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êÂ„ÛÎflËÁ‡ˆËfl ÔÓ íËıÓÌÓ‚Û ‰Îfl Ó·˘ÂÈ Á‡‰‡˜Ë ÌÂÎËÌÂÈÌÓ„Ó ÔÓ„‡ÏÏËÓ‚‡ÌËfl. àÒÒÎÂ‰ÛÂÚÒfl
ÏÂÚÓ‰ Â„ÛÎflËÁ‡ˆËË ÔÓ íËıÓÌÓ‚Û ‰Îfl Â¯ÂÌËfl Ó·˘ÂÈ Á‡‰‡˜Ë ÌÂÎËÌÂÈÌÓ„Ó ÔÓ„‡ÏÏËÓ‚‡-
ÌËfl, ÍÓÚÓ‡fl ÔÂ‰‚‡ËÚÂÎ¸ÌÓ ÔÂÓ·‡ÁÓ‚‡Ì‡ ‚ Á‡‰‡˜Û ·ÂÁÛÒÎÓ‚ÌÓÈ ÓÔÚËÏËÁ‡ˆËË. ë‚ÓÈÒÚ‚‡
ÒÚ‡·ËÎ¸ÌÓÒÚË ‡ÒÒÏÓÚÂÌ˚, ÒıÓ‰ËÏÓÒÚ¸ ÏÂÚÓ‰‡ Â„ÛÎflËÁ‡ˆËË ‰ÓÍ‡Á‡Ì‡. ÅË·Î. 21.

äÎ˛˜Â‚˚Â ÒÎÓ‚‡: ÏÂÚÓ‰ Â„ÛÎflËÁ‡ˆËË ÔÓ íËıÓÌÓ‚Û, ÌÂÎËÌÂÈÌ‡fl ÓÔÚËÏËÁ‡ˆËfl, ÌÂÔÂ˚‚Ì˚Â
ÙÛÌÍˆËË.

1. INTRODUCTION

Let fi , i = 1, 2, …, m, , j = 1, 2, …, N – 1, and ϕN be nonlinear continuous functions defined on the

Euclidian space �
n
 with the scalar product and norm denoted by  and , respectively. Consider

the following general nonlinear constrained optimization problem: find an element  in �
n
 such that

(1.1)

Set

Then, S = . Assume that S0 := {  ∈ S : ϕ N( ) = minx ∈ SϕN(x)} ≠ .

For the case S = �
n
, we have an unconstrained optimization problem, i.e., the problem of finding an el-

ement  ∈ �
n
 such that

(1.2)

When ϕN is sufficiently smooth with the gradient function g(x), the approximations for  of (1.2) can be
obtained by the conjugate gradient method:

(1.3)

where xk is the k-th iteration, αk > 0 is steplength, and dk is a search direction. Normally the search direction
at the first iteration is the steepest descent direction, namely d1 = –g1, gk = g(xk). The other search directions
can be defined recursively:

(1.4)

1) ê‡·ÓÚ‡ ‚˚ÔÓÎÌÂÌ‡ ÔË ÙËÌ‡ÌÒÓ‚ÓÈ ÔÓ‰‰ÂÊÍÂ Vietnamese Fundamental Research Program in Natural Science MS 121104.
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βk ∈ �
1
 is so chosen that (1.3), (1.4) reduces to the linear conjugate gradient method if ϕN is a strictly convex

quadratic function. The differences in choosing the parameter βk such as

where yk = gk + 1 – gk, give the formulaes Flecher–Reeves, Polak–Ribiére–Polyak, and Hestenes–Stiefel (see
[1]–[4]). Then, this method is developed in [5]–[7] by Yuan.

For solving (1.2) there exists also the other type of iteration, named the trust region method. The first
trust region method is given by Powell [8]. At the k-th iteration, the trial step is computed by

(1.5)

where Bk is an n × n symmetric matrix which approximates the Hessian and ∆k > 0 is a trust region radius.
The convergence of the method are studied in [9], [10].

The two classes of methods (1.4) and (1.5) can be applied to solve equality constrained optimization
problem in [11]–[13].

Some other iteration methods are presented in [14, p. 375], [15].
Solving an unconstrained optimization problem is simpler than solving a constrained one, in general. So,

the aim of this paper is to transfor the stated general nonlinear optimization problem into unconstrained op-
timization one depending on parameter, by using Tikhonov regularization method. To do this, set ϕj(x) =
= max{0, (x)}, j = 1, 2, …, N – 1. Clearly, ϕj are also continuous,

(1.6)

ϕj(x) ≥ 0 ∀x ∈ �
n
 and ϕj(y) = 0 ∀y ∈ S j .

When S0 = �
n
, and ϕj , j = 1, 2, …, N, are convex function, problem (1.1) was studied in [16] on the base

of convex analysis by transforming it into an unconstrained vector optimization. The idea in [16] is devel-
oped here for the case where ϕj are not necessary to be convex, and maybe S0 is not the whole space �

n
. For

this purpose, consider the following vector optimization problem with equality constrains: find an element
 ∈  �

n
 such that

(1.7)

where F(x) = ( f1(x), …, fm(x))Ú.
Note that problem (1.7) with N = 1 is studied in [17]–[20] for a monotone operator F : X  X*, where

X denotes a reflexive Banach space and X* is its dual space.
Further, to solve (1.7), consequently (1.1) (see the proof of theorem 1 in [16]), consider the following

unconstrained optimization problem: find an element xα ∈ �
n
 such that

(1.8)
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where x* is some element in �
n
.

It is well-known [14] that problem (1.8) has a solution xα for each α > 0. Without loss of generality, as-

sume that ϕN(x) ≥ 0 ∀x ∈ �
n
.

In addition, assume that ϕN has the bounded level sets, i.e., the set {x ∈ �
n
 : ϕN(x) ≤ c} is bounded for

every c > 0.

2. MAIN RESULTS

Theorem 1. Let αk  0, as k  ∞. Then every sequence {xk}, where xk :=  is a solution of (1.8)
with α replaced by αk, has a convergent subsequence. The limit of every convergent subsequence is a solu-
tion of (1.1). If, in addition, the solution  is unique, then

Proof. From (1.8) it follows

(2.1)

for each fixed element y ∈ �
n
. Taking y ∈  S, we have F(y) = 0, and from (1.6) it deduces ϕj(xk) ≥ ϕj(y) = 0,

j = 1, 2, …, N – 1. Then, from (2.1) it implies

(2.2)

Since ϕN is level-bounded, then {xk} is bounded. Let {xl} ⊂ { xk} be such that xl   as l  ∞. We shall

prove that  is a solution of (1.1). Indeed, from (2.1) and ϕN(x) ≥ 0 ∀x ∈ �
n
 we obtain

Tending l  ∞ in the last inequality, the continuous property of F gives F( ) = 0, i.e.,  ∈ S0. Now, we

prove that  ∈ S1. For any element y ∈ S0, from (2.1) and ϕj(x) ≥ 0 ∀x ∈ �
n
, j = 1, 2, …, N – 1, we can write

After passing l  ∞ in the last inequality we obtain ϕ1( ) ≤ ϕ1(y) ∀y ∈ S0. Note that  is a local minimizer

of ϕ1 on S0. But, because of S1 ∩ S0 ≠ ,  also in a global minimizer of ϕ1 on �
n
. It means that  ∈ S1.

Further, we prove that  ∈ S2. For any y ∈ S0 ∩ S1, from (2.1) and ϕj(x) ≥ 0 ∀x ∈ �
n
, j = 1, 2, …, N we have

By the similar argument, we obtain  ∈  S2, and  ∈  Sj, j = 3, 4, …, N – 1. Consequently,  ∈  S. In finall, we
have to prove that  is a solution of (1.1). As above, for any y ∈  S, from (2.2) it deduces that ϕN( ) ≤ ϕN(y)
∀y ∈ S. Hence, ϕ N( ) = miny ∈  SϕN(y). Theorem is proved now.

Under the above conditions (1.1) is ill-posed. By this we mean that the set S0 do not depend continuously
on the data {fi , ϕj}, i = 1, 2, …, m, j = 1, 2, …, N. Consequently, to obtain approximation solutions we need
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to use stable methods. Assume that instead of { fi , ϕj} we have their continuous approximations { , }
such that

(2.3)

In [21] one proposed the regularization method that minimizers the functional

on the subset C := , where Fδ(x) = ( (x), …, (x))Ú, α, λ are the small parameters, and Ω(x) is
a stabilizing term. This is a constrained optimization problem, too.

For the case where {fi , ϕj} are given approximately by { , } satisfying (2.3) we consider the fol-

lowing unconstrained optimization problem: find an element  ∈ �
n
 such that

(2.4)

As spoken above, for each α > 0 problem (2.4) possesses a solution denoted by .

We have the result.

Theorem 2. Let αk, δk  0 so that δk/αk  0, as k  ∞. Then every sequence {xk}, where xk := 
is a solution of (2.4) with α, δ replaced by αk, δk, respectively, has a convergent subsequence. The limit of
every convergent subsequence is a solution of (1.1). If, in addition, the solution  is unique, then

Proof. From (2.4) we have

(2.5)

for every fixed element y ∈ �
n
. Consequently,

(2.6)

By taking y ∈ S, we have F(y) = 0, and ϕj(xk) ≥ ϕj(y) = 0, j = 1, 2, …, N – 1. Then, from (2.3) and (2.6) in
implies

f i
δ ϕ j

δ
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or

(2.7)

Since δk, δk/αk  0 as k  ∞, and ϕN is level-bounded, then {xk} is bounded. Let {xl} ⊂ { xk} such that
xl   as l  ∞. We shall prove that  is a solution of (1.1). Indeed, from (2.6), (2.7) and ϕN(x) ≥ 0

∀x ∈ �
n
 it follows

Tending l  ∞ in the last inequality, the continuous property of F gives F( ) = 0, i.e.,  ∈ S0. Now, we
prove that  ∈ S 1. For any element y ∈ S 0, from (2.5) we also obtain

Therefore,

(2.8)

After passing l  ∞ in the last inequality we obtain ϕ1( ) ≤ ϕ1(y) ∀y ∈ S0. It means that  ∈ S1. Further,
we prove that  ∈ S 2. For any y ∈ S 0 ∩ S1, again from (2.8) and ϕ1(xl) ≥ ϕ1(y) we can write

By the similar argument, we obtain  ∈ S2. Now, suppose that we have proved  ∈ , and need to

show that  ∈ Sp. Taking y ∈ , from (1.6), (2.5) and ϕj(xl) ≥ ϕj(y) = 0, j = 1, 2, …, p – 1, it is
obvious

It is means that  ∈ Sp. Consequently,  ∈ S. In finall, we have to prove that  is a solution of (1.1). As
above, for any y ∈ S, from (2.7) it deduces that ϕN( ) ≤ ϕN(y) ∀y ∈ S. Hence, ϕN( ) = miny ∈ SϕN(y). The-
orem is proved now.
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x x

0 F x
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α l
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x x
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�
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2
.+
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N
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n

2
≤+

j 2=

N

∑+
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�
n

2
.+
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N
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x x
x
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δl x
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x
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ê‡ÒÒÏ‡ÚË‚‡˛ÚÒfl ÍÓÌÂ˜ÌÓÏÂÌ˚Â Á‡‰‡˜Ë Ó ‚ÌÂ¯ÌÂÈ Ë ‚ÌÛÚÂÌÌÂÈ ÓˆÂÌÍÂ ‚˚ÔÛÍÎÓ„Ó ÍÓÏÔ‡Í-
Ú‡ ¯‡ÓÏ ÌÂÍÓÚÓÓÈ ÌÓÏ˚ (Á‡‰‡˜Ë Ó· ÓÔËÒ‡ÌÌÓÏ Ë ‚ÔËÒ‡ÌÌÓÏ ¯‡Â). Ñ‡ÂÚÒfl Ó·˘‡fl ı‡‡ÍÚÂ-
ËÒÚËÍ‡ ÛÒÚÓÈ˜Ë‚ÓÒÚË Â¯ÂÌËfl ÓÚÌÓÒËÚÂÎ¸ÌÓ ÔÓ„Â¯ÌÓÒÚË Á‡‰‡ÌËfl ÓˆÂÌË‚‡ÂÏÓ„Ó ÍÓÏÔ‡ÍÚ‡.
èÓÎÛ˜ÂÌ ÌÓ‚˚È ÍËÚÂËÈ Â¯ÂÌËfl Á‡‰‡˜Ë Ó ‚ÌÂ¯ÌÂÈ ÓˆÂÌÍÂ ‚ ÙÓÏÂ, Ò‚flÁ˚‚‡˛˘ÂÈ ÂÂ Ò Á‡-
‰‡˜ÂÈ Ó ‚ÌÛÚÂÌÌÂÈ ÓˆÂÌÍÂ ÌËÊÌÂ„Ó ÎÂ·Â„Ó‚‡ ÏÌÓÊÂÒÚ‚‡ ÙÛÌÍˆËË ‡ÒÒÚÓflÌËfl ‰Ó Ò‡ÏÓÈ ‰‡Î¸-
ÌÂÈ ÚÓ˜ÍË ÓˆÂÌË‚‡ÂÏÓ„Ó ÍÓÏÔ‡ÍÚ‡. èË ‰ÓÔÓÎÌËÚÂÎ¸ÌÓÏ ÔÂ‰ÔÓÎÓÊÂÌËË Ó ÒËÎ¸ÌÓÈ ‚˚ÔÛÍÎÓ-
ÒÚË ÍÓÏÔ‡ÍÚ‡ ‰‡ÂÚÒfl ÍÓÎË˜ÂÒÚ‚ÂÌÌ‡fl ÓˆÂÌÍ‡ ÛÒÚÓÈ˜Ë‚ÓÒÚË ˆÂÌÚ‡ ‚ÔËÒ‡ÌÌÓ„Ó ¯‡‡. Ç ÔÂ‰-
ÔÓÎÓÊÂÌËË ÒËÎ¸ÌÓÈ Í‚‡ÁË‚˚ÔÛÍÎÓÒÚË ËÒÔÓÎ¸ÁÛÂÏÓÈ ÌÓÏ˚ ÔÓÎÛ˜ÂÌ‡ ÍÓÎË˜ÂÒÚ‚ÂÌÌ‡fl ÓˆÂÌÍ‡
ÛÒÚÓÈ˜Ë‚ÓÒÚË ˆÂÌÚ‡ ÓÔËÒ‡ÌÌÓ„Ó ¯‡‡. ÅË·Î. 24. 

äÎ˛˜Â‚˚Â ÒÎÓ‚‡: ÓˆÂÌÍ‡ ‚˚ÔÛÍÎÓ„Ó ÍÓÏÔ‡ÍÚ‡ ¯‡ÓÏ, ÛÒÚÓÈ˜Ë‚ÓÒÚ¸ Â¯ÂÌËfl, ‚ÌÂ¯Ìflfl Ë
‚ÌÛÚÂÌÌflfl ÓˆÂÌÍË, ÒËÎ¸Ì‡fl ‚˚ÔÛÍÎÓÒÚ¸.

1) 1. ÇÇÖÑÖçàÖ

àÌÚÂÂÒ Ï‡ÚÂÏ‡ÚËÍÓ‚ Í ÓˆÂÌÍÂ Ë ‡ÔÔÓÍÒËÏ‡ˆËË ‰ÓÒÚ‡ÚÓ˜ÌÓ ÒÎÓÊÌ˚ı ÏÌÓÊÂÒÚ‚ ÏÌÓÊÂÒÚ‚‡-
ÏË ÔÓÒÚÓÈ „ÂÓÏÂÚË˜ÂÒÍÓÈ ÒÚÛÍÚÛ˚ ‚ÓÁÌËÍ Ó˜ÂÌ¸ ‰‡‚ÌÓ (ÒÏ., Ì‡ÔËÏÂ, [1], [2] Ë ·Ë·ÎËÓ„‡-
ÙËË ‚ ÌËı) Ë ‚ÓÁÓ·ÌÓ‚ÎflÎÒfl ÔÓ ÏÂÂ ÔÓfl‚ÎÂÌËfl ‚ Ï‡ÚÂÏ‡ÚËÍÂ ÌÓ‚˚ı ÒÂ‰ÒÚ‚ ËÒÒÎÂ‰Ó‚‡ÌËfl, ÔÓÁ-
‚ÓÎfl˛˘Ëı ‡ÒÒÏ‡ÚË‚‡Ú¸ Í‡Í ÌÓ‚˚Â Á‡‰‡˜Ë, Ú‡Í Ë ÒÚ‡˚Â Á‡‰‡˜Ë, ÌÓ Ì‡ ·ÓÎÂÂ ‚˚ÒÓÍÓÏ ÛÓ‚ÌÂ.
ç˚ÌÂ ̋ ÚÓ Ì‡Ô‡‚ÎÂÌËÂ ÔÓ‰‰ÂÊË‚‡ÂÚÒfl ‚ ‡ÏÍ‡ı ÌÂ„Î‡‰ÍÓ„Ó ‡Ì‡ÎËÁ‡ Ë ÌÂ‰ËÙÙÂÂÌˆËÛÂÏÓÈ ÓÔ-
ÚËÏËÁ‡ˆËË, ÍÓÚÓ˚Â ‰‡˛Ú ˝ÙÙÂÍÚË‚Ì˚Â ËÌÒÚÛÏÂÌÚ˚ ‰Îfl ËÒÒÎÂ‰Ó‚‡ÌËfl Ú‡ÍËı Á‡‰‡˜. 

á‡‰‡˜Ë ÔÓ ÓˆÂÌÍÂ ÏÌÓÊÂÒÚ‚, ‡ Ú‡ÍÊÂ ÏÌÓ„ÓÁÌ‡˜Ì˚ı ÓÚÓ·‡ÊÂÌËÈ Ì‡ıÓ‰flÚ Ó·¯ËÌ˚Â ÔËÎÓ-
ÊÂÌËfl ‚ ÂÒÚÂÒÚ‚ÓÁÌ‡ÌËË, ‚ ÚÓÏ ˜ËÒÎÂ Ë ‚ Ò‡ÏÓÈ Ï‡ÚÂÏ‡ÚËÍÂ. àÁ‚ÂÒÚÌ˚ ÏÌÓ„Ó˜ËÒÎÂÌÌ˚Â ‡·ÓÚ˚,
Ò‚flÁ‡ÌÌ˚Â Ò ‚ÌÂ¯ÌËÏË Ë ‚ÌÛÚÂÌÌËÏË ˝ÎÎËÔÒÓË‰‡Î¸Ì˚ÏË ÓˆÂÌÍ‡ÏË ÏÌÓÊÂÒÚ‚ Ë ÏÌÓ„ÓÁÌ‡˜Ì˚ı
ÓÚÓ·‡ÊÂÌËÈ (ÒÏ., Ì‡ÔËÏÂ, [3], [4]). ÑÎfl ÚÂıÌËÍË ÓÒÓ·ÓÂ ÁÌ‡˜ÂÌËÂ ËÏÂ˛Ú ‚ÌÂ¯ÌËÂ Ë ‚ÌÛÚÂÌÌËÂ
ÓˆÂÌÍË ÏÌÓÊÂÒÚ‚ ÓËÂÌÚËÓ‚‡ÌÌ˚ÏË Ô‡‡ÎÎÂÎÂÔËÔÂ‰‡ÏË (ÒÏ., Ì‡ÔËÏÂ, [5], [6]). ê‡ÒÒÏ‡ÚË‚‡-
ÎËÒ¸ ‡ÔÔÓÍÒËÏ‡ˆËË ‚˚ÔÛÍÎÓ„Ó ÍÓÏÔ‡ÍÚ‡ ÎËÌÂÈÌ˚ÏË ÍÓÏ·ËÌ‡ˆËflÏË Á‡‰‡ÌÌÓ„Ó Ì‡·Ó‡ ‚˚ÔÛÍ-
Î˚ı ÍÓÏÔ‡ÍÚÓ‚ ÔÓÒÚÓ„Ó ‚Ë‰‡ (ÒÏ., Ì‡ÔËÏÂ, [7]), ‡ Ú‡ÍÊÂ ‚ÌÛÚÂÌÌËÂ Ë ‚ÌÂ¯ÌËÂ ‡ÔÔÓÍÒËÏ‡ˆËË
‚˚ÔÛÍÎÓ„Ó ÍÓÏÔ‡ÍÚ‡ ÏÌÓ„Ó„‡ÌÌËÍ‡ÏË (ÒÏ., Ì‡ÔËÏÂ, [8], [9]) Ë ‰Û„ËÂ Á‡‰‡˜Ë. 

ç‡fl‰Û Ò ̋ ÎÎËÔÒÓË‰ÓÏ Ë ÏÌÓ„Ó„‡ÌÌËÍÓÏ, Í ̃ ËÒÎÛ Ì‡Ë·ÓÎÂÂ ÔÓÒÚ˚ı ÏÌÓÊÂÒÚ‚ ÓÚÌÓÒËÚÒfl ̄ ‡
Î˛·ÓÈ ÌÓÏ˚. Ç ‰‡ÌÌÓÈ ÒÚ‡Ú¸Â Ì‡ ÔÂ‰ÏÂÚ ÛÒÚÓÈ˜Ë‚ÓÒÚË Â¯ÂÌËfl ‡ÒÒÏ‡ÚË‚‡˛ÚÒfl ‰‚Â ËÁ‚ÂÒÚ-
Ì˚Â Á‡‰‡˜Ë ÔÓ ÓˆÂÌÍÂ ÏÌÓÊÂÒÚ‚‡ ¯‡ÓÏ ÌÂÍÓÚÓÓÈ ÌÓÏ˚. 

èÂ‚‡fl ËÁ ÌËı – Á‡‰‡˜‡ Ó· ÓÔËÒ‡ÌÌÓÏ ¯‡Â ËÎË ˜Â·˚¯fi‚ÒÍÓÏ ˆÂÌÚÂ ÏÌÓÊÂÒÚ‚‡. ÖÒÎË D –
ÓˆÂÌË‚‡ÂÏ˚È ÍÓÏÔ‡ÍÚ ËÁ ÍÓÌÂ˜ÌÓÏÂÌÓ„Ó ÔÓÒÚ‡ÌÒÚ‚‡ �

p
, ‡ ÙÛÌÍˆËfl n(x) – ËÒÔÓÎ¸ÁÛÂÏ‡fl ÌÓ-

Ï‡ Ì‡ �
p
, ÚÓ Á‡‰‡˜Û ÏÓÊÌÓ Á‡ÔËÒ‡Ú¸ ‚ ‚Ë‰Â 

(1.1)

ùÚÛ Á‡‰‡˜Û ·Û‰ÂÏ Ú‡ÍÊÂ Ì‡Á˚‚‡Ú¸ Á‡‰‡˜ÂÈ Ó ‚ÌÂ¯ÌÂÈ ÓˆÂÌÍÂ ÍÓÏÔ‡ÍÚ‡ D ¯‡ÓÏ ÌÓÏ˚ n(·).
éÌ‡ ÚÂ·ÛÂÚ ÔÓÒÚÓÂÌËfl ̄ ‡‡ Ì‡ËÏÂÌ¸¯Â„Ó ‡‰ËÛÒ‡, ÒÓ‰ÂÊ‡˘Â„Ó ÓˆÂÌË‚‡ÂÏ˚È ÍÓÏÔ‡ÍÚ D. èÓ-
ÒÍÓÎ¸ÍÛ Á‡ÏÂÌ‡ ÍÓÏÔ‡ÍÚ‡ D ‚ Á‡‰‡˜Â (1.1) Ì‡ Â„Ó ‚˚ÔÛÍÎÛ˛ Ó·ÓÎÓ˜ÍÛ ÌÂ ÏÂÌflÂÚ ÂÂ Â¯ÂÌËfl, ÚÓ
·ÂÁ ÔÓÚÂË Ó·˘ÌÓÒÚË ·Û‰ÂÏ ‰‡ÎÂÂ Ò˜ËÚ‡Ú¸ ÍÓÏÔ‡ÍÚ D ‚˚ÔÛÍÎ˚Ï. 

1)ê‡·ÓÚ‡ ‚˚ÔÓÎÌÂÌ‡ ÔË ÙËÌ‡ÌÒÓ‚ÓÈ ÔÓ‰‰ÂÊÍÂ êîîà (ÍÓ‰ ÔÓÂÍÚ‡ 06-01-00003).

