÚ‚ÂÊ‰ÂÌËÂ 4, ‡Á‰. 3).

íÂÓÂÏ‡ 1. ÖÒÎË n ≤ m ≤ , β < 1/2, ÚÓ ÔË n  ∞ ‰Îfl ÔÓ˜ÚË ‚ÒÂı Ï‡ÚËˆ L ËÁ  ÎÓ„‡-
ËÙÏ ÔÓ ÓÒÌÓ‚‡ÌË˛ k ˜ËÒÎ‡ ‚ÒÂı ÔÓ‰Ï‡ÚËˆ ËÁ S(L) Ò ÔÓfl‰ÍÓÏ ÌÂ ÏÂÌ¸¯ËÏ r1 ‡ÒËÏÔÚÓÚË˜ÂÒÍË
‡‚ÂÌ ÔË n  ∞ ÎÓ„‡ËÙÏÛ ÔÓ ÓÒÌÓ‚‡ÌË˛ k ˜ËÒÎ‡ ‚ÒÂı ÔÓÍ˚ÚËÈ ËÁ B(L) Ò ‰ÎËÌÓÈ ÌÂ ÏÂÌ¸¯ÂÈ

r1 Ë ‡ÒËÏÔÚÓÚË˜ÂÒÍË ‡‚ÂÌ logk  + r1.

íÂÓÂÏ‡ 2. ÖÒÎË n ≤ m ≤ , β < 1/2, ÚÓ ÔË n  ∞ ‰Îfl ÔÓ˜ÚË ‚ÒÂı Ï‡ÚËˆ L ËÁ  ÎÓ„‡-
ËÙÏ ÔÓ ÓÒÌÓ‚‡ÌË˛ k ˜ËÒÎ‡ ‚ÒÂı ÔÓÍ˚ÚËÈ ËÁ B(L) Ò ‰ÎËÌÓÈ ÌÂ ÏÂÌ¸¯ÂÈ r1 ‡ÒËÏÔÚÓÚË˜ÂÒÍË ‡-

‚ÂÌ ÎÓ„‡ËÙÏÛ ÔÓ ÓÒÌÓ‚‡ÌË˛ k ˜ËÒÎ‡ ‚ÒÂı ÔÓÍ˚ÚËÈ ËÁ B(L) Ë ‡ÒËÏÔÚÓÚË˜ÂÒÍË ‡‚ÂÌ logk  + r1. 
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íÂÓÂÏ‡ 3. ÖÒÎË n ≤ m ≤ , β < 1/2, ÚÓ ÔË n  ∞ Û ÔÓ˜ÚË ‚ÒÂı Ï‡ÚËˆ L ËÁ  ‰ÎËÌ˚
ÔÓ˜ÚË ‚ÒÂı ÔÓÍ˚ÚËÈ ËÁ B(L) ÔËÌ‡‰ÎÂÊ‡Ú ËÌÚÂ‚‡ÎÛ [r1, logkmn].

ÑÓÍ‡Á‡ÚÂÎ¸ÒÚ‚‡ ÚÂÓÂÏ 1–3 ÓÔË‡˛ÚÒfl Ì‡ ÎÂÏÏ˚ 1–6, ÔË‚Â‰ÂÌÌ˚e ‰‡ÎÂÂ. èË ‰ÓÍ‡Á‡ÚÂÎ¸-
ÒÚ‚Â ÎÂÏÏ 1–6 ËÒÔÓÎ¸ÁÓ‚‡ÎËÒ¸ ÂÁÛÎ¸Ú‡Ú˚ ‡·ÓÚ [5] Ë [6].

ÅÛ‰ÂÏ Ò˜ËÚ‡Ú¸  = {L} ÔÓÒÚ‡ÌÒÚ‚ÓÏ ˝ÎÂÏÂÌÚ‡Ì˚ı ÒÓ·˚ÚËÈ, ‚ ÍÓÚÓÓÏ Í‡Ê‰ÓÂ ÒÓ·˚ÚËÂ

L ÔÓËÒıÓ‰ËÚ Ò ‚ÂÓflÚÌÓÒÚ¸˛ 1/| |. å‡ÚÂÏ‡ÚË˜ÂÒÍÓÂ ÓÊË‰‡ÌËÂ ÒÎÛ˜‡ÈÌÓÈ ‚ÂÎË˜ËÌ˚ X(L),

ÓÔÂ‰ÂÎÂÌÌÓÈ Ì‡ ÏÌÓÊÂÒÚ‚Â , ·Û‰ÂÏ Ó·ÓÁÌ‡˜‡Ú¸ ˜ÂÂÁ MX(L), ‰ËÒÔÂÒË˛ – ˜ÂÂÁ DX(L).

ãÂ„ÍÓ ‰ÓÍ‡Á˚‚‡ÂÚÒfl

ãÂÏÏ‡ 1. èÛÒÚ¸ X(L) ≥ 0, θ > 0, νθ(n) – ‰ÓÎfl ÚÂı Ï‡ÚËˆ L ËÁ , ‰Îfl ÍÓÚÓ˚ı X(L) ≥ θMX(L).
íÓ„‰‡ ÒÔ‡‚Â‰ÎË‚Ó ÌÂ‡‚ÂÌÒÚ‚Ó νθ(n) ≤ 1/θ.

Ñ‡ÎÂÂ Á‡ÔËÒË an ≈ bn, n  ∞, Ë an ≤n bn, n  ∞, ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ ÓÁÌ‡˜‡˛Ú, ˜ÚÓ liman/bn = 1,
n  ∞, Ë liman/bn ≤ 1, n  ∞. 

èÛÒÚ¸ ar = r!(k – 1)r . í‡Í Í‡Í ar – 1 = (ar) ÔË n ≤ m, r ≤ r1, ÚÓ ÒÔ‡‚Â‰ÎË‚‡ 

ãÂÏÏ‡ 2. èË n ≤ m ËÏÂÂÚ ÏÂÒÚÓ ÒÓÓÚÌÓ¯ÂÌËÂ

ãÂÏÏ‡ 3. èË m ≤ , β < 1/2, ËÏÂÂÚ ÏÂÒÚÓ ÒÓÓÚÌÓ¯ÂÌËÂ

ÑÓÍ‡Á‡ÚÂÎ¸ÒÚ‚Ó. Ç ÒÔ‡‚Â‰ÎË‚ÓÒÚË ÎÂÏÏ˚ ÏÓÊÌÓ Û·Â‰ËÚ¸Òfl ÌÂÔÓÒÂ‰ÒÚ‚ÂÌÌÓÈ ÔÓ‚ÂÍÓÈ.

ÑÂÈÒÚ‚ËÚÂÎ¸ÌÓ, ËÁ Ó˜Â‚Ë‰ÌÓ„Ó ÌÂ‡‚ÂÌÒÚ‚‡  ≥ ((n – r)/r)r ÒÎÂ‰ÛÂÚ, ˜ÚÓ

(1)

ë ‰Û„ÓÈ ÒÚÓÓÌ˚, 

ëÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ, ËÏÂÂÏ

(2)

àÁ (1) Ë (2) ÒÎÂ‰ÛÂÚ ÛÚ‚ÂÊ‰ÂÌËÂ ÎÂÏÏ˚ 3.

ç‡  = {L} ‡ÒÒÏÓÚËÏ ÒÎÛ˜‡ÈÌ˚Â ‚ÂÎË˜ËÌ˚ ηr(L) = |Br(L)|, ζr(L) = |Sr(L)|. çÂÚÛ‰ÌÓ ÔÓ‰Ò˜Ë-
Ú‡Ú¸ (ÒÏ. [5]), ˜ÚÓ ËÏÂÂÚ ÏÂÒÚÓ ÙÓÏÛÎ‡

ãÂÏÏ‡ 4. èË n ≤ m ≤ , β < 1/2, ËÏÂÂÚ ÏÂÒÚÓ ÒÓÓÚÌÓ¯ÂÌËÂÂ

ÑÓÍ‡Á‡ÚÂÎ¸ÒÚ‚Ó. àÁ ÎÂÏÏ 2 Ë 3 Ò‡ÁÛ ÒÎÂ‰ÛÂÚ, ˜ÚÓ 

éÚÒ˛‰‡, ÔËÏÂÌflfl ÎÂÏÏÛ 1 Ò θ = logklogkn, ÔÓÎÛ˜‡ÂÏ ÛÚ‚ÂÊ‰ÂÌËÂ ÎÂÏÏ˚ 4.
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ãÂÏÏ‡ 5. èË m ≤ , β < 1/2, ËÏÂÂÚ ÏÂÒÚÓ ÒÓÓÚÌÓ¯ÂÌËÂ

ÑÓÍ‡Á‡ÚÂÎ¸ÒÚ‚Ó. Ç [6] ÔÓÍ‡Á‡ÌÓ, ˜ÚÓ 

éˆÂÌËÏ (1 – )m:

éÚÒ˛‰‡, Û˜ËÚ˚‚‡fl, ˜ÚÓ logklogkm = (logk ), ÔÓÎÛ˜‡ÂÏ ÛÚ‚ÂÊ‰ÂÌËÂ ÎÂÏÏ˚.

àÁ ÎÂÏÏ 4 Ë 5 ÒÎÂ‰ÛÂÚ ÛÚ‚ÂÊ‰ÂÌËÂ ÚÂÓÂÏ˚ 1. 

ãÂÏÏ‡ 6. èË n ≤ m ≤ , β < 1/2, ËÏÂÂÚ ÏÂÒÚÓ ÒÓÓÚÌÓ¯ÂÌËÂ

ÑÓÍ‡Á‡ÚÂÎ¸ÒÚ‚Ó. Ç [6] ÔÓÍ‡Á‡ÌÓ, ˜ÚÓ ÔË m ≤ , β < 1/2, 

ë ‰Û„ÓÈ ÒÚÓÓÌ˚, ÒÓ„Î‡ÒÌÓ ÚÂÓÂÏÂ 1, ËÏÂÂÏ

„‰Â δ(n) ≥ 0, δ(n)  0 ÔË n  ∞.
ëÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ, 

éÚÒ˛‰‡ ÔÓÎÛ˜‡ÂÏ ÛÚ‚ÂÊ‰ÂÌËÂ ‰ÓÍ‡Á˚‚‡ÂÏÓÈ ÎÂÏÏ˚. 
àÁ ÚÂÓÂÏ˚ 1 Ë ÎÂÏÏ˚ 6 ÒÎÂ‰ÛÂÚ ÛÚ‚ÂÊ‰ÂÌËÂ ÚÂÓÂÏ˚ 2. àÁ ÎÂÏÏ˚ 6 ÒÎÂ‰ÛÂÚ ÛÚ‚ÂÊ‰ÂÌËÂ

ÚÂÓÂÏ˚ 3.
á‡ÏÂ˜‡ÌËÂ 2. éˆÂÌÍ‡ ‰Îfl |B(L)|, ÔË‚Â‰ÂÌÌ‡fl ‚ ÚÂÓÂÏÂ 2, ‡ÌÂÂ ·˚Î‡ ÔÓÎÛ˜ÂÌ‡ ·ÓÎÂÂ ÒÎÓÊÌ˚Ï ÒÔÓÒÓ-

·ÓÏ ‚ [7].

2. èÓÒÚÓÂÌËÂ ÚÛÔËÍÓ‚˚ı ÔÓÍ˚ÚËÈ ‚ ÒÎÛ˜‡Â n ≤ m ≤ , γ < 1/(2k + 1)

èÛÒÚ¸ G(L) – ÍÓÌÂ˜Ì‡fl ÒÓ‚ÓÍÛÔÌÓÒÚ¸ Ì‡·ÓÓ‚ ÒÚÓÎ·ˆÓ‚ Ï‡ÚËˆ˚ L, ÒÓ‰ÂÊ‡˘‡fl B(L). èÂ‰ÔÓ-
Î‡„‡ÂÚÒfl, ˜ÚÓ Í‡Ê‰˚È Ì‡·Ó ËÁ G(L) ÌÂ ÒÓ‰ÂÊËÚ Ó‰ËÌ‡ÍÓ‚˚ı ÒÚÓÎ·ˆÓ‚ Ë ÌÂÍÓÚÓ˚Â Ì‡·Ó˚
ÒÚÓÎ·ˆÓ‚ ‚ G(L) ÏÓ„ÛÚ ‚ÒÚÂ˜‡Ú¸Òfl ·ÓÎÂÂ Ó‰ÌÓ„Ó ‡Á‡.

èÛÒÚ¸ ‡Î„ÓËÚÏ A ÒÚÓËÚ ÔÓÍ˚ÚËfl ËÁ B(L) ÔÛÚÂÏ ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ„Ó ÔÓÒÏÓÚ‡ ‚ÒÂı Ì‡·ÓÓ‚
ËÁ G(L). èË ˝ÚÓÏ Í‡Ê‰˚È Ì‡·Ó ËÁ G(L) ÔÓÒÏ‡ÚË‚‡ÂÚÒfl ÒÚÓÎ¸ÍÓ ‡Á, ÒÍÓÎ¸ÍÓ ‡Á ÓÌ ‚ÒÚÂ˜‡-
ÂÚÒfl ‚ G(L). í‡ÍËÏ Ó·‡ÁÓÏ, Ì‡ Í‡Ê‰ÓÏ ¯‡„Â ‡Î„ÓËÚÏ‡ A ÒÚÓËÚÒfl ÌÂÍÓÚÓ˚È Ì‡·Ó ÒÚÓÎ·ˆÓ‚ H
ËÁ G(L) Ë ÔÓ‚ÂflÂÚÒfl ÔËÌ‡‰ÎÂÊÌÓÒÚ¸ H Í B(L). óËÒÎÓ ¯‡„Ó‚ ‡Î„ÓËÚÏ‡ A Ó·ÓÁÌ‡˜ËÏ ˜ÂÂÁ NA(L).

ç‡Ò ·Û‰ÂÚ ËÌÚÂÂÒÓ‚‡Ú¸ ‚˚˜ËÒÎËÚÂÎ¸Ì‡fl ÒÎÓÊÌÓÒÚ¸ ‡Î„ÓËÚÏ‡ A ‚ ÚËÔË˜ÌÓÏ ÒÎÛ˜‡Â (‰Îfl ÔÓ-
˜ÚË ‚ÒÂı ·ÛÎÂ‚˚ı Ï‡ÚËˆ ‡ÁÏÂ‡ m × n ÔË n  ∞).

ÅÛ‰ÂÏ „Ó‚ÓËÚ¸, ˜ÚÓ ‡Î„ÓËÚÏ A ÒÚÓËÚ G(L) Ò ÔÓÎËÌÓÏË‡Î¸ÌÓÈ Á‡‰ÂÊÍÓÈ, ÂÒÎË Ì‡ Í‡Ê‰ÓÏ
¯‡„Â ‚˚ÔÓÎÌflÂÚÒfl ÌÂ ·ÓÎÂÂ d(m, n) ˝ÎÂÏÂÌÚ‡Ì˚ı ÓÔÂ‡ˆËÈ Ë d(m, n) Ó„‡ÌË˜ÂÌÓ Ò‚ÂıÛ ÔÓÎËÌÓ-
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ÏÓÏ ÓÚ m, n. èË ˝ÚÓÏ ÔÓ‰ ˝ÎÂÏÂÌÚ‡ÌÓÈ ÓÔÂ‡ˆËÂÈ ÔÓÌËÏ‡ÂÚÒfl ÔÓÒÏÓÚ Ó‰ÌÓ„Ó ˝ÎÂÏÂÌÚ‡ Ï‡Ú-
Ëˆ˚ L.