R x D,( ) n x y–( ) .
x �

p
∈

min
y D∈
max≡

ìÑä 519.626
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ÇÚÓ‡fl Á‡‰‡˜‡ – Á‡‰‡˜‡ Ó ‚ÔËÒ‡ÌÌÓÏ ̄ ‡Â ËÎË Á‡‰‡˜‡ Ó ‚ÌÛÚÂÌÌÂÈ ÓˆÂÌÍÂ ‚˚ÔÛÍÎÓ„Ó ÍÓÏÔ‡Í-
Ú‡ D ¯‡ÓÏ ÌÓÏ˚ n(·). ÖÂ ÏÓÊÌÓ Á‡ÔËÒ‡Ú¸ ‚ ‚Ë‰Â 

(1.2)

á‰ÂÒ¸ Ω = , ‡ ÙÛÌÍˆËfl ρ(x, Ω) ‚˚‡Ê‡ÂÚ ‡ÒÒÚÓflÌËÂ ÓÚ ÚÓ˜ÍË x ‰Ó ÏÌÓÊÂÒÚ‚‡ Ω ‚ ÌÓÏÂ n(·).
á‡‰‡˜‡ (1.2) ÚÂ·ÛÂÚ ÔÓÒÚÓÂÌËfl ¯‡‡ ÌÓÏ˚ n(·) Ò Ï‡ÍÒËÏ‡Î¸Ì˚Ï ‡‰ËÛÒÓÏ, ÍÓÚÓ˚È ÒÓ‰ÂÊËÚ-
Òfl ‚ D. 

é ÌÂÍÓÚÓ˚ı Ò‚ÓÈÒÚ‚‡ı ˆÂÎÂ‚˚ı ÙÛÌÍˆËÈ Á‡‰‡˜ (1.1) Ë (1.2), ‡ Ú‡ÍÊÂ Ò‡ÏËı Â¯ÂÌËÈ Í‡Í ‰Îfl
ÒÎÛ˜‡fl Â‚ÍÎË‰Ó‚ÓÈ ÌÓÏ˚, Ú‡Í Ë ‰Îfl ÔÓËÁ‚ÓÎ¸ÌÓÈ ÒÏ., Ì‡ÔËÏÂ, [1], [10]–[14]. 

Ç ˝ÚÓÈ ‡·ÓÚÂ ËÒÒÎÂ‰ÛÂÏ Á‡‰‡˜Ë (1.1) Ë (1.2) Ì‡ ÛÒÚÓÈ˜Ë‚ÓÒÚ¸ Â¯ÂÌËfl ÓÚÌÓÒËÚÂÎ¸ÌÓ ÔÓ„Â¯-
ÌÓÒÚË Á‡‰‡ÌËfl ÓˆÂÌË‚‡ÂÏÓ„Ó ‚˚ÔÛÍÎÓ„Ó ÍÓÏÔ‡ÍÚ‡ D. ìÚÓ˜ÌËÏ ÔÓÒÚ‡ÌÓ‚ÍÛ ‚ÓÔÓÒ‡. 

Ç Ô‡ÍÚË˜ÂÒÍËı ÒËÚÛ‡ˆËflı ËÌÙÓÏ‡ˆËfl Ó ÍÓÏÔ‡ÍÚÂ D ÏÓÊÂÚ ÌÓÒËÚ¸ ÔË·ÎËÊÂÌÌ˚È ı‡‡ÍÚÂ,
Ú.Â. ‚ÏÂÒÚÓ D Ì‡Ï ÏÓÊÂÚ ·˚Ú¸ ËÁ‚ÂÒÚÂÌ ‰Û„ÓÈ ‚˚ÔÛÍÎ˚È ÍÓÏÔ‡ÍÚ Dε Ú‡ÍÓÈ, ˜ÚÓ h(D, Dε) ≤ ε.
á‰ÂÒ¸ ε > 0 – ËÁ‚ÂÒÚÌ‡fl ÔÓ„Â¯ÌÓÒÚ¸ Á‡‰‡ÌËfl ÍÓÏÔ‡ÍÚ‡ D, ‡ 

(1.3)

ÂÒÚ¸ ‡ÒÒÚÓflÌËÂ ï‡ÛÒ‰ÓÙ‡ ÏÂÊ‰Û ÏÌÓÊÂÒÚ‚‡ÏË A Ë B ‚ Â‚ÍÎË‰Ó‚ÓÈ ÌÓÏÂ ||·||. í‡ÍËÏ Ó·‡ÁÓÏ, Ó
Â¯ÂÌËflı (1.1) Ë (1.2) Ï˚ ÏÓÊÂÏ ÒÛ‰ËÚ¸ ÔÓ Â¯ÂÌË˛ ÔË·ÎËÊÂÌÌ˚ı Á‡‰‡˜ 

(1.4)

(1.5)

„‰Â Ωε = . íÂ·ÛÂÚÒfl Óı‡‡ÍÚÂËÁÓ‚‡Ú¸ ÛÒÚÓÈ˜Ë‚ÓÒÚ¸ Â¯ÂÌËÈ Á‡‰‡˜ ‚ ˆÂÎÓÏ Ë ÔÓ ‚ÓÁÏÓÊ-
ÌÓÒÚË ‰‡Ú¸ ÍÓÎË˜ÂÒÚ‚ÂÌÌÛ˛ ÓˆÂÌÍÛ ÛÒÚÓÈ˜Ë‚ÓÒÚË ˜ÂÂÁ ε ÓÔÚËÏ‡Î¸Ì˚ı ÁÌ‡˜ÂÌËÈ ˆÂÎÂ‚˚ı ÙÛÌÍ-
ˆËÈ Ë Ò‡ÏËı ÏÌÓÊÂÒÚ‚ Â¯ÂÌËÈ, Ú.Â. ‡‰ËÛÒÓ‚ Ë ˆÂÌÚÓ‚ ÓÔËÒ‡ÌÌ˚ı Ë ‚ÔËÒ‡ÌÌ˚ı ¯‡Ó‚. 

éÚÏÂÚËÏ, ̃ ÚÓ ËÒÒÎÂ‰Ó‚‡ÌËÂ ÛÒÚÓÈ˜Ë‚ÓÒÚË Â¯ÂÌËfl Á‡‰‡˜Ë ‚˚ÔÛÍÎÓ„Ó ÔÓ„‡ÏÏËÓ‚‡ÌËfl, Í‡Í
ËÁ‚ÂÒÚÌÓ (ÒÏ., Ì‡ÔËÏÂ, [15]), ÏÓÊÂÚ ÓÔË‡Ú¸Òfl Ì‡ ÒËÎ¸ÌÛ˛ ‚˚ÔÛÍÎÓÒÚ¸ (ÒÏ. [16, Ò. 181]) ˆÂÎÂ‚ÓÈ
ÙÛÌÍˆËË, ÂÒÎË ÓÌ‡ ËÏÂÂÚÒfl. é‰Ì‡ÍÓ ÙÛÌÍˆËfl R(x, D), fl‚ÎflflÒ¸ ‚˚ÔÛÍÎÓÈ ÔÓ x Ì‡ �

p
, ÌË ÔË Í‡ÍËı

ÛÒÎÓ‚Ëflı Ì‡ D Ë n(·) ÌÂ fl‚ÎflÂÚÒfl ÒËÎ¸ÌÓ ‚˚ÔÛÍÎÓÈ Ì‡ Í‡ÍÓÏ-ÎË·Ó ÚÂÎÂÒÌÓÏ ‚˚ÔÛÍÎÓÏ ÏÌÓÊÂÒÚ‚Â.
Ä ÙÛÌÍˆËfl ρ(x, Ω) fl‚ÎflÂÚÒfl ‚Ó„ÌÛÚÓÈ ÔÓ x Ì‡ ‚˚ÔÛÍÎÓÏ ÍÓÏÔ‡ÍÚÂ D, ÌÓ Ì‡ Î˛·ÓÏ Â„Ó ‚˚ÔÛÍÎÓÏ
ÚÂÎÂÒÌÓÏ ÔÓ‰ÏÌÓÊÂÒÚ‚Â ÌÂ fl‚ÎflÂÚÒfl ÒËÎ¸ÌÓ ‚Ó„ÌÛÚÓÈ. ìÚÓ˜Ìfl˛˘ËÂ ÍÓÏÏÂÌÚ‡ËË ÔÓ ˝ÚÓÏÛ ÔÓ-
‚Ó‰Û ËÏÂ˛ÚÒfl ‚ ‡Á‰. 2. 

ëÓ‰ÂÊ‡ÌËÂ ‡·ÓÚ˚ Ú‡ÍÓ‚Ó. Ç ‡Á‰. 2 ÔË‚Ó‰flÚÒfl ËÒÔÓÎ¸ÁÛÂÏ˚Â ‚ÒÔÓÏÓ„‡ÚÂÎ¸Ì˚Â ÔÓÌflÚËfl Ë
Ù‡ÍÚ˚. ÉÎ‡‚Ì˚ÏË ËÁ ÌËı fl‚Îfl˛ÚÒfl Ò‚Â‰ÂÌËfl ËÁ ÒËÎ¸ÌÓ ‚˚ÔÛÍÎÓ„Ó ‡Ì‡ÎËÁ‡ (ÒÏ. [9]), ÎÂÊ‡˘ËÂ ‚
ÓÒÌÓ‚Â ÔÓÎÛ˜ÂÌËfl ÍÓÎË˜ÂÒÚ‚ÂÌÌÓÈ ÓˆÂÌÍË ÛÒÚÓÈ˜Ë‚ÓÒÚË ˆÂÌÚÓ‚ ÓÔËÒ‡ÌÌÓ„Ó Ë ‚ÔËÒ‡ÌÌÓ„Ó ¯‡Ó‚.
Ç ‡Á‰. 3 ‰‡Ì‡ Ó·˘‡fl ı‡‡ÍÚÂËÒÚËÍ‡ ÛÒÚÓÈ˜Ë‚ÓÒÚË Â¯ÂÌËfl Á‡‰‡˜ (1.1) Ë (1.2), Ú.Â. ÌÂ ÚÂ·Û˛˘‡fl Í‡-
ÍËı-ÎË·Ó ‰ÓÔÓÎÌËÚÂÎ¸Ì˚ı ÛÒÎÓ‚ËÈ Ì‡ D Ë n(·). Ç ‡Á‰. 4 ÔÓÎÛ˜ÂÌ ÌÓ‚˚È ÍËÚÂËÈ Â¯ÂÌËfl Á‡‰‡˜Ë (1.1)
Ó ‚ÌÂ¯ÌÂÈ ÓˆÂÌÍÂ ‚ ÙÓÏÂ, Ò‚flÁ˚‚‡˛˘ÂÈ ÂÂ Ò Á‡‰‡˜ÂÈ Ó ‚ÌÛÚÂÌÌÂÈ ÓˆÂÌÍÂ ÌËÊÌÂ„Ó ÎÂ·Â„Ó‚‡ ÏÌÓ-
ÊÂÒÚ‚‡ ÙÛÌÍˆËË R(x, D). àÏÂÌÌÓ ÓÌ ÓÍ‡Á‡ÎÒfl Û‰Ó·Ì˚Ï ‰Îfl ÓˆÂÌÍË ÛÒÚÓÈ˜Ë‚ÓÒÚË ˆÂÌÚ‡ ‚ÔËÒ‡ÌÌÓ„Ó
¯‡‡. Ç ‡Á‰. 5 ÔË ‰ÓÔÓÎÌËÚÂÎ¸ÌÓÏ ÔÂ‰ÔÓÎÓÊÂÌËË Ó ÒËÎ¸ÌÓÈ ‚˚ÔÛÍÎÓÒÚË ÍÓÏÔ‡ÍÚ‡ D ÔÓÎÛ˜ÂÌ‡ ÍÓ-
ÎË˜ÂÒÚ‚ÂÌÌ‡fl ÓˆÂÌÍ‡ ÛÒÚÓÈ˜Ë‚ÓÒÚË ˆÂÌÚ‡ ‚ÔËÒ‡ÌÌÓ„Ó ¯‡‡, ‡ ‚ ÔÂ‰ÔÓÎÓÊÂÌËË ÒËÎ¸ÌÓÈ Í‚‡ÁË‚˚-
ÔÛÍÎÓÒÚË ËÒÔÓÎ¸ÁÛÂÏÓÈ ÌÓÏ˚ n(·) ‰‡Ì‡ ÓˆÂÌÍ‡ ÛÒÚÓÈ˜Ë‚ÓÒÚË ˆÂÌÚ‡ ÓÔËÒ‡ÌÌÓ„Ó ¯‡‡. 

Ä‚ÚÓ‡Ï ÌÂËÁ‚ÂÒÚÌ˚ ‡·ÓÚ˚, „‰Â ·˚ ‡ÌÂÂ ÒÚ‡‚ËÎÒfl ‚ÓÔÓÒ Ó· ÛÒÚÓÈ˜Ë‚ÓÒÚË ˆÂÌÚ‡ ‚ÔËÒ‡Ì-
ÌÓ„Ó ËÎË ÓÔËÒ‡ÌÌÓ„Ó ¯‡‡. ÑÂÎÓ, ÔÓ-‚Ë‰ËÏÓÏÛ, ‚ ÚÓÏ, ˜ÚÓ, Í‡Í ÔÓÍ‡Á˚‚‡ÂÚ Ó‰ËÌ ËÁ ÔË‚Â‰ÂÌÌ˚ı
‚ ‡Á‰. 5 ÔËÏÂÓ‚, ·ÂÁ Í‡ÍÓÈ-ÎË·Ó ÍÓÎË˜ÂÒÚ‚ÂÌÌÓÈ ı‡‡ÍÚÂËÒÚËÍË ‚˚ÔÛÍÎÓÒÚË ÓˆÂÌË‚‡ÂÏÓ„Ó
ÍÓÏÔ‡ÍÚ‡ ÔÓÎÛ˜ËÚ¸ ÍÓÎË˜ÂÒÚ‚ÂÌÌÛ˛ ÓˆÂÌÍÛ ÛÒÚÓÈ˜Ë‚ÓÒÚË ˆÂÌÚ‡ ‚ÔËÒ‡ÌÌÓ„Ó ¯‡‡ ÌÂÎ¸Áfl. èÓ-
ÌflÚËÂ ÒËÎ¸ÌÓ ‚˚ÔÛÍÎÓ„Ó ÏÌÓÊÂÒÚ‚‡ Í‡Í ‡Á ‰‡ÂÚ ÔËÏÂ ÍÓÎË˜ÂÒÚ‚ÂÌÌÓÈ ı‡‡ÍÚÂËÒÚËÍË ‚˚ÔÛÍ-
ÎÓÒÚË ÏÌÓÊÂÒÚ‚‡.

2. ÇëèéåéÉÄíÖãúçõÖ îÄäíõ

ÑÎfl Ó·˘ÂÈ ı‡‡ÍÚÂËÁ‡ˆËË Ë ÓˆÂÌÍË ÛÒÚÓÈ˜Ë‚ÓÒÚË Â¯ÂÌËfl Á‡‰‡˜ (1.1) Ë (1.2) Ì‡Ï ·Û‰ÛÚ ÌÛÊ-
Ì˚ ÌÂÍÓÚÓ˚Â Ò‚Â‰ÂÌËfl Ó Ò‚ÓÈÒÚ‚‡ı ÙÛÌÍˆËÈ R(x, D) Ë ρ(x, Ω), ‡ Ú‡ÍÊÂ ÔÓÌflÚËfl Ë Ù‡ÍÚ˚ ËÁ ÒËÎ¸ÌÓ
‚˚ÔÛÍÎÓ„Ó ‡Ì‡ÎËÁ‡ (ÒÏ. [8], [9]). äÓÏÂ ÛÊÂ ‚‚Â‰ÂÌÌ˚ı ·Û‰ÂÏ ËÒÔÓÎ¸ÁÓ‚‡Ú¸ ÒÎÂ‰Û˛˘ËÂ Ó·ÓÁÌ‡-

ρ x Ω,( ) n x y–( ) .
x D∈
max

y Ω∈
min≡

�
p
\D

h A B,( ) max a b–
b B∈
inf

a A∈
sup a b–

a A∈
inf

b B∈
sup,{ }=

R x Dε,( ) n x y–( ) ,
x �

p
∈

min
y Dε∈
max≡

ρ x Ωε,( ) n x y–( ) ,
x Dε∈
max

y Ωε∈
min≡

�
p
\Dε
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˜ÂÌËfl: , intA, coA – ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ, Á‡Ï˚Í‡ÌËÂ, ‚ÌÛÚÂÌÌÓÒÚ¸, ‚˚ÔÛÍÎ‡fl Ó·ÓÎÓ˜Í‡ ÏÌÓÊÂÒÚ‚‡

A; A  B = {c : c + B ⊂ A} – ‡ÁÌÓÒÚ¸ èÓÌÚfl„ËÌ‡ ÏÌÓÊÂÒÚ‚ A Ë B; 

ÒÛÚ¸ ¯‡ Ë ÒÙÂ‡ ÌÓÏ˚ n(·) Ò ˆÂÌÚÓÏ ‚ ÚÓ˜ÍÂ x Ë ‡‰ËÛÒÓÏ r; B(x, r), S(x, r) – ¯‡ Ë ÒÙÂ‡ Â‚ÍÎË-
‰Ó‚ÓÈ ÌÓÏ˚ Ò ˆÂÌÚÓÏ ‚ ÚÓ˜ÍÂ x Ë ‡‰ËÛÒÓÏ r; 

ÂÒÚ¸ ÏÌÓÊÂÒÚ‚Ó ÚÓ˜ÂÍ Í‡Ò‡ÌËfl ÍÓÏÔ‡ÍÚ‡ D Ë ÒÙÂ˚ Sn(x, R(x)); Qρ(x, Ω) = {y ∈ Ω : ρ(x, Ω) = n(x – y)} –
ÔÓÂÍˆËfl ÚÓ˜ÍË x Ì‡ ÏÌÓÊÂÒÚ‚Ó Ω; 〈x, y〉 – ÒÍ‡ÎflÌÓÂ ÔÓËÁ‚Â‰ÂÌËÂ ˝ÎÂÏÂÌÚÓ‚ x Ë y ∈ �

p
; K(A) =

= {v ∈ �
p
 : ∃α ≥ 0, a ∈ A, v = αa}, K+ = {w ∈ �

p
 : 〈v, w〉 ≥ 0, ∀v ∈ K}; K(x, A) – ÍÓÌÛÒ ‚ÓÁÏÓÊÌ˚ı

Ì‡Ô‡‚ÎÂÌËÈ ÏÌÓÊÂÒÚ‚‡ A ‚ ÚÓ˜ÍÂ x (ÒÏ. [12, Ò. 31]);

ÂÒÚ¸ ÔÓÎflÌ‡fl ÌÓÏ‡ Í n(·);

ÂÒÚ¸ ‰Ë‡ÏÂÚ ÏÌÓÊÂÒÚ‚‡ A ‚ Â‚ÍÎË‰Ó‚ÓÈ ÌÓÏÂ, 0p = (0, …, 0) ∈ �
p
. 

2.1. àÁ‚ÂÒÚÌÓ, ˜ÚÓ ‚ÒÂ ÌÓÏ˚ Ì‡ ÍÓÌÂ˜ÌÓÏÂÌÓÏ ÔÓÒÚ‡ÌÒÚ‚Â �
p
 fl‚Îfl˛ÚÒfl ˝Í‚Ë‚‡ÎÂÌÚÌ˚ÏË

Ë, ÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ, ‰Îfl ÍÓÌÍÂÚÌÓ ‚˚·‡ÌÌÓÈ ÌÓÏ˚ n(·) Ì‡È‰ÛÚÒfl ÔÓÎÓÊËÚÂÎ¸Ì˚Â ÍÓÌÒÚ‡ÌÚ˚ C1
Ë C2 Ú‡ÍËÂ, ˜ÚÓ 

(2.1)

Ñ‡ÎÂÂ ÔÓ ÚÂÍÒÚÛ, ÌÂ Ó„Ó‚‡Ë‚‡fl Í‡Ê‰˚È ‡Á ÒÔÂˆË‡Î¸ÌÓ, ·Û‰ÂÏ Ò˜ËÚ‡Ú¸, ˜ÚÓ ÍÓÌÒÚ‡ÌÚ˚ C1 Ë C2
ÒÓÓÚ‚ÂÚÒÚ‚Û˛Ú ÌÂ‡‚ÂÌÒÚ‚‡Ï (2.1). äÓÏÂ ÚÓ„Ó, Î˛·‡fl ÌÓÏ‡ fl‚ÎflÂÚÒfl ÍÓÌÂ˜ÌÓÈ Ë ‚˚ÔÛÍÎÓÈ Ì‡
�

p
 ÙÛÌÍˆËÂÈ. ëÛ·‰ËÙÙÂÂÌˆË‡Î ÌÓÏ˚ ÏÓÊÌÓ Á‡ÔËÒ‡Ú¸ ‚ ‚Ë‰Â (ÒÏ. [11, Ò. 161]) 

(2.2)

íÂÔÂ¸ Ì‡ÔÓÏÌËÏ ÌÂÍÓÚÓ˚Â Ó·˘ËÂ Ò‚ÓÈÒÚ‚‡ ÙÛÌÍˆËÈ R(x, D) Ë ρ(x, Ω). 

íÂÓÂÏ‡ 1 (ÒÏ. [11, c. 163]). îÛÌÍˆËfl R(x, D) fl‚ÎflÂÚÒfl ‚˚ÔÛÍÎÓÈ ÔÓ x Ì‡ �
p
, ‡ ÂÂ ÒÛ·‰ËÙÙÂÂÌ-

ˆË‡Î ÏÓÊÂÚ ·˚Ú¸ ‚˚‡ÊÂÌ ÙÓÏÛÎÓÈ 

(2.3)

íÂÓÂÏ‡ 2 (ÒÏ. [17]). îÛÌÍˆËfl ρ(x, Ω) fl‚ÎflÂÚÒfl ‚Ó„ÌÛÚÓÈ ÔÓ x Ì‡ ‚˚ÔÛÍÎÓÏ ÏÌÓÊÂÒÚ‚Â D, ‡ ÂÂ
ÒÛÔÂ‰ËÙÙÂÂÌˆË‡Î ‚ ÚÓ˜Í‡ı x ∈ int D ÏÓÊÂÚ ·˚Ú¸ ‚˚‡ÊÂÌ ÙÓÏÛÎÓÈ 

(2.4)

Ç [18] ‰ÓÍ‡Á‡Ì‡ 
ãÂÏÏ‡ 1. ÖÒÎË ÚÓ˜ÍË x Ë y Ú‡ÍÓ‚˚, ˜ÚÓ ρ(y, Ω) ≥ ρ(x, Ω), ÚÓ 

àÁ (2.1) ÎÂ„ÍÓ ÒÎÂ‰ÛÂÚ 
ãÂÏÏ‡ 2. ÖÒÎË ‡‰ËÛÒ Ï‡ÍÒËÏ‡Î¸ÌÓ„Ó ¯‡‡ ÌÓÏ˚ n(·), ‚ÎÓÊÂÌÌÓ„Ó ‚ ÏÌÓÊÂÒÚ‚Ó D, ‡‚ÂÌ δ,

ÚÓ ‡‰ËÛÒ Ï‡ÍÒËÏ‡Î¸ÌÓ„Ó Â‚ÍÎË‰Ó‚‡ ̄ ‡‡, ‚ÎÓÊÂÌÌÓ„Ó ‚ ÚÓ ÊÂ ÏÌÓÊÂÒÚ‚Ó D, ÌÂ ·ÓÎÂÂ ̃ ÂÏ δ/C1. 

A

–*

Bn x r,( ) y �
p
 : n x y–( ) r≤∈{ } , Sn x r,( ) y �

p
 : n x y–( ) = r∈{ }= =

Q
R

x D,( ) y D : R x D,( ) = n x y–( )∈{ }=

n* w( ) v w,〈 〉
v :n v( ) 1≤

max=

G
R λ( ) x �

p
 : R x D,( ) λ≤∈{ } , ΩR λ( ) �

p
\G

R λ( ),= =

D x( ) y �
p
 : ρ y Ω,( ) ρ x Ω,( )≥∈{ } , Ω x( ) y �

p
 : ρ y Ω,( ) ρ x Ω,( )≤∈{ } ;= =

diam A x y–
x y A∈,
sup=

C1 x n x( ) C2 x x∀ �
p
.∈≤ ≤

∂n 0p( ) v �
p
 : n* v( ) 1≤∈{ } ,=

∂n x( ) v �
p
 : n* v( ) = 1∈ n x( ) = v x,〈 〉,{ } , x 0p.≠=

∂R x D,( ) co ∂n x z–( ) : z Q
R

x D,( )∈{ } .=

∂ρ x Ω,( ) co ∂n x z–( ) K
+

z D,( ) : z Q
ρ

x Ω,( )∈∩{ } .=

ρ y Ω,( ) ρ y Ω x( ),( ) ρ x Ω,( ).+=
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ÑÛ‰Ó‚, ÑÛ‰Ó‚‡

2.2. Ñ‡ÎÂÂ ·Û‰ÂÏ ËÒÔÓÎ¸ÁÓ‚‡Ú¸ ÌÂÍÓÚÓ˚Â ÔÓÌflÚËfl Ë Ù‡ÍÚ˚ ËÁ ÒËÎ¸ÌÓ ‚˚ÔÛÍÎÓ„Ó ‡Ì‡ÎËÁ‡
(ÒÏ. [8], [9]). 

éÔÂ‰ÂÎÂÌËÂ 1. åÌÓÊÂÒÚ‚Ó A ⊂ �
p
 Ì‡Á˚‚‡ÂÚÒfl r-ÒËÎ¸ÌÓ ‚˚ÔÛÍÎ˚Ï, ÂÒÎË ÓÌÓ ÔÂ‰ÒÚ‡‚ËÏÓ ‚

‚Ë‰Â ÔÂÂÒÂ˜ÂÌËfl Á‡ÏÍÌÛÚ˚ı Â‚ÍÎË‰Ó‚˚ı ¯‡Ó‚ ‡‰ËÛÒ‡ r. 

éÔÂ‰ÂÎÂÌËÂ 2. èÛÒÚ¸ A – Ó„‡ÌË˜ÂÌÌÓÂ ÏÌÓÊÂÒÚ‚Ó ËÁ �
p
, ‡ ˜ËÒÎ‡ r ≥ ρ > 0 Ú‡ÍËÂ, ˜ÚÓ B(0p, ρ) 

 A ≠ . ëËÎ¸ÌÓ ‚˚ÔÛÍÎÓÈ Ó·ÓÎÓ˜ÍÓÈ ‡‰ËÛÒ‡ r ÏÌÓÊÂÒÚ‚‡ A Ì‡Á˚‚‡ÂÚÒfl ÏÌÓÊÂÒÚ‚Ó, ÔÓÎÛ˜‡Â-
ÏÓÂ ÔË ÔÂÂÒÂ˜ÂÌËË ‚ÒÂı Á‡ÏÍÌÛÚ˚ı Â‚ÍÎË‰Ó‚˚ı ¯‡Ó‚ ‡‰ËÛÒ‡ r, ÍÓÚÓ˚Â ÒÓ‰ÂÊ‡Ú ‰‡ÌÌÓÂ
ÏÌÓÊÂÒÚ‚Ó. éÌ‡ Ó·ÓÁÌ‡˜‡ÂÚÒfl ˜ÂÂÁ strcorA. 

íÂÓÂÏ‡ 3 (ÒÏ. [9, c. 298]). èÛÒÚ¸ a0 Ë a1 ËÁ �
p
 Ú‡ÍÓ‚˚, ˜ÚÓ 0 < ||a0 – a1|| < 2r. íÓ„‰‡ r-ÒËÎ¸ÌÓ

‚˚ÔÛÍÎ‡fl Ó·ÓÎÓ˜Í‡ ÏÌÓÊÂÒÚ‚‡, ÒÓÒÚÓfl˘Â„Ó ËÁ ÚÓ˜ÂÍ a0 Ë a1, ‚˚‡Ê‡ÂÚÒfl ÒÎÂ‰Û˛˘ËÏ Ó·‡ÁÓÏ:

„‰Â 

(2.5)

íÂÓÂÏ‡ 4 (ÒÏ. [9, c. 302]). äÓÏÔ‡ÍÚÌÓÂ ÏÌÓÊÂÒÚ‚Ó A fl‚ÎflÂÚÒfl r-ÒËÎ¸ÌÓ ‚˚ÔÛÍÎ˚Ï ÏÌÓÊÂ-
ÒÚ‚ÓÏ ÚÓ„‰‡ Ë ÚÓÎ¸ÍÓ ÚÓ„‰‡, ÍÓ„‰‡ r-ÒËÎ¸ÌÓ ‚˚ÔÛÍÎ‡fl Ó·ÓÎÓ˜Í‡ ÔÓËÁ‚ÓÎ¸ÌÓ„Ó ÍÓÌÂ˜ÌÓ„Ó
ÔÓ‰ÏÌÓÊÂÒÚ‚‡ Â„Ó ÚÓ˜ÂÍ ÌÂÔÛÒÚ‡ Ë ÒÓ‰ÂÊËÚÒfl ‚ A. 

ÑÓÍ‡ÊÂÏ ÒÎÂ‰Û˛˘ËÈ Ù‡ÍÚ.
ãÂÏÏ‡ 3. èÛÒÚ¸ A ÂÒÚ¸ r-ÒËÎ¸ÌÓ ‚˚ÔÛÍÎÓÂ ÏÌÓÊÂÒÚ‚Ó. ÖÒÎË ‡‰ËÛÒ Ì‡Ë·ÓÎ¸¯Â„Ó Â‚ÍÎË‰Ó‚‡

¯‡‡, ‚ÎÓÊÂÌÌÓ„Ó ‚ A, ÌÂ ÔÂ‚ÓÒıÓ‰ËÚ δ > 0, ÚÓ 

ÑÓÍ‡Á‡ÚÂÎ¸ÒÚ‚Ó. èÂ‰ÔÓÎÓÊËÏ ÔÓÚË‚ÌÓÂ. íÓ„‰‡ ÒÛ˘ÂÒÚ‚Û˛Ú ÚÓ˜ÍË a0 Ë a1 ËÁ A Ú‡ÍËÂ, ˜ÚÓ 

(2.6)

í‡Í Í‡Í, ÔÓ ÚÂÓÂÏÂ 4, ËÏÂÂÚ ÏÂÒÚÓ ‚ÍÎ˛˜ÂÌËÂ 

ÚÓ ËÁ ÚÂÓÂÏ˚ 3 ‚˚ÚÂÍ‡ÂÚ, ˜ÚÓ 

(2.7)

„‰Â a(α), r(α) ÓÔÂ‰ÂÎÂÌ˚ ÙÓÏÛÎ‡ÏË (2.5). ÑÎfl ÁÌ‡˜ÂÌËfl α = 0.5, ËÒÔÓÎ¸ÁÛfl (2.6), ÔÓÎÛ˜‡ÂÏ 

(2.8)

á‰ÂÒ¸ ÒÎÂ‰ÛÂÚ ËÏÂÚ¸ ‚ ‚Ë‰Û, ˜ÚÓ Ï‡ÍÒËÏ‡Î¸Ì˚È ‡‰ËÛÒ ‚ÎÓÊÂÌÌÓ„Ó Â‚ÍÎË‰Ó‚‡ ¯‡‡ ÌÂ ÏÓÊÂÚ
ÔÂ‚ÓÒıÓ‰ËÚ¸ ‡‰ËÛÒ ÒËÎ¸ÌÓÈ ‚˚ÔÛÍÎÓÒÚË ÏÌÓÊÂÒÚ‚‡, Ú.Â. δ ≤ r. í‡ÍËÏ Ó·‡ÁÓÏ, ÒÓÓÚÌÓ¯ÂÌËfl
(2.7) Ë (2.8) „Ó‚ÓflÚ Ó ÚÓÏ, ˜ÚÓ ‡‰ËÛÒ ‚ÎÓÊÂÌÌÓ„Ó ‚ A ¯‡‡ Ò ˆÂÌÚÓÏ ‚ ÚÓ˜ÍÂ a(0.5) ·ÓÎ¸¯Â δ.
ùÚÓ ÔÓÚË‚ÓÂ˜ËÚ ÛÒÎÓ‚Ë˛ ÎÂÏÏ˚.

2.3. Ç ÌÂÍÓÚÓ˚ı ÒÎÛ˜‡flı ·Û‰ÂÏ Ì‡ÍÎ‡‰˚‚‡Ú¸ Ì‡ ÌÓÏÛ ÒÔÂˆË‡Î¸Ì˚Â ‰ÓÔÓÎÌËÚÂÎ¸Ì˚Â ÛÒÎÓ‚Ëfl.
éÔÂ‰ÂÎÂÌËÂ 3. ÅÛ‰ÂÏ „Ó‚ÓËÚ¸, ˜ÚÓ ÌÓÏ‡ n(·) fl‚ÎflÂÚÒfl ÒÚÓ„Ó (r-ÒËÎ¸ÌÓ) Í‚‡ÁË‚˚ÔÛÍÎÓÈ, ÂÒ-

ÎË ÂÂ ¯‡ Â‰ËÌË˜ÌÓ„Ó ‡‰ËÛÒ‡ fl‚ÎflÂÚÒfl ÒÚÓ„Ó (r-ÒËÎ¸ÌÓ) ‚˚ÔÛÍÎ˚Ï ÏÌÓÊÂÒÚ‚ÓÏ. 
é˜Â‚Ë‰ÌÓ, ÒËÎ¸ÌÓ ‚˚ÔÛÍÎÓÂ ÏÌÓÊÂÒÚ‚Ó ‚ÒÂ„‰‡ fl‚ÎflÂÚÒfl ÒÚÓ„Ó ‚˚ÔÛÍÎ˚Ï, ‡ Ó·‡ÚÌÓÂ ‚ÂÌÓ

ÌÂ ‚ÒÂ„‰‡. ëÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ, ÒËÎ¸ÌÓ Í‚‡ÁË‚˚ÔÛÍÎ‡fl ÌÓÏ‡ ‚ÒÂ„‰‡ fl‚ÎflÂÚÒfl ÒÚÓ„Ó Í‚‡ÁË‚˚ÔÛÍÎÓÈ,
ÌÓ ÌÂ ‚ÒÂ„‰‡, Í‡Í ÔÓÍ‡Á˚‚‡˛Ú ÔËÏÂ˚, ÒÚÓ„Ó Í‚‡ÁË‚˚ÔÛÍÎ‡fl ÌÓÏ‡ ·Û‰ÂÚ Ó‰ÌÓ‚ÂÏÂÌÌÓ Ë
ÒËÎ¸ÌÓ Í‚‡ÁË‚˚ÔÛÍÎÓÈ. çÂÓ·ıÓ‰ËÏÓ ÓÚÏÂÚËÚ¸, ˜ÚÓ, fl‚ÎflflÒ¸ ÔÓÎÓÊËÚÂÎ¸ÌÓ-Ó‰ÌÓÓ‰ÌÓÈ ÙÛÌÍˆË-
ÂÈ, Î˛·‡fl ÌÓÏ‡ ÌÂ ÏÓÊÂÚ ·˚Ú¸ ÒÚÓ„Ó Ë ÚÂÏ ·ÓÎÂÂ ÒËÎ¸ÌÓ ‚˚ÔÛÍÎÓÈ ÙÛÌÍˆËÂÈ Ì‡ Î˛·ÓÏ ‚˚ÔÛÍ-
ÎÓÏ ÚÂÎÂÒÌÓÏ ÏÌÓÊÂÒÚ‚Â. ùÚÓ Ó·ÒÚÓflÚÂÎ¸ÒÚ‚Ó, Ì‡ Ì‡¯ ‚Á„Îfl‰, ÏÓÚË‚ËÛÂÚ ËÒÔÓÎ¸ÁÓ‚‡ÌËÂ ‚Ó ‚‚Â-
‰ÂÌÌÓÏ ÔÓÌflÚËË ÔËÒÚ‡‚ÍË “Í‚‡ÁË” Ë ÒÓÓÚÌÓÒËÚ Â„Ó Ò Ú‡‰ËˆËÓÌÌ˚Ï ÔÓÌflÚËÂÏ Í‚‡ÁË‚˚ÔÛÍÎÓÈ
ÙÛÌÍˆËË (ÒÏ., Ì‡ÔËÏÂ, [12, Ò. 51]). 
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2 α 1 α–( ) a0 a1–

2
– .–= =

diam A 2 δ 2r δ–( ).≤

a0 a1– 2 δ 2r δ–( ).>
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B a α( ) r α( ),( ) A α∀ 0 1,[ ] ,∈⊂
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4
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2
–– r r

2 δ 2r δ–( )––> δ.= =
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îÛÌÍˆËË R(x, D) Ë ρ(x, Ω) Ú‡ÍÊÂ ÌÂ ÏÓ„ÛÚ ·˚Ú¸ ÒÚÓ„Ó ËÎË ÒËÎ¸ÌÓ ‚˚ÔÛÍÎ˚ÏË (‚Ó„ÌÛÚ˚ÏË)
ÙÛÌÍˆËflÏË Ì‡ Î˛·ÓÏ ‚˚ÔÛÍÎÓÏ ÚÂÎÂÒÌÓÏ ÏÌÓÊÂÒÚ‚Â. ÑÂÈÒÚ‚ËÚÂÎ¸ÌÓ, Ì‡ ÎÛ˜Â x + λ(x – z), λ > 0,
„‰Â z – Î˛·‡fl ÚÓ˜Í‡ ËÁ QR(x, D), ÙÛÌÍˆËfl R(x, D) ‚Â‰ÂÚ ÒÂ·fl Í‡Í ‡ÙÙËÌÌ‡fl. ÄÌ‡ÎÓ„Ë˜ÌÓ, Ì‡ ÓÚÂÁ-
ÍÂ, ÒÓÂ‰ËÌfl˛˘ÂÏ ÚÓ˜ÍÛ x ∈ D Ò Î˛·ÓÈ ÚÓ˜ÍÓÈ z ËÁ ÔÓÂÍˆËË Qρ(x, Ω), ‡ÙÙËÌÌÓ ‚Â‰ÂÚ ÒÂ·fl ÙÛÌÍ-
ˆËfl ρ(x, Ω). é‰Ì‡ÍÓ ÒÚÓ„‡fl ËÎË ÒËÎ¸Ì‡fl Í‚‡ÁË‚˚ÔÛÍÎÓÒÚ¸ ËÒÔÓÎ¸ÁÛÂÏÓÈ ÌÓÏ˚ ‰Îfl ÙÛÌÍˆËË R(x, D)
Ë, ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ, ÒÚÓ„‡fl ËÎË ÒËÎ¸Ì‡fl ‚˚ÔÛÍÎÓÒÚ¸ ÏÌÓÊÂÒÚ‚‡ D ‰Îfl ÙÛÌÍˆËË ρ(x, Ω) ‰‡˛Ú ‚ÓÁ-
ÏÓÊÌÓÒÚ¸ Ò‡‚ÌË‚‡Ú¸ Ëı ÔÓ‚Â‰ÂÌËÂ Ì‡ ÌÂÍÓÚÓ˚ı ÓÚÂÁÍ‡ı Ò ÔÓ‚Â‰ÂÌËÂÏ ÒÚÓ„Ó (ÒËÎ¸ÌÓ) ‚˚ÔÛÍ-
Î˚ı ËÎË ÒÚÓ„Ó (ÒËÎ¸ÌÓ) ‚Ó„ÌÛÚ˚ı ÙÛÌÍˆËÈ (ÒÏ. [19], [20]). Ç ˜‡ÒÚÌÓÒÚË, ËÏÂÂÚ ÏÂÒÚÓ 

ãÂÏÏ‡ 4 (ÒÏ. [19]). ÖÒÎË n(·) – ÒÚÓ„Ó Í‚‡ÁË‚˚ÔÛÍÎ‡fl ÌÓÏ‡, ‡ ÚÓ˜ÍË x1 Ë x2 Ú‡ÍÓ‚˚, ˜ÚÓ
R(x1, D) ≤ R(x2, D) < R(x1, D) + n(x1 – x2), ÚÓ 

2.4. èË‚Â‰ÂÏ ÌÂÍÓÚÓ˚Â Ò‚ÓÈÒÚ‚‡ ÎÂ·Â„Ó‚˚ı ÏÌÓÊÂÒÚ‚ ÙÛÌÍˆËÈ R(x, D) Ë ρ(x, Ω). 
ãÂÏÏ‡ 5. ÖÒÎË n(·) ÂÒÚ¸ r-ÒËÎ¸ÌÓ Í‚‡ÁË‚˚ÔÛÍÎ‡fl ÌÓÏ‡ Ë 

ÚÓ ÏÌÓÊÂÒÚ‚Ó GR(λ) fl‚ÎflÂÚÒfl λr-ÒËÎ¸ÌÓ ‚˚ÔÛÍÎ˚Ï. 
ÑÓÍ‡Á‡ÚÂÎ¸ÒÚ‚Ó. ÑÂÈÒÚ‚ËÚÂÎ¸ÌÓ, ËÁ Ò‡ÏÓ„Ó ÓÔÂ‰ÂÎÂÌËfl ÙÛÌÍˆËË R(x, D) ÒÎÂ‰ÛÂÚ ÒÔ‡‚Â‰ÎË-

‚ÓÒÚ¸ ‡‚ÂÌÒÚ‚‡

(2.9)

èÓÒÍÓÎ¸ÍÛ ¯‡ Bn(0p, 1) fl‚ÎflÂÚÒfl r-ÒËÎ¸ÌÓ ‚˚ÔÛÍÎ˚Ï ÏÌÓÊÂÒÚ‚ÓÏ, ÚÓ ÎÂ„ÍÓ ‚Ë‰ÂÚ¸, ˜ÚÓ ¯‡
Bn(y, λ) = y + λBn(0p, 1) fl‚ÎflÂÚÒfl rλ-ÒËÎ¸ÌÓ ‚˚ÔÛÍÎ˚Ï. èÓ˝ÚÓÏÛ ËÁ (2.9) Ë ÒÎÂ‰ÛÂÚ ÛÚ‚ÂÊ‰ÂÌËÂ
ÎÂÏÏ˚.

ãÂÏÏ‡ 6. ÖÒÎË x ≠ Ω, ÚÓ ÒÔ‡‚Â‰ÎË‚Ó ÔÂ‰ÒÚ‡‚ÎÂÌËÂ 

(2.10)

ÔË ̋ ÚÓÏ D(x) fl‚ÎflÂÚÒfl r-ÒËÎ¸ÌÓ ‚˚ÔÛÍÎ˚Ï ÏÌÓÊÂÒÚ‚ÓÏ, ÂÒÎË ÏÌÓÊÂÒÚ‚Ó D fl‚ÎflÂÚÒfl r-ÒËÎ¸ÌÓ
‚˚ÔÛÍÎ˚Ï. 

ÑÓÍ‡Á‡ÚÂÎ¸ÒÚ‚Ó. èÂ‰ÒÚ‡‚ÎÂÌËÂ ÏÌÓÊÂÒÚ‚‡ D(x) ‚ ‚Ë‰Â (2.10) ÔÓÎÛ˜ÂÌÓ ‚ [18]. ÇÚÓ‡fl ˜‡ÒÚ¸
ÛÚ‚ÂÊ‰ÂÌËfl ‚˚ÚÂÍ‡ÂÚ ËÁ ËÁ‚ÂÒÚÌÓ„Ó Ò‚ÓÈÒÚ‚‡ ÒËÎ¸ÌÓ ‚˚ÔÛÍÎ˚ı ÏÌÓÊÂÒÚ‚ ([ÒÏ. 9, c. 292]).

éÚÌÓÒËÚÂÎ¸ÌÓ ÍÓÌÛÒ‡ ‚ÓÁÏÓÊÌ˚ı Ì‡Ô‡‚ÎÂÌËÈ ÌËÊÌÂ„Ó ÎÂ·Â„Ó‚‡ ÏÌÓÊÂÒÚ‚‡ ‚˚ÔÛÍÎÓÈ ÙÛÌÍ-
ˆËË ËÏÂÂÚ ÏÂÒÚÓ (ÒÏ., Ì‡ÔËÏÂ, [12, c. 221–223])

ãÂÏÏ‡ 7. èÛÒÚ¸ h(x) – ‚˚ÔÛÍÎ‡fl ÍÓÌÂ˜Ì‡fl Ì‡ �
p
 ÙÛÌÍˆËfl, ‰Îfl ÚÓ˜ÍË x0 ‚˚ÔÓÎÌflÂÚÒfl ÛÒÎÓ‚ËÂ

h(x0) = 0 Ë 0p ∉ (x0). íÓ„‰‡ ‰Îfl ÏÌÓÊÂÒÚ‚‡ A = {x ∈ �
p
 : h(x) ≤ 0} ËÏÂÂÚ ÏÂÒÚÓ ÙÓÏÛÎ‡ K(x0, A) =

= –K+( (x0)). á‰ÂÒ¸ (x0) – ÒÛ·‰ËÙÙÂÂÌˆË‡Î ÙÛÌÍˆËË h(·) ‚ ÚÓ˜ÍÂ x. 

3. éÅôÄü ïÄêÄäíÖêàëíàäÄ ìëíéâóàÇéëíà 

èÓÌflÚÌÓ, ˜ÚÓ Ò‚ÓÈÒÚ‚‡ Â¯ÂÌËÈ Á‡‰‡˜ (1.1) Ë (1.2), ‚ ÚÓÏ ˜ËÒÎÂ Ë ÛÒÚÓÈ˜Ë‚ÓÒÚ¸, Á‡‚ËÒflÚ ÓÚ
Ò‚ÓÈÒÚ‚ ÓˆÂÌË‚‡ÂÏÓ„Ó ÍÓÏÔ‡ÍÚ‡ Ë ËÒÔÓÎ¸ÁÛÂÏÓÈ ÌÓÏ˚. èË‚Â‰ÂÏ Ù‡ÍÚ˚, Í‡Ò‡˛˘ËÂÒfl ÛÒÚÓÈ˜Ë-
‚ÓÒÚË, ÍÓÚÓ˚Â ÌÂ ÚÂ·Û˛Ú Í‡ÍËı-ÎË·Ó ‰ÓÔÓÎÌËÚÂÎ¸Ì˚ı ÛÒÎÓ‚ËÈ Ì‡ D Ë n(·). 