ÄÎ„ÓËÚÏ A Ì‡ÁÓ‚ÂÏ ‡ÒËÏÔÚÓÚË˜ÂÒÍË ÓÔÚËÏ‡Î¸Ì˚Ï, ÂÒÎË ÓÌ ÒÚÓËÚ G(L) Ò ÔÓÎËÌÓÏË‡Î¸ÌÓÈ
Á‡‰ÂÊÍÓÈ Ë ‰Îfl ÔÓ˜ÚË ‚ÒÂı Ï‡ÚËˆ L ËÁ Mmn ÔË n  ∞ ‚ÂÎË˜ËÌ‡ NA(L) ‡ÒËÏÔÚÓÚË˜ÂÒÍË ‡‚Ì‡
˜ËÒÎÛ ÔÓÍ˚ÚËÈ ËÁ B(L). 

ä‡Í ÛÊÂ ·˚ÎÓ ÓÚÏÂ˜ÂÌÓ ‚˚¯Â, ‚ [1]–[4] ·˚Î ÔÓÒÚÓÂÌ ‡ÒËÏÔÚÓÚË˜ÂÒÍË ÓÔÚËÏ‡Î¸Ì˚È ‡Î„Ó-
ËÚÏ ÔÓËÒÍ‡ ÚÛÔËÍÓ‚˚ı ÔÓÍ˚ÚËÈ ̂ ÂÎÓ˜ËÒÎÂÌÌÓÈ Ï‡ÚËˆ˚ (‰Îfl ÒÎÛ˜‡fl, ÍÓ„‰‡ ̃ ËÒÎÓ ÒÚÓÍ ‚ Ï‡Ú-

ËˆÂ ÒÛ˘ÂÒÚ‚ÂÌÌÓ ÏÂÌ¸¯Â ˜ËÒÎ‡ ÒÚÓÎ·ˆÓ‚, ‡ ËÏÂÌÌÓ ÍÓ„‰‡ mα ≤ n ≤ , α > 1, β < 1). ÄÎ„ÓËÚÏ
ÓÒÌÓ‚‡Ì Ì‡ ÔÂÂ·ÓÂ Ò ÔÓÎËÌÓÏË‡Î¸ÌÓÈ Á‡‰ÂÊÍÓÈ O(mn) Ì‡·ÓÓ‚ ÒÚÓÎ·ˆÓ‚ Ï‡ÚËˆ˚ L, ÔÓÓÊ-
‰‡ÂÏ˚ı ÔÓ‰Ï‡ÚËˆ‡ÏË ËÁ S(L), Ë ËÏÂÂÚ ÔÓ‚ÚÓfl˛˘ËÂÒfl ¯‡„Ë (ÌÂÍÓÚÓ˚Â Ì‡·Ó˚ ÒÚÓÎ·ˆÓ‚ ÒÚÓ-
flÚÒfl ÌÂÓ‰ÌÓÍ‡ÚÌÓ). èÓ‚ÚÓÂÌËfl ‚ÓÁÌËÍ‡˛Ú ËÁ-Á‡ ÚÓ„Ó, ˜ÚÓ Ì‡·Ó ÒÚÓÎ·ˆÓ‚ Ï‡ÚËˆ˚ L ‰ÎËÌ˚ r
ÏÓÊÂÚ ÒÓ‰ÂÊ‡Ú¸ ÌÂÒÍÓÎ¸ÍÓ Ó‰ËÌ‡ÍÓ‚˚ı σ-ÔÓ‰Ï‡ÚËˆ ÔÓfl‰Í‡ r. ìÍ‡Á‡ÌÌ˚È ÌÂ‰ÓÒÚ‡ÚÓÍ ÌÂ fl‚-
ÎflÂÚÒfl ÒÛ˘ÂÒÚ‚ÂÌÌ˚Ï, ÂÒÎË ˜ËÒÎÓ ÒÚÓÍ ‚ Ï‡ÚËˆÂ L ‰ÓÒÚ‡ÚÓ˜ÌÓ Ï‡Îó ÔÓ Ò‡‚ÌÂÌË˛ Ò ˜ËÒÎÓÏ
ÒÚÓÎ·ˆÓ‚. Ç ˝ÚÓÏ ÒÎÛ˜‡Â ˜ËÒÎÓ ¯‡„Ó‚ ‡Î„ÓËÚÏ‡, ‡‚ÌÓÂ |S(L)|, ÔÓ˜ÚË ‚ÒÂ„‰‡ ÔË n  ∞ ‡ÒËÏÔ-
ÚÓÚË˜ÂÒÍË ‡‚ÌÓ |B(L)|.

ëËÚÛ‡ˆËfl ÏÂÌflÂÚÒfl, ÍÓ„‰‡ m Ì‡˜ËÌ‡ÂÚ ‡ÒÚË, ‡ n ÓÒÚ‡ÂÚÒfl ÔÓÒÚÓflÌÌ˚Ï. èÓ‚ÚÓÂÌËÈ ÒÚ‡ÌÓ‚ËÚÒfl
ÒÎË¯ÍÓÏ ÏÌÓ„Ó. éÒÓ·ÂÌÌÓ ÏÌÓ„Ó Ëı ÒÂ‰Ë ÚÂı ¯‡„Ó‚, Ì‡ ÍÓÚÓ˚ı ÒÚÓflÚÒfl σ-ÔÓ‰Ï‡ÚËˆ˚ Ò ÌÂ-
·ÓÎ¸¯ËÏ ÔÓfl‰ÍÓÏ. í‡ÍËÂ ÔÓ‰Ï‡ÚËˆ˚ ÔÓÓÊ‰‡˛Ú Ï‡ÎÓ ÚÛÔËÍÓ‚˚ı ÔÓÍ˚ÚËÈ (Ëı ˜ËÒÎÓ ÒÛ˘Â-
ÒÚ‚ÂÌÌÓ ÏÂÌ¸¯Â ˜ËÒÎ‡ ‚ÒÂı ÚÛÔËÍÓ‚˚ı ÔÓÍ˚ÚËÈ). ÄÎ„ÓËÚÏ ÒÚ‡ÌÓ‚ËÚÒfl ÌÂ˝ÙÙÂÍÚË‚Ì˚Ï. Ç ‰‡Ì-
ÌÓÏ ÒÎÛ˜‡Â ÔÂ‰ÒÚ‡‚ÎflÂÚÒfl ̂ ÂÎÂÒÓÓ·‡ÁÌ˚Ï Ó„‡ÌËÁÓ‚‡Ú¸ ÔÓˆÂ‰ÛÛ ÔÓËÒÍ‡ ÚÛÔËÍÓ‚˚ı ÔÓÍ˚ÚËÈ
ÒÎÂ‰Û˛˘ËÏ Ó·‡ÁÓÏ.

(i) èÓÒÏ‡ÚË‚‡Ú¸ ‚ÒÂ “ÍÓÓÚÍËÂ” Ì‡·Ó˚ ÒÚÓÎ·ˆÓ‚ (Ëı ‰ÎËÌ˚ ÌÂ ‰ÓÎÊÌ˚ ÔÂ‚ÓÒıÓ‰ËÚ¸ ÌÂÍÓ-
ÚÓÓ„Ó ÔÓÓ„‡ p), ÓÚ·Ë‡fl ÒÂ‰Ë ÌËı ÚÛÔËÍÓ‚˚Â ÔÓÍ˚ÚËfl Ë ÒÚÓfl Ó‰ÌÓ‚ÂÏÂÌÌÓ ‚ÒÂ ÚÂ σ-ÔÓ‰Ï‡Ú-
Ëˆ˚, ÔÓfl‰ÍË ÍÓÚÓ˚ı ‡‚Ì˚ p Ë ÍÓÚÓ˚Â ÌÂ ÔÓÓÊ‰‡˛Ú ÚÛÔËÍÓ‚˚Â ÔÓÍ˚ÚËfl. (ii) èÓÒÚÓË‚
σ-ÔÓ‰Ï‡ÚËˆÛ Ò ÛÍ‡Á‡ÌÌ˚ÏË Ò‚ÓÈÒÚ‚‡ÏË, ‰ÓÒÚ‡Ë‚‡Ú¸ ÂÂ, ÔËÏÂÌflfl ‡Î„ÓËÚÏ ËÁ [1]–[4], ‰Ó ÔÓ‰-
Ï‡ÚËˆ ËÁ S(L), ÔÓÓÊ‰‡˛˘Ëı ÚÛÔËÍÓ‚˚Â ÔÓÍ˚ÚËfl.

Ñ‡ÌÌ‡fl ÒıÂÏ‡ ÎÂ„Î‡ ‚ ÓÒÌÓ‚Û ÔÂ‰Î‡„‡ÂÏÓ„Ó ‚ Ì‡ÒÚÓfl˘ÂÈ ‡·ÓÚÂ ‡ÒËÏÔÚÓÚË˜ÂÒÍË ÓÔÚËÏ‡Î¸ÌÓ-
„Ó ‡Î„ÓËÚÏ‡. Ç Í‡˜ÂÒÚ‚Â ÔÓÓ„‡ p ‚ÁflÚÓ ˜ËÒÎÓ r1 – 1. èË Ó·ÓÒÌÓ‚‡ÌËË ‡ÒËÏÔÚÓÚË˜ÂÒÍÓÈ ÓÔÚË-
Ï‡Î¸ÌÓÒÚË ‡Î„ÓËÚÏ‡ ËÒÔÓÎ¸ÁÓ‚‡Ì˚ ÓˆÂÌÍË, ÔË‚Â‰ÂÌÌ˚Â ‚ ÚÂÓÂÏ‡ı 1 Ë 2.

Ñ‡‰ËÏ ÓÔËÒ‡ÌËÂ ‡·ÓÚ˚ ‡Î„ÓËÚÏ‡ ‚ ÒÎÛ˜‡Â ÔÓËÒÍ‡ ÚÛÔËÍÓ‚˚ı ÔÓÍ˚ÚËÈ ̂ ÂÎÓ˜ËÒÎÂÌÌÓÈ Ï‡Ú-
Ëˆ˚ L = (aij), i = 1, 2, …, m, j = 1, 2, …, n.

èÛÒÚ¸ Ì‡·Ó H ÒÓÒÚÓËÚ ËÁ ÒÚÓÎ·ˆÓ‚ Ï‡ÚËˆ˚ L Ò ÌÓÏÂ‡ÏË j1, …, jr Ë j1 < … < jr. ç‡·Ó { , …, }

˝ÎÂÏÂÌÚÓ‚ Ï‡ÚËˆ˚ L Ì‡ÁÓ‚ÂÏ ÒÓ‚ÏÂÒÚËÏ˚Ï ÓÚÌÓÒËÚÂÎ¸ÌÓ σ, σ ∈ , ÂÒÎË ‚ ÔÓ‰Ï‡ÚËˆÂ LH ÒÚÓ-
Í‡ Ò ÌÓÏÂÓÏ ip ÔËÌ‡‰ÎÂÊËÚ Qp(σ) ÔË p ∈ {1, 2, …, r}.

é·ÓÁÌ‡˜ËÏ ˜ÂÂÁ Q(L) ÒÓ‚ÓÍÛÔÌÓÒÚ¸ ‚ÒÂı ÒÓ‚ÏÂÒÚËÏ˚ı Ì‡·ÓÓ‚ ËÁ ˝ÎÂÏÂÌÚÓ‚ Ï‡ÚËˆ˚ L. 
ä‡Ê‰ÓÏÛ ˝ÎÂÏÂÌÚÛ aij ‚ L ÔËÒ‚ÓËÏ ÌÓÏÂ N[i, j] = (j – 1)m + i. 
èÛÒÚ¸ R(L) – ÏÌÓÊÂÒÚ‚Ó ‚ÒÂı ˝ÎÂÏÂÌÚÓ‚ ‚ L. ÖÒÎË R ⊆ R(L), ÚÓ ˜ÂÂÁ e1(R) Ë e2(R) ·Û‰ÂÏ Ó·ÓÁÌ‡-

˜‡Ú¸, ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ, ˝ÎÂÏÂÌÚ˚ Ò Ì‡ËÏÂÌ¸¯ËÏ Ë Ì‡Ë·ÓÎ¸¯ËÏ ÌÓÏÂ‡ÏË ‚ R. 

èÛÒÚ¸ Q ∈ Q(L), Q = { , …, }, Q ÒÓ‚ÏÂÒÚËÏ ÓÚÌÓÒËÚÂÎ¸ÌÓ σ, σ ∈ . ÅÛ‰ÂÏ Ò˜ËÚ‡Ú¸, ˜ÚÓ
N[it + 1, jt + 1] > N[it, jt] ÔË t = 1, 2, …, r – 1. óËÒÎÓ N[i1, j1] + … + N[ir, jr] Ì‡ÁÓ‚ÂÏ ‚ÂÒÓÏ Ì‡·Ó‡ Q.
çÂÚÛ‰ÌÓ ‚Ë‰ÂÚ¸, ̃ ÚÓ Ì‡·Ó Q ÓÔÂ‰ÂÎflÂÚ σ-ÔÓ‰Ï‡ÚËˆÛ Ï‡ÚËˆ˚ L. ç‡·Ó Q Ì‡ÁÓ‚ÂÏ ‚ÂıÌËÏ, ÂÒ-
ÎË ËÁ ÚÓ„Ó, ˜ÚÓ Ì‡·Ó { , …, } fl‚ÎflÂÚÒfl ÒÓ‚ÏÂÒÚËÏ˚Ï ÓÚÌÓÒËÚÂÎ¸ÌÓ σ, ÒÎÂ‰ÛÂÚ, ˜ÚÓ iu ≤ pu

ÔË u = 1, 2, …, r.