Ç‚Â‰ÂÏ Ó·ÓÁÌ‡˜ÂÌËfl ‰Îfl ‡‰ËÛÒÓ‚ Ë ÏÌÓÊÂÒÚ‚ ˆÂÌÚÓ‚ ÓÔËÒ‡ÌÌ˚ı Ë ‚ÔËÒ‡ÌÌ˚ı ¯‡Ó‚ ‚ ÚÓ˜-
Ì˚ı Ë ÔË·ÎËÊÂÌÌ˚ı Á‡‰‡˜‡ı: 

R α x1 1 α–( )x2+ D,( ) αR x1 D,( ) 1 α–( )R x2 D,( ) α∀ 0 1,( ).∈+<

λ R x D,( ),
x �

p
∈

min≥

G
R λ( ) x �

p
 : n x y–( )

y D∈
max∈ λ≤{ }  ==

=  x �
p
 : n x y–( )∈ λ y∀ D∈,≤{ } Bn y λ,( ).

y D∈
∩=

D x( ) D Bn 0p ρ x Ω,( ),( ),–= *

∂h

∂h ∂h

R* R x D,( ), X
R

D( )
x �

p
∈

min x �
p
 : R x D,( ) = R*∈{ } ,= =

Rε R x Dε,( ), X
R

Dε( )
x �

p
∈

min x �
p
 : R x Dε,( ) = Rε∈{ } ,= =
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ÑÛ‰Ó‚, ÑÛ‰Ó‚‡

3.1. ëÌ‡˜‡Î‡ ÔÓÎÛ˜ËÏ ÓˆÂÌÍÛ ÛÒÚÓÈ˜Ë‚ÓÒÚË ‡‰ËÛÒÓ‚ ‚ÔËÒ‡ÌÌ˚ı Ë ÓÔËÒ‡ÌÌ˚ı ¯‡Ó‚. 
àÏÂÂÚ ÏÂÒÚÓ ÒÎÂ‰Û˛˘‡fl 

ãÂÏÏ‡ 8. ÑÎfl Î˛·ÓÈ ÚÓ˜ÍË x ∈ �
p
 ÒÔ‡‚Â‰ÎË‚˚ ÌÂ‡‚ÂÌÒÚ‚‡ 

(3.1)

(3.2)

ÑÓÍ‡Á‡ÚÂÎ¸ÒÚ‚Ó. ÑÎfl ÔÓËÁ‚ÓÎ¸ÌÓÈ ÚÓ˜ÍË x ‚ÓÁ¸ÏÂÏ ÚÓ˜ÍÛ yx ∈ QR(x, D), Ú.Â. yx ∈ D, Ë ÔË ̋ ÚÓÏ 

(3.3)

èÓÒÍÓÎ¸ÍÛ h(D, Dε) ≤ ε, ÚÓ Ì‡È‰ÂÚÒfl ÚÓ˜Í‡  ∈ D ε Ú‡Í‡fl, ˜ÚÓ ||yx – || ≤ ε Ë, ÁÌ‡˜ËÚ, ‚ ÒËÎÛ (2.1), 

(3.4)

àÒÔÓÎ¸ÁÛfl (3.4), ÔÓÎÛ˜‡ÂÏ 

(3.5)

ë ‰Û„ÓÈ ÒÚÓÓÌ˚, ÔÓÒÍÓÎ¸ÍÛ  ∈ D ε, ÚÓ 

(3.6)

íÂÔÂ¸ ËÁ (3.3), (3.5) Ë (3.6) ÔÓÎÛ˜‡ÂÏ 

(3.7)

èÓ‚Ó‰fl ‡Ì‡ÎÓ„Ë˜Ì˚Â ‡ÒÒÛÊ‰ÂÌËfl Ë ÏÂÌflfl ÏÂÒÚ‡ÏË D Ë Dε, ËÏÂÂÏ Ú‡ÍÊÂ 

(3.8)

àÁ (3.7) Ë (3.8) ÒÎÂ‰ÛÂÚ (3.1). 
èÓ‰Ó·Ì˚Â ÌÂÒÎÓÊÌ˚Â ‡ÒÒÛÊ‰ÂÌËfl ‰‡˛Ú Ë ÌÂ‡‚ÂÌÒÚ‚Ó (3.2).
íÂÓÂÏ‡ 5. ëÔ‡‚Â‰ÎË‚˚ ÌÂ‡‚ÂÌÒÚ‚‡ 

(3.9)

(3.10)

ÑÓÍ‡Á‡ÚÂÎ¸ÒÚ‚Ó. ÑÎfl ÚÓ˜ÍË x* ∈ X ρ(D), ÔËÏÂÌflfl ÌÂ‡‚ÂÌÒÚ‚Ó (3.2), ËÏÂÂÏ 

(3.11)

èÓÒÍÓÎ¸ÍÛ ‰Îfl ÚÓ˜ÍË xε ∈ X ρ(Dε) ‚˚ÔÓÎÌflÂÚÒfl ρε = ρ(xε, Ωε) ≥ ρ(x*, Ωε), ÚÓ ËÁ (3.11) ÔÓÎÛ˜‡ÂÏ 

(3.12)

ÄÌ‡ÎÓ„Ë˜Ì˚Â ‡ÒÒÛÊ‰ÂÌËfl ÔË‚Ó‰flÚ Í ÌÂ‡‚ÂÌÒÚ‚Û 

(3.13)

àÁ (3.12) Ë (3.13) ÒÎÂ‰ÛÂÚ (3.10). èÓ‰Ó·Ì˚Ï ÊÂ Ó·‡ÁÓÏ ‰ÓÍ‡Á˚‚‡ÂÚÒfl ÌÂ‡‚ÂÌÒÚ‚Ó (3.9).
ëÎÂ‰ÒÚ‚ËÂ 1. ÑÎfl ÚÓ˜ÍË xε ∈ X R(Dε) ‚˚ÔÓÎÌflÂÚÒfl ÌÂ‡‚ÂÌÒÚ‚Ó

(3.14)

ÑÓÍ‡Á‡ÚÂÎ¸ÒÚ‚Ó. ÑÂÈÒÚ‚ËÚÂÎ¸ÌÓ, ËÒÔÓÎ¸ÁÛfl (3.1) Ë (3.9), ÔÓÎÛ˜‡ÂÏ 

ρ* ρ x Ω,( ), X
ρ

D( )
x D∈
max x D : ρ x Ω,( ) = ρ*∈{ } ,= =

ρε ρ x Ωε,( ), X
ρ

Dε( )
x Dε∈
max x Dε : ρ x Ωε,( ) = ρε∈{ } .= =

R x D,( ) R x Dε,( )– C2ε,≤

ρ x Ω,( ) ρ x Ωε,( )– C2ε.≤

R x D,( ) n x yx–( ).=

yx
ε

yx
ε

n yx yx
ε

–( ) C2ε.≤

n x yx–( ) n x yx
ε

–( ) n yx
ε

yx–( ) n x yx
ε

–( ) C2ε.+≤+≤

yx
ε

n x yx
ε

–( ) R x Dε,( ).≤

R x D,( ) R x Dε,( ) C2ε.+≤

R x Dε,( ) R x D,( ) C2ε.+≤

R* Rε– C2ε,≤

ρ* ρε– C2ε.≤

ρ x* Ωε,( ) ρ x* Ω,( ) C2ε–≥ ρ* C2ε.–=

ρε ρ* C2ε.–≥

ρ* ρε C2ε.–≥

R* R xε D,( )– 2C2ε.≤

R* R xε D,( )– R* Rε*– Rε R xε D,( )–  =+≤
=  R* Rε– R xε Dε,( ) R xε D,( )– 2C2ε.≤+
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3.2. íÂÔÂ¸ ‡ÒÒÏÓÚËÏ ‚ÓÔÓÒ Ó· ÛÒÚÓÈ˜Ë‚ÓÒÚË Ò‡ÏËı ÏÌÓÊÂÒÚ‚ Â¯ÂÌËÈ Á‡‰‡˜ (1.1) Ë (1.2),
Ú.Â. ÏÌÓÊÂÒÚ‚ ˆÂÌÚÓ‚ ÓÔËÒ‡ÌÌ˚ı Ë ‚ÔËÒ‡ÌÌ˚ı ¯‡Ó‚. 

èÓ‰ Kv(�
p
) ·Û‰ÂÏ ÔÓÌËÏ‡Ú¸ ÏÂÚË˜ÂÒÍÓÂ ÔÓÒÚ‡ÌÒÚ‚Ó ‚ÒÂı ‚˚ÔÛÍÎ˚ı ÍÓÏÔ‡ÍÚÓ‚ ËÁ �

p
 Ò ÏÂÚ-

ËÍÓÈ ï‡ÛÒ‰ÓÙ‡ (1.3). ä‡Ê‰ÓÏÛ ˝ÎÂÏÂÌÚÛ D ∈ Kv(�
p
) ÏÓÊÌÓ ÒÓÔÓÒÚ‡‚ËÚ¸ ÏÌÓÊÂÒÚ‚Ó ˆÂÌÚÓ‚

ÓÔËÒ‡ÌÌ˚ı ̄ ‡Ó‚ XR(D) Ë ‚ÔËÒ‡ÌÌ˚ı ̄ ‡Ó‚ Xρ(D). èÓ˝ÚÓÏÛ ÏÓÊÌÓ ‡ÒÒÏ‡ÚË‚‡Ú¸ ÏÌÓ„ÓÁÌ‡˜Ì˚Â
ÓÚÓ·‡ÊÂÌËfl 

    

íÂÓÂÏ‡ 6. åÌÓ„ÓÁÌ‡˜Ì˚Â ÓÚÓ·‡ÊÂÌËfl XR(·) Ë Xρ(·) fl‚Îfl˛ÚÒfl ÔÓÎÛÌÂÔÂ˚‚Ì˚ÏË Ò‚ÂıÛ
‚Ò˛‰Û Ì‡ Kv(�

p
). 

ÑÓÍ‡Á‡ÚÂÎ¸ÒÚ‚Ó. ëÌ‡˜‡Î‡ ÔÓÍ‡ÊÂÏ, ˜ÚÓ 

(3.15)

ÂÒÎË xε  x0 ÔË ε ↓ 0. Ç Ò‡ÏÓÏ ‰ÂÎÂ, Á‡ÔË¯ÂÏ Ó˜Â‚Ë‰ÌÓÂ ÌÂ‡‚ÂÌÒÚ‚Ó 

(3.16)

á‰ÂÒ¸ |R(xε, Dε) – R(xε, D)| ≤ C2ε ‚ ÒËÎÛ ÎÂÏÏ˚ 8. äÓÏÂ ÚÓ„Ó, ÙÛÌÍˆËfl R(x, D), Í‡Í ‚˚ÔÛÍÎ‡fl Ë ÍÓ-

ÌÂ˜Ì‡fl ÔÓ x Ì‡ �
p
 ÙÛÌÍˆËfl, fl‚ÎflÂÚÒfl ‚Ò˛‰Û ÌÂÔÂ˚‚ÌÓÈ. èÓ˝ÚÓÏÛ Ë ‚ÚÓÓÂ ÒÎ‡„‡ÂÏÓÂ ‚ Ô‡‚ÓÈ

˜‡ÒÚË ÌÂ‡‚ÂÌÒÚ‚‡ (3.16) Ú‡ÍÊÂ ÒÚÂÏËÚÒfl Í ÌÛÎ˛ ÔË ε ↓ 0. íÂÏ Ò‡Ï˚Ï (3.15) ‰ÓÍ‡Á‡ÌÓ. 

èÛÒÚ¸ { }, i = 1, 2, …, – ÔÓËÁ‚ÓÎ¸Ì‡fl ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚ¸ ˝ÎÂÏÂÌÚÓ‚ ËÁ Kv(�
p
) Ú‡Í‡fl, ˜ÚÓ

h(D, ) ≤ εi, „‰Â εi ↓ 0 ÔË i  ∞. 

èÛÒÚ¸ Ú‡ÍÊÂ ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚ¸ { }, i = 1, 2, …, Ú‡ÍÓ‚‡, ˜ÚÓ 

    ∞. (3.17)

èÓÍ‡ÊÂÏ, ˜ÚÓ 

(3.18)

ÑÂÈÒÚ‚ËÚÂÎ¸ÌÓ, ÂÒÎË ˝ÚÓ ÌÂ‚ÂÌÓ, ÚÓ ‰Îfl ÚÓ˜ÍË x* ∈ X R(D) ‚˚ÔÓÎÌflÂÚÒfl ÌÂ‡‚ÂÌÒÚ‚Ó

(3.19)

Ç ÒÓÓÚ‚ÂÚÒÚ‚ËË Ò ÎÂÏÏÓÈ 8 ÏÓÊÌÓ Á‡ÔËÒ‡Ú¸ 

(3.20)

äÓÏÂ ÚÓ„Ó, ‚‚Ë‰Û (3.15) ËÏÂÂÏ

  ∞. (3.21)

àÁ (3.20) Ë (3.21) ÒÎÂ‰Û˛Ú ÌÂ‡‚ÂÌÒÚ‚‡ 

ËÁ ÍÓÚÓ˚ı ÔÓÎÛ˜‡ÂÏ 

éÚÒ˛‰‡, Û˜ËÚ˚‚‡fl (3.19), ÔÓÎÛ˜‡ÂÏ, ˜ÚÓ ÔË ‰ÓÒÚ‡ÚÓ˜ÌÓ ·ÓÎ¸¯Ëı ÁÌ‡˜ÂÌËflı ËÌ‰ÂÍÒ‡ i, ‚˚ÔÓÎ-
ÌflÂÚÒfl ÌÂ‡‚ÂÌÒÚ‚Ó R( , ) – R(x*, ) ≥ ∆/2. ùÚÓ ÔÓÚË‚ÓÂ˜ËÚ ÚÓÏÛ, ˜ÚÓ  ∈ XR( ). íÂÏ

Ò‡Ï˚Ï ‚ÍÎ˛˜ÂÌËÂ (3.18) ‰ÓÍ‡Á‡ÌÓ, Ú.Â. ÔÂ‰ÂÎ ÒıÓ‰fl˘ÂÈÒfl ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚË { }, i = 1, 2, …,

˝ÎÂÏÂÌÚÓ‚, ‚˚·Ë‡ÂÏ˚ı, ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ, ËÁ XR( ), Ó·flÁ‡ÚÂÎ¸ÌÓ ÒÓ‰ÂÊËÚÒfl ‚ XR(D). èÓÒÍÓÎ¸-

ÍÛ ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚ¸ { }, i = 1, 2, …, Ó·Î‡‰‡˛˘‡fl ÒıÓ‰ËÏÓÒÚ¸˛ ‚ (3.17), ‚˚·Ë‡Î‡Ò¸ ÔÓËÁ-

‚ÓÎ¸ÌÓ, ÚÓ Ï˚ ‰ÓÍ‡Á‡ÎË ÔÓÎÛÌÂÔÂ˚‚ÌÓÒÚ¸ Ò‚ÂıÛ ÏÌÓ„ÓÁÌ‡˜ÌÓ„Ó ÓÚÓ·‡ÊÂÌËfl XR(·) Ì‡ ÔÓËÁ-
‚ÓÎ¸ÌÓ ‚˚·‡ÌÌÓÏ ˝ÎÂÏÂÌÚÂ D ∈ Kv( �

p
). 

X
R

·( ) : Kv �
p( ) 2

�
p

, X
ρ

·( ) : Kv �
p( ) 2

�
p

.

R xε Dε,( ) R x0 D,( )–( )
ε ↓ 0
lim 0,=

R xε Dε,( ) R x0 D,( )– R xε Dε,( ) R xε D,( )– R xε D,( ) R x0 D,( )– .+≤

Dεi

Dεi

xεi

xεi
X

R
Dεi

( ), xεi
= x0, i

x0 X
R

D( ).∈

R x0 D,( ) R x* D,( )– ∆ 0.>=

R x* Dεi
,( ) R x* D,( )– C2εi.≤

R xεi
Dεi

,( ) R x0 D,( )– δi ↓  0, i=

R xεi
Dεi

,( ) R x0 D,( ) δi, R x* D,( )– C2εi R x* Dεi
,( ),≥+≥

R xεi
Dεi

,( ) R x* Dεi
,( )– R x0 D,( ) – R x* D,( ) δi – C2εi.–≥

xεi
Dεi

Dεi
xεi

Dεi

xεi

Dεi

xεi
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ÑÛ‰Ó‚, ÑÛ‰Ó‚‡

èÓÎÛÌÂÔÂ˚‚ÌÓÒÚ¸ Ò‚ÂıÛ ÏÌÓ„ÓÁÌ‡˜ÌÓ„Ó ÓÚÓ·‡ÊÂÌËfl Xρ(·) ‚Ò˛‰Û Ì‡ Kv(�
p
) ‰ÓÍ‡Á˚‚‡ÂÚÒfl

‡Ì‡ÎÓ„Ë˜ÌÓ.
3.3. ë‰ÂÎ‡ÂÏ ÌÂÒÍÓÎ¸ÍÓ Á‡ÏÂ˜‡ÌËÈ, Í‡Ò‡˛˘ËıÒfl ÚÂÓÂÏ 5 Ë 6. 
á‡ÏÂ˜‡ÌËfl. 1. çÂÚÛ‰ÌÓ ÔÂ‰ÒÚ‡‚ËÚ¸ ÔËÏÂ˚, ÔÓÍ‡Á˚‚‡˛˘ËÂ, ˜ÚÓ ÓˆÂÌÍË (3.9) Ë (3.10) fl‚Îfl˛ÚÒfl ÚÓ˜-

Ì˚ÏË. äÓÏÂ ÚÓ„Ó, ÎÂ„ÍÓ ‚Ë‰ÂÚ¸, ˜ÚÓ ÂÒÎË ‡ÒÒÚÓflÌËÂ ï‡ÛÒ‰ÓÙ‡ ËÁÏÂflÚ¸ ‚ ËÒÔÓÎ¸ÁÛÂÏÓÈ ÌÓÏÂ, Ú.Â. Á‡-
ÏÂÌËÚ¸ Â‚ÍÎË‰Ó‚Û ÌÓÏÛ ‚ (1.3) Ì‡ n(·), ÚÓ ÒÎÂ‰ÛÂÚ Á‡ÏÂÌËÚ¸ ÍÓÌÒÚ‡ÌÚÛ C2 ‚ (3.9) Ë (3.10) Ì‡ Â‰ËÌËˆÛ. 

2. èÓÍ‡ÊÂÏ, ˜ÚÓ ÏÌÓ„ÓÁÌ‡˜Ì˚Â ÓÚÓ·‡ÊÂÌËfl XR(·) Ë Xρ(·) ÏÓ„ÛÚ ÌÂ Ó·Î‡‰‡Ú¸ ÔÓÎÛÌÂÔÂ˚‚ÌÓÒÚ¸˛
ÒÌËÁÛ. 

èËÏÂ 1. èÛÒÚ¸ p = 3, x = (x(1), x(2), x(3)). Ç Í‡˜ÂÒÚ‚Â ÓˆÂÌË‚‡ÂÏÓ„Ó ‚˚ÔÛÍÎÓ„Ó ÍÓÏÔ‡ÍÚ‡ ‚ÓÁ¸-
ÏÂÏ ÓÚÂÁÓÍ D = co{(0, 1, 0), (0, –1, 0)}, ‡ ÌÓÏÛ n(·) ÒÍÓÌÒÚÛËÛÂÏ ÒÎÂ‰Û˛˘ËÏ Ó·‡ÁÓÏ. ÇÓÁ¸ÏÂÏ
Í‚‡‰‡Ú Ë ÍÛ„ ‚ ÓÚÓ„ÓÌ‡Î¸Ì˚ı ÔÎÓÒÍÓÒÚflı 

Ç˚ÔÛÍÎ‡fl Ó·ÓÎÓ˜Í‡ M = co{T1, T2} ˝ÚËı ÒËÏÏÂÚË˜Ì˚ı ÓÚÌÓÒËÚÂÎ¸ÌÓ ÌÛÎÂ‚Ó„Ó ˝ÎÂÏÂÌÚ‡ ÏÌÓ-
ÊÂÒÚ‚ Ó·‡ÁÛÂÚ ‚˚ÔÛÍÎÓÂ ÚÂÎÓ, Ú‡ÍÊÂ ÒËÏÏÂÚË˜ÌÓÂ ÓÚÌÓÒËÚÂÎ¸ÌÓ 03. Ç Í‡˜ÂÒÚ‚Â ÌÓÏ˚ n(·)
‚ÓÁ¸ÏÂÏ ÙÛÌÍˆË˛ åËÌÍÓ‚ÒÍÓ„Ó ˝ÚÓ„Ó ÚÂÎ‡ 

íÂÔÂ¸ ·ÂÂÏ ÔÓËÁ‚ÓÎ¸ÌÛ˛ ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚ¸ δi ↓ 0 ÔË i  ∞ Ë 

çÂÚÛ‰ÌÓ ÔÓ‰Ò˜ËÚ‡Ú¸, ˜ÚÓ h(D, ) = εi, „‰Â εi = . èË ˝ÚÓÏ ÏÓÊÌÓ Û·Â‰ËÚ¸Òfl ‚ ÚÓÏ, ˜ÚÓ

XR( ) = {03}. é‰Ì‡ÍÓ, Í‡Í ÌÂÚÛ‰ÌÓ ‚Ë‰ÂÚ¸, XR(D) = co{(– 1, 0, 0), (1, 0, 0)}. í‡ÍËÏ Ó·‡ÁÓÏ, Î˛·‡fl

ÚÓ˜Í‡ x* ≠ 03 ËÁ XR(D) ÌÂ ÏÓÊÂÚ ·˚Ú¸ ÔÂ‰ÂÎÓÏ ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚË ˝ÎÂÏÂÌÚÓ‚ , ‚˚·Ë‡ÂÏ˚ı

ËÁ XR( ). ùÚÓ Ë ÓÁÌ‡˜‡ÂÚ, ˜ÚÓ Ì‡ ‰‡ÌÌÓÏ ˝ÎÂÏÂÌÚÂ D ∈ Kv(�
p
) ÏÌÓ„ÓÁÌ‡˜ÌÓÂ ÓÚÓ·‡ÊÂÌËÂ XR(·)

ÌÂ fl‚ÎflÂÚÒfl ÔÓÎÛÌÂÔÂ˚‚Ì˚Ï ÒÌËÁÛ. 

èËÏÂ 2. èÛÒÚ¸ p = 2, x = (x(1), x(2)), n(x) =  – Â‚ÍÎË‰Ó‚‡ ÌÓÏ‡, 

çÂÚÛ‰ÌÓ ‚Ë‰ÂÚ¸, ˜ÚÓ h(D, Dε) = ε ÔË rε = (4 – ε2)/2ε. Ä ÔÓÒÍÓÎ¸ÍÛ Xρ(D) = co{(– 1, 0), (1, 0)},
Xρ(Dε) = {02} ÔË ÒÍÓÎ¸ Û„Ó‰ÌÓ Ï‡Î˚ı ε > 0, ÚÓ, Í‡Í Ë ‚ ÔËÏÂÂ 1, ÔËıÓ‰ËÏ Í ‚˚‚Ó‰Û, ˜ÚÓ ÏÌÓ„Ó-
ÁÌ‡˜ÌÓÂ ÓÚÓ·‡ÊÂÌËÂ Xρ(·) ÌÂ fl‚ÎflÂÚÒfl ÔÓÎÛÌÂÔÂ˚‚Ì˚Ï ÒÌËÁÛ Ì‡ ‰‡ÌÌÓÏ ̋ ÎÂÏÂÌÚÂ D ∈ Kv(�

p
). 

á‡ÏÂ˜‡ÌËÂ 3. èÓÎÛÌÂÔÂ˚‚ÌÓÒÚ¸ Ò‚ÂıÛ ÏÌÓ„ÓÁÌ‡˜ÌÓ„Ó ÓÚÓ·‡ÊÂÌËfl Xρ(·) Ì‡ ˝ÎÂÏÂÌÚÂ D ∈ Kv(�
p
)

ÓÁÌ‡˜‡ÂÚ Ì‡ÎË˜ËÂ ÒıÓ‰fl˘Â„ÓÒfl ÔÓˆÂÒÒ‡ 

  0, ε ↓ 0. (3.22)

á‰ÂÒ¸ ρ(A, B) – ÛÍÎÓÌÂÌËÂ ÏÌÓÊÂÒÚ‚‡ A ÓÚ ÏÌÓÊÂÒÚ‚‡ B. èÓ˝ÚÓÏÛ ÏÓÊÌÓ ÔÓÒÚ‡‚ËÚ¸ ‚ÓÔÓÒ Ó·
ÓˆÂÌÍÂ ÒÍÓÓÒÚË ÒıÓ‰ËÏÓÒÚË ‰‡ÌÌÓ„Ó ÔÓˆÂÒÒ‡ ÔÓ ε. é‰Ì‡ÍÓ ÔËÏÂ, ÔË‚Â‰ÂÌÌ˚È ‚ ‡Á‰. 5, „Ó-
‚ÓËÚ Ó ÚÓÏ, ˜ÚÓ ·ÂÁ ‰ÓÔÓÎÌËÚÂÎ¸ÌÓ„Ó ÔÂ‰ÔÓÎÓÊÂÌËfl ÓÚÌÓÒËÚÂÎ¸ÌÓ ÍÓÏÔ‡ÍÚ‡ D, Ò‚flÁ‡ÌÌÓ„Ó Ò
ÍÓÎË˜ÂÒÚ‚ÂÌÌÓÈ ı‡‡ÍÚÂËÒÚËÍÓÈ ‚˚ÔÛÍÎÓÒÚË D, ÔÓÎÛ˜ËÚ¸ Ú‡ÍÛ˛ ÓˆÂÌÍÛ ÌÂÎ¸Áfl. ëÓÓÚ‚ÂÚÒÚ‚ÂÌ-
ÌÓ, ‰Îfl ÓˆÂÌÍË ÒÍÓÓÒÚË ÒıÓ‰ËÏÓÒÚË ÔÓˆÂÒÒ‡ 

  0, ε ↓ 0, (3.23)

ÔÓ-‚Ë‰ËÏÓÏÛ, ÚÂ·Û˛ÚÒfl ‰ÓÔÓÎÌËÚÂÎ¸Ì˚Â ÛÒÎÓ‚Ëfl ÍÓÎË˜ÂÒÚ‚ÂÌÌÓ„Ó ı‡‡ÍÚÂ‡ Ì‡ ËÒÔÓÎ¸ÁÛÂÏÛ˛
ÌÓÏÛ. 

T1 x �
3
 : max x

1( )
x

2( ),{ } 1 x
3( )

 = 0,≤∈{ } ,=

T2 x �
3
 : x

2( )( )
2

x
3( )( )

2
1 x

1( )
 = 0,≤+∈{ } .=

n x( ) inf α 0: x αM∈>{ } .=

Dεi
co 0 1 δi– 2δi δi

2
––, ,( ) 0 –1 δi+ 2δi δi

2
–, ,( ),{ } .=

Dεi
2δi

Dεi

xεi

Dεi

x
1( )( )

2
x

2( )( )
2

+

D x �
2
 : x

1( )
2 x

2( ),≤∈{ } 1 } ,≤=

Dε x �
2
 : x

1( )
2 x

1( )( )
2

x
2( )

rε 1–+( )
2

rε
2
,≤+,≤∈{=

x
1( )( )

2
x

2( )
rε– 1+( )

2
rε

2≤+ } .