èÛÒÚ¸ Q ∈ Q(L), Q = { , …, }, t ∈ {1, 2, …, r}. é·ÓÁÌ‡˜ËÏ ˜ÂÂÁ Gt(Q) ÒÓ‚ÓÍÛÔÌÓÒÚ¸ ‚ÒÂı
˝ÎÂÏÂÌÚÓ‚ Ï‡ÚËˆ˚ L, ÔÓÒÚÓÂÌÌÛ˛ ÒÎÂ‰Û˛˘ËÏ Ó·‡ÁÓÏ. ÑÎfl Í‡Ê‰Ó„Ó ν, ν ∈ {1, 2, …, t}, ËÁ L
‚˚˜ÂÍË‚‡ÂÚÒfl ÒÚÓÎ·Âˆ Ò ÌÓÏÂÓÏ jv Ë ÒÚÓÍË, ‰‡˛˘ËÂ  ‚ ÔÂÂÒÂ˜ÂÌËË ÒÓ ÒÚÓÎ·ˆÓÏ Ò ÌÓÏÂ-
ÓÏ jv. àÁ Í‡Ê‰Ó„Ó ÌÂ ‚˚˜ÂÍÌÛÚÓ„Ó ÒÚÓÎ·ˆ‡ Ò ÌÓÏÂÓÏ j Û‰‡Îfl˛ÚÒfl ˝ÎÂÏÂÌÚ˚, ÒÓ‚Ô‡‰‡˛˘ËÂ ıÓ-
Úfl ·˚ Ò Ó‰ÌËÏ ËÁ ˝ÎÂÏÂÌÚÓ‚ , …, . íÓ„‰‡ Gt(Q) – ÒÓ‚ÓÍÛÔÌÓÒÚ¸ ‚ÒÂı ÌÂ ‚˚˜ÂÍÌÛÚ˚ı ˝ÎÂ-

ÏÂÌÚÓ‚ Ï‡ÚËˆ˚ L. çÂÚÛ‰ÌÓ ‚Ë‰ÂÚ¸, ˜ÚÓ { , …, , aij} ∈ Q(L) ÚÓ„‰‡ Ë ÚÓÎ¸ÍÓ ÚÓ„‰‡, ÍÓ„‰‡
aij ∈ Gt(Q). é·ÓÁÌ‡˜ËÏ ˜ÂÂÁ Rt(Q) ÏÌÓÊÂÒÚ‚Ó ˝ÎÂÏÂÌÚÓ‚ ‚ R(L), ÌÓÏÂ‡ ÍÓÚÓ˚ı ·ÓÎ¸¯Â N[it, jt],
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˜ÂÂÁ λt(Q) – ˜ËÒÎÓ ‚˚˜ÂÍÌÛÚ˚ı ÒÚÓÍ Ï‡ÚËˆ˚ L. ÖÒÎË λr(Q) = m, ÚÓ, Ó˜Â‚Ë‰ÌÓ, Ì‡·Ó ÒÚÓÎ·ˆÓ‚
Ò ÌÓÏÂ‡ÏË j1, …, jr ÔËÌ‡‰ÎÂÊËÚ B(L).

èÛÒÚ¸ π(L) – ÏÌÓÊÂÒÚ‚Ó ‚ÒÂı Ô‡ ‚Ë‰‡ (H, σ), „‰Â H – Ì‡·Ó ÒÚÓÎ·ˆÓ‚ Ï‡ÚËˆ˚ L ‰ÎËÌ˚ r, r ≤ r1 – 1,
Ë σ ∈ E r.

ëËÏ‚ÓÎÓÏ ≥ Ó·ÓÁÌ‡˜ËÏ ÓÚÌÓ¯ÂÌËfl ÎÂÍÒËÍÓ„‡ÙË˜ÂÒÍÓ„Ó ÔÓfl‰Í‡ ‰Îfl ÒÎÓ‚ ‚ ‡ÎÙ‡‚ËÚ‡ı
{1, 2, …, n} Ë {0, 1}. èÛÒÚ¸ (H, σ) Ë (H', σ') – ‰‚Â ‡ÁÎË˜Ì˚Â Ô‡˚ ËÁ π(L), Ë ÔÛÒÚ¸ H ÒÓÒÚÓËÚ ËÁ
ÒÚÓÎ·ˆÓ‚ Ò ÌÓÏÂ‡ÏË j1, …, jr, j1 < … < jr, H' ÒÓÒÚÓËÚ ËÁ ÒÚÓÎ·ˆÓ‚ Ò ÌÓÏÂ‡ÏË , …, ,  < … < ,

σ = (σ1, …, σr), σ' = ( , …, ). á‡ÔËÒ¸ (H', σ') > (H, σ) ÓÁÌ‡˜‡ÂÚ, ˜ÚÓ ÎË·Ó H' ≠ H, …  ≥ j1…jr,

ÎË·Ó H' = H, σ' ≠ σ, …  ≥ σ1…σr.

ÅÛ‰ÂÏ „Ó‚ÓËÚ¸, ˜ÚÓ (H', σ') ÒÎÂ‰ÛÂÚ Á‡ (H, σ) ‚ π(L), ÂÒÎË (H', σ') > (H, σ) Ë ÌÂ ÒÛ˘ÂÒÚ‚ÛÂÚ ‚ π(L)
Ô‡˚ (H'', σ'') Ú‡ÍÓÈ, ˜ÚÓ (H', σ') > (H'', σ'') > (H, σ).

óÂÂÁ minπ(L) Ë maxπ(L) Ó·ÓÁÌ‡˜ËÏ, ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ, ÏËÌËÏ‡Î¸Ì˚È Ë Ï‡ÍÒËÏ‡Î¸Ì˚È ˝ÎÂÏÂÌ-
Ú˚ ‚ π(L). é˜Â‚Ë‰ÌÓ, minπ(L) = {{1}, (0)}, maxπ(L) = {{n}, (1)}.

èÛÒÚ¸ p = r1 – 1, (H, σ) ∈ π(L) Ë H ÒÓÒÚÓËÚ ËÁ ÒÚÓÎ·ˆÓ‚ Ò ÌÓÏÂ‡ÏË j1, …, jp, j1 < … < jp. 

óÂÂÁ P0(H, σ) Ó·ÓÁÌ‡˜ËÏ ÒÓ‚ÓÍÛÔÌÓÒÚ¸ Ì‡·ÓÓ‚ Q ËÁ Q(L) ‚Ë‰‡ { , …, } Ú‡ÍËı, ˜ÚÓ Ì‡-

·Ó Q ÒÓ‚ÏÂÒÚËÏ ÓÚÌÓÒËÚÂÎ¸ÌÓ σ Ë Gp(Q) ∩ Rp(Q) ≠ . ç‡·Ó˚ ËÁ P0(H, σ), ËÏÂ˛˘ËÂ Ì‡ËÏÂÌ¸¯ËÈ
Ë Ì‡Ë·ÓÎ¸¯ËÈ ‚ÂÒ‡, Ó·ÓÁÌ‡˜ËÏ, ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ, ˜ÂÂÁ Qmin(H) Ë Qmax(H). 

óÂÂÁ P(H, σ) Ó·ÓÁÌ‡˜ËÏ ÒÓ‚ÓÍÛÔÌÓÒÚ¸ ‚ÒÂı Ì‡·ÓÓ‚ ËÁ Q(L) ‚Ë‰‡ { , …, } Ú‡ÍËı, ˜ÚÓ

r ≥ r1 Ë { , …, } ∈ P 0(H, σ).

èÓÎÓÊËÏ minP(H, σ) = Q1 ∪  {e1(Gp(Q1) ∩ Rp(Q1))}, Q1 = Qmin(H), Ë maxP(H, σ) = Q2 ∪  {e2(Gp(Q2) ∩
∩ Rp(Q2))}, Q2 = Qmax(H).

ìÔÓfl‰Ó˜ËÏ P(H, σ), P(H, σ) ≠ . ÑÎfl Í‡Ê‰Ó„Ó Q ËÁ P(H, σ), Q = { , …, }, Q ≠ maxP(H, σ),
ÔÓÒÚÓËÏ ÒÎÂ‰Û˛˘ËÈ Á‡ ÌËÏ Ì‡·Ó �Q. èÛÒÚ¸ Q' – Ì‡·Ó ËÁ P0(L, H), ·ÎËÊ‡È¯ËÈ ÔÓ ‚ÂÒÛ Í Ì‡·ÓÛ
{ , …, }. èÂÂ˜ËÒÎËÏ ÒÎÂ‰Û˛˘ËÂ ‚ÓÁÏÓÊÌ˚Â ÒÎÛ˜‡Ë: 

1) Gr(Q) ∩ Rr(Q) ≠ ; ÚÓ„‰‡ �Q = Q ∪ {e 1(Gr(Q) ∩ Rr(Q))};

2) Gr(Q) ∩ Rr(Q) = ;

‡) Gr – 1(Q) ∩ Rr(Q) ≠ ; ÚÓ„‰‡ �Q = Q\{ } ∪ {e 1(Gr – 1(Q) ∩ Rr(Q))};

·) r ≥ r1 Ë Gr – 1(Q) ∩ Rr(Q) = ; ÚÓ„‰‡ ÂÒÎË r = r1, ÚÓ �Q = Q' ∪  {e1(Gp(Q') ∩ Rp(Q'))}, ÂÒÎË ÊÂ r > r1,
ÚÓ �Q = (Q\{ , }) ∪ {e 1(Gr – 2(Q) ∩ Rr – 1(Q))}.

á‡ÏÂÚËÏ, ˜ÚÓ {e1(Gr – 2(Q) ∩ Rr – 1(Q))} ≠  ÔË r > r1, Ú‡Í Í‡Í  ∈ {e 1(Gr – 2(Q) ∩ Rr – 1(Q))}.

èË‚Â‰ÂÏ ÒıÂÏÛ ‡·ÓÚ˚ ‡Î„ÓËÚÏ‡.
Ç ÛÒÚ‡ÌÓ‚ÎÂÌÌÓÏ ÔÓfl‰ÍÂ, Ì‡˜ËÌ‡fl Ò minπ(L), ÔÓÒÏ‡ÚË‚‡˛ÚÒfl Ô‡˚ ËÁ π(L). èÛÒÚ¸ Ì‡ ¯‡„Â i

‡ÒÒÏ‡ÚË‚‡ÂÚÒfl Ô‡‡ (Hi, σi). ÇÓÁÏÓÊÌ˚ ÒÎÂ‰Û˛˘ËÂ ‚‡Ë‡ÌÚ˚: ‡) |Hi| < r1 – 1; ·) |Hi| = r1 – 1,
P(Hi, σi) = ; ‚) |Hi| = r1 – 1, P(Hi, σi) ≠ . 

Ç ‚‡Ë‡ÌÚ‡ı ‡) Ë ·) ÒÌ‡˜‡Î‡ ÔÓ‚ÂflÂÚÒfl ÛÒÎÓ‚ËÂ Hi ∉ B(L, σi). ÖÒÎË ˝ÚÓ ÛÒÎÓ‚ËÂ ‚˚ÔÓÎÌÂÌÓ, ÚÓ
Ì‡·Ó Hi Á‡ÌÓÒËÚÒfl ‚ ËÒÍÓÏÓÂ ÏÌÓÊÂÒÚ‚Ó ÚÛÔËÍÓ‚˚ı ÔÓÍ˚ÚËÈ. Ñ‡ÎÂÂ ‡Î„ÓËÚÏ ÔÓ‚ÂflÂÚ ÛÒÎÓ-
‚ËÂ (Hi, σi) ≠ maxπ(L). ÖÒÎË ÛÍ‡Á‡ÌÌÓÂ ÛÒÎÓ‚ËÂ ‚˚ÔÓÎÌÂÌÓ, ‡Î„ÓËÚÏ ÔÂÂıÓ‰ËÚ Í ¯‡„Û i + 1, Ì‡
ÍÓÚÓÓÏ ‡ÒÒÏ‡ÚË‚‡ÂÚÒfl ÒÎÂ‰Û˛˘‡fl Á‡ (Hi, σi) Ô‡‡ ËÁ π(L), ÂÒÎË ÊÂ (Hi, σi) = maxπ(L), ÚÓ ‡Î„Ó-
ËÚÏ Á‡Í‡Ì˜Ë‚‡ÂÚ ‡·ÓÚÛ.

ÖÒÎË ËÏÂÂÚ ÏÂÒÚÓ ‚‡Ë‡ÌÚ ‚), ÚÓ, Ó˜Â‚Ë‰ÌÓ, Hi ∉ B(L, σi). Ç ˝ÚÓÏ ÒÎÛ˜‡Â Ì‡ Í‡Ê‰ÓÏ ËÁ ÔÓÒÎÂ‰Û-
˛˘Ëı |P(Hi, σi)| ¯‡„Ó‚ ÒÚÓËÚÒfl Ò ÔÓÏÓ˘¸˛ ‡Î„ÓËÚÏ‡ ËÁ [1]–[4] Ì‡·Ó ËÁ P(Hi, σi). á‡ÚÂÏ ÔÓ‚Â-
flÂÚÒfl ÛÒÎÓ‚ËÂ (Hi, σi) ≠ maxπ(L). ÖÒÎË ÛÍ‡Á‡ÌÌÓÂ ÛÒÎÓ‚ËÂ ‚˚ÔÓÎÌÂÌÓ, ÚÓ ‡Î„ÓËÚÏ ÔÂÂıÓ‰ËÚ Í
¯‡„Û i + |P(Hi, σi)| + 1, Ì‡ ÍÓÚÓÓÏ ‡ÒÒÏ‡ÚË‚‡ÂÚÒfl ÒÎÂ‰Û˛˘‡fl Á‡ (Hi, σi) Ô‡‡ ËÁ π(L). Ç ÔÓÚË‚ÌÓÏ
ÒÎÛ˜‡Â ‡Î„ÓËÚÏ Á‡Í‡Ì˜Ë‚‡ÂÚ ‡·ÓÚÛ.

èÛÒÚ¸ ËÏÂÂÚ ÏÂÒÚÓ |Hi| = r1 – 1 Ë P(Hi, σi) ≠ , Ë ÔÛÒÚ¸ Ì‡ ¯‡„Â i + j, 1 ≤ j ≤ |P(Hi, σi)|, ÔÓÒÚÓÂÌ

Ì‡·Ó Q[i + j] ËÁ P(Hi, σi) ‚Ë‰‡ { , …, }, ÒÓ‚ÏÂÒÚËÏ˚È ÓÚÌÓÒËÚÂÎ¸ÌÓ ÌÂÍÓÚÓÓ„Ó σ' ËÁ .
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ÑÂÏ¸flÌÓ‚, Ñ˛ÍÓ‚‡

ÖÒÎË Ì‡·Ó Q[i + j] fl‚ÎflÂÚÒfl ‚ÂıÌËÏ Ë ÔÓ‰Ï‡ÚËˆ‡, Ó·‡ÁÓ‚‡ÌÌ‡fl ÒÚÓÎ·ˆ‡ÏË Ò ÌÓÏÂ‡ÏË j1, …, jr,
ÌÂ ÒÓ‰ÂÊËÚ ÒÚÓÍÛ σ', ÚÓ Ì‡·Ó ÒÚÓÎ·ˆÓ‚ Ò ÌÓÏÂ‡ÏË j1, …, jr Á‡ÌÓÒËÚÒfl ‚ ËÒÍÓÏÓÂ ÏÌÓÊÂÒÚ‚Ó ÚÛÔË-
ÍÓ‚˚ı ÔÓÍ˚ÚËÈ. Ç ÔÓÚË‚ÌÓÏ ÒÎÛ˜‡Â ÏÌÓÊÂÒÚ‚Ó ÚÛÔËÍÓ‚˚ı ÔÓÍ˚ÚËÈ, ÔÓÒÚÓÂÌÌÓÂ Ì‡ ÔÂ‰˚‰Û-
˘Ëı ¯‡„‡ı, ÌÂ ÔÓÔÓÎÌflÂÚÒfl. èÓÒÚÓÂÌËÂ Ì‡·ÓÓ‚ ËÁ P(Hi, σi) ÔÓËÒıÓ‰ËÚ ÔÓ ÒÎÂ‰Û˛˘ËÏ Ô‡‚ËÎ‡Ï:

1) Q[i + 1] = minP(H, σ);
2) ÂÒÎË Q[i + j] ≠ maxP(H, σ), ÚÓ Q[i + j + 1] = �Q[i + j];
3) ÂÒÎË Q[i + j] = maxP(H, σ), ÚÓ ‡Î„ÓËÚÏ ÔÂÂıÓ‰ËÚ Í ¯‡„Û i + j + 1, Ì‡ ÍÓÚÓÓÏ ‡ÒÒÏ‡ÚË‚‡-

ÂÚÒfl ÒÎÂ‰Û˛˘‡fl Á‡ (Hi, σi) Ô‡‡ ËÁ π(L).

í‡ÍËÏ Ó·‡ÁÓÏ, ‡Î„ÓËÚÏ ÒÚÓËÚ B(L) Á‡ N(L) = N1(L) + N2(L) ¯‡„Ó‚, „‰Â N1(L) = ,

N2(L) = |P(L)|, P(L) – Ó·˙Â‰ËÌÂÌËÂ ÏÌÓÊÂÒÚ‚ P(H, σ) ÔÓ ‚ÒÂÏ Ô‡‡Ï (H, σ) ËÁ π(L). çÂÚÛ‰ÌÓ ‚Ë‰ÂÚ¸,
˜ÚÓ N2(L) – ˜ËÒÎÓ ‚ÒÂı ÔÓ‰Ï‡ÚËˆ ËÁ S(L) Ò ÔÓfl‰ÍÓÏ, ÌÂ ÏÂÌ¸¯ËÏ r1. 

çÂÚÛ‰ÌÓ ÔÓ‰Ò˜ËÚ‡Ú¸, ˜ÚÓ Á‡‰ÂÊÍ‡ ‡Î„ÓËÚÏ‡ ÌÂ ÔÂ‚ÓÒıÓ‰ËÚ O(mn2).

íÂÓÂÏ‡ 4. ÖÒÎË n ≤ m ≤ , γ < 1/(2k + 1), ÚÓ ÔË n  ∞ ‰Îfl ÔÓ˜ÚË ‚ÒÂı Ï‡ÚËˆ L ËÁ 
ËÏÂÂÚ ÏÂÒÚÓ ÒÓÓÚÌÓ¯ÂÌËÂ

ÑÓÍ‡Á‡ÚÂÎ¸ÒÚ‚Ó. èÛÒÚ¸ n ≤ m ≤ , γ < 1/(2k + 1). èË r < r1 ËÏÂÂÏ kr/( kr + 1) < 1/(kn1 – γ).

ëÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ, N1(L) ≤n /(kn1 – γ), n  ∞. ë ‰Û„ÓÈ ÒÚÓÓÌ˚, ‚ [7] ÔÓÍ‡Á‡ÌÓ, ˜ÚÓ ÔË ÛÍ‡Á‡Ì-

Ì˚ı Ó„‡ÌË˜ÂÌËflı Ì‡ m Ë n ‰Îfl ÔÓ˜ÚË ‚ÒÂı Ï‡ÚËˆ L ËÁ  ËÏÂÂÚ ÏÂÒÚÓ |B(L)| ≥n ,

n  ∞. ëÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ, ÔË n  ∞ ‰Îfl ÔÓ˜ÚË ‚ÒÂı Ï‡ÚËˆ L ËÁ  ÒÔ‡‚Â‰ÎË‚Ó N1(L) = o(|B(L)|)
Ë N(L) ≈ N2(L). éÚÒ˛‰‡ ‚ ÒËÎÛ ÚÂÓÂÏ 1 Ë 2 ÔÓÎÛ˜‡ÂÏ ÛÚ‚ÂÊ‰ÂÌËÂ ‰ÓÍ‡Á˚‚‡ÂÏÓÈ ÚÂÓÂÏ˚. 

àÁ ÔË‚Â‰ÂÌÌ˚ı ‡ÒÒÛÊ‰ÂÌËÈ ÒÎÂ‰ÛÂÚ, ˜ÚÓ ‚ ÚËÔË˜ÌÓÏ ÒÎÛ˜‡Â ÓÔËÒ‡ÌÌ˚È Ì‡ÏË ‡Î„ÓËÚÏ fl‚-
ÎflÂÚÒfl ÎÓ„‡ËÙÏË˜ÂÒÍË ÓÔÚËÏ‡Î¸Ì˚Ï.

3. ëÎÓÊÌÓÒÚ¸ ÔÓÒÚÓÂÌËfl Ï‡ÍÒËÏ‡Î¸Ì˚ı ÍÓÌ˙˛ÌÍˆËÈ
ÎÓ„Ë˜ÂÒÍÓÈ ÙÛÌÍˆËË

éˆÂÌÍË, ÔÓÎÛ˜ÂÌÌ˚Â ‚ ÚÂÓÂÏ‡ı 1–3, ÏÓ„ÛÚ ·˚Ú¸ ËÒÔÓÎ¸ÁÓ‚‡Ì˚ ‰Îfl ÓˆÂÌÍË ÚËÔË˜Ì˚ı ÁÌ‡˜Â-
ÌËÈ ‡Ì‡ÎÓ„Ë˜Ì˚ı ÍÓÎË˜ÂÒÚ‚ÂÌÌ˚ı ı‡‡ÍÚÂËÒÚËÍ ÏÌÓÊÂÒÚ‚ Ï‡ÍÒËÏ‡Î¸Ì˚ı Ë ÌÂÔË‚Ó‰ËÏ˚ı
ÍÓÌ˙˛ÌÍˆËÈ ‰‚ÛÁÌ‡˜ÌÓÈ ÎÓ„Ë˜ÂÒÍÓÈ ÙÛÌÍˆËË ÒÔÂˆË‡Î¸ÌÓ„Ó ‚Ë‰‡. 

ÑÂÈÒÚ‚ËÚÂÎ¸ÌÓ, ÔÛÒÚ¸ ÙÛÌÍˆËfl F(x1, …, xn}, ÓÔÂ‰ÂÎÂÌ‡ Ì‡ , ÔËÌËÏ‡ÂÚ ÁÌ‡˜ÂÌËfl ËÁ {0, 1},

BF – ÏÌÓÊÂÒÚ‚Ó Ì‡·ÓÓ‚, Ì‡ ÍÓÚÓ˚ı F = 0, |BF| = m. é·ÓÁÌ‡˜ËÏ ˜ÂÂÁ  ÏÌÓÊÂÒÚ‚Ó ‚ÒÂı Ú‡ÍËı
ÙÛÌÍˆËÈ. èÓÎÓÊËÏ 

é·˚˜Ì˚Ï Ó·‡ÁÓÏ ‚‚Â‰ÂÏ ÔÓÌflÚËÂ ˝ÎÂÏÂÌÚ‡ÌÓÈ ÍÓÌ˙˛ÌÍˆËË. ùÎÂÏÂÌÚ‡ÌÓÈ ÍÓÌ˙˛ÌÍˆËÂÈ

(ùä) Ì‡‰ ÔÂÂÏÂÌÌ˚ÏË x1, …, xn Ì‡ÁÓ‚ÂÏ ‚˚‡ÊÂÌËÂ ‚Ë‰‡  · … · , „‰Â  ∈ { x1, …, xn} ÔË i =

= 1, 2, …, r Ë  ≠  ÔË t, q ∈ {1, 2, …, r}, t ≠ q. ùä ÔËÌËÏ‡ÂÚ ÁÌ‡˜ÂÌËÂ 1 ÚÓ„‰‡ Ë ÚÓÎ¸ÍÓ ÚÓ„‰‡,
ÍÓ„‰‡ Í‡Ê‰˚È ÂÂ ÏÌÓÊËÚÂÎ¸ ‡‚ÂÌ 1. 

èÛÒÚ¸ NB – ËÌÚÂ‚‡Î ËÒÚËÌÌÓÒÚË ùä B. ùä B Ì‡ÁÓ‚ÂÏ ‰ÓÔÛÒÚËÏÓÈ ‰Îfl F, ÂÒÎË NB ∩ BF = ∅. ùä
B Ì‡ÁÓ‚ÂÏ ÌÂÔË‚Ó‰ËÏÓÈ ‰Îfl F, ÂÒÎË ÌÂ ÒÛ˘ÂÒÚ‚ÛÂÚ ‰ÓÔÛÒÚËÏÓÈ ùä B' Ú‡ÍÓÈ, ˜ÚÓ NB' ⊃ NB. ùä B
Ì‡ÁÓ‚ÂÏ Ï‡ÍÒËÏ‡Î¸ÌÓÈ ‰Îfl F, ÂÒÎË ÓÌ‡ fl‚ÎflÂÚÒfl ‰ÓÔÛÒÚËÏÓÈ Ë ÌÂ ÒÛ˘ÂÒÚ‚ÛÂÚ ‰ÓÔÛÒÚËÏÓÈ ùä B'
Ú‡ÍÓÈ, ˜ÚÓ NB' ⊃ N B. 

àÁ ÔË‚Â‰ÂÌÌ˚ı ÓÔÂ‰ÂÎÂÌËÈ ÒÎÂ‰ÛÂÚ, ˜ÚÓ ùä fl‚ÎflÂÚÒfl Ï‡ÍÒËÏ‡Î¸ÌÓÈ ‰Îfl F ÚÓ„‰‡ Ë ÚÓÎ¸ÍÓ
ÚÓ„‰‡, ÍÓ„‰‡ ÓÌ‡ fl‚ÎflÂÚÒfl ‰ÓÔÛÒÚËÏÓÈ Ë ÌÂÔË‚Ó‰ËÏÓÈ.
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èÛÒÚ¸ LF – Ï‡ÚËˆ‡, ÒÚÓÍ‡ÏË ÍÓÚÓÓÈ fl‚Îfl˛ÚÒfl Ì‡·Ó˚ ËÁ BF. é˜Â‚Ë‰Ì˚ÏË fl‚Îfl˛ÚÒfl ÔË‚Ó-
‰ËÏ˚Â ÌËÊÂ ÛÚ‚ÂÊ‰ÂÌËfl 1–3.

ìÚ‚ÂÊ‰ÂÌËÂ 1. ùä …  fl‚ÎflÂÚÒfl ‰ÓÔÛÒÚËÏÓÈ ‰Îfl F ÚÓ„‰‡ Ë ÚÓÎ¸ÍÓ ÚÓ„‰‡, ÍÓ„‰‡ Ì‡-
·Ó ÒÚÓÎ·ˆÓ‚ Ï‡ÚËˆ˚ L Ò ÌÓÏÂ‡ÏË j1, …, jr fl‚ÎflÂÚÒfl (σ1, …, σr)-ÔÓÍ˚ÚËÂÏ.

ìÚ‚ÂÊ‰ÂÌËÂ 2. ùä …  fl‚ÎflÂÚÒfl ÌÂÔË‚Ó‰ËÏÓÈ ‰Îfl F ÚÓ„‰‡ Ë ÚÓÎ¸ÍÓ ÚÓ„‰‡, ÍÓ„‰‡ Ì‡-
·Ó ÒÚÓÎ·ˆÓ‚ Ï‡ÚËˆ˚ L Ò ÌÓÏÂ‡ÏË j1, …, jr ÒÓ‰ÂÊËÚ (σ1, …, σr)-ÔÓ‰Ï‡ÚËˆÛ.

ìÚ‚ÂÊ‰ÂÌËÂ 3. ùä …  fl‚ÎflÂÚÒfl Ï‡ÍÒËÏ‡Î¸ÌÓÈ ‰Îfl F ÚÓ„‰‡ Ë ÚÓÎ¸ÍÓ ÚÓ„‰‡, ÍÓ„‰‡ Ì‡-
·Ó ÒÚÓÎ·ˆÓ‚ Ï‡ÚËˆ˚ L Ò ÌÓÏÂ‡ÏË j1, …, jr fl‚ÎflÂÚÒfl ÚÛÔËÍÓ‚˚Ï (σ1, …, σr)-ÔÓÍ˚ÚËÂÏ.

çÂÚÛ‰ÌÓ Ú‡ÍÊÂ ‰ÓÍ‡Á˚‚‡ÂÚÒfl

ìÚ‚ÂÊ‰ÂÌËÂ 4. ÖÒÎË m2 = o(kn), ÚÓ ÔÓ˜ÚË ‚ÒÂ Ï‡ÚËˆ˚ ËÁ  ÔË n  ∞ fl‚Îfl˛ÚÒfl Ï‡Ú-
Ëˆ‡ÏË Ò ÔÓÔ‡ÌÓ ‡ÁÎË˜Ì˚ÏË ÒÚÓÍ‡ÏË.

èÛÒÚ¸ n ≤ m ≤ , β < 1/2. àÁ ÚÂÓÂÏ 1–3 Ë ÛÚ‚ÂÊ‰ÂÌËÈ 1–4 ÒÎÂ‰Û˛Ú ÔË‚Ó‰ËÏ˚Â ÌËÊÂ ÚÂÓÂ-
Ï˚ 4–6.

íÂÓÂÏ‡ 4. èË n  ∞ ‰Îfl ÔÓ˜ÚË ‚ÒÂı ÙÛÌÍˆËÈ F ËÁ  ÎÓ„‡ËÙÏ ÔÓ ÓÒÌÓ‚‡ÌË˛ k ˜ËÒÎ‡
‚ÒÂı ÌÂÔË‚Ó‰ËÏ˚ı ÍÓÌ˙˛ÌÍˆËÈ Ò ‡Ì„ÓÏ ÌÂ ÏÂÌ¸¯ËÏ r1 ‡ÒËÏÔÚÓÚË˜ÂÒÍË ‡‚ÂÌ ÎÓ„‡ËÙÏÛ ÔÓ
ÓÒÌÓ‚‡ÌË˛ k ˜ËÒÎ‡ ‚ÒÂı Ï‡ÍÒËÏ‡Î¸Ì˚ı ÍÓÌ˙˛ÌÍˆËÈ Ò ‡Ì„ÓÏ ÌÂ ÏÂÌ¸¯ËÏ r1 Ë ‡ÒËÏÔÚÓÚË˜ÂÒÍË

‡‚ÂÌ  + r1. 

íÂÓÂÏ‡ 5. èË n  ∞ ‰Îfl ÔÓ˜ÚË ‚ÒÂı ÙÛÌÍˆËÈ F ËÁ  ÎÓ„‡ËÙÏ ÔÓ ÓÒÌÓ‚‡ÌË˛ k ˜ËÒÎ‡
‚ÒÂı Ï‡ÍÒËÏ‡Î¸Ì˚ı ÍÓÌ˙˛ÌÍˆËÈ Ò ‡Ì„ÓÏ ÌÂ ÏÂÌ¸¯ËÏ r1 ‡ÒËÏÔÚÓÚË˜ÂÒÍË ‡‚ÂÌ ÎÓ„‡ËÙÏÛ ÔÓ

ÓÒÌÓ‚‡ÌË˛ k ˜ËÒÎ‡ ‚ÒÂı Ï‡ÍÒËÏ‡Î¸Ì˚ı ÍÓÌ˙˛ÌÍˆËÈ Ë ‡ÒËÏÔÚÓÚË˜ÂÒÍË ‡‚ÂÌ  + r1. 

íÂÓÂÏ‡ 6. èË n  ∞ Û ÔÓ˜ÚË ‚ÒÂı ÙÛÌÍˆËÈ F ËÁ  ‡Ì„Ë ÔÓ˜ÚË Ï‡ÍÒËÏ‡Î¸Ì˚ı ÍÓÌ˙-
˛ÌÍˆËÈ ÔËÌ‡‰ÎÂÊ‡Ú ËÌÚÂ‚‡ÎÛ [r1, logkmn].