ρ X
ρ

Dε( ) X
ρ

D( ),( ) x y–
y X

ρ
D( )∈

inf
x X

ρ
Dε( )∈

sup=

ρ X
R

Dε( ) X
R

D( ),( )
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4. äêàíÖêàâ êÖòÖçàü áÄÑÄóà é ÇçÖòçÖâ éñÖçäÖ 

èÓÒÍÓÎ¸ÍÛ ÙÛÌÍˆËfl R(x, D) fl‚ÎflÂÚÒfl ‚˚ÔÛÍÎÓÈ ÔÓ x Ì‡ �
p
, ÚÓ, ‚ ÒÓÓÚ‚ÂÚÒÚ‚ËË Ò ËÁ‚ÂÒÚÌ˚Ï Ù‡Í-

ÚÓÏ ËÁ ‚˚ÔÛÍÎÓ„Ó ‡Ì‡ÎËÁ‡ (ÒÏ., Ì‡ÔËÏÂ, [11, c. 142]), ‰Îfl ÚÓ„Ó ˜ÚÓ·˚ ÚÓ˜Í‡ x* fl‚ÎflÎ‡Ò¸ Â¯Â-
ÌËÂÏ Á‡‰‡˜Ë (1.1), Ú.Â. ˆÂÌÚÓÏ ÓÔËÒ‡ÌÌÓ„Ó ¯‡‡, ÌÂÓ·ıÓ‰ËÏÓ Ë ‰ÓÒÚ‡ÚÓ˜ÌÓ, ˜ÚÓ·˚ ‚˚ÔÓÎÌflÎÓÒ¸
‚ÍÎ˛˜ÂÌËÂ

(4.1)

„‰Â ÒÛ·‰ËÙÙÂÂÌˆË‡Î (·, D) ‚˚‡ÊÂÌ ÙÓÏÛÎÓÈ (2.3). 

4.1. èË‚Â‰ÂÏ ‰Û„ÓÈ ÍËÚÂËÈ Â¯ÂÌËfl Á‡‰‡˜Ë (1.1), Ò‚flÁ˚‚‡˛˘ËÈ ÂÂ Ò Á‡‰‡˜ÂÈ Ó ‚ÌÛÚÂÌÌÂÈ
ÓˆÂÌÍÂ ÌËÊÌÂ„Ó ÎÂ·Â„Ó‚‡ ÏÌÓÊÂÒÚ‚‡ ÙÛÌÍˆËË R(x, D) ¯‡ÓÏ ÌÓÏ˚ n(·). àÏÂÌÌÓ ÓÌ ÓÍ‡Á‡ÎÒfl
Û‰Ó·Ì˚Ï ‰Îfl ÍÓÎË˜ÂÒÚ‚ÂÌÌÓÈ ÓˆÂÌÍË ÛÒÚÓÈ˜Ë‚ÓÒÚË ˆÂÌÚ‡ ÓÔËÒ‡ÌÌÓ„Ó ¯‡‡. 

íÂÓÂÏ‡ 7. íÓ˜Í‡ x* fl‚ÎflÂÚÒfl Â¯ÂÌËÂÏ Á‡‰‡˜Ë (1.1) ÚÓ„‰‡ Ë ÚÓÎ¸ÍÓ ÚÓ„‰‡, ÍÓ„‰‡ ‰Îfl Î˛·Ó-
„Ó λ > R* ÓÌ‡ fl‚ÎflÂÚÒfl ̂ ÂÌÚÓÏ ‚ÎÓÊÂÌÌÓ„Ó ‚ ÏÌÓÊÂÒÚ‚Ó GR(λ) ¯‡‡ Ì‡Ë·ÓÎ¸¯Â„Ó ‡‰ËÛÒ‡, Ú.Â.
Â¯ÂÌËÂÏ Á‡‰‡˜Ë 

  (4.2)

èË ˝ÚÓÏ ‡‰ËÛÒ ‚ÎÓÊÂÌÌÓ„Ó ¯‡‡ ÂÒÚ¸ ρ(x*, ΩR(λ)) = λ – R*.
ÑÓÍ‡Á‡ÚÂÎ¸ÒÚ‚Ó. çÂÓ·ıÓ‰ËÏÓÒÚ¸ ‰ÓÍ‡ÊÂÏ ‚ ˜ÂÚ˚Â ˝Ú‡Ô‡. àÚ‡Í, ÔÛÒÚ¸ ÚÓ˜Í‡ x* fl‚ÎflÂÚÒfl Â-

¯ÂÌËÂÏ Á‡‰‡˜Ë (1.1) Ë λ > R*. 
1. èÓÍ‡ÊÂÏ, ˜ÚÓ ÒÔ‡‚Â‰ÎË‚Ó ‚ÍÎ˛˜ÂÌËÂ 

(4.3)

ÑÂÈÒÚ‚ËÚÂÎ¸ÌÓ, ÔÓÒÍÓÎ¸ÍÛ D ⊂ Bn(x*, R*), ÚÓ ‰Îfl Î˛·Ó„Ó y ∈ D ‚˚ÔÓÎÌflÂÚÒfl ÛÒÎÓ‚ËÂ x* ∈ Bn(y, R*).
éÚÒ˛‰‡ ‚˚ÚÂÍ‡ÂÚ ‚ÍÎ˛˜ÂÌËÂ

(4.4)

Ä Ú‡Í Í‡Í ÏÌÓÊÂÒÚ‚Ó GR(λ) ÔÂ‰ÒÚ‡‚ËÏÓ ‚ ‚Ë‰Â (2.9), ÚÓ ËÁ (4.4) ÒÎÂ‰ÛÂÚ (4.3). 
2. ÇÓÁ¸ÏÂÏ ÔÓËÁ‚ÓÎ¸ÌÛ˛ ÚÓ˜ÍÛ 

(4.5)

Ë ÒÓÔÓÒÚ‡‚ËÏ ÂÈ ÚÓ˜ÍÛ 

(4.6)

èÓÍ‡ÊÂÏ, ˜ÚÓ 

(4.7)

Ú.Â. ÚÓ˜Í‡ zλ ÔËÌ‡‰ÎÂÊËÚ ÔÓÂÍˆËË ÚÓ˜ÍË x* Ì‡ ÏÌÓÊÂÒÚ‚Ó ΩR(λ) ‚ ÌÓÏÂ n(·). 
Ç Ò‡ÏÓÏ ‰ÂÎÂ, Ò Ó‰ÌÓÈ ÒÚÓÓÌ˚, ËÁ (4.5), (4.6) ËÏÂÂÏ 

(4.8)

Ú.Â.

(4.9)

Ç ÚÓ ÊÂ ‚ÂÏfl ËÁ (4.6) ‚˚ÚÂÍ‡ÂÚ ‡‚ÂÌÒÚ‚Ó

(4.10)

Ë ÔÓ˝ÚÓÏÛ ‚ ÒËÎÛ (4.3) ËÏÂÂÏ

(4.11)

èÓÒÍÓÎ¸ÍÛ, ‚ ÒÓÓÚ‚ÂÚÒÚ‚ËË Ò (4.5), z ∈ D, ÚÓ ¯‡ Bn(z, λ), ‚ ÒËÎÛ ÔÂ‰ÒÚ‡‚ÎÂÌËfl (2.9), ÒÓ‰ÂÊËÚ
ÏÌÓÊÂÒÚ‚Ó GR(λ). èÓ˝ÚÓÏÛ ËÁ (4.9) Ë (4.11) ÒÎÂ‰ÛÂÚ, ˜ÚÓ zλ fl‚ÎflÂÚÒfl „‡ÌË˜ÌÓÈ ÚÓ˜ÍÓÈ ÏÌÓÊÂÒÚ‚‡
GR(λ), ‡ ÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ, Ë ÏÌÓÊÂÒÚ‚‡ ΩR(λ). í‡ÍËÏ Ó·‡ÁÓÏ, Û˜ËÚ˚‚‡fl (4.3) Ë (4.10), Á‡ÍÎ˛˜‡ÂÏ,

0p ∂R x* D,( ),∈

∂R

ρ x ΩR λ( ),( ) n x y–( )
y Ω

R
λ( )∈

min≡ .
x G

R
λ( )∈

max

Bn x* λ R*–,( ) G
R λ( ).⊂

Bn x* λ R*–,( ) Bn y λ,( ) y∀ D.∈⊂

z Q
R

x* D,( )∈ y D: R* = n x* y–( )∈{ }=

zλ x*
λ R*–

n x* z–( )
---------------------- x* z–( ).+=

zλ Q
ρ

x* ΩR λ( ),( )∈ y ΩR λ( ): ρ x* ΩR λ( ),( ) = n x* y–( )∈{ } ,=

n zλ z–( ) n x* z–( ) λ R*–+ λ ,= =

zλ Sn z λ,( )∈ y �
p
: n z y–( ) = λ∈{ } .=

n zλ x*–( ) λ R*–=

zλ G
R λ( ).∈

2
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ÑÛ‰Ó‚, ÑÛ‰Ó‚‡

˜ÚÓ ̄ ‡ Bn(x*, λ – R*) ÒÓ‰ÂÊËÚÒfl ‚ GR(λ) Ë Í‡Ò‡ÂÚÒfl Ò‚ÓÂÈ „‡ÌË˜ÌÓÈ ÚÓ˜ÍÓÈ zλ ÏÌÓÊÂÒÚ‚‡ ΩR(λ).
ùÚÓ Ë ÓÁÌ‡˜‡ÂÚ ÒÔ‡‚Â‰ÎË‚ÓÒÚ¸ (4.7). 

3. èÓÍ‡ÊÂÏ, ˜ÚÓ ËÏÂÂÚ ÏÂÒÚÓ ‚ÍÎ˛˜ÂÌËÂ 

(4.12)

„‰Â ÚÓ˜Í‡ zλ ÒÓÓÚ‚ÂÚÒÚ‚ÛÂÚ ÚÓ˜ÍÂ z ∈ Q R(x*, D) ÒÓ„Î‡ÒÌÓ (4.6). 

í‡Í Í‡Í z ∈ D, ÚÓ ËÁ (2.9) ÒÎÂ‰ÛÂÚ ‚ÍÎ˛˜ÂÌËÂ 

(4.13)

Ä ÔÓÒÍÓÎ¸ÍÛ ËÁ (4.9) Ë (4.11) ÒÎÂ‰ÛÂÚ, ˜ÚÓ zλ ∈ G R(λ) ∩ Bn(z, λ), ÚÓ ËÁ (4.13) ÔÓÎÛ˜‡ÂÏ 

íÓ„‰‡ ‰Îfl ÒÓÔflÊÂÌÌ˚ı ÍÓÌÛÒÓ‚ ‚˚ÔÓÎÌflÂÚÒfl Ó·‡ÚÌÓÂ ‚ÍÎ˛˜ÂÌËÂ 

(4.14)

í‡Í Í‡Í zλ ≠ z, ÚÓ ËÁ ÙÓÏÛÎ˚ (2.2) ÒÎÂ‰ÛÂÚ 0p ∉ ∂n(z – z λ). èÓ˝ÚÓÏÛ, Û˜ËÚ˚‚‡fl (4.8) Ë ÔËÏÂÌflfl
ÎÂÏÏÛ 7, ÔÓÎÛ˜‡ÂÏ 

(4.15)

àÁ (4.6) ËÏÂÂÏ 

Ú.Â. x* – zλ = β(z – zλ), „‰Â β > 0. èÓ˝ÚÓÏÛ, ‚ ÒËÎÛ (2.2), ‚˚ÔÓÎÌflÂÚÒfl ÛÒÎÓ‚ËÂ

(4.16)

éÚÏÂÚËÏ Ú‡ÍÊÂ, ˜ÚÓ ÔÓÒÍÓÎ¸ÍÛ 0p ∉ ∂n(z – z λ), ÚÓ (ÒÏ. [21, Ò. 314–316]) ËÏÂÂÏ

(4.17)

íÂÔÂ¸ ËÁ (4.14)–(4.17) ÒÎÂ‰ÛÂÚ (4.12). 
4. ç‡ÔÓÏÌËÏ, ̃ ÚÓ ÔÓÒÍÓÎ¸ÍÛ ÚÓ˜ÍÛ x* Ò˜ËÚ‡ÂÏ Â¯ÂÌËÂÏ Á‡‰‡˜Ë (1.1), ÚÓ, ‚ ÒÓÓÚ‚ÂÚÒÚ‚ËË Ò ÍË-

ÚÂËÂÏ ÂÂ Â¯ÂÌËfl (4.1) Ë ÙÓÏÛÎÓÈ (2.3), ‚˚ÔÓÎÌflÂÚÒfl ‚ÍÎ˛˜ÂÌËÂ 

(4.18)

åÌÓÊÂÒÚ‚Ó GR(λ), Í‡Í ÌËÊÌÂÂ ÎÂ·Â„Ó‚Ó ÏÌÓÊÂÒÚ‚Ó ‚˚ÔÛÍÎÓÈ ÙÛÌÍˆËË, fl‚ÎflÂÚÒfl ‚˚ÔÛÍÎ˚Ï.
íÓ„‰‡, ÔÓ ÚÂÓÂÏÂ 2, ÙÛÌÍˆËfl ρ(x, ΩR(λ)) ‚Ó„ÌÛÚ‡ ÔÓ x Ì‡ GR(λ). èÓ˝ÚÓÏÛ, ‚ ÒÓÓÚ‚ÂÚÒÚ‚ËË Ò ËÁ‚ÂÒÚ-
Ì˚Ï Ù‡ÍÚÓÏ ‚˚ÔÛÍÎÓ„Ó ‡Ì‡ÎËÁ‡ (ÒÏ. [11, Ò. 142]), ÍËÚÂËÂÏ ÚÓ„Ó, ̃ ÚÓ ÌÂÍÓÚÓ‡fl ÚÓ˜Í‡ x0 ∈ intGR(λ)
fl‚ÎflÂÚÒfl ÚÓ˜ÍÓÈ Ï‡ÍÒËÏÛÏ‡ ‚Ó„ÌÛÚÓÈ ÙÛÌÍˆËË ρ(x, ΩR(λ)), Ú.Â. Â¯ÂÌËÂÏ Á‡‰‡˜Ë (4.2), fl‚ÎflÂÚÒfl

ÒÓÓÚÌÓ¯ÂÌËÂ 0p ∈ (x0, ΩR(λ)). ëÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ, ‰Îfl ÚÓ„Ó ˜ÚÓ·˚ ‰ÓÍ‡Á‡Ú¸, ˜ÚÓ ÚÓ˜Í‡ x* ÂÒÚ¸ Â-
¯ÂÌËÂ Á‡‰‡˜Ë (4.2), Ì‡Ï, Û˜ËÚ˚‚‡fl ÙÓÏÛÎÛ ÒÛÔÂ‰ËÙÙÂÂÌˆË‡Î‡ ÙÛÌÍˆËË ‡ÒÒÚÓflÌËfl (2.4), Ì‡‰Ó
ÔÓÍ‡Á‡Ú¸ ÒÔ‡‚Â‰ÎË‚ÓÒÚ¸ ÒÓÓÚÌÓ¯ÂÌËfl 

(4.19)

ÑÂÈÒÚ‚ËÚÂÎ¸ÌÓ, ËÒÔÓÎ¸ÁÛfl (4.12), ÔÓÎÛ˜‡ÂÏ 

(4.20)

àÁ (4.6) ÒÎÂ‰ÛÂÚ x* – zλ = γ(x* – z), „‰Â γ = (R* – λ)(n(x* – z))–1 < 0. èÓ˝ÚÓÏÛ ËÁ (2.2) ‚˚ÚÂÍ‡ÂÚ 

(4.21)

K ∂n x* zλ–( )( ) K
+

zλ G
R λ( ),( ),⊂

G
R λ( ) Bn z λ,( ).⊂

K zλ G
R λ( ),( ) K zλ Bn z λ,( ),( ).⊂

K
+

zλ Bn z λ,( ),( ) K
+

zλ G
R λ( ),( ).⊂

K zλ Bn z λ,( ),( ) K
+ ∂n z zλ–( )( ).=

zλ z– 1 λ R*–
n x* z–( )
----------------------+ 

  x* z–( ), zλ x*–
λ R*–

n x* z–( )
---------------------- x* z–( ),= =

∂n x* zλ–( ) ∂n z zλ–( ).=

K
++ ∂n z zλ–( )( ) K ∂n z zλ–( )( ).=

0p co ∂n x* z–( ) : z Q
R

x* D,( )∈{ } .∈

∂ρ

0p co ∂n x* y–( ) K
+

y G
R λ( ),( ): y Q

ρ
x* ΩR λ( ),( )∈∩{ } .∈

∂n x* zλ–( ) ∂n x* zλ–( ) K ∂n x* zλ–( )( ) ⊂∩=

⊂ ∂ n x* zλ–( ) K
+

zλ G
R λ( ),( ).∩

∂n x* zλ–( ) ∂n x* z–( ).–=
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ì˜ËÚ˚‚‡fl (4.21) Ë ËÒÔÓÎ¸ÁÛfl (4.18) Ë (4.20), ËÏÂÂÏ 

(4.22)

á‰ÂÒ¸, Í‡Í ·˚ÎÓ ÔÓÍ‡Á‡ÌÓ ‚ Ô. 2 ‰ÓÍ‡Á‡ÚÂÎ¸ÒÚ‚‡, ‚ÒÂ ÚÓ˜ÍË zλ, ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ËÂ ÚÓ˜Í‡Ï
z ∈ Q R(x*, D), ÒÓ„Î‡ÒÌÓ ÙÓÏÛÎÂ (4.7) ÒÓ‰ÂÊ‡ÚÒfl ‚ Qρ(x*, ΩR(λ)). èÓ˝ÚÓÏÛ ËÁ (4.22) ÒÎÂ‰ÛÂÚ (4.19).
çÂÓ·ıÓ‰ËÏÓÒÚ¸ ‰ÓÍ‡Á‡Ì‡, ÔË˜ÂÏ, Í‡Í ˝ÚÓ ÒÎÂ‰ÛÂÚ ËÁ ÒÍ‡Á‡ÌÌÓ„Ó ‚˚¯Â, ‡‰ËÛÒ Ï‡ÍÒËÏ‡Î¸ÌÓ„Ó
¯‡‡, ‚ÎÓÊÂÌÌÓ„Ó ‚ GR(λ), ÂÒÚ¸ ρ(x*, ΩR(λ)) = λ – R*. 

ÑÓÒÚ‡ÚÓ˜ÌÓÒÚ¸. èÛÒÚ¸ ÚÓ˜Í‡ x* fl‚ÎflÂÚÒfl ˆÂÌÚÓÏ ¯‡‡ Ï‡ÍÒËÏ‡Î¸ÌÓ„Ó ‡‰ËÛÒ‡, ‚ÎÓÊÂÌÌÓ-
„Ó ‚ GR(λ). ê‡‰ËÛÒ ˝ÚÓ„Ó ¯‡‡, Í‡Í ·˚ÎÓ ÛÒÚ‡ÌÓ‚ÎÂÌÓ ‚˚¯Â, ‡‚ÂÌ λ – R*. ëÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ, ËÏÂÂÏ
‚ÍÎ˛˜ÂÌËÂ 

(4.23)

èÓÒÍÓÎ¸ÍÛ ÏÌÓÊÂÒÚ‚Ó GR(λ) ÔÂ‰ÒÚ‡‚ËÏÓ ‚ ‚Ë‰Â (2.9), ÚÓ ËÁ (4.23) ÒÎÂ‰ÛÂÚ 

‰Îfl Î˛·Ó„Ó y ∈ D. éÚÒ˛‰‡ ÔÓÎÛ˜‡ÂÏ x* ∈ Bn(y, R*), ËÎË n(x* – y) ≤ R* ‰Îfl ‚ÒÂı y ∈ D. ùÚÓ Ë ÓÁÌ‡-
˜‡ÂÚ, ˜ÚÓ 

Ú.Â. ÚÓ˜Í‡ x* fl‚ÎflÂÚÒfl Â¯ÂÌËÂÏ Á‡‰‡˜Ë (1.1).
4.2. çÂÔÓÒÂ‰ÒÚ‚ÂÌÌÓ ËÁ ÚÂÓÂÏ˚ 7 ‚‚Ë‰Û ‰ÓÍ‡Á‡ÌÌÓÈ ˝Í‚Ë‚‡ÎÂÌÚÌÓÒÚË Á‡‰‡˜ (1.1) Ë (4.2) ÔÓ-

ÎÛ˜‡ÂÏ ÍËÚÂËÈ Â‰ËÌÒÚ‚ÂÌÌÓÒÚË Â¯ÂÌËfl. 
ëÎÂ‰ÒÚ‚ËÂ 2. ÑÎfl ÚÓ„Ó ˜ÚÓ·˚ Á‡‰‡˜‡ (1.1) ËÏÂÎ‡ Â‰ËÌÒÚ‚ÂÌÌÓÂ Â¯ÂÌËÂ, ÌÂÓ·ıÓ‰ËÏÓ Ë ‰ÓÒÚ‡-

ÚÓ˜ÌÓ, ˜ÚÓ·˚ ÔË ÌÂÍÓÚÓÓÏ ÁÌ‡˜ÂÌËË λ > R* Á‡‰‡˜‡ (4.2) ËÏÂÎ‡ Â‰ËÌÒÚ‚ÂÌÌÓÂ Â¯ÂÌËÂ. 
èË‚Â‰ÂÏ ÒÎÂ‰Û˛˘ÂÂ ÔÓÒÚÓÂ ‰ÓÒÚ‡ÚÓ˜ÌÓÂ ÛÒÎÓ‚ËÂ Â‰ËÌÒÚ‚ÂÌÌÓÒÚË Â¯ÂÌËfl Á‡‰‡˜Ë (1.1). 
íÂÓÂÏ‡ 8. ÖÒÎË n(·) fl‚ÎflÂÚÒfl ÒÚÓ„Ó Í‚‡ÁË‚˚ÔÛÍÎÓÈ ÌÓÏÓÈ, ÚÓ Â¯ÂÌËÂ Á‡‰‡˜Ë (1.1) Â‰ËÌ-

ÒÚ‚ÂÌÌÓ. 
ÑÓÍ‡Á‡ÚÂÎ¸ÒÚ‚Ó. ÑÂÈÒÚ‚ËÚÂÎ¸ÌÓ, ÔÂ‰ÔÓÎÓÊËÏ, ˜ÚÓ Â¯ÂÌËÂ Á‡‰‡˜Ë (1.1) ÌÂÂ‰ËÌÒÚ‚ÂÌÌÓ Ë

ÚÓ˜ÍË x1 ≠ x2 Ú‡ÍÓ‚˚, ˜ÚÓ 

(4.24)

èÓÒÍÓÎ¸ÍÛ ‰Îfl ÚÓ˜ÂÍ x1 Ë x2 ‚˚ÔÓÎÌfl˛ÚÒfl ÛÒÎÓ‚Ëfl ÎÂÏÏ˚ 4, ÚÓ, Û˜ËÚ˚‚‡fl (4.24), ‰Îfl α ∈ (0, 1)
ÔÓÎÛ˜‡ÂÏ ÔÓÚË‚ÓÂ˜ËÂ: 

éÚÏÂÚËÏ, ˜ÚÓ, Í‡Í ÔÓÍ‡Á˚‚‡˛Ú ÔËÏÂ˚, ÒÚÓ„‡fl Í‚‡ÁË‚˚ÔÛÍÎÓÒÚ¸ ÌÓÏ˚ ÌÂ fl‚ÎflÂÚÒfl ÌÂÓ·-
ıÓ‰ËÏ˚Ï ÛÒÎÓ‚ËÂÏ Â‰ËÌÒÚ‚ÂÌÌÓÒÚË Â¯ÂÌËfl Á‡‰‡˜Ë (1.1). çÂÚÛ‰ÌÓ Ú‡ÍÊÂ ÔÂ‰ÒÚ‡‚ËÚ¸ ÔËÏÂ,
ÔÓÍ‡Á˚‚‡˛˘ËÈ, ˜ÚÓ ÒÚÓ„‡fl ‚˚ÔÛÍÎÓÒÚ¸ ÓˆÂÌË‚‡ÂÏÓ„Ó ÍÓÏÔ‡ÍÚ‡ D ÔË ÓÚÒÛÚÒÚ‚ËË ÒÚÓ„ÓÈ Í‚‡-
ÁË‚˚ÔÛÍÎÓÒÚË ÌÓÏ˚ n(·) ÌÂ „‡‡ÌÚËÛÂÚ Â‰ËÌÒÚ‚ÂÌÌÓÒÚË Â¯ÂÌËfl. 