åÓ‰ËÙËˆËÛfl ‡Î„ÓËÚÏ, ÓÔËÒ‡ÌÌ˚È ‚ ‡Á‰. 2, ‰Îfl ÔÓÒÚÓÂÌËfl Ï‡ÍÒËÏ‡Î¸Ì˚ı ÍÓÌ˙˛ÌÍˆËÈ

ÙÛÌÍˆËË F ËÁ , ÔÓÎÛ˜‡ÂÏ ‚ ÒÎÛ˜‡Â n ≤ m ≤ , γ < 1/(2k + 1), ‡Î„ÓËÚÏ Ò ÔÓÎËÌÓÏË‡Î¸ÌÓÈ Á‡-
‰ÂÊÍÓÈ O(mn2) Ë Ú‡ÍÓÈ, ̃ ÚÓ ÔË n  ∞ ÎÓ„‡ËÙÏ ÔÓ ÓÒÌÓ‚‡ÌË˛ k ̃ ËÒÎ‡ Â„Ó ̄ ‡„Ó‚ ÔÓ˜ÚË ‚ÒÂ„‰‡
‡ÒËÏÔÚÓÚË˜ÂÒÍË ‡‚ÂÌ ÎÓ„‡ËÙÏÛ ÔÓ ÓÒÌÓ‚‡ÌË˛ k ̃ ËÒÎ‡ Ï‡ÍÒËÏ‡Î¸Ì˚ı ÍÓÌ˙˛ÌÍˆËÈ ÙÛÌÍˆËË F.

4. óËÒÎÂÌÌ˚Â ˝ÍÒÔÂËÏÂÌÚ˚

ÑÎfl ÓˆÂÌÍË Ô‡ÍÚË˜ÂÒÍÓÈ ÔËÏÂÌËÏÓÒÚË ÔÓÒÚÓÂÌÌÓ„Ó ‚ Ì‡ÒÚÓfl˘ÂÈ ‡·ÓÚÂ ‡Î„ÓËÚÏ‡ ·˚ÎË
ÔÓ‚Â‰ÂÌ˚ ‰‚Â ÒÂËË ̋ ÍÒÔÂËÏÂÌÚÓ‚ Ì‡ ÒÎÛ˜‡ÈÌ˚ı Ï‡ÚËˆ‡ı ‡ÁÌÓ„Ó ‡ÁÏÂ‡. Ñ‡ÌÌ˚È ‡Î„ÓËÚÏ,
Ó·ÓÁÌ‡˜‡ÂÏ˚È ‰‡ÎÂÂ Í‡Í COMB, ·˚Î ÏÓ‰ËÙËˆËÓ‚‡Ì ‰Îfl ÔÓËÒÍ‡ ÌÂÔË‚Ó‰ËÏ˚ı ÔÓÍ˚ÚËÈ (ÚÛ-
ÔËÍÓ‚˚ı (0, …, 0)-ÔÓÍ˚ÚËÈ) ·ÛÎÂ‚ÓÈ Ï‡ÚËˆ˚ L. Å˚ÎÓ ÔÓ‚Â‰ÂÌÓ Â„Ó Ò‡‚ÌÂÌËÂ Ò ‡Î„ÓËÚÏÓÏ
ËÁ [1]–[4] Ë ‡Î„ÓËÚÏÓÏ ËÁ [3], Ó·ÓÁÌ‡˜‡ÂÏ˚ÏË ‰‡ÎÂÂ, ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ, ̃ ÂÂÁ Äé1 Ë Äé2. ä‡Í ÛÊÂ
·˚ÎÓ ÓÚÏÂ˜ÂÌÓ ‚ ‡Á‰. 2, ‡Î„ÓËÚÏ Äé1 ÓÒÌÓ‚‡Ì Ì‡ ÔÂÂ·ÓÂ Ò ÔÓÎËÌÓÏË‡Î¸ÌÓÈ Á‡‰ÂÊÍÓÈ
O(mn) Ì‡·ÓÓ‚ ÒÚÓÎ·ˆÓ‚ Ï‡ÚËˆ˚ L, ÔÓÓÊ‰‡ÂÏ˚ı Â‰ËÌË˜Ì˚ÏË ÔÓ‰Ï‡ÚËˆ‡ÏË. ÄÎ„ÓËÚÏ Äé2
ÓÒÌÓ‚‡Ì Ì‡ ÔÂÂ·ÓÂ Ò ÔÓÎËÌÓÏË‡Î¸ÌÓÈ Á‡‰ÂÊÍÓÈ O(m3n) Ì‡·ÓÓ‚ ÒÚÓÎ·ˆÓ‚, Ó·‡ÁÛ˛˘Ëı ÌÂ-
ÔË‚Ó‰ËÏ˚Â ÔÓÍ˚ÚËfl, Ë ËÏÂÂÚ ÔÓ‚ÚÓfl˛˘ËÂÒfl ¯‡„Ë.

êÂÁÛÎ¸Ú‡Ú˚ ˝ÍÒÔÂËÏÂÌÚÓ‚ ÔË‚Â‰ÂÌ˚ ‚ Ú‡·ÎËˆÂ. ÑÎfl Í‡Ê‰Ó„Ó ‡Î„ÓËÚÏ‡ ÛÍ‡Á‡ÌÓ ÒÂ‰ÌÂÂ
‚ÂÏfl Ò˜ÂÚ‡. ç‡ËÎÛ˜¯ÂÂ ‚ÂÏfl Ò˜ÂÚ‡ ‡Î„ÓËÚÏ‡ COMB, ÔË‚Â‰ÂÌÌÓÂ ‚ Ú‡·ÎËˆÂ, ‰ÓÒÚË„‡ÂÚÒfl ÌÂ
ÔË ÚÂÓÂÚË˜ÂÒÍÓÈ ÓˆÂÌÍÂ ÔÓÓ„‡ p = r1 – 1, ‡ ÔË ÌÂÍÓÚÓÓÏ ÔÓÓ„Â d, ÌÂÁÌ‡˜ËÚÂÎ¸ÌÓ ÓÚÎË˜‡˛-
˘ÂÏÒfl ÓÚ p. ÑÎfl ‡Î„ÓËÚÏ‡ COMB Ú‡ÍÊÂ ÛÍ‡Á‡ÌÓ N1(L) – ˜ËÒÎÓ ¯‡„Ó‚, ‚˚ÔÓÎÌÂÌÌ˚ı Ì‡ ÔÂ‚ÓÏ
˝Ú‡ÔÂ ‡·ÓÚ˚ ‡Î„ÓËÚÏ‡, N2(L) – ˜ËÒÎÓ ¯‡„Ó‚, ‚˚ÔÓÎÌÂÌÌ˚ı Ì‡ ‚ÚÓÓÏ ˝Ú‡ÔÂ ‡·ÓÚ˚ ‡Î„ÓËÚÏ‡,
Vd(L) – ˜ËÒÎÓ Â‰ËÌË˜Ì˚ı ÔÓ‰Ï‡ÚËˆ Ò ÔÓfl‰ÍÓÏ, ÌÂ ÔÂ‚ÓÒıÓ‰fl˘ËÏ d, |P1(L)| – ˜ËÒÎÓ ÌÂÔË‚Ó‰Ë-
Ï˚ı ÔÓÍ˚ÚËÈ ‰ÎËÌ˚, ÌÂ ÔÂ‚ÓÒıÓ‰fl˘ÂÈ d, |P2(L)| – ˜ËÒÎÓ ÌÂÔË‚Ó‰ËÏ˚ı ÔÓÍ˚ÚËÈ ‰ÎËÌ˚, ÔÂ-
‚ÓÒıÓ‰fl˘ÂÈ d. í‡ÍÊÂ ‚ Ú‡·ÎËˆÂ ÔË‚Â‰ÂÌÓ ˜ËÒÎÓ ¯‡„Ó‚ ‡Î„ÓËÚÏ‡ Äé1, ‡‚ÌÓÂ |S(L)|.

èÂ‚‡fl ÒÂËfl ˝ÍÒÔÂËÏÂÌÚÓ‚ ÔÓ‚Ó‰ËÎ‡Ò¸ Ì‡ ÒÎÛ˜‡ÈÌ˚ı Ï‡ÚËˆ‡ı ‡ÁÏÂ‡ 50 × 50 Ò ‡‚ÌÓ‚Â-
ÓflÚÌ˚Ï ÔÓfl‚ÎÂÌËÂÏ ÌÛÎÂÈ Ë Â‰ËÌËˆ. Ç˚·ÓÍ‡ ÒÓÒÚÓflÎ‡ ËÁ 15 Ï‡ÚËˆ. ëÂ‰ÌÂÂ ‚ÂÏfl ÔÓËÒÍ‡
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ÑÂÏ¸flÌÓ‚, Ñ˛ÍÓ‚‡

‚ÒÂı ÌÂÔË‚Ó‰ËÏ˚ı ÔÓÍ˚ÚËÈ ‡Î„ÓËÚÏÓÏ Äé1 ÒÓÒÚ‡‚ËÎÓ 104 Ò. ÄÎ„ÓËÚÏ˚ Äé2 Ë COMB ËÏÂ-
˛Ú ÁÌ‡˜ËÚÂÎ¸ÌÓ ÏÂÌ¸¯Â ÔÓ‚ÚÓfl˛˘ËıÒfl ¯‡„Ó‚ Ë ÚÂ·Û˛Ú ÏÂÌ¸¯Ëı ‚ÂÏÂÌÌ ı Á‡Ú‡Ú. ÄÎ„Ó-
ËÚÏ Äé2 Ì‡ ÚÂı ÊÂ ÒÎÛ˜‡ÈÌ˚ı Ï‡ÚËˆ‡ı ÔÓÍ‡Á‡Î ÒÂ‰ÌÂÂ ‚ÂÏfl Ò˜ÂÚ‡ 60 Ò, ‡ ‡Î„ÓËÚÏ COMB
ÔÓÍ‡Á‡Î 68 Ò. ìÍ‡Á‡ÌÌÓÂ ‰Îfl ‡Î„ÓËÚÏ‡ COMB ‚ÂÏfl ‰ÓÒÚË„‡ÂÚÒfl ÔË ÔÓÓ„Â d = r1 + 2. èË ˝ÚÓÏ
Ì‡ ÔÂ‚ÓÏ Ë ‚ÚÓÓÏ ˝Ú‡ÔÂ ‡·ÓÚ˚ ‡Î„ÓËÚÏ‡ ·˚ÎÓ ÔÓÒÚÓÂÌÓ ÔËÏÂÌÓ Ó‰ËÌ‡ÍÓ‚ÓÂ ˜ËÒÎÓ ÔÓ-
Í˚ÚËÈ (|P1(L)| ≈ |P2(L)|), ‡ Vd(L) ÓÍ‡Á‡ÎÓÒ¸ ‡‚Ì˚Ï 34.4 ÏÎÌ. (ÔË S(L) ÔËÏÂÌÓ ‡‚ÌÓÏ 36 ÏÎÌ.).

ÇÚÓ‡fl ÒÂËfl ̋ ÍÒÔÂËÏÂÌÚÓ‚ ÔÓ‚Ó‰ËÎ‡Ò¸ Ì‡ ÒÎÛ˜‡ÈÌ˚ı Ï‡ÚËˆ‡ı ‡ÁÏÂ‡ 100 × 30 Ò ‡‚ÌÓ‚Â-
ÓflÚÌ˚Ï ÔÓfl‚ÎÂÌËÂÏ ÌÛÎÂÈ Ë Â‰ËÌËˆ. Ç˚·ÓÍ‡ ÒÓÒÚÓflÎ‡ ËÁ 15 Ï‡ÚËˆ. ëÂ‰ÌÂÂ ‚ÂÏfl ÔÓËÒÍ‡ ÌÂ-
ÔË‚Ó‰ËÏ˚ı ÔÓÍ˚ÚËÈ ‡Î„ÓËÚÏÓÏ Äé2 ÒÓÒÚ‡‚ËÎÓ 28 Ò. ÄÎ„ÓËÚÏ COMB Ì‡ ÚÂı ÊÂ Ï‡ÚËˆ‡ı
ÔÓÍ‡Á‡Î ÂÁÛÎ¸Ú‡Ú 16 Ò ÔË ÔÓÓ„Â d = r1 + 3. èË ˝ÚÓÏ ÔÓ˜ÚË ‚ÒÂ ÌÂÔË‚Ó‰ËÏ˚Â ÔÓÍ˚ÚËfl (|P1(L)| ≈
≈ 47000) ·˚ÎË ÔÓÒÚÓÂÌ˚ Ì‡ ÔÂ‚ÓÏ ˝Ú‡ÔÂ ‡·ÓÚ˚ ‡Î„ÓËÚÏ‡ Ë ÎË¯¸ Ï‡Î‡fl ˜‡ÒÚ¸ (|P2(L)| ≈ 170) –
Ì‡ ‚ÚÓÓÏ. èÓ˜ÚË ‚ÒÂ Â‰ËÌË˜Ì˚Â ÔÓ‰Ï‡ÚËˆ˚ (ÓÍÓÎÓ 80 ÏÎÌ.) ËÏÂÎË ÔÓfl‰ÓÍ ÏÂÌ¸¯Â ÎË·Ó ‡‚-
Ì˚È d. ÄÎ„ÓËÚÏ Äé1 ‚ ‰‡ÌÌÓÈ ÒÂËË ÌÂ ËÒÒÎÂ‰Ó‚‡ÎÒfl ‚‚Ë‰Û ÒÎË¯ÍÓÏ ·ÓÎ¸¯Ó„Ó ‚ÂÏÂÌË Ò˜ÂÚ‡.

êÂÁÛÎ¸Ú‡Ú˚ ˝ÍÒÔÂËÏÂÌÚÓ‚ ÔÓ‰Ú‚ÂÊ‰‡˛Ú, ˜ÚÓ ÔÂ‰Î‡„‡ÂÏ˚È ‚ ‡·ÓÚÂ ‡Î„ÓËÚÏ fl‚ÎflÂÚÒfl
˝ÙÙÂÍÚË‚Ì˚Ï ‰Îfl ÔËÏÂÌÂÌËfl Ì‡ Ô‡ÍÚËÍÂ. ç‡ Í‚‡‰‡ÚÌ˚ı Ï‡ÚËˆ‡ı ÓÌ ÓÍ‡Á‡ÎÒfl ÁÌ‡˜ËÚÂÎ¸ÌÓ
˝ÙÙÂÍÚË‚ÌÂÂ ‡Î„ÓËÚÏ‡ Äé1 Ë ÌÂÁÌ‡˜ËÚÂÎ¸ÌÓ ÛÒÚÛÔ‡ÂÚ ‡Î„ÓËÚÏÛ Äé2. ç‡ ‚ÂÚËÍ‡Î¸ÌÓ ‚˚Úfl-
ÌÛÚ˚ı Ï‡ÚËˆ‡ı ‚ÂÏfl ‡·ÓÚ˚ ÔÂ‰Î‡„‡ÂÏÓ„Ó ‡Î„ÓËÚÏ‡ ÓÍ‡Á‡ÎÓÒ¸ ÔÓ˜ÚË ‚ 2 ‡Á‡ ÏÂÌ¸¯Â, ˜ÂÏ
‚ÂÏfl ‡·ÓÚ˚ ‡Î„ÓËÚÏ‡ Äé2. 

í‡ÍÊÂ ÂÁÛÎ¸Ú‡Ú˚ ˝ÍÒÔÂËÏÂÌÚÓ‚ ÔÓ‰Ú‚ÂÊ‰‡˛Ú, ˜ÚÓ ‚ ÒÎÛ˜‡Â m < n ÓÒÌÓ‚ÌÓÈ ÔË˜ËÌÓÈ ˝Ù-
ÙÂÍÚË‚ÌÓÒÚË ÔÂ‰Î‡„‡ÂÏÓ„Ó ‡Î„ÓËÚÏ‡ ÔÓ Ò‡‚ÌÂÌË˛ Ò Äé1 Ë Äé2 fl‚ÎflÂÚÒfl ÓÚÍ‡Á ÓÚ ÔÓÒÏÓÚ‡
·ÓÎ¸¯Ó„Ó ˜ËÒÎ‡ Â‰ËÌË˜Ì˚ı ÔÓ‰Ï‡ÚËˆ ÌÂ·ÓÎ¸¯Ó„Ó ÔÓfl‰Í‡, ÍÓÚÓ˚Â ÎË·Ó ÌÂ ÔÓÓÊ‰‡˛Ú ÔÓ-
Í˚ÚËÈ, ÎË·Ó ÔÓÓÊ‰‡˛Ú ÔÓ‚ÚÓfl˛˘ËÂÒfl ÌÂÔË‚Ó‰ËÏ˚Â ÔÓÍ˚ÚËfl. óËÒÎÓ Ú‡ÍËı ÔÓ‰Ï‡ÚËˆ ÒÓ-
ÒÚ‡‚ÎflÂÚ ‰ÂÒflÚÍË ÏËÎÎËÓÌÓ‚, ‚ ÚÓ ‚ÂÏfl Í‡Í ˜ËÒÎÓ ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘Ëı ËÏ ÔÓÍ˚ÚËÈ – ÎË¯¸ ‰ÂÒflÚ-
ÍË Ú˚Òfl˜.
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˚́

í‡·ÎËˆ‡

ê‡ÁÏÂ
Ï‡ÚËˆ

COMB AO1 AO2

‚ÂÏfl 
Ò˜ÂÚ‡ Vd(L) N1(L) N2(L) |P1(L)| |P2(L)| ‚ÂÏfl 

Ò˜ÂÚ‡ |S(L)| ‚ÂÏfl 
Ò˜ÂÚ‡

50 × 50 67.8 34.4 ÏÎÌ. 2516853 1833604 156336 157561 104 36.2 ÏÎÌ. 60

100 × 30 16.4 79.91 ÏÎÌ. 2956206 670 46866 173 – 79.96 ÏÎÌ. 28
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Ç ‡ÏÍ‡ı ‡Î„Â·‡Ë˜ÂÒÍÓ„Ó ÔÓ‰ıÓ‰‡ Í ÔÓ·ÎÂÏÂ ‡ÒÔÓÁÌ‡‚‡ÌËfl Ë Ì‡ ÓÒÌÓ‚‡ÌËË ÚÂÓËË ÎÓÍ‡Î¸-
Ì˚ı Ë ÛÌË‚ÂÒ‡Î¸Ì˚ı Ó„‡ÌË˜ÂÌËÈ ÔÂ‰Î‡„‡ÂÚÒfl ÓÔËÒ˚‚‡Ú¸ ÛÌË‚ÂÒ‡Î¸Ì˚Â Ó„‡ÌË˜ÂÌËfl Í‡Í
ÏÌÓÊÂÒÚ‚‡ ÓÚÓ·‡ÊÂÌËÈ, ÒÓı‡Ìfl˛˘Ëı m-ÏÂÒÚÌ˚Â ÔÂ‰ËÍ‡Ú˚. èÓÍ‡Á‡ÌÓ, ˜ÚÓ ÒËÏÏÂÚË˜Â-
ÒÍËÂ Ë ÙÛÌÍˆËÓÌ‡Î¸Ì˚Â Ó„‡ÌË˜ÂÌËfl ‰ÓÔÛÒÍ‡˛Ú ÔÓ‰Ó·ÌÓÂ ÓÔËÒ‡ÌËÂ. ÅË·Î. 3.

äÎ˛˜Â‚˚Â ÒÎÓ‚‡: Ó·Û˜ÂÌËÂ ÔÓ ÔÂˆÂ‰ÂÌÚ‡Ï, ‡ÒÔÓÁÌ‡‚‡ÌËÂ Ó·‡ÁÓ‚, ‡Î„Â·‡Ë˜ÂÒÍËÈ ÔÓ‰ıÓ‰,
ÚÂÓËfl ÎÓÍ‡Î¸Ì˚ı Ë ÛÌË‚ÂÒ‡Î¸Ì˚ı Ó„‡ÌË˜ÂÌËÈ.

1. ÇÇÖÑÖçàÖ

ëÓ„Î‡ÒÌÓ [1], ÔÓ·ÎÂÏ‡ ‡ÒÔÓÁÌ‡‚‡ÌËfl Á‡ÍÎ˛˜‡ÂÚÒfl ‚ ÚÓÏ, ˜ÚÓ·˚ ÔÓÒÚÓËÚ¸ ÓÚÓ·‡ÊÂÌËÂ ËÁ
ÏÌÓÊÂÒÚ‚‡ Ó·˙ÂÍÚÓ‚ (ÓÔËÒ‡ÌËÈ Ó·˙ÂÍÚÓ‚) ‚ ÍÓÌÂ˜ÌÓÂ ÏÌÓÊÂÒÚ‚Ó ÓÚ‚ÂÚÓ‚, Û‰Ó‚ÎÂÚ‚Ófl˛˘ÂÂ ÎÓ-
Í‡Î¸Ì˚Ï Ë ÛÌË‚ÂÒ‡Î¸Ì˚Ï Ó„‡ÌË˜ÂÌËflÏ. ãÓÍ‡Î¸Ì˚Â Ó„‡ÌË˜ÂÌËfl, Í‡Í Ô‡‚ËÎÓ, ÙÓÏÛÎËÛ˛Ú-
Òfl ‚ ÒÎÂ‰Û˛˘ÂÏ ‚Ë‰Â: Á‡‰‡ÌÓ ÍÓÌÂ˜ÌÓÂ ÏÌÓÊÂÒÚ‚Ó ÔÂˆÂ‰ÂÌÚÓ‚ – Ô‡ ‚Ë‰‡ “Ó·˙ÂÍÚ–ÓÚ‚ÂÚ”, Ë ÚÂ-
·ÛÂÚÒfl ÔÓÒÚÓËÚ¸ ÓÚÓ·‡ÊÂÌËÂ, ÍÓÚÓÓÂ Ì‡ Í‡Ê‰ÓÏ ËÁ ˝ÚËı Ó·˙ÂÍÚÓ‚ ‚˚‰‡ÂÚ ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ËÈ
ÂÏÛ ÓÚ‚ÂÚ. ìÌË‚ÂÒ‡Î¸Ì˚Â Ó„‡ÌË˜ÂÌËfl ‚ Ó·˘ÂÏ ÒÎÛ˜‡Â Á‡‰‡˛ÚÒfl Í‡Í ÌÂÍÓÚÓÓÂ ÔÓ‰ÏÌÓÊÂÒÚ‚Ó
‚ÒÂı ÓÚÓ·‡ÊÂÌËÈ (Ì‡ÔËÏÂ, ÏÌÓÊÂÒÚ‚Ó ‚ÒÂı ÏÓÌÓÚÓÌÌ˚ı ÓÚÌÓÒËÚÂÎ¸ÌÓ ÌÂÍÓÚÓÓ„Ó ˜‡ÒÚË˜ÌÓ-
„Ó ÔÓfl‰Í‡ ÓÚÓ·‡ÊÂÌËÈ).

Ç ‡Î„Â·‡Ë˜ÂÒÍÓÏ ÔÓ‰ıÓ‰Â (ÒÏ. [2]) ÚÂ·ÛÂÏÓÂ ÓÚÓ·‡ÊÂÌËÂ ÒÚÓËÚÒfl ‚ ‚Ë‰Â ÒÛÔÂÔÓÁËˆËË ‡Î-
„ÓËÚÏË˜ÂÒÍËı ÓÔÂ‡ÚÓÓ‚, ÍÓÂÍÚËÛ˛˘Ëı ÓÔÂ‡ˆËÈ Ë Â¯‡˛˘Â„Ó Ô‡‚ËÎ‡ Ú‡ÍËÏ Ó·‡ÁÓÏ,
˜ÚÓ·˚ ÛÌË‚ÂÒ‡Î¸Ì˚Â Ó„‡ÌË˜ÂÌËfl ‚˚ÔÓÎÌflÎËÒ¸ “ÔÓ ÔÓÒÚÓÂÌË˛”. çÂÓ·ıÓ‰ËÏ˚Â Ë ‰ÓÒÚ‡ÚÓ˜-
Ì˚Â ÛÒÎÓ‚Ëfl ÒÛ˘ÂÒÚ‚Ó‚‡ÌËfl Ú‡ÍËı ÓÚÓ·‡ÊÂÌËÈ ‚ Ì‡Ë·ÓÎÂÂ Ó·˘ÂÏ ‚Ë‰Â, Ì‡ flÁ˚ÍÂ ÚÂÓËË Í‡ÚÂ-
„ÓËÈ, ÔÓÎÛ˜ÂÌ˚ ‚ ÚÂÓËË ÛÌË‚ÂÒ‡Î¸Ì˚ı Ë ÎÓÍ‡Î¸Ì˚ı Ó„‡ÌË˜ÂÌËÈ.

Ç ‡·ÓÚ‡ı [1], [3] ‡ÒÒÏ‡ÚË‚‡ÎËÒ¸ ‡ÁÎË˜Ì˚Â ‚Ë‰˚ ÛÌË‚ÂÒ‡Î¸Ì˚ı Ó„‡ÌË˜ÂÌËÈ: ÒËÏÏÂÚË-
˜ÂÒÍËÂ, ÙÛÌÍˆËÓÌ‡Î¸Ì˚Â Ë ÏÓÌÓÚÓÌÌ˚Â. Ç ‰‡ÌÌÓÈ ‡·ÓÚÂ ÔÂ‰Î‡„‡ÂÚÒfl ÌÓ‚˚È, ·ÓÎÂÂ Ó·˘ËÈ ÒÔÓ-
ÒÓ· ÓÔËÒ‡ÌËfl ÛÌË‚ÂÒ‡Î¸Ì˚ı Ó„‡ÌË˜ÂÌËÈ, ÙÓÏÛÎËÛÂÏ˚È Í‡Í ÛÒÎÓ‚ËÂ ÒÓı‡ÌÂÌËfl Á‡‰‡ÌÌ˚ı
m-ÏÂÒÚÌ˚ı ÔÂ‰ËÍ‡ÚÓ‚. èÓÍ‡Á˚‚‡ÂÚÒfl, Í‡Í ÔÓÒÚÓËÚ¸ ˝ÚË ÔÂ‰ËÍ‡Ú˚, ˜ÚÓ·˚ ÓÔËÒ‡Ú¸ ÒËÏÏÂÚË-
˜ÂÒÍËÂ, ÙÛÌÍˆËÓÌ‡Î¸Ì˚Â Ë ÏÓÌÓÚÓÌÌ˚Â ÛÌË‚ÂÒ‡Î¸Ì˚Â Ó„‡ÌË˜ÂÌËfl ‚ ‡ÏÍ‡ı ÔÂ‰Î‡„‡ÂÏÓ„Ó
ÙÓÏ‡ÎËÁÏ‡.

èÛÒÚ¸ Á‡‰‡ÌÓ �i – ÏÌÓÊÂÒÚ‚Ó Ó·˙ÂÍÚÓ‚ Ë �f – ÏÌÓÊÂÒÚ‚Ó ‚ÓÁÏÓÊÌ˚ı ÓÚ‚ÂÚÓ‚. ìÌË‚ÂÒ‡Î¸Ì˚Â

Ó„‡ÌË˜ÂÌËfl  Á‡‰‡˛ÚÒfl, Í‡Í ÔÓ‰ÏÌÓÊÂÒÚ‚Ó M[ ] ÏÌÓÊÂÒÚ‚‡ ÓÚÓ·‡ÊÂÌËÈ ËÁ �i ‚ �f, Ú.Â.

ãÓÍ‡Î¸Ì˚Â Ó„‡ÌË˜ÂÌËfl M[ ] Á‡‰‡˛ÚÒfl, Í‡Í ÏÌÓÊÂÒÚ‚Ó ÓÚÓ·‡ÊÂÌËÈ

„‰Â (xi, yi  – ÍÓÌÂ˜ÌÓÂ ÏÌÓÊÂÒÚ‚Ó ÔÂˆÂ‰ÂÌÚÓ‚, xi ∈ �i, yi ∈ �f.

íÂ·ÛÂÚÒfl Ì‡ÈÚË ÓÚÓ·‡ÊÂÌËÂ (ÂÒÎË ÓÌÓ ÒÛ˘ÂÒÚ‚ÛÂÚ) a* ∈ M[ ] ∩ M[ ]. ã˛·ÓÂ Ú‡ÍÓÂ a* ÔË-
ÌËÏ‡ÂÚÒfl Í‡Í Â¯ÂÌËÂ Á‡‰‡˜Ë.

Ç ‡Î„Â·‡Ë˜ÂÒÍÓÏ ÔÓ‰ıÓ‰Â Ì‡fl‰Û Ò ÏÌÓÊÂÒÚ‚‡ÏË �i Ë �f ‚‚Ó‰ËÚÒfl ÔÓÒÚ‡ÌÒÚ‚Ó ÓˆÂÌÓÍ �e.

á‡ÚÂÏ ‚˚·Ë‡ÂÚÒfl ÏÌÓÊÂÒÚ‚Ó ‡Î„ÓËÚÏË˜ÂÒÍËı ÓÔÂ‡ÚÓÓ‚ �0 ⊂  = { b : �i  �e}, ÒÂÏÂÈ-

Is
u Is

u

M Is
u[ ] M⊂ a : �i � f{ } .=

Is
l

M Is
l[ ] a : �i � f ; a xi( ) yi i 1 n,=,={ } ,=

)i 1=
n

Is
u Is

l

�0
*

ìÑä 519.714

13*
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í‡ı‡ÌÓ‚

ÒÚ‚Ó Â¯‡˛˘Ëı Ô‡‚ËÎ �1 ⊂ c :   �f} Ë ÒÂÏÂÈÒÚ‚Ó ÍÓÂÍÚËÛ˛˘Ëı ÓÔÂ‡ˆËÈ

� ⊂ f :   �e}. ÇÒÂ ÒÂÏÂÈÒÚ‚‡ ‚˚·Ë‡˛ÚÒfl Ú‡Í, ˜ÚÓ·˚ ‚˚ÔÓÎÌflÎÓÒ¸ ‚ÍÎ˛˜ÂÌËÂ

�1 ° �(�0) ⊆ M[ ].

2. èÂ‰ËÍ‡ÚÌÓÂ Á‡‰‡ÌËÂ ÛÌË‚ÂÒ‡Î¸Ì˚ı Ó„‡ÌË˜ÂÌËÈ

Ç Ó·˘ÂÈ ÚÂÓËË ÛÌË‚ÂÒ‡Î¸Ì˚ı Ë ÎÓÍ‡Î¸Ì˚ı Ó„‡ÌË˜ÂÌËÈ (ÒÏ. [1]) ÛÌË‚ÂÒ‡Î¸Ì˚Â Ó„‡ÌË˜Â-
ÌËfl ‡ÒÒÏ‡ÚË‚‡˛ÚÒfl Í‡Í ÌÂÍÓÚÓ˚Â ÒÔÂˆË‡Î¸Ì˚Â Í‡ÚÂ„ÓËË, Ì‡Á˚‚‡ÂÏ˚Â ‰ÓÔÛÒÚËÏ˚ÏË. ÑÓÔÛ-
ÒÚËÏ˚Â Í‡ÚÂ„ÓËË ı‡‡ÍÚÂËÁÛ˛ÚÒfl ÒÎÂ‰Û˛˘ËÏË Ò‚ÓÈÒÚ‚‡ÏË.