5. äéãàóÖëíÇÖççÄü ïÄêÄäíÖêàáÄñàü ìëíéâóàÇéëíà
èêà ÑéèéãçàíÖãúçõï èêÖÑèéãéÜÖçàüï 

èÓÎÛ˜ËÏ ÓˆÂÌÍÛ ÒÍÓÓÒÚË ÒıÓ‰ËÏÓÒÚË ÔÓˆÂÒÒÓ‚ (3.22) Ë (3.23) ÔË ÌÂÍÓÚÓ˚ı ‰ÓÔÓÎÌËÚÂ-
Î¸Ì˚ı ÛÒÎÓ‚Ëflı Ì‡ ËÒÔÓÎ¸ÁÛÂÏÛ˛ ÌÓÏÛ ËÎË ÓˆÂÌË‚‡ÂÏ˚È ÍÓÏÔ‡ÍÚ. 

5.1. ëÍÓÓÒÚ¸ ÒıÓ‰ËÏÓÒÚË ÔÓˆÂÒÒ‡ (3.23) ÓˆÂÌËÏ ‚ ÔÂ‰ÔÓÎÓÊÂÌËË ÒËÎ¸ÌÓÈ Í‚‡ÁË‚˚ÔÛÍÎÓÒÚË
ÌÓÏ˚. 

íÂÓÂÏ‡ 9. èÛÒÚ¸ n(·) fl‚ÎflÂÚÒfl r-ÒËÎ¸ÌÓ Í‚‡ÁË‚˚ÔÛÍÎÓÈ ÌÓÏÓÈ. ÖÒÎË ÚÓ˜Í‡ x* – Â¯ÂÌËÂ
ÚÓ˜ÌÓÈ Á‡‰‡˜Ë (1.1), ‡ ÚÓ˜Í‡ xε – Â¯ÂÌËÂ ÔË·ÎËÊÂÌÌÓÈ Á‡‰‡˜Ë (1.4) ‰Îfl ε ∈ [0, ε0], „‰Â ε0 =

0p co ∂n x* zλ–( ): z Q
R

x* D,( )∈{ } ⊂∈

⊂ co ∂n x* zλ–( ) K
+

zλ G
R λ( ),( ): z Q

R
x* D,( )∈∩{ } .

Bn x* λ R*–,( ) G
R λ( ).⊂

Bn x* λ R*–,( ) Bn y λ,( )⊂

R x*( ) n x* y–( )
y D∈
max R*,≤≡

R x1 D,( ) R x2 D,( ) R x D,( )
x �

p
∈

min .= =

R α x1 1 α–( )x2+ D,( ) αR x1 D,( ) 1 α–( )R x2 D,( )+< R x D,( ).
x �

p
∈

min=

2*
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= rR*/(2(rC2 + C2/C1)), ÚÓ ÒÔ‡‚Â‰ÎË‚Ó ÌÂ‡‚ÂÌÒÚ‚Ó 

(5.1)

ÑÓÍ‡Á‡ÚÂÎ¸ÒÚ‚Ó. ç‡ÔÓÏÌËÏ, ˜ÚÓ ÒÚÓ„‡fl, Ë ÚÂÏ ·ÓÎÂÂ ÒËÎ¸Ì‡fl, Í‚‡ÁË‚˚ÔÛÍÎÓÒÚ¸ ÌÓÏ˚, ÔÓ
ÚÂÓÂÏÂ 8, ‚ÎÂ˜ÂÚ Â‰ËÌÒÚ‚ÂÌÌÓÒÚ¸ Â¯ÂÌËfl Á‡‰‡˜ (1.1) Ë (1.4), Ú.Â. XR(D) = {x*}, XR(Dε) = {xε}. 

ë˜ËÚ‡fl xε ≠ x*, ‚ÓÁ¸ÏÂÏ ‚ Í‡˜ÂÒÚ‚Â λ ÙÛÌÍˆË˛ R(xε, D). íÓ„‰‡, ÔÓ ÚÂÓÂÏÂ 7, Ï‡ÍÒËÏ‡Î¸Ì˚È ‡-
‰ËÛÒ ¯‡‡ ÌÓÏ˚ n(·), ‚ÎÓÊÂÌÌÓ„Ó ‚ ÏÌÓÊÂÒÚ‚Ó GR(λ), ‡‚ÂÌ R(xε, D) – R* > 0 Ë, ‚ ÒËÎÛ (3.14), ÌÂ
ÔÂ‚˚¯‡ÂÚ ‚ÂÎË˜ËÌÛ δ = 2C2ε. èÓ˝ÚÓÏÛ, ÔÓ ÎÂÏÏÂ 2, ‡‰ËÛÒ Â‚ÍÎË‰Ó‚Ó„Ó ¯‡‡, ‚ÎÓÊÂÌÌÓ„Ó ‚
GR(λ), ÌÂ ·ÓÎÂÂ ˜ÂÏ δ0 = 2C2ε/C1. Ç ÒÓÓÚ‚ÂÚÒÚ‚ËË Ò ÎÂÏÏÓÈ 5, ÏÌÓÊÂÒÚ‚Ó GR(λ) fl‚ÎflÂÚÒfl rR(xε, D)-
ÒËÎ¸ÌÓ ‚˚ÔÛÍÎ˚Ï. àÒÔÓÎ¸ÁÛfl (3.14), ÌÂÚÛ‰ÌÓ Ò‰ÂÎ‡Ú¸ ‚˚‚Ó‰, ˜ÚÓ ÔË ε ∈ [0, ε0] ‚˚ÔÓÎÌflÂÚÒfl ÌÂ-
‡‚ÂÌÒÚ‚Ó δ0 ≤ rR(xε, D), ÍÓÚÓÓÂ „‡‡ÌÚËÛÂÚ ‚˚ÔÓÎÌÂÌËÂ ÂÒÚÂÒÚ‚ÂÌÌÓ„Ó ÛÒÎÓ‚Ëfl: ‡‰ËÛÒ ‚ÎÓ-
ÊÂÌÌÓ„Ó Â‚ÍÎË‰Ó‚‡ ¯‡‡ ÌÂ ‰ÓÎÊÂÌ ÔÂ‚˚¯‡Ú¸ ‡‰ËÛÒ ÒËÎ¸ÌÓÈ ‚˚ÔÛÍÎÓÒÚË ÏÌÓÊÂÒÚ‚‡ GR(λ).
ùÚÓ ÔÓÁ‚ÓÎflÂÚ ‚ÓÒÔÓÎ¸ÁÓ‚‡Ú¸Òfl ÎÂÏÏÓÈ 3, ‚ ÂÁÛÎ¸Ú‡ÚÂ ˜Â„Ó ÔÓÎÛ˜‡ÂÏ 

(5.2)

èÓÒÍÓÎ¸ÍÛ ÚÓ˜ÍË x* Ë xε ÒÓ‰ÂÊ‡ÚÒfl ‚ GR(λ), ÚÓ ËÏÂÂÏ

(5.3)

àÁ (5.2), (5.3), ËÒÔÓÎ¸ÁÛfl (3.14), ÔÓÎÛ˜‡ÂÏ (5.1).
5.2. íÂÔÂ¸ ÔÓÎÛ˜ËÏ ÓˆÂÌÍÛ ÒÍÓÓÒÚË ÒıÓ‰ËÏÓÒÚË ÔÓˆÂÒÒ‡ (3.22) ‚ ÔÂ‰ÔÓÎÓÊÂÌËË ÒËÎ¸ÌÓÈ

‚˚ÔÛÍÎÓÒÚË ÍÓÏÔ‡ÍÚ‡ D. ë‡ÁÛ ÓÚÏÂÚËÏ, ˜ÚÓ, Í‡Í Ë ‰Îfl Î˛·Ó„Ó ÒÚÓ„Ó ‚˚ÔÛÍÎÓ„Ó ÍÓÏÔ‡ÍÚ‡, ‚
˝ÚÓÏ ÒÎÛ˜‡Â Á‡‰‡˜‡ (1.2) ËÏÂÂÚ Â‰ËÌÒÚ‚ÂÌÌÓÂ Â¯ÂÌËÂ (ÒÏ. [14]). äÓÏÂ ÚÓ„Ó, ÒËÎ¸Ì‡fl ‚˚ÔÛÍÎÓÒÚ¸
D „‡‡ÌÚËÛÂÚ, ˜ÚÓ intD ≠ , ‡ ËÁ ÚÂÓÂÏ˚ 6 ‚˚ÚÂÍ‡ÂÚ ‚ÍÎ˛˜ÂÌËÂ Xρ(Dε) ⊂ intD ÔË ‚ÒÂı ‰ÓÒÚ‡-
ÚÓ˜ÌÓ Ï‡Î˚ı ÁÌ‡˜ÂÌËflı ε > 0. 

íÂÓÂÏ‡ 10. èÛÒÚ¸ D fl‚ÎflÂÚÒfl r-ÒËÎ¸ÌÓ ‚˚ÔÛÍÎ˚Ï ÏÌÓÊÂÒÚ‚ÓÏ, ‡ ε ‰ÓÒÚ‡ÚÓ˜ÌÓ Ï‡ÎÓ, ̃ ÚÓ-
·˚ ε ∈ [0, ε0], „‰Â ε0 = C1r/(2C2), Ë Xρ(Dε) ⊂ intD. ÖÒÎË ÚÓ˜Í‡ x* – Â¯ÂÌËÂ ÚÓ˜ÌÓÈ Á‡‰‡˜Ë (1.2), ‡
xε – ÌÂÍÓÚÓÓÂ Â¯ÂÌËÂ ÔË·ÎËÊÂÌÌÓÈ Á‡‰‡˜Ë (1.5), ÚÓ ÒÔ‡‚Â‰ÎË‚‡ ÓˆÂÌÍ‡

(5.4)

ÑÓÍ‡Á‡ÚÂÎ¸ÒÚ‚Ó. ÇÓÁ¸ÏÂÏ ÔÓËÁ‚ÓÎ¸ÌÛ˛ ÚÓ˜ÍÛ xε ∈ X ρ(Dε) Ë ÔÓËÁ‚ÓÎ¸ÌÛ˛ ÚÓ˜ÍÛ x ∈ D Ú‡ÍËÂ,
˜ÚÓ ρ(x, Ω) ≥ ρ(xε, Ω). Ç ÒËÎÛ ÎÂÏÏ˚ 1 ‚˚ÔÓÎÌflÂÚÒfl ‡‚ÂÌÒÚ‚Ó 

(5.5)

éÚÒ˛‰‡, Û˜ËÚ˚‚‡fl, ˜ÚÓ x* – Â¯ÂÌËÂ Á‡‰‡˜Ë (1.1), ‚˚ÚÂÍ‡ÂÚ ‡‚ÂÌÒÚ‚Ó

(5.6)

‡ Ú‡ÍÊÂ ÌÂ‡‚ÂÌÒÚ‚Ó 

(5.7)

àÒÔÓÎ¸ÁÛfl (3.2) Ë (3.10), ËÁ (5.7) ÔÓÎÛ˜‡ÂÏ 

(5.8)

Ç ÒËÎÛ (5.6) ÌÂ‡‚ÂÌÒÚ‚Ó (5.8) ‰‡ÂÚ Ì‡Ï ÓˆÂÌÍÛ Ò‚ÂıÛ ‡‰ËÛÒ‡ ̄ ‡‡, ‚ÎÓÊÂÌÌÓ„Ó ‚ D(xε). íÓ„‰‡,
ÔËÏÂÌflfl ÎÂÏÏÛ 2, Ï˚ ÏÓÊÂÏ ‰‡Ú¸ ÓˆÂÌÍÛ Ò‚ÂıÛ Ë ‰Îfl Ï‡ÍÒËÏ‡Î¸ÌÓ„Ó ‡‰ËÛÒ‡ Â‚ÍÎË‰Ó‚‡ ¯‡‡,
‚ÎÓÊÂÌÌÓ„Ó ‚ D(xε): 

(5.9)

èÓÒÍÓÎ¸ÍÛ Xρ(Dε) ⊂ intD, ÚÓ xε ∉ Ω Ë, ÔÓ ÎÂÏÏÂ 6, ÏÌÓÊÂÒÚ‚Ó D(xε) fl‚ÎflÂÚÒfl r-ÒËÎ¸ÌÓ ‚˚ÔÛÍ-
Î˚Ï. áÌ‡˜ÂÌËfl ε ∈ [0, ε0] ‚‚Ë‰Û (5.9) „‡‡ÌÚËÛ˛Ú Ì‡Ï, ˜ÚÓ ‡‰ËÛÒ Â‚ÍÎË‰Ó‚‡ ¯‡‡, ‚ÎÓÊÂÌÌÓ„Ó ‚

x* xε– 4
C2

C1
------rε R* 2C2ε+( ).≤

diam G
R λ( ) 2 δ0 2rR xε D,( ) δ0–( ) 2 2δ0rR xε D,( ).<≤

x* xε– diam G
R λ( ).≤

0

x* xε– 4
C2

C1
------ε r

C2

C1
------ε– 

  .≤

ρ x Ω,( ) ρ x Ω xε( ),( ) ρ xε Ω,( ).+=

ρ x* Ω xε( ),( ) ρ x Ω xε( ),( )
x D xε( )∈
max ,=

ρ x* Ω xε( ),( ) ρ x* Ω,( ) ρ xε Ωε,( )– ρ xε Ωε,( ) ρ xε Ω,( )– .+≤

ρ x* Ω xε( ),( ) 2C2ε.≤

x y–
y Ω xε( )∈
min

x D xε( )∈
max 2

C2

C1
------ε.≤
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D(xε), ÌÂ ÔÂ‚˚¯‡ÂÚ ‡‰ËÛÒ‡ ÒËÎ¸ÌÓÈ ‚˚ÔÛÍÎÓÒÚË ˝ÚÓ„Ó ÏÌÓÊÂÒÚ‚‡. èÓÒÍÓÎ¸ÍÛ ÚÓ˜ÍË x* Ë xε ÒÓ-
‰ÂÊ‡ÚÒfl ‚ D(xε), ÚÓ, ÔËÏÂÌflfl ÚÂÓÂÏÛ 4, ËÏÂÂÏ 

(5.10)

àÁ ÚÂÓÂÏ˚ 3 ÒÎÂ‰ÛÂÚ, ˜ÚÓ Ï‡ÍÒËÏ‡Î¸Ì˚È ‡‰ËÛÒ Â‚ÍÎË‰Ó‚‡ ¯‡‡, ‚ÎÓÊÂÌÌÓ„Ó ‚ strcor({x*}, {xε}),

‡‚ÂÌ r – . èÓ˝ÚÓÏÛ, Û˜ËÚ˚‚‡fl (5.9) Ë (5.10), ÔÓÎÛ˜‡ÂÏ ÌÂ‡‚ÂÌÒÚ‚Ó 

ÔÓÒÚÓÂ ÔÂÓ·‡ÁÓ‚‡ÌËÂ ÍÓÚÓÓ„Ó ‰‡ÂÚ (5.4).
5.3. èË‚Â‰ÂÏ ÌÂÍÓÚÓ˚Â ÍÓÏÏÂÌÚ‡ËË. 
1. èÓÍ‡ÊÂÏ, ˜ÚÓ ÔÓfl‰ÓÍ ÔÓ„Â¯ÌÓÒÚË ‚ ÓˆÂÌÍÂ (5.4) ÌÂÛÏÂÌ¸¯‡ÂÏ. 

èËÏÂ 3. èÛÒÚ¸, Í‡Í Ë ‚ ÚÂÓÂÏÂ 3, ÚÓ˜ÍË a0 Ë a1 ËÁ �
p
 Ú‡ÍÓ‚˚, ˜ÚÓ 0 < ||a0 – a1|| < 2r. èÛÒÚ¸ n(·) =

= ||·|| – Â‚ÍÎË‰Ó‚‡ ÌÓÏ‡, ‡ 

(5.11)

ë˜ËÚ‡fl ‰‡ÎÂÂ ÁÌ‡˜ÂÌËfl δ > 0 ‰ÓÒÚ‡ÚÓ˜ÌÓ Ï‡Î˚ÏË, ‚‚Ó‰ËÏ Ó·ÓÁÌ‡˜ÂÌËÂ

(5.12)

„‰Â a(·) Ë r(·) ÓÔÂ‰ÂÎÂÌ˚ ‚ (2.5). çÂÚÛ‰ÌÓ ‚Ë‰ÂÚ¸, ˜ÚÓ ‰Îfl ˝ÚËı ÏÌÓÊÂÒÚ‚ ˆÂÌÚ˚ Ë ‡‰ËÛÒ˚ ‚ÔË-
Ò‡ÌÌ˚ı ¯‡Ó‚ ‚˚‡Ê‡˛ÚÒfl ÒÎÂ‰Û˛˘ËÏË ÁÌ‡˜ÂÌËflÏË:

(5.13)

(5.14)

àÁ (5.11), (5.12) ÒÎÂ‰ÛÂÚ, ˜ÚÓ 

(5.15)

Ä ÔÓÒÍÓÎ¸ÍÛ, ‚ ÒËÎÛ ÚÂÓÂÏ˚ 3, ËÏÂÂÏ B(a(1/2 + δ), r(1/2 + δ)) ⊂ D, ÚÓ ËÁ (5.15) ÔÓÎÛ˜‡ÂÏ 

(5.16)

Ç˚·ÂÂÏ, ‰Îfl ÓÔÂ‰ÂÎÂÌÌÓÒÚË, ÚÓ˜ÍË a0 Ë a1 Ú‡Í, ˜ÚÓ·˚ ‚˚ÔÓÎÌflÎÓÒ¸ ‡‚ÂÌÒÚ‚Ó ||a0 – a1|| = .
íÓ„‰‡ ËÁ (5.16) ËÏÂÂÏ 

(5.17)

ÇÓÁ¸ÏÂÏ Dε = (δ(ε)) ‚ Í‡˜ÂÒÚ‚Â δ(ε) = [ε/(  + 1)]1/2. íÓ„‰‡, ‚ ÒÓÓÚ‚ÂÚÒÚ‚ËË Ò (5.17), ‚˚ÔÓÎÌflÂÚÒfl
ÌÂ‡‚ÂÌÒÚ‚Ó h(D, Dε) ≤ ε. í‡ÍËÏ Ó·‡ÁÓÏ, Û˜ËÚ˚‚‡fl (5.13), (5.14) Ë (2.5), ÔÓÎÛ˜‡ÂÏ 

˜ÚÓ Ë ÚÂ·Ó‚‡ÎÓÒ¸ ÔÓÍ‡Á‡Ú¸. 

strcor x*{ } xε{ },( ) D xε( ).⊂

r
2

x* xε–
2
/4–

r r
2 1

4
--- x* xε–

2
–– 2

C2

C1
------ε,≤

D strcor a0{ } a1{ },( ).=

D̂ δ( ) co D B a
1
2
--- δ+ 

  r
1
2
--- 

  δ2
+, 

 ,
 
 
 

,=

X
ρ

D( ) a
1
2
--- 

 
 
 
 

, ρ* r
1
2
--- 

  ,= =

X
ρ

D̂ δ( )( ) a
1
2
--- δ+ 

 
 
 
 

, ρ δ( ) r
1
2
--- 

  δ2
.+= =

h D D̂ δ( ),( ) ρ B a
1
2
--- δ+ 

  r
1
2
--- 

  δ2
+, 

  D, 
  .≤

h D D̂ δ( ),( ) ρ B a
1
2
--- δ+ 

  r
1
2
--- 

  δ2
+, 

  B a
1
2
--- δ+ 

  r
1
2
--- δ+ 

 , 
   =,

≤

=  r
1
2
--- 

  δ2
r

1
2
--- δ+ 

 –+ r
2 1

4
--- δ2

– 
  a0 a1–

2
– r

2 1
4
--- a0 a1–

2
–– δ2

.+=

2r

h D D̂ δ( ),( ) δ2
2r 1+( ).≤

D̂ 2r

x* xε– a
1
2
--- 

  a
1
2
--- δ ε( )+ 

 – δ ε( ) a0 a1–
2r

2r 1+
------------------- ε,= = =
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2. íÂÔÂ¸ ÔÓÍ‡ÊÂÏ, ̃ ÚÓ ÒÍÓÓÒÚ¸ ÒıÓ‰ËÏÓÒÚË ÔÓˆÂÒÒ‡ (3.22) ÌÂ‚ÓÁÏÓÊÌÓ ÓˆÂÌËÚ¸, ÌÂ ËÏÂfl Í‡-
ÍÓÈ-ÎË·Ó ÍÓÎË˜ÂÒÚ‚ÂÌÌÓÈ ı‡‡ÍÚÂËÒÚËÍË ‚˚ÔÛÍÎÓÒÚË ÓˆÂÌË‚‡ÂÏÓ„Ó ÍÓÏÔ‡ÍÚ‡. 

èËÏÂ 4. èÛÒÚ¸ x1 ≠ x2 – ÚÓ˜ÍË ËÁ �
p
, n(·) = ||·|| – Â‚ÍÎË‰Ó‚‡ ÌÓÏ‡, ‡ r0 > 0 Ú‡ÍÓÂ, ˜ÚÓ ÔË ‚ÒÂı

ε ∈ [0, 1] Ë r ≥ r 0 ‚˚ÔÓÎÌflÂÚÒfl

 ≠ ,

 ≠ .

é˜Â‚Ë‰ÌÓ, ˜ÚÓ (ÒÏ. [9, c. 305]) 

(5.18)

(5.19)

èÓ˝ÚÓÏÛ, ÌÂÚÛ‰ÌÓ ‚Ë‰ÂÚ¸, ˜ÚÓ Í‡Ê‰ÓÏÛ ÁÌ‡˜ÂÌË˛ ε ÏÓÊÌÓ ÒÓÔÓÒÚ‡‚ËÚ¸ ÁÌ‡˜ÂÌËÂ r = r(ε) Ú‡Í,
˜ÚÓ·˚ ‚˚ÔÓÎÌflÎËÒ¸ ÛÒÎÓ‚Ëfl

Ë ÔË ˝ÚÓÏ r(ε)  ∞ ‰Îfl ε ↓ 0. Ç ÒËÎÛ (5.18) Ë (5.19), ÔË ‰ÓÒÚ‡ÚÓ˜ÌÓ Ï‡Î˚ı ε > 0 ‡‰ËÛÒ˚ ‚ÎÓ-
ÊÂÌÌ˚ı ¯‡Ó‚ ‰Îfl ÏÌÓÊÂÒÚ‚ Di(r(ε), ε) ·Û‰ÛÚ ‡‚Ì˚ Â‰ËÌËˆÂ Ë h(D1(r(ε), ε), D2(r(ε), ε)) = ε. 

í‡ÍËÏ Ó·‡ÁÓÏ, Í‡Ê‰ÓÏÛ ‰ÓÒÚ‡ÚÓ˜ÌÓ Ï‡ÎÓÏÛ ÁÌ‡˜ÂÌË˛ ε > 0 Ï˚ ÒÓÔÓÒÚ‡‚ËÎË Ô‡Û ÒÚÓ„Ó ‚˚-
ÔÛÍÎ˚ı ÏÌÓÊÂÒÚ‚, ÓÚÎË˜‡˛˘ËıÒfl ‚ ÏÂÚËÍÂ ï‡ÛÒ‰ÓÙ‡ Ì‡ ε, Ò ÙËÍÒËÓ‚‡ÌÌ˚ÏË Ó‰ËÌ‡ÍÓ‚˚ÏË
‡‰ËÛÒ‡ÏË ‚ÔËÒ‡ÌÌ˚ı ̄ ‡Ó‚ Ë ÙËÍÒËÓ‚‡ÌÌ˚ÏË, ÌÓ ÓÚÎË˜Ì˚ÏË ‰Û„ ÓÚ ‰Û„‡ ̂ ÂÌÚ‡ÏË ̋ ÚËı ̄ ‡-
Ó‚. éÚÏÂÚËÏ, ˜ÚÓ ÏÌÓÊÂÒÚ‚‡ Di(r(ε), ε), i = 1, 2, …, fl‚Îfl˛ÚÒfl ÔÓ ÔÓÒÚÓÂÌË˛ ‰‡ÊÂ ÒËÎ¸ÌÓ ‚˚ÔÛÍ-
Î˚ÏË, Ó‰Ì‡ÍÓ Ëı ‡‰ËÛÒ ÒËÎ¸ÌÓÈ ‚˚ÔÛÍÎÓÒÚË r(ε)  ∞ ‰Îfl ε ↓ 0. 

3. Ä‚ÚÓ˚ ÔÂ‰ÔÓÎ‡„‡˛Ú, ˜ÚÓ ‚˚‚Ó‰˚, Ò‰ÂÎ‡ÌÌ˚Â ‚˚¯Â ÓÚÌÓÒËÚÂÎ¸ÌÓ Á‡‰‡˜Ë Ó ‚ÌÛÚÂÌÌÂÈ
ÓˆÂÌÍÂ, ÒÔ‡‚Â‰ÎË‚˚ Ë ‰Îfl Á‡‰‡˜Ë Ó ‚ÌÂ¯ÌÂÈ ÓˆÂÌÍÂ. é‰Ì‡ÍÓ ÔÓÒÚÓÂÌËÂ ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘Ëı ÔË-
ÏÂÓ‚ ‚˚Á‚‡ÎÓ Á‡ÚÛ‰ÌÂÌËfl. 

4. èË‚Â‰ÂÏ ÔËÏÂ ‚ÓÁÏÓÊÌÓ„Ó ËÒÔÓÎ¸ÁÓ‚‡ÌËfl ÔÓÎÛ˜ÂÌÌ˚ı ÂÁÛÎ¸Ú‡ÚÓ‚. 
é‰ËÌ ËÁ ÒÔÓÒÓ·Ó‚ ÔË·ÎËÊÂÌÌÓ„Ó Â¯ÂÌËfl Á‡‰‡˜Ë (1.2) ÏÓÊÂÚ Á‡ÍÎ˛˜‡Ú¸Òfl ‚ ÔÂ‰‚‡ËÚÂÎ¸-

ÌÓÈ ‡ÔÔÓÍÒËÏ‡ˆËË ÓˆÂÌË‚‡ÂÏÓ„Ó ‚˚ÔÛÍÎÓ„Ó ÍÓÏÔ‡ÍÚ‡ D ÏÌÓ„Ó„‡ÌÌËÍÓÏ. àÁ‚ÂÒÚÌ˚ ‡ÁÎË˜-
Ì˚Â ÒÔÓÒÓ·˚ ‡ÔÔÓÍÒËÏ‡ˆËË ‚˚ÔÛÍÎÓ„Ó ÍÓÏÔ‡ÍÚ‡ ÏÌÓ„Ó„‡ÌÌËÍÓÏ (ÒÏ., Ì‡ÔËÏÂ, [8], [22]), ‰Îfl
ÍÓÚÓ˚ı ÔÓÎÛ˜ÂÌ‡ ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘‡fl ÓˆÂÌÍ‡ ÔÓ„Â¯ÌÓÒÚË ‡ÔÔÓÍÒËÏ‡ˆËË. àÏÂfl ‡ÔÔÓÍÒËÏËÛ-
˛˘ËÈ ÏÌÓ„Ó„‡ÌÌËÍ, Ï˚ ÏÓÊÂÏ Â¯ËÚ¸ Á‡‰‡˜Û Ó Â„Ó ‚ÌÛÚÂÌÌÂÈ ÓˆÂÌÍÂ, ÍÓÚÓ‡fl Ò‚Ó‰ËÚÒfl Í Á‡-
‰‡˜Â ÎËÌÂÈÌÓ„Ó ÔÓ„‡ÏÏËÓ‚‡ÌËfl (ÒÏ. [14]). Ñ‡ÎÂÂ, ËÒÔÓÎ¸ÁÛfl ÓˆÂÌÍÛ ÔÓ„Â¯ÌÓÒÚË ‡ÔÔÓÍÒËÏ‡-
ˆËË, ÏÓÊÌÓ, ÔÓ ÚÂÓÂÏÂ 5, ‰‡Ú¸ ÓˆÂÌÍÛ ÔÓ„Â¯ÌÓÒÚË ‡‰ËÛÒ‡ ‚ÔËÒ‡ÌÌÓ„Ó ¯‡‡, ‡ ÂÒÎË D ÂÒÚ¸
r-ÒËÎ¸ÌÓ ‚˚ÔÛÍÎÓÂ ÏÌÓÊÂÒÚ‚Ó, ÚÓ, ÔÓ ÚÂÓÂÏÂ 10, Ë ÔÓ„Â¯ÌÓÒÚË ˆÂÌÚ‡ ‚ÔËÒ‡ÌÌÓ„Ó ¯‡‡. 

5. Ç [23] ‰Îfl ÒÎÛ˜‡fl Â‚ÍÎË‰Ó‚ÓÈ ÌÓÏ˚ ÔÓÎÛ˜ÂÌ‡ ‡ÒËÏÔÚÓÚË˜ÂÒÍ‡fl ÓˆÂÌÍ‡ ÛÒÚÓÈ˜Ë‚ÓÒÚË Â¯Â-
ÌËfl Á‡‰‡˜Ë Ì‡ËÎÛ˜¯Â„Ó ÔË·ÎËÊÂÌËfl ‚ ÏÂÚËÍÂ ï‡ÛÒ‰ÓÙ‡ Á‡‰‡ÌÌÓ„Ó ‚˚ÔÛÍÎÓ„Ó ÍÓÏÔ‡ÍÚ‡ ¯‡-
ÓÏ, ÍÓÚÓ‡fl, Í‡Í ËÁ‚ÂÒÚÌÓ (ÒÏ. [7]), ̋ Í‚Ë‚‡ÎÂÌÚÌ‡ Á‡‰‡˜Â Ó ÔÓÒÚÓÂÌËË ̄ ‡Ó‚Ó„Ó ÒÎÓfl ÏËÌËÏ‡Î¸-
ÌÓÈ ÚÓÎ˘ËÌ˚, ÒÓ‰ÂÊ‡˘Â„Ó „‡ÌËˆÛ ÔË·ÎËÊ‡ÂÏÓ„Ó ÍÓÏÔ‡ÍÚ‡. ùÚÛ Á‡‰‡˜Û Ò Á‡‰‡˜‡ÏË Ó ‚ÌÂ¯ÌÂÈ
Ë ‚ÌÛÚÂÌÌÂÈ ÓˆÂÌÍÂ, Í‡Í ÔÓÍ‡Á‡ÌÓ ‚ [24], Ò‚flÁ˚‚‡ÂÚ ÚÓ Ó·ÒÚÓflÚÂÎ¸ÒÚ‚Ó, ˜ÚÓ ‚ÒÂ ÓÌË, ‡ Ú‡ÍÊÂ Ë
ÌÂÍÓÚÓ˚Â ‰Û„ËÂ, fl‚Îfl˛ÚÒfl ˜‡ÒÚÌ˚ÏË ÒÎÛ˜‡flÏË Á‡‰‡˜Ë Ó Ì‡ËÎÛ˜¯ÂÏ ÔË·ÎËÊÂÌËË ‚ ÏÂÚËÍÂ
ï‡ÛÒ‰ÓÙ‡ ‚˚ÔÛÍÎÓ„Ó ÍÓÏÔ‡ÍÚ‡ ¯‡ÓÏ ÙËÍÒËÓ‚‡ÌÌÓ„Ó ‡‰ËÛÒ‡ ‚ Á‡‚ËÒËÏÓÒÚË ÓÚ ‚ÂÎË˜ËÌ˚
˝ÚÓ„Ó ‡‰ËÛÒ‡. èÓ˝ÚÓÏÛ ı‡‡ÍÚÂËÁ‡ˆËfl ÛÒÚÓÈ˜Ë‚ÓÒÚË Â¯ÂÌËfl ˝ÚÓÈ ÔÓÒÎÂ‰ÌÂÈ Á‡‰‡˜Ë ÏÓ„Î‡ ·˚
‰‡Ú¸ Â‰ËÌÓÂ ÔÂ‰ÒÚ‡‚ÎÂÌËÂ Ó· ÛÒÚÓÈ˜Ë‚ÓÒÚË ˆÂÎÓ„Ó ÍÛ„‡ Á‡‰‡˜.
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D1 r ε,( ) strcor B x1 1,( ) B x2 1 ε–,( ),{ }= 0

D2 r ε,( ) strcor B x1 1 ε–,( ) B x2 1,( ),{ }= 0

h D1 r ε,( ) co B x1 1,( ) B x2 1 ε–,( ),{ },( )
r ∞→
lim 0,=

h D2 r ε,( ) co B x1 1 ε–,( ) B x2 1,( ),{ },( )
r ∞→
lim 0.=

X
ρ

D1 r ε( ) ε,( )( ) x1{ } , X
ρ

D2 r ε( ) ε,( )( ) x2{ }= =
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ê‡Á‡·ÓÚ‡Ì ‚˚ÒÓÍÓÚÓ˜Ì˚È ÏÂÚÓ‰ ‚˚˜ËÒÎÂÌËfl ÒÓ·ÒÚ‚ÂÌÌ˚ı ÁÌ‡˜ÂÌËÈ λn Ë ÒÓ·ÒÚ‚ÂÌÌ˚ı ÙÛÌÍ-
ˆËÈ ÓÔÂ‡ÚÓ‡ é‡–áÓÏÏÂÙÂÎ¸‰‡. åÂÚÓ‰ ÓÒÌÓ‚‡Ì Ì‡ ÔÂ‰ÒÚ‡‚ÎÂÌËË Â¯ÂÌËfl ‚ ‚Ë‰Â ÍÓÏ-
·ËÌ‡ˆËË ‡ÁÎÓÊÂÌËÈ ‚ ÒÚÂÔÂÌÌ˚Â fl‰˚ Ë Ì‡ Ò¯Ë‚ÍÂ ˝ÚËı ‡ÁÎÓÊÂÌËÈ. ëÍÓÓÒÚ¸ ÒıÓ‰ËÏÓÒÚË
‡ÁÎÓÊÂÌËÈ ËÒÒÎÂ‰Ó‚‡Ì‡ Ì‡ ÓÒÌÓ‚Â ÚÂÓËË ÂÍÛÂÌÚÌ˚ı Û‡‚ÌÂÌËÈ. ÑÎfl ÚÂ˜ÂÌËÈ äÛ˝ÚÚ‡ Ë
èÛ‡ÁÂÈÎfl ‚ Í‡Ì‡ÎÂ ‰ÂÚ‡Î¸ÌÓ ËÒÒÎÂ‰Ó‚‡ÌÓ ÔÓ‚Â‰ÂÌËÂ ÒÔÂÍÚ‡ ÔË Û‚ÂÎË˜ÂÌËË ˜ËÒÎ‡ êÂÈÌÓÎ¸‰-
Ò‡ R. èÓÍ‡Á‡ÌÓ, ˜ÚÓ ‰Îfl ÚÂ˜ÂÌËfl äÛ˝ÚÚ‡ ÒÓ·ÒÚ‚ÂÌÌ˚Â ÁÌ‡˜ÂÌËfl λn, ‡ÒÒÏ‡ÚË‚‡ÂÏ˚Â Í‡Í
ÙÛÌÍˆËË ˜ËÒÎ‡ R, ËÏÂ˛Ú Ò˜ÂÚÌÓÂ ÏÌÓÊÂÒÚ‚Ó ÚÓ˜ÂÍ ‚ÂÚ‚ÎÂÌËfl Rk > 0, ‚ ÍÓÚÓ˚ı Í‡ÚÌÓÒÚ¸
ÒÓ·ÒÚ‚ÂÌÌ˚ı ÁÌ‡˜ÂÌËÈ ‡‚Ì‡ ‰‚ÛÏ. èË‚Â‰ÂÌ˚ ÔÂ‚˚Â 10 ̋ ÚËı ÚÓ˜ÂÍ Ò ÚÓ˜ÌÓÒÚ¸˛ ‚ 10 ‰ÂÒ. ÁÌ. ̂ .
ÅË·Î. 41. îË„. 12. í‡·Î. 1.

äÎ˛˜Â‚˚Â ÒÎÓ‚‡: ‰ËÙÙÂÂÌˆË‡Î¸ÌÓÂ Û‡‚ÌÂÌËÂ é‡–áÓÏÏÂÙÂÎ¸‰‡, ˜ËÒÎÂÌÌ˚È ‡Ì‡ÎËÁ
ÒÔÂÍÚ‡ Û‡‚ÌÂÌËfl é‡–áÓÏÏÂÙÂÎ¸‰‡, ÚÂ˜ÂÌËfl äÛ˝ÚÚ‡, èÛ‡ÁÂÈÎfl, äÛ˝ÚÚ‡–èÛ‡ÁÂÈÎfl, ËÒ-
ÒÎÂ‰Ó‚‡ÌËÂ ÒÍÓÓÒÚË ÒıÓ‰ËÏÓÒÚË.

1. ÇÇÖÑÖçàÖ

1.1. éÔÂ‡ÚÓ é‡–áÓÏÏÂÙÂÎ¸‰‡ ‚ÓÁÌËÍ‡ÂÚ ÔË ËÒÒÎÂ‰Ó‚‡ÌËË ÚÂ˜ÂÌËfl ‚flÁÍÓÈ ÌÂÒÊËÏ‡Â-
ÏÓÈ ÊË‰ÍÓÒÚË ‚ Í‡Ì‡ÎÂ (ÒÏ. [1]–[6]). éÒÌÓ‚Ì˚ÏË Û‡‚ÌÂÌËflÏË Á‰ÂÒ¸ fl‚Îfl˛ÚÒfl Ó·ÂÁ‡ÁÏÂÂÌÌ˚Â
ÌÂÒÚ‡ˆËÓÌ‡Ì˚Â Û‡‚ÌÂÌËfl ç‡‚¸Â–ëÚÓÍÒ‡ Ò ÛÒÎÓ‚ËflÏË ÌÂÔÓÚÂÍ‡ÌËfl Ë ÔËÎËÔ‡ÌËfl ÊË‰ÍÓÒÚË Ì‡
„‡ÌËˆ‡ı Ó·Î‡ÒÚË.

Ç Ì‡ÒÚÓfl˘ÂÈ ‡·ÓÚÂ ‡ÒÒÏ‡ÚË‚‡ÂÚÒfl ÚÂ˜ÂÌËÂ ‚ ‰‚ÛÏÂÌÓÏ Í‡Ì‡ÎÂ Ω(x, y) Ò ÔÓ‰ÓÎ¸ÌÓÈ ÍÓÓ-
‰ËÌ‡ÚÓÈ x ∈ (– ∞, ∞) Ë ÔÓÔÂÂ˜ÌÓÈ ÍÓÓ‰ËÌ‡ÚÓÈ y ∈ (–1, 1). éÒÌÓ‚ÌÓÂ ÒÚ‡ˆËÓÌ‡ÌÓÂ ÚÂ˜ÂÌËÂ ÊË‰-
ÍÓÒÚË ËÏÂÂÚ ÎË¯¸ „ÓËÁÓÌÚ‡Î¸ÌÛ˛ ÒÍÓÓÒÚ¸ U(y), ‰Îfl ÌÂ„Ó Ó·˚˜ÌÓ ‡ÒÒÏ‡ÚË‚‡˛Ú ÚË ÒÎÛ˜‡fl.

ëÎÛ˜‡È I. íÂ˜ÂÌËÂ äÛ˝ÚÚ‡, ÍÓ„‰‡ ÒÚÂÌÍË Í‡Ì‡Î‡ ‰‚ËÊÛÚÒfl ‚ ÔÓÚË‚ÓÔÓÎÓÊÌ˚Â ÒÚÓÓÌ˚ Ò Ó‰Ë-
Ì‡ÍÓ‚ÓÈ ÒÍÓÓÒÚ¸˛. ùÚÓÏÛ ÒÎÛ˜‡˛ ÒÓÓÚ‚ÂÚÒÚ‚ÛÂÚ ÔÓÙËÎ¸ ÓÒÌÓ‚ÌÓ„Ó ÔÓÚÓÍ‡ ÒÓ ÒÍÓÓÒÚ¸˛

(1.1)

ëÎÛ˜‡È II. íÂ˜ÂÌËÂ èÛ‡ÁÂÈÎfl, ÍÓ„‰‡ Ì‡ ÚÓˆ‡ı Í‡Ì‡Î‡ ËÏÂÂÚÒfl ÔÂÂÔ‡‰ ‰‡‚ÎÂÌËfl, ‚˚Á˚‚‡˛-
˘ËÈ ‰‚ËÊÂÌËÂ. ùÚÓÏÛ ÒÎÛ˜‡˛ ÒÓÓÚ‚ÂÚÒÚ‚ÛÂÚ ÔÓÙËÎ¸ ÒÍÓÓÒÚË

(1.2)

ëÎÛ˜‡È III. íÂ˜ÂÌËÂ äÛ˝ÚÚ‡–èÛ‡ÁÂÈÎfl, ÍÓ„‰‡ ÒÍÓÓÒÚ¸ ÓÒÌÓ‚ÌÓ„Ó ÔÓÚÓÍ‡ ÓÔËÒ˚‚‡ÂÚÒfl Ô‡‡-
·ÓÎÓÈ Ò ‚Â˘ÂÒÚ‚ÂÌÌ˚ÏË ÍÓ˝ÙÙËˆËÂÌÚ‡ÏË

(1.3)

ê‡ÒÒÏ‡ÚË‚‡fl Ï‡Î˚Â ‚ÓÁÏÛ˘ÂÌËfl ÒÍÓÓÒÚË ÓÚÌÓÒËÚÂÎ¸ÌÓ ÓÒÌÓ‚ÌÓ„Ó ÔÓÚÓÍ‡ U(y), ‚‚Ó‰fl ÙÛÌÍ-
ˆË˛ ÚÓÍ‡ Ψ = Ψ(x, y, t) Ë ËÒÒÎÂ‰Ûfl ÔÂËÓ‰Ë˜ÂÒÍËÂ ÔÓ x Â¯ÂÌËfl ‚ ÙÓÏÂ

(1.4)

1) ê‡·ÓÚ‡ ‚˚ÔÓÎÌÂÌ‡ ÔË ÙËÌ‡ÌÒÓ‚ÓÈ ÔÓ‰‰ÂÊÍÂ êîîà (ÍÓ‰˚ ÔÓÂÍÚÓ‚ 07-01-00295, 07-01-00503) Ë èÓ„‡ÏÏ˚ ‹ 3
éåç êÄç.

U y( ) y.=

U y( ) 1 y
2
.–=

U y( ) ay
2

by c.+ +=

Ψ x y t, ,( ) Φ y t,( )e
iαx

, α 0,>=

ìÑä 519.624.3
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ÔÓÎÛ˜‡˛Ú ÎËÌÂÈÌÓÂ Û‡‚ÌÂÌËÂ ‰Îfl Φ(y, t):

Á‰ÂÒ¸ α – ‚ÓÎÌÓ‚ÓÂ ˜ËÒÎÓ ‚ ÔÂ‰ÒÚ‡‚ÎÂÌËË (1.4), ‡ Ô‡‡ÏÂÚ R – ˜ËÒÎÓ êÂÈÌÓÎ¸‰Ò‡ ÓÒÌÓ‚ÌÓ„Ó ÔÓ-
ÚÓÍ‡. Ç ‡ÍÚÛ‡Î¸Ì˚ı Á‡‰‡˜‡ı ÚÂ˜ÂÌËfl ÊË‰ÍÓÒÚË Ì‡Ë·ÓÎÂÂ ËÌÚÂÂÒÂÌ ÒÎÛ˜‡È ·ÓÎ¸¯Ëı ˜ËÒÂÎ R � 1;
˝ÚÓÏÛ Ï˚ Û‰ÂÎËÏ ÓÒÓ·ÓÂ ‚ÌËÏ‡ÌËÂ.

Ñ‡ÎÂÂ, ËÒÔÓÎ¸ÁÛfl ‰Îfl Â¯ÂÌËfl Φ(y, t) ‡Á‰ÂÎÂÌËÂ ÔÂÂÏÂÌÌ˚ı

(1.5)

Ò ÌÂËÁ‚ÂÒÚÌÓÈ ÔÓÒÚÓflÌÌÓÈ λ, ‰Îfl ‡ÏÔÎËÚÛ‰˚ ϕ(y) ÔÓÎÛ˜‡˛Ú ÁÌ‡ÏÂÌËÚÓÂ Û‡‚ÌÂÌËÂ é‡–áÓÏÏÂ-
ÙÂÎ¸‰‡ ˜ÂÚ‚ÂÚÓ„Ó ÔÓfl‰Í‡Ï (ÒÏ. [1]–[3], [5], [6])

(1.6)

éÚÏÂÚËÏ Á‰ÂÒ¸, ˜ÚÓ ÔÂ‰ÒÚ‡‚ÎÂÌËfl (1.4), (1.5) ˝Í‚Ë‚‡ÎÂÌÚÌ˚ ÔÓËÒÍÛ ÙÛÌÍˆËË ÚÓÍ‡ Ψ(x, y, t) ‚
‚Ë‰Â ·Â„Û˘ÂÈ ‚ÓÎÌ˚

(1.7)

Ò ÌÂËÁ‚ÂÒÚÌÓÈ ÒÍÓÓÒÚ¸˛ λ.
ä‡Â‚˚ÏË ÛÒÎÓ‚ËflÏË ‰Îfl (1.6) fl‚Îfl˛ÚÒfl Ó‰ÌÓÓ‰Ì˚Â ÛÒÎÓ‚Ëfl

(1.8)

(1.9)

í‡ÍËÏ Ó·‡ÁÓÏ, ÔÓÒÚ‡‚ÎÂÌÌ‡fl Á‡‰‡˜‡ (1.6), (1.8), (1.9) ÒÓÒÚÓËÚ ‚ Ì‡ıÓÊ‰ÂÌËË ÒÓ·ÒÚ‚ÂÌÌ˚ı ÁÌ‡-
˜ÂÌËÈ λ (ëá) Ë ÒÓ·ÒÚ‚ÂÌÌ˚ı ÙÛÌÍˆËÈ ϕ(y) (ëî) Ì‡ ÓÚÂÁÍÂ y ∈ [–1, 1] ÔË Á‡‰‡ÌÌÓÈ ‡Ì‡ÎËÚË˜ÂÒÍÓÈ
ÙÛÌÍˆËË U(y). Ç [7], [8] ÔÓÍ‡Á‡ÌÓ, ˜ÚÓ ÏÌÓÊÂÒÚ‚Ó ëá Á‡‰‡˜Ë Ò˜ÂÚÌÓ, ‡ ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ÂÂ ÏÌÓÊÂ-
ÒÚ‚Ó ëî ÔÓÎÌÓ.

1.2. èÂÂÔË¯ÂÏ Û‡‚ÌÂÌËÂ (1.6) ‚ ÓÔÂ‡ÚÓÌÓÈ ÙÓÏÂ:

(1.10)

„‰Â

(1.11)

éÔÂ‡ÚÓ L Á‡‰‡˜Ë (1.10), (1.8), (1.9) fl‚ÎflÂÚÒfl ÌÂÒ‡ÏÓÒÓÔflÊÂÌÌ˚Ï Ë ‚ÍÎ˛˜‡ÂÚ ÒÚ‡¯Û˛ ÔÓ-

ËÁ‚Ó‰ÌÛ˛  Ò Ï‡Î˚Ï ÍÓ˝ÙÙËˆËÂÌÚÓÏ (αR)–1 � 1, ˜ÚÓ ÁÌ‡˜ËÚÂÎ¸ÌÓ ÓÒÎÓÊÌflÂÚ ‡Ì‡ÎËÁ ÒÔÂÍÚ‡

(ÒÏ. [9]–[12]) Ë ËÒÒÎÂ‰Ó‚‡ÌËÂ ÛÒÚÓÈ˜Ë‚ÓÒÚË Ï‡Î˚ı ‚ÓÁÏÛ˘ÂÌËÈ ÒÍÓÓÒÚË ÓÚÌÓÒËÚÂÎ¸ÌÓ ÓÒÌÓ‚ÌÓ„Ó
ÔÓÚÓÍ‡ (ÒÏ. [1]–[6], [13]–[15]).

àÁ ÔÂ‰ÒÚ‡‚ÎÂÌËfl (1.7) ‚ ÔÂ‰ÔÓÎÓÊÂÌËË α > 0 ÒÎÂ‰ÛÂÚ, ˜ÚÓ ÂÒÎË ıÓÚ¸ Ó‰ÌÓ ÒÓ·ÒÚ‚ÂÌÌÓÂ ÁÌ‡˜Â-
ÌËÂ λk ‡ÒÔÓÎÓÊÂÌÓ ‚ ‚ÂıÌÂÈ ÔÓÎÛÔÎÓÒÍÓÒÚË Im(λk) > 0, ÚÓ Ï‡Î˚Â ‚ÓÁÏÛ˘ÂÌËfl ÙÛÌÍˆËË ÚÓÍ‡ Ψ(x,
y, t) ·Û‰ÛÚ ÒÓ ‚ÂÏÂÌÂÏ ˝ÍÒÔÓÌÂÌˆË‡Î¸ÌÓ ·˚ÒÚÓ Ì‡‡ÒÚ‡Ú¸; ˝ÚÓ, ‚ Ò‚Ó˛ Ó˜ÂÂ‰¸, ÔË‚Ó‰ËÚ Í ‡Á-
‚ËÚË˛ ÚÛ·ÛÎÂÌÚÌÓÒÚË ÚÂ˜ÂÌËfl.