1. é·˙ÂÍÚ˚ Í‡ÚÂ„ÓËË – ÌÂÍÓÚÓ˚Â ÏÌÓÊÂÒÚ‚‡ Ë ‚ÒÂ‚ÓÁÏÓÊÌ˚Â ‰ÂÍ‡ÚÓ‚˚ ÒÚÂÔÂÌË ̋ ÚËı ÏÌÓ-
ÊÂÒÚ‚, ÏÓÙËÁÏ˚ – ÓÚÓ·‡ÊÂÌËfl.

2. ÖÒÎË f : An  Bm – ÏÓÙËÁÏ ËÁ Ó·˙ÂÍÚ‡ An ‚ Ó·˙ÂÍÚ Bm, ÚÓ f∆(x) = f(x, …, x) – ÏÓÙËÁÏ ËÁ
Ó·˙ÂÍÚ‡ Ä ‚ Ó·˙ÂÍÚ Bm.

3. ÖÒÎË f : An  Bm Ë g : Ap  Bq – ÏÓÙËÁÏ˚, ÚÓ f × g : An + p  Bm + q, ÓÔÂ‰ÂÎflÂÏ˚È ‚ ‚Ë‰Â
f × g(x1, …, xn, y1, …, yp) = (f(x1, …, xn), g(y1, …, yp)), – ÚÓÊÂ ÏÓÙËÁÏ.

èÓÍ‡ÊÂÏ, Í‡Í Ò ÔÓÏÓ˘¸˛ m-ÏÂÒÚÌ˚ı ÔÂ‰ËÍ‡ÚÓ‚ ÏÓÊÌÓ Á‡‰‡‚‡Ú¸ Í‡ÚÂ„ÓËË Ú‡ÍÓ„Ó ÚËÔ‡.
éÔÂ‰ÂÎÂÌËÂ 1. èÛÒÚ¸ Ì‡ ÏÌÓÊÂÒÚ‚‡ı A Ë B Á‡‰‡Ì˚ m-ÏÂÒÚÌ˚Â ÔÂ‰ËÍ‡Ú˚ ρA Ë ρB, Ú.Â. ρA ⊂ Am

Ë ρB ⊂  Bm. íÓ„‰‡ ·Û‰ÂÏ „Ó‚ÓËÚ¸, ˜ÚÓ ÙÛÌÍˆËfl ϕ : A  B ÒÓı‡ÌflÂÚ Ô‡Û (ρA, ρB), ÂÒÎË ∀ (x1, …, xm) ∈
∈  ρA  〈ϕ(x 1), …, ϕ(xm)〉 ∈ ρB. åÌÓÊÂÒÚ‚Ó ÙÛÌÍˆËÈ, ÒÓı‡Ìfl˛˘Ëı Ô‡Û (ρA, ρB), ·Û‰ÂÏ Ó·ÓÁÌ‡-
˜‡Ú¸ ˜ÂÂÁ H(ρA, ρB).

ëÎÂ‰Û˛˘ÂÂ Ó˜Â‚Ë‰ÌÓÂ Ò‚ÓÈÒÚ‚Ó ÔÂ‰ËÍ‡ÚÌÓ„Ó Á‡‰‡ÌËfl Ë ÓÔÂ‰ÂÎflÂÚ Â„Ó ‚˚·Ó ‚ Í‡˜ÂÒÚ‚Â
flÁ˚Í‡ ÓÔËÒ‡ÌËfl ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘Ëı ÛÌË‚ÂÒ‡Î¸Ì˚ı Ó„‡ÌË˜ÂÌËÈ.

èÂ‰ÎÓÊÂÌËÂ 1. ÖÒÎË f : A  B ÒÓı‡ÌflÂÚ Ô‡Û (ρA, ρB), ‡ g : B  C ÒÓı‡ÌflÂÚ Ô‡Û (ρB, ρC),
ÚÓ g ° f ÒÓı‡ÌflÂÚ Ô‡Û (ρA, ρC).

éÔÂ‰ÂÎÂÌËÂ 2. èÛÒÚ¸ Ì‡ ÏÌÓÊÂÒÚ‚Â A Á‡‰‡Ì m-ÏÂÒÚÌ˚È ÔÂ‰ËÍ‡Ú ρA. íÓ„‰‡ Ì‡ÁÓ‚ÂÏ s-È ÒÚÂÔÂ-

Ì¸˛ ρA Ë ˜ÂÂÁ  Ó·ÓÁÌ‡˜ËÏ m-ÏÂÒÚÌ˚È ÔÂ‰ËÍ‡Ú Ì‡ As Ú‡ÍÓÈ, ˜ÚÓ 〈( , …, ), …, ( , …, )〉 ∈

∈   ⇔ ∀i =  ( , …, ) ∈ ρ A.

ê‡ÒÒÏÓÚËÏ ÌÂÍÓÚÓ˚È ÍÎ‡ÒÒ ÏÌÓÊÂÒÚ‚ I. èÛÒÚ¸ Ì‡ Í‡Ê‰ÓÏ ÏÌÓÊÂÒÚ‚Â A ∈ I Á‡‰‡Ì m-ÏÂÒÚÌ˚È
ÔÂ‰ËÍ‡Ú ρA, Ë ÔÛÒÚ¸ ‰‡Ì‡ Í‡ÚÂ„ÓËfl Ψ(I, ρ), Ó·˙ÂÍÚ‡ÏË ÍÓÚÓÓÈ fl‚Îfl˛ÚÒfl ÏÌÓÊÂÒÚ‚‡ Ä Ë Ëı ‰Â-
Í‡ÚÓ‚˚ ÒÚÂÔÂÌË As, s = 1, 2, 3, …, ‡ ÏÌÓÊÂÒÚ‚‡ ÏÓÙËÁÏÓ‚ ‰Îfl Î˛·˚ı A, B ∈ I Ë s, r ∈ N ÓÔÂ‰Â-

Îfl˛ÚÒfl ‡‚ÂÌÒÚ‚ÓÏ Hom(As, Br) = H( , ). íÓ, ˜ÚÓ Ψ – Í‡ÚÂ„ÓËfl, ÒÎÂ‰ÛÂÚ ËÁ ÔÂ‰ÎÓÊÂÌËfl 1 Ë

ËÁ ÚÓ„Ó, ˜ÚÓ  : As  As (Â‰ËÌË˜Ì˚È ÓÔÂ‡ÚÓ) ÒÓı‡ÌflÂÚ ( , ), Ú.Â.  ∈ Hom(As, As). ÑÓÔÛ-
ÒÚËÏÓÒÚ¸ ˝ÚÓÈ Í‡ÚÂ„ÓËË Ó˜Â‚Ë‰Ì‡ ËÁ ÔÓÒÚÓÂÌËfl. ëÍ‡ÊÂÏ, ˜ÚÓ Í‡ÚÂ„ÓËfl Ψ(I, ρ) ÔÓÓÊ‰ÂÌ‡
ÍÎ‡ÒÒÓÏ ‚ÒÂı Ú‡ÍËı Ô‡ 〈A, ρA〉. é·ÓÁÌ‡˜ËÏ ˝ÚÓÚ ÍÎ‡ÒÒ ˜ÂÂÁ �(I, ρ).

ê‡ÒÒÏÓÚËÏ ÔËÏÂ˚ Í‡ÚÂ„ÓËÈ, ÔÓÓÊ‰‡ÂÏ˚ı ÍÎ‡ÒÒ‡ÏË �(I, ρ).

2.1. é„‡ÌË˜ÂÌËfl ÏÓÌÓÚÓÌÌÓÒÚË

èÛÒÚ¸ Í‡Ê‰ÓÏÛ ÏÌÓÊÂÒÚ‚Û Ä ËÁ ÍÎ‡ÒÒ‡ I ÔÓÒÚ‡‚ÎÂÌ ‚ ÒÓÓÚ‚ÂÚÒÚ‚ËÂ ˜‡ÒÚË˜Ì˚È ÔÓfl‰ÓÍ ≥A Ì‡
˝ÚÓÏ ÏÌÓÊÂÒÚ‚Â. ä‡ÚÂ„ÓËfl (I, ≥), ÔÓÓÊ‰ÂÌÌ‡fl ÍÎ‡ÒÒÓÏ �(I, ≥), ÙÓÏ‡ÎËÁÛÂÚ ÛÌË‚ÂÒ‡Î¸Ì˚Â
Ó„‡ÌË˜ÂÌËfl ÏÓÌÓÚÓÌÌÓÒÚË.

2.2. ëËÏÏÂÚË˜ÂÒÍËÂ Ó„‡ÌË˜ÂÌËfl

ëÎÂ‰Ûfl [3], ‡ÒÒÏÓÚËÏ ÏÌÓÊÂÒÚ‚Ó �q, l(A) – ÏÌÓÊÂÒÚ‚Ó Ï‡ÚËˆ q × l Ì‡‰ ÏÌÓÊÂÒÚ‚ÓÏ A, Ë ÔÛÒÚ¸
I – ÍÎ‡ÒÒ ‚ÒÂı ÏÌÓÊÂÒÚ‚ �q, l(A). èÛÒÚ¸ Ì‡Ï ‰‡Ì‡ ÌÂÍÓÚÓ‡fl ÔÓ‰„ÛÔÔ‡ S = {e, s1, …, sk} „ÛÔÔ˚ ÔÓ‰-
ÒÚ‡ÌÓ‚ÓÍ Sq, l Ì‡‰ {(1, 1), (1, 2), …, (q, l)}.

ÑÎfl U ∈  �q, l(A) Ë s ∈  Sq, l ÔÓÎÓÊËÏ s(||Uij||q, l) = ||Us(i, j)||q, l Ë ‰Îfl U1, …, Ud ∈  �q, l(A) Ë s ∈  Sq, l ÔÓÎÓÊËÏ
s(U1, …, Ud) = (s(U1), …, s(Ud)).

{
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ç‡ÔÓÏÌËÏ, ˜ÚÓ ÒËÏÏÂÚË˜ÂÒÍÓÈ Í‡ÚÂ„ÓËÂÈ, ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ÂÈ „ÛÔÔÂ S, Ì‡Á˚‚‡ÂÚÒfl Í‡ÚÂ„Ó-
Ëfl ΨS, ÍÎ‡ÒÒÓÏ Ó·˙ÂÍÚÓ‚ ÍÓÚÓÓÈ ÒÎÛÊ‡Ú ÏÌÓÊÂÒÚ‚‡ Ï‡ÚËˆ �q, l(A) Ì‡‰ ÔÓËÁ‚ÓÎ¸Ì˚ÏË ÏÌÓÊÂ-

ÒÚ‚‡ÏË Ä Ë Ëı ‰ÂÍ‡ÚÓ‚˚ ÒÚÂÔÂÌË (A), ‡ ÏÌÓÊÂÒÚ‚‡ ÏÓÙËÁÏÓ‚ ÓÔÂ‰ÂÎfl˛ÚÒfl ‚ ‚Ë‰Â

íÂÔÂ¸ ‰Îfl Í‡Ê‰Ó„Ó ÏÌÓÊÂÒÚ‚‡ �q, l(A) ÓÔÂ‰ÂÎËÏ k + 1-ÏÂÒÚÌ˚È ÔÂ‰ËÍ‡Ú ρA = {(U, s1(U), …

…,  sk(U)) | U ∈ �q, l(A)} ⊆ ( A). ãÂ„ÍÓ ‚Ë‰ÂÚ¸, ˜ÚÓ r-fl ÒÚÂÔÂÌ¸ ÔÂ‰ËÍ‡Ú‡ ρA ÂÒÚ¸  = {(U,

s1(U), …, sk(U)) | U ∈  (A)} ⊆  ( (A))k + 1. í‡ÍËÏ Ó·‡ÁÓÏ, ÍÎ‡ÒÒ �(I, ρ) ÓÔÂ‰ÂÎflÂÚ Í‡ÚÂ„ÓË˛
Ψ(I, ρ). íÓ„‰‡ ÒÔ‡‚Â‰ÎË‚Ó

èÂ‰ÎÓÊÂÌËÂ 2. ëÔ‡‚Â‰ÎË‚Ó ÒÓÓÚÌÓ¯ÂÌËÂ 

ÑÓÍ‡Á‡ÚÂÎ¸ÒÚ‚Ó. èÓ ÓÔÂ‰ÂÎÂÌË˛,

ìÚ‚ÂÊ‰ÂÌËÂ ‰ÓÍ‡Á‡ÌÓ.
í‡ÍËÏ Ó·‡ÁÓÏ, Ψ(I, ρ) = ΨS, Ú.Â. Í‡ÚÂ„ÓËfl Ψ(I, ρ) ÓÔÂ‰ÂÎflÂÚ ÒËÏÏÂÚË˜ÂÒÍËÂ Ó„‡ÌË˜ÂÌËfl,

‚‚Â‰ÂÌÌ˚Â ‚ [3].

2.3. îÛÌÍˆËÓÌ‡Î¸Ì˚Â Ó„‡ÌË˜ÂÌËfl

èÛÒÚ¸ ‰‡Ì‡ ÌÂÍÓÚÓ‡fl ÒË„Ì‡ÚÛ‡ ϕ = 〈�(1, 1), �(1, 2), …, �(q, l), λ〉, „‰Â �(i, j) – ÎËÌÂÈÌÓ ÛÔÓfl‰Ó˜ÂÌ-
Ì˚Â ÔÓ‰ÏÌÓÊÂÒÚ‚‡ ÏÌÓÊÂÒÚ‚‡ � = {(1, 1), (1, 2), …, (q, l)}, ‡ λ : �  {1, 2, …, t}, t < ql, ÔË˜ÂÏ
[λ(i1, j1) = λ(i2, j2)]  | | = | |. ëÎÂ‰Ûfl [3], Ó·ÓÁÌ‡˜‡ÂÏ z(i, j) = |�(i, j)| Ë k-È ˝ÎÂÏÂÌÚ �(i, j) –

Í‡Í ξ(i, j, k), ‡ Ú‡ÍÊÂ ∀r ∈ {1, 2, …, t}   z(r)  z(i(r), j(r)), ÂÒÎË λ(i(r), j(r)) = r.

éÒÚ‡‚ËÏ Ó·˙ÂÍÚ˚ ÚÂÏË ÊÂ Ë ÓÔÂ‰ÂÎËÏ ÏÌÓÊÂÒÚ‚Ó ÓÚÓ·‡ÊÂÌËÈ ‚ ‚Ë‰Â

Ç [3] ·˚ÎÓ ÔÓÍ‡Á‡ÌÓ, ˜ÚÓ ÔÓÎÛ˜ÂÌÌ‡fl ÒÚÛÍÚÛ‡ ·Û‰ÂÚ Í‡ÚÂ„ÓËÂÈ (ÂÂ Ó·ÓÁÌ‡˜‡˛Ú ˜ÂÂÁ Ψϕ),
ÂÒÎË Ë ÚÓÎ¸ÍÓ ÂÒÎË ·Û‰ÛÚ ‚˚ÔÓÎÌÂÌ˚ ÒÎÂ‰Û˛˘ËÂ ÛÒÎÓ‚Ëfl:

1) ∀(i, j) ∈ �  (i, j) ∈ �(i, j);

2) [λ(i1, j1) = λ(i2, j2)] ∧ [(i 1, j1) = ξ(i1, j1, k)]  [(i2, j2) = ξ(i2, j2, k)];
3) [λ(i1, j1) = λ(i2, j2)]  [λ(ξ(i1, j1, k)) = λ(ξ(i2, j2, k))];

4) (i, j) ∈    ⊆ ;

5) [λ(i1, j1) = λ(i2, j2)]  [ξ(ξ(i1, j1, k), k1) = ξ(i1, j1, k2) ≡ ξ(ξ(i2, j2, k), k1) = ξ(i2, j2, k2)].
èÂ‰ÎÓÊÂÌËÂ 3. èË ‚˚ÔÓÎÌÂÌËË ÛÒÎÓ‚ËÈ 1) Ë 4), ‡ Ú‡ÍÊÂ ÔË λ(i1, j1) = λ(i2, j2) ⇔ (i1, j2) = (i2, j2)

ÏÌÓÊÂÒÚ‚Ó Φ ÏÓÊÌÓ ÔÂÂÔËÒ‡Ú¸ ‚ ÒÎÂ‰Û˛˘ÂÏ ‚Ë‰Â:

„‰Â Φi, j – ÏÌÓÊÂÒÚ‚Ó ÙÛÌÍˆËÈ Ú‡ÍËı, ˜ÚÓ ˝ÎÂÏÂÌÚ˚ Ò ËÌ‰ÂÍÒ‡ÏË ËÁ �(i, j) Ï‡ÚËˆ Ó·‡Á‡ Á‡‚Ë-

�q l,
s

HomΨS
�q l,

r
A( ) �q l,

s
B( ),( ) ϕ  : �q l,

r
A( ) �q l,

s
B( )  i∀ 1 k, , U∀ �q l,

r
A( ) ϕ si U( )( ) si ϕ U( )( )=∈={ } .=

�q l,
k 1+ ρA

r

�q l,
r �q l,

r

HomΨ I ρ,( ) �q l,
r

A( ) �q l,
s

B( ),( )  =

=  ϕ  : �q l,
r

A( ) �q l,
s

B( )  i∀ 1 k, , U∀ �q l,
r

A( ) ϕ si U( )( ) si ϕ U( )( )=∈={ } .

HomΨ I ρ,( ) �q l,
r

A( ) �q l,
s

B( ),( )  =

=  ϕ  : �q l,
r

A( ) �q l,
s

B( )  U∀ �q l,
r

A( ) V∃ �q l,
s

B( ) ϕ U( ) V=( ) ( i∀ 1 k,  ϕ si U( )( ) si V( )= = )∧∈ ∈{ }  =

=  ϕ  : �q l,
r

A( ) �q l,
s

B( )  U∀ �q l,
r

A( ), i∀ 1 k,=  ϕ si U( )( ) si ϕ U( )( )=∈{ } .

� i1 j1,( ) � i2 j2,( )

=∆

Φ �q l,
r

A( ) �q l,
s

B( ),( ) u : �q l,
r

A( ) �q l,
s

B( )  f n
k  : Az n( )r B k 1 s, n 1 t, ,=,=,∃{=

u Uij
1

q l, … Uij
r

q l,, ,( ) Fij
1

q l, … Fij
r

q l,, ,( ) Fij
u f λ i j,( )

u Uξ i j 1, ,( )
1 … Uξ i j z i j,( ), ,( )

1 … Uξ i j z i j,( ), ,( )
r, , , ,( )=,= } .

� i2 j2,( ) � i1 j1,( ) � i2 j2,( )

Φ �q l,
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A( ) �q l,
s

B( ),( ) Φi j, ,
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í‡ı‡ÌÓ‚

ÒflÚ ÚÓÎ¸ÍÓ ÓÚ ˝ÎÂÏÂÌÚÓ‚ Ò ËÌ‰ÂÍÒ‡ÏË ËÁ �(i, j) ÔÓÓ·‡Á‡, Ú.Â.

ÑÓÍ‡Á‡ÚÂÎ¸ÒÚ‚Ó. èÛÒÚ¸  – ÏÌÓÊÂÒÚ‚Ó ÙÛÌÍˆËÈ Ú‡ÍËı, ˜ÚÓ ˝ÎÂÏÂÌÚ˚ Ò ËÌ‰ÂÍÒÓÏ (i, j) Ï‡Ú-
Ëˆ Ó·‡Á‡ Á‡‚ËÒflÚ ÚÓÎ¸ÍÓ ÓÚ ˝ÎÂÏÂÌÚÓ‚ Ò ËÌ‰ÂÍÒ‡ÏË ËÁ �(i, j) Ï‡ÚËˆ ÔÓÓ·‡Á‡, Ú.Â.

é˜Â‚Ë‰ÌÓ, ˜ÚÓ Φi, j ⊆ , Ú‡Í Í‡Í ( i, j) ∈ �(i, j) ÔÓ Ò‚ÓÈÒÚ‚Û 1). éÚÒ˛‰‡ ËÏÂÂÏ

é·‡ÚÌÓÂ ‚ÎÓÊÂÌËÂ Ú‡ÍÊÂ ‚ÂÌÓ, Ú‡Í Í‡Í, ÔÓ Ò‚ÓÈÒÚ‚Û 4), ËÏÂÂÏ (i1, j1) ∈     ⊆  ,

Ú.Â. ˝ÎÂÏÂÌÚ˚ Ò ËÌ‰ÂÍÒ‡ÏË ËÁ  Ï‡ÚËˆ Ó·‡Á‡ Á‡‚ËÒflÚ ÚÓÎ¸ÍÓ ÓÚ ˝ÎÂÏÂÌÚÓ‚ Ò ËÌ‰ÂÍÒ‡ÏË ËÁ

 Ï‡ÚËˆ ÔÓÓ·‡Á‡. ìÚ‚ÂÊ‰ÂÌËÂ ‰ÓÍ‡Á‡ÌÓ.

èÂ‰ÎÓÊÂÌËÂ 4. èË Û‰Ó‚ÎÂÚ‚ÓÂÌËË ÛÒÎÓ‚ËÈ, 1)–5) ÏÌÓÊÂÒÚ‚Ó Φ ÏÓÊÌÓ ÓÔËÒ‡Ú¸ ‚ ÒÎÂ‰Û˛-
˘ÂÏ ‚Ë‰Â:

„‰Â Φi, j, i', j' – ÏÌÓÊÂÒÚ‚Ó ÙÛÌÍˆËÈ Ú‡ÍËı, ˜ÚÓ ÙÛÌÍˆËfl Á‡‚ËÒËÏÓÒÚË ˝ÎÂÏÂÌÚÓ‚ Ò ËÌ‰ÂÍÒ‡ÏË ËÁ
�(i, j) Ï‡ÚËˆ Ó·‡Á‡ ÓÚ ̋ ÎÂÏÂÌÚÓ‚ Ò ËÌ‰ÂÍÒ‡ÏË ËÁ �(i, j) Ï‡ÚËˆ ÔÓÓ·‡Á‡ Ú‡ ÊÂ, ̃ ÚÓ Ë ÙÛÌÍˆËfl
Á‡‚ËÒËÏÓÒÚË ˝ÎÂÏÂÌÚÓ‚ Ò ËÌ‰ÂÍÒ‡ÏË ËÁ �(i', j') Ï‡ÚËˆ Ó·‡Á‡ ÓÚ ˝ÎÂÏÂÌÚÓ‚ Ò ËÌ‰ÂÍÒ‡ÏË ËÁ �(i', j')
Ï‡ÚËˆ ÔÓÓ·‡Á‡, Ú.Â.

ÑÓÍ‡Á‡ÚÂÎ¸ÒÚ‚Ó. í‡Í Í‡Í Φi, j, i, j = Φi, j, ÚÓ, Ó˜Â‚Ë‰ÌÓ, Φi, j, i, j ⊆  ÒÓ„Î‡ÒÌÓ Ò‚ÓÈÒÚ‚Û 1). à ÂÒÎË
ÔË λ(i, j) = λ(i', j') ËÏÂÂÚ ÏÂÒÚÓ

ÚÓ Φi, j, i', j' ⊆ , Ú‡Í Í‡Í ÂÒÎË (i, j) = ξ(i, j, k), ÚÓ (i', j') = ξ(i', j', k) (Ò‚ÓÈÒÚ‚Ó 2));  – ÏÌÓÊÂ-
ÒÚ‚Ó ÙÛÌÍˆËÈ Ú‡ÍËı, ˜ÚÓ ÙÛÌÍˆËfl Á‡‚ËÒËÏÓÒÚË ˝ÎÂÏÂÌÚÓ‚ Ò ËÌ‰ÂÍÒÓÏ i, j Ï‡ÚËˆ Ó·‡Á‡ ÓÚ ˝ÎÂ-
ÏÂÌÚÓ‚ Ò ËÌ‰ÂÍÒ‡ÏË ËÁ �(i, j) Ï‡ÚËˆ ÔÓÓ·‡Á‡ Ú‡ ÊÂ, ̃ ÚÓ Ë ÙÛÌÍˆËfl Á‡‚ËÒËÏÓÒÚË ̋ ÎÂÏÂÌÚÓ‚ Ò ËÌ‰ÂÍ-
Ò‡ÏË i', j' Ï‡ÚËˆ Ó·‡Á‡ ÓÚ ˝ÎÂÏÂÌÚÓ‚ Ò ËÌ‰ÂÍÒ‡ÏË ËÁ �(i', j') Ï‡ÚËˆ ÔÓÓ·‡Á‡. íÓ„‰‡ Ó˜Â‚Ë‰ÌÓ, ˜ÚÓ

çÓ, Ò ‰Û„ÓÈ ÒÚÓÓÌ˚, ÔË λ(i, j) = λ(i', j') ‚˚ÔÓÎÌflÂÚÒfl ‚ÍÎ˛˜ÂÌËÂ Φ( (A), (B)) ⊆ Φi, j, i', j',
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r

A( ) �q l,
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Ú‡Í Í‡Í ËÏÂÂÏ

á‰ÂÒ¸ ·˚ÎÓ ËÒÔÓÎ¸ÁÓ‚‡ÌÓ ÚÓ, ˜ÚÓ λ(ξ(i, j, k)) = λ(ξ(i', j', k)) ⇒  = , Ë ÚÓ, ˜ÚÓ ËÁ

ξ(ξ(i, j, k), k1) = ξ(i, j, k2) Ë ξ(ξ(i', j', k), k1) = ξ(i', j', k2) ÒÎÂ‰ÛÂÚ  =  =  =

=  (Ò‚ÓÈÒÚ‚‡ 3) Ë 5)).

àÚ‡Í, ÔÓÎÛ˜‡ÂÏ

ë Û˜ÂÚÓÏ ÚÓ„Ó, ˜ÚÓ Ó·‡ÚÌÓÂ ‚ÎÓÊÂÌËÂ ·˚ÎÓ ‰ÓÍ‡Á‡ÌÓ ‚˚¯Â, ÔÓÎÛ˜‡ÂÏ

ìÚ‚ÂÊ‰ÂÌËÂ ‰ÓÍ‡Á‡ÌÓ.

ç‡ÔÓÏÌËÏ, ˜ÚÓ H(ρA, ρB) ‰Îfl ÔÓËÁ‚ÓÎ¸Ì˚ı ÔÂ‰ËÍ‡ÚÓ‚ ρA, ρB – ÏÌÓÊÂÒÚ‚Ó ÙÛÌÍˆËÈ, ÒÓı‡Ìfl-
˛˘Ëı Ô‡Û (ρA, ρB). ëÔ‡‚Â‰ÎË‚Ó 

èÂ‰ÎÓÊÂÌËÂ 5. èÛÒÚ¸ ‰‡Ì˚ ÏÌÓÊÂÒÚ‚‡ X, Y Ë Ô‡˚ ÔÂ‰ËÍ‡ÚÓ‚ ( , ), …, ( , ),  ⊆  ,

 ⊆ , k = . íÓ„‰‡ ËÏÂÂÏ

àÁ ÓÔÂ‰ÂÎÂÌËfl Φi, j, i', j' ‚Ë‰ÌÓ, ˜ÚÓ Φi, j, i', j' = H( , ), „‰Â

ÔË˜ÂÏ  = ( )
r
. 

èÂ‰ÎÓÊÂÌËÂ 6. èË ‚˚ÔÓÎÌÂÌËË ÛÒÎÓ‚ËÈ 1) Ë 4), ‡ Ú‡ÍÊÂ ÔË λ(i1, j1) = λ(i2, j2) ⇔ (i1, j1) = (i2, j2)
ÔÓÎÛ˜‡ÂÏ
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í‡ı‡ÌÓ‚

ÑÓÍ‡Á‡ÚÂÎ¸ÒÚ‚Ó. ëÓ„Î‡ÒÌÓ ÔÂ‰ÎÓÊÂÌËflÏ 3 Ë 5 ËÏÂÂÏ

èÂ‰ÎÓÊÂÌËÂ 7. èË ‚˚ÔÓÎÌÂÌËË ÛÒÎÓ‚ËÈ 1)–5) ÔÓÎÛ˜‡ÂÏ

ÑÓÍ‡Á‡ÚÂÎ¸ÒÚ‚Ó. ëÓ„Î‡ÒÌÓ ÔÂ‰ÎÓÊÂÌËflÏ 4 Ë 5 ËÏÂÂÏ

éÚÒ˛‰‡ ÔÓÎÛ˜‡ÂÏ ‰‚‡ ÛÚ‚ÂÊ‰ÂÌËfl.
íÂÓÂÏ‡ 1. èË ÛÒÎÓ‚Ëflı 1) Ë 4), ‡ Ú‡ÍÊÂ ÔË λ(i1, j1) = λ(i2, j2) ⇔ (i1, j1) = (i2, j2) ÍÎ‡ÒÒ Ô‡

〈�q, l(A), 〉 ÔÓÓÊ‰‡ÂÚ Í‡ÚÂ„ÓË˛ Ψϕ.

íÂÓÂÏ‡ 2. èË ÛÒÎÓ‚Ëflı 1)–5) ÍÎ‡ÒÒ Ô‡ 〈�q, l(A), 〉 ÔÓÓÊ‰‡ÂÚ Í‡ÚÂ-
„ÓË˛ Ψϕ.

Ç Á‡ÍÎ˛˜ÂÌËÂ ‡‚ÚÓ ‚˚‡Ê‡ÂÚ „ÎÛ·ÓÍÛ˛ ÔËÁÌ‡ÚÂÎ¸ÌÓÒÚ¸ ä.Ç. êÛ‰‡ÍÓ‚Û Á‡ ÔÓÒÚ‡ÌÓ‚ÍÛ Á‡‰‡-
˜Ë, ‚ÌËÏ‡ÌËÂ Í ‡·ÓÚÂ Ë ˆÂÌÌ˚Â Á‡ÏÂ˜‡ÌËfl.
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