1.3. ÑÎfl ˜ËÒÎÂÌÌÓ„Ó Â¯ÂÌËfl Á‡‰‡˜Ë (1.6), (1.8), (1.9) ËÒÔÓÎ¸ÁÛ˛Ú ‡‚ÌÓÏÂÌ˚Â Ë ÌÂ‡‚ÌÓÏÂ-
Ì˚Â ‡ÁÌÓÒÚÌ˚Â ÒÂÚÍË [16], [17], ‡ÁÎÓÊÂÌËfl ÔÓ ÏÌÓ„Ó˜ÎÂÌ‡Ï óÂ·˚¯fi‚‡ I Ó‰‡ (ÒÏ. [18], [19], [6])
Ë ÔÓ ÒÔÂˆË‡Î¸Ì˚Ï ÙÛÌÍˆËflÏ ó‡Ì‰‡ÒÂÍ‡‡ (ÒÏ. [20], [21]), ÔÓÂÍˆËÓÌÌ˚È ÏÂÚÓ‰ Ò ‚˚·ÓÓÏ ÒÔÂ-
ˆË‡Î¸ÌÓ„Ó ·‡ÁËÒ‡ (ÒÏ. [22]), ÍÓÏ·ËÌËÓ‚‡ÌÌ˚Â ÏÂÚÓ‰˚ (ÒÏ. [23], [24]), ÏÂÚÓ‰ ‡Ò˘ÂÔÎÂÌËfl ÓÔÂ‡-
ÚÓ‡ Á‡‰‡˜Ë (ÒÏ. [25]–[28]), ÏÂÚÓ‰ ÎÓÍ‡ÎËÁ‡ˆËË ÌÂÛÒÚÓÈ˜Ë‚˚ı ëá (ÒÏ. [29]), ÚÂÓË˛ ‚ÓÁÏÛ˘ÂÌËÈ
(ÒÏ. [30]) Ë ‰. é·ÁÓ˚ ˝ÚËı ÏÂÚÓ‰Ó‚ ÏÓÊÌÓ Ì‡ÈÚË Ú‡ÍÊÂ ‚ [2], [3], [9], [31].
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ä‡Í ·˚ÎÓ ÓÚÏÂ˜ÂÌÓ ‚ ·ÓÎ¸¯ËÌÒÚ‚Â ÛÍ‡Á‡ÌÌ˚ı ‡·ÓÚ, ÓÒÌÓ‚Ì‡fl ÚÛ‰ÌÓÒÚ¸ Á‡‰‡˜Ë Á‡ÍÎ˛˜‡ÂÚÒfl
‚ ÚÓÏ, ˜ÚÓ Ï˚ ËÏÂÂÏ ‰ÂÎÓ ÌÂ Ò Ó·˚˜ÌÓÈ Á‡‰‡˜ÂÈ Ì‡ ëá, ‡ Ò ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ÂÈ Á‡‰‡˜ÂÈ ‰Îfl ÔÛ˜Í‡
ÓÔÂ‡ÚÓÓ‚. èÓÏËÏÓ ˝ÚÓ„Ó, ÓÔÂ‡ÚÓ L ËÁ (1.11) fl‚ÎflÂÚÒfl ÌÂÒ‡ÏÓÒÓÔflÊÂÌÌ˚Ï Ë ‚ÍÎ˛˜‡ÂÚ Ï‡-
Î˚È ÍÓ˝ÙÙËˆËÂÌÚ (αR)–1 ÔË ÒÚ‡¯ÂÈ ÔÓËÁ‚Ó‰ÌÓÈ. èÓ˝ÚÓÏÛ ‡Á‡·ÓÚÍ‡ ˝ÙÙÂÍÚË‚ÌÓ„Ó ÏÂÚÓ‰‡
Â¯ÂÌËfl Á‡‰‡˜Ë Ë ËÒÒÎÂ‰Ó‚‡ÌËÂ ÂÂ ÒÔÂÍÚ‡ ÔË ˜ËÒÎ‡ı êÂÈÌÓÎ¸‰Ò‡ R � 1 ÓÒÚ‡ÂÚÒfl ÔÓ-ÔÂÊÌÂÏÛ
‡ÍÚÛ‡Î¸Ì˚Ï.

1.4. èÎ‡Ì ‡·ÓÚ˚ ÒÎÂ‰Û˛˘ËÈ. Ç ‡Á‰. 2 ËÁÎÓÊÂÌ ÏÂÚÓ‰ Â¯ÂÌËfl Ì‡ ÓÒÌÓ‚Â ÔÓÒÚÓÂÌËfl ÒËÒÚÂ-
Ï˚ ÒÚÂÔÂÌÌ˚ı ‡ÁÎÓÊÂÌËÈ Ò ˆÂÌÚ‡ÏË ‚ „‡ÌË˜Ì˚ı ÚÓ˜Í‡ı y = –1 Ë y = 1, ‡ Ú‡ÍÊÂ Ì‡ ËÒÔÓÎ¸ÁÓ‚‡-
ÌËË Ò¯Ë‚ÍË ‡ÁÎÓÊÂÌËÈ ‚ Ó‰ÌÓÈ ÚÓ˜ÍÂ.

Ç ‡Á‰. 3 ‰‡Ì˚ ÓÒÓ·ÂÌÌÓÒÚË ÏÂÚÓ‰‡ ‚ ÒÎÛ˜‡Â Ì‡ÎË˜Ëfl ˜ÂÚÌÓÒÚË ËÎË ÌÂ˜ÂÚÌÓÒÚË ËÒÍÓÏÓ„Ó Â-
¯ÂÌËfl. Ç ˜‡ÒÚÌÓÒÚË, ˝ÚÓ ÓÚÌÓÒËÚÒfl Í ÚÂ˜ÂÌË˛ èÛ‡ÁÂÈÎfl.

Ç ‡Á‰. 4 ÔÓ‰Ó·ÌÓ ËÒÒÎÂ‰Ó‚‡Ì˚ ‡ÒËÏÔÚÓÚËÍË Â¯ÂÌËÈ ÂÍÛÂÌÚÌ˚ı Û‡‚ÌÂÌËÈ, ÍÓÚÓ˚Â
‚ÓÁÌËÍ‡˛Ú ‰Îfl ‡Ò˜ÂÚ‡ ÍÓ˝ÙÙËˆËÂÌÚÓ‚ ‡ÁÎÓÊÂÌËÈ. ë ÔÓÏÓ˘¸˛ ÚÂÓËË èÛ‡ÌÍ‡Â–ÅËÍ„ÓÙ‡
ÔÓÍ‡Á‡ÌÓ, ˜ÚÓ ˝ÚË ÍÓ˝ÙÙËˆËÂÌÚ˚ Ó˜ÂÌ¸ ·˚ÒÚÓ Ô‡‰‡˛Ú Ë Ó·ÂÒÔÂ˜Ë‚‡˛Ú ‚ÂÒ¸Ï‡ ‚˚ÒÓÍÛ˛ ÒÍÓ-
ÓÒÚ¸ ÒıÓ‰ËÏÓÒÚË ‡ÁÎÓÊÂÌËÈ.

Ç ‡Á‰. 5 ÔÓ‰Ó·ÌÓ ËÒÒÎÂ‰Ó‚‡Ì ÒÔÂÍÚ Á‡‰‡˜Ë λn ‰Îfl ÚÂ˜ÂÌËfl äÛ˝ÚÚ‡. èÓÍ‡Á‡ÌÓ, ̃ ÚÓ ëá, ‡ÒÒÏ‡Ú-
Ë‚‡ÂÏ˚Â Í‡Í ÙÛÌÍˆËË ˜ËÒÎ‡ êÂÈÌÓÎ¸‰Ò‡ R, ËÏÂ˛Ú Ò˜ÂÚÌÓÂ ÏÌÓÊÂÒÚ‚Ó ÚÓ˜ÂÍ ‚ÂÚ‚ÎÂÌËfl Rk > 0, ‚
ÍÓÚÓ˚ı ÁÌ‡˜ÂÌËfl λn(Rk) ËÏÂ˛Ú Í‡ÚÌÓÒÚ¸ 2. ê‡Á‡·ÓÚ‡Ì ˝ÙÙÂÍÚË‚Ì˚È ÏÂÚÓ‰ ‚˚˜ËÒÎÂÌËfl ÚÓ˜ÂÍ

‚ÂÚ‚ÎÂÌËfl Rk Ë ‰‚ÓÈÌ˚ı ëá, ‡ Ú‡ÍÊÂ ‰‡Ì˚ ÔÂ‚˚Â 10 ˝ÚËı ÚÓ˜ÂÍ. èÓÍ‡Á‡ÌÓ, ˜ÚÓ λn(Rk)  –i/
ÔË k  ∞. àÒÒÎÂ‰Ó‚‡Ì Ú‡ÍÊÂ ÒÔÂÍÚ Á‡‰‡˜Ë ÔË ÍÓÏÔÎÂÍÒÌ˚ı ‚ÓÎÌÓ‚˚ı ˜ËÒÎ‡ı α.

Ç ‡Á‰. 6 ÔÂ‰ÒÚ‡‚ÎÂÌ˚ ÒÔÂÍÚ‡Î¸Ì˚Â ÔÓÚÂÚ˚ ‰Îfl ÚÂ˜ÂÌËfl èÛ‡ÁÂÈÎfl, ÌÂÍÓÚÓ˚Â ÒÓ·ÒÚ‚ÂÌ-
Ì˚Â ÙÛÌÍˆËË Ë ‚˚˜ËÒÎÂÌ˚ ‰‚Â ‚ÂÚ‚Ë ÌÂÈÚ‡Î¸ÌÓÈ ÍË‚ÓÈ.

2. åÂÚÓ‰ Â¯ÂÌËfl

ì‡‚ÌÂÌËÂ (1.6) ·Û‰ÂÏ ‡ÒÒÏ‡ÚË‚‡Ú¸ ‚ ÍÓÏÔÎÂÍÒÌÓÈ ÔÎÓÒÍÓÒÚË y ∈ � ‰Îfl Ó·˘Â„Ó ÒÎÛ˜‡fl ÚÂ-
˜ÂÌËfl äÛ˝ÚÚ‡–èÛ‡ÁÂÈÎfl U(y) = ay2 + by + c. éÚ‰ÂÎ¸Ì˚Â ÒÎÛ˜‡Ë (1.1) Ë (1.2) ÚÂ˜ÂÌËfl äÛ˝ÚÚ‡ Ë èÛ-
‡ÁÂÈÎfl ËÁÛ˜ËÏ ÓÒÓ·Ó.

è‡‡ÏÂÚ λ ·Û‰ÂÏ Ì‡ıÓ‰ËÚ¸ ‰‡ÎÂÂ ‚ ÔÓˆÂÒÒÂ Â¯ÂÌËfl, ‡ ÔÓÍ‡ ·Û‰ÂÏ Ò˜ËÚ‡Ú¸ Â„Ó ÌÂÍÓÚÓ˚Ï
ÙËÍÒËÓ‚‡ÌÌ˚Ï ˜ËÒÎÓÏ.

ì‡‚ÌÂÌËÂ (1.6) fl‚ÎflÂÚÒfl ÎËÌÂÈÌ˚Ï Ò ÔÂÂÏÂÌÌ˚ÏË ÍÓ˝ÙÙËˆËÂÌÚ‡ÏË, ÔÓ˝ÚÓÏÛ ‚ÒÂ ÓÒÓ·˚Â
ÚÓ˜ÍË Â„Ó Â¯ÂÌËfl ÓÔÂ‰ÂÎfl˛ÚÒfl Â„Ó ÍÓ˝ÙÙËˆËÂÌÚ‡ÏË (ÒÏ. [32]).

á‡‚ËÒËÏÓÒÚ¸ Â¯ÂÌËfl ϕ(y) ÓÚ Ô‡‡ÏÂÚÓ‚ Á‡‰‡˜Ë a, b, c, α, R Ë ëá λ ·Û‰ÂÏ Ó·ÓÁÌ‡˜‡Ú¸ ˜ÂÂÁ
ϕ(a, b, c, α, R, λ; y), ËÌÓ„‰‡ ‰Îfl ÒÓÍ‡˘ÂÌËfl Á‡ÔËÒË ·Û‰ÂÏ ÔËÒ‡Ú¸ Ú‡ÍÊÂ ϕ(y).

ãÂ„ÍÓ Û·ÂÊ‰‡ÂÏÒfl, ̃ ÚÓ Î˛·ÓÂ Â¯ÂÌËÂ ϕ(a, b, c, α, R, λ; y) Û‡‚ÌÂÌËfl (1.6) fl‚ÎflÂÚÒfl Â„ÛÎflÌÓÈ
ÙÛÌÍˆËÂÈ ‚ Î˛·ÓÈ ÍÓÌÂ˜ÌÓÈ ÚÓ˜ÍÂ y0, ‡ ÓÒÓ·ÓÈ ·Û‰ÂÚ ÎË¯¸ ·ÂÒÍÓÌÂ˜ÌÓ Û‰‡ÎÂÌÌ‡fl ÚÓ˜Í‡ y = ∞.

èÓÒÍÓÎ¸ÍÛ Ï˚ Ë˘ÂÏ Â¯ÂÌËÂ ϕ(y) Ì‡ ÓÚÂÁÍÂ y ∈ [–1, 1], ÚÓ ·Û‰ÂÏ ÔÂ‰ÒÚ‡‚ÎflÚ¸ ϕ(y) ‚ ‚Ë‰Â ÒÓ-
ÓÚ‚ÂÚÒÚ‚Û˛˘Ëı ‡ÁÎÓÊÂÌËÈ ÔÓ ÒÚÂÔÂÌflÏ (1 + y)k Ë (1 – y)k.

2.1. éÍÂÒÚÌÓÒÚ¸ ÚÓ˜ÍË y = –1

ëÌ‡˜‡Î‡ ÔÓÒÚÓËÏ Â¯ÂÌËÂ Û‡‚ÌÂÌËfl (1.6) ‚ ÓÍÂÒÚÌÓÒÚË ÚÓ˜ÍË y = –1. ë Û˜ÂÚÓÏ Í‡Â‚˚ı
ÛÒÎÓ‚ËÈ (1.8) ÔÂ‰ÒÚ‡‚ËÏ Â„ÛÎflÌÓÂ Â¯ÂÌËÂ ϕ(a, b, c, α, R, λ; y) ‚ ‚Ë‰Â

(2.1)

„‰Â ÍÓ˝ÙÙËˆËÂÌÚ˚ dk = dk(a, b, c, α, R, λ) Á‡‚ËÒflÚ ÓÚ Ô‡‡ÏÂÚÓ‚ Á‡‰‡˜Ë a, b, c, α, R Ë ËÒÍÓÏÓ„Ó λ.
çËÊÂ ·Û‰ÂÚ ÔÓÍ‡Á‡Ì‡ ÒÍÓÓÒÚ¸ Û·˚‚‡ÌËfl ÍÓ˝ÙÙËˆËÂÌÚÓ‚ dk.

Ñ‡ÎÂÂ ‰Îfl Â¯ÂÌËfl Û‡‚ÌÂÌËfl (1.6) Ì‡Ï ÔÓÚÂ·Û˛ÚÒfl ÔÂ‚˚Â ˜ÂÚ˚Â ÔÓËÁ‚Ó‰Ì˚Â ÔÓ y, ÍÓÚÓ-
˚Â Ï˚ ÔÓÎÛ˜ËÏ ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸Ì˚Ï ‰ËÙÙÂÂÌˆËÓ‚‡ÌËÂÏ fl‰‡ (2.1):

(2.2)

3

ϕ a b c α R λ ; y, , , , ,( ) dk y 1+( )k 2+
, y 1+

k 0=

∞

∑ ∞,<=

∂ϕ
∂y
------ k 2+( )dk y 1+( )k 1+

,
∂2ϕ
∂y

2
---------

k 0=

∞

∑ ….= =
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á‰ÂÒ¸ ËÒÔÓÎ¸ÁÓ‚‡Ì‡ Á‡ÔËÒ¸ Ò ˜‡ÒÚÌ˚ÏË ÔÓËÁ‚Ó‰Ì˚ÏË ÔÓ y, ÔÓÒÍÓÎ¸ÍÛ ‰‡ÎÂÂ Ì‡Ï ÔÓÚÂ·ÛÂÚÒfl Ì‡-
ıÓ‰ËÚ¸ Ú‡ÍÊÂ ÔÓËÁ‚Ó‰Ì˚Â Â¯ÂÌËfl ϕ(a, b, c, α, R, λ; y) ÔÓ ÒÔÂÍÚ‡Î¸ÌÓÏÛ Ô‡‡ÏÂÚÛ λ.

á‡ÚÂÏ, Á‡ÔËÒ˚‚‡fl ÙÛÌÍˆË˛ U(y) ËÁ (1.3) ‚ ‚Ë‰Â ÚÂı˜ÎÂÌ‡ ÔÓ ÒÚÂÔÂÌflÏ (y + 1)k Ë ÔÓ‰ÒÚ‡‚Îflfl ‡Á-
ÎÓÊÂÌËfl (2.1), (2.2) ‚ Û‡‚ÌÂÌËÂ (1.6), ÔÓÎÛ˜‡ÂÏ ÂÍÛÂÌÚÌÓÂ Û‡‚ÌÂÌËÂ ‰Îfl ÍÓ˝ÙÙËˆËÂÌÚÓ‚ dk:

(2.3)

ëÓÓÚÌÓ¯ÂÌËÂ (2.3) fl‚ÎflÂÚÒfl ÎËÌÂÈÌ˚Ï ‡ÁÌÓÒÚÌ˚Ï Û‡‚ÌÂÌËÂÏ ÔÓfl‰Í‡ 6 Ò ÔÂÂÏÂÌÌ˚ÏË ÍÓ-
˝ÙÙËˆËÂÌÚ‡ÏË Ë ÒÎÛÊËÚ ‰Îfl ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ„Ó ‚˚˜ËÒÎÂÌËfl dk ÔË ‚ÓÁ‡ÒÚ‡ÌËË k = 2, 3, …. èË
˝ÚÓÏ ÁÌ‡˜ÂÌËfl d0 Ë d1 Ï˚ ÏÓÊÂÏ ‚˚·‡Ú¸ ÔÓËÁ‚ÓÎ¸Ì˚ÏË Ë ‰ÓÔÓÎÌËÚÂÎ¸ÌÓ Û˜ÂÒÚ¸, ˜ÚÓ

2.2. Ñ‚‡ Â¯ÂÌËfl ‚ ÓÍÂÒÚÌÓÒÚË ÚÓ˜ÍË y = –1

íÂÔÂ¸ ÔÓÒÚÓËÏ ‰‚‡ ÎËÌÂÈÌÓ ÌÂÁ‡‚ËÒËÏ˚ı Â¯ÂÌËfl Û‡‚ÌÂÌËfl (1.6), Û‰Ó‚ÎÂÚ‚Ófl˛˘Ëı ÛÒÎÓ-
‚ËflÏ (1.8). ÑÎfl ̋ ÚÓ„Ó ËÒÔÓÎ¸ÁÛÂÏ ‡ÁÎÓÊÂÌËÂ (2.1), ÍÓ˝ÙÙËˆËÂÌÚ˚ d0 Ë d1 ‚˚·ÂÂÏ ‰‚ÛÏfl ÌÂÁ‡‚Ë-
ÒËÏ˚ÏË ÒÔÓÒÓ·‡ÏË, ‡ ÔÓÒÎÂ‰Û˛˘ËÂ dk ÔË k ≥ 2 ·Û‰ÂÏ ‚˚˜ËÒÎflÚ¸ ÔÓ (2.3).

èÂ‚ÓÂ ËÁ Â¯ÂÌËÈ ϕ1(y) ÓÔÂ‰ÂÎËÏ Ò ÔÓÏÓ˘¸˛ Á‡‰‡ÌËfl ÍÓ˝ÙÙËˆËÂÌÚÓ‚

(2.4)

‡ ‚ÚÓÓÂ Â¯ÂÌËÂ ϕ2(y) – Ò ÔÓÏÓ˘¸˛ Á‡‰‡ÌËfl

(2.5)

éÚÏÂÚËÏ Á‰ÂÒ¸, ˜ÚÓ ÛÒÎÓ‚Ëfl (1.8) Ë (2.4) ÒÓÓÚ‚ÂÚÒÚ‚Û˛Ú ÔÓÒÚ‡ÌÓ‚ÍÂ Á‡‰‡˜Ë äÓ¯Ë ‚ ÚÓ˜ÍÂ y = –1
‰Îfl Û‡‚ÌÂÌËfl (1.6) Ò ÌÂÌÛÎÂ‚ÓÈ ÎË¯¸ ‚ÚÓÓÈ ÔÓËÁ‚Ó‰ÌÓÈ, ‡ ÛÒÎÓ‚Ëfl (1.8) Ë (2.5) – Á‡‰‡˜Â äÓ¯Ë
‚ ÚÓ˜ÍÂ y = –1 Ò ÌÂÌÛÎÂ‚ÓÈ ÎË¯¸ ÚÂÚ¸ÂÈ ÔÓËÁ‚Ó‰ÌÓÈ.

êÂ¯ÂÌËfl ϕ1(y), ϕ2(y) Ë Ëı ÔÓËÁ‚Ó‰Ì˚Â (2.2) Ï˚ ÏÓÊÂÏ ‚˚˜ËÒÎËÚ¸ Ò Î˛·ÓÈ Ì‡ÔÂÂ‰ Á‡‰‡ÌÌÓÈ
ÚÓ˜ÌÓÒÚ¸˛.

íÂÔÂ¸ Á‡ÔË¯ÂÏ Ó·˘ËÈ ‚Ë‰ Â¯ÂÌËfl Û‡‚ÌÂÌËfl (1.6) Ò Í‡Â‚˚ÏË ÛÒÎÓ‚ËflÏË (1.8):

(2.6)

„‰Â p1 Ë p2 – ÔÓËÁ‚ÓÎ¸Ì˚Â ÍÓÏÔÎÂÍÒÌ˚Â ÔÓÒÚÓflÌÌ˚Â, ÍÓÚÓ˚Â Ì‡È‰ÂÏ ‰‡ÎÂÂ ‚ ÔÓˆÂÒÒÂ Â¯ÂÌËfl
Á‡‰‡˜Ë Ì‡ ëá.

2.3. éÍÂÒÚÌÓÒÚ¸ ÚÓ˜ÍË y = 1

èÓÒÚÓËÏ ‡Ì‡ÎÓ„Ë˜ÌÓ ÔÂ‰˚‰Û˘ÂÏÛ ÔÂ‰ÒÚ‡‚ÎÂÌËÂ Ó·˘Â„Ó Â¯ÂÌËfl Û‡‚ÌÂÌËfl (1.6) Ò Í‡Â-
‚˚ÏË ÛÒÎÓ‚ËflÏË (1.9).

á‡ÔË¯ÂÏ Â„ÛÎflÌÓÂ Â¯ÂÌËÂ ϕ(a, b, c, α, R, λ; y), Û‰Ó‚ÎÂÚ‚Ófl˛˘ÂÂ Ó·ÓËÏ ÛÒÎÓ‚ËflÏ (1.9), ‚
‚Ë‰Â fl‰‡

(2.7)

„‰Â ÍÓ˝ÙÙËˆËÂÌÚ˚ ek Á‡‚ËÒflÚ ÓÚ Ô‡‡ÏÂÚÓ‚ Á‡‰‡˜Ë a, b, c, α, R, λ. çËÊÂ ·Û‰ÂÚ ÔÓÍ‡Á‡Ì‡ ÒÍÓÓÒÚ¸
Û·˚‚‡ÌËfl ÍÓ˝ÙÙËˆËÂÌÚÓ‚ ek.

dk
iaα 3

R–

k 2+( )k k
2

1–( )
---------------------------------------dk 6–

iα 3
R 2a b–( )

k 2+( )k k
2

1–( )
---------------------------------------dk 5– ++=

+
iαR a k 4–( ) k 1–( ) α 2

a c b– λ–+( )–[ ] α 4
–

k 2+( )k k
2

1–( )
---------------------------------------------------------------------------------------------------------------dk 4– +

+
iαR k 2–( ) b 2a–( )

k 2+( ) k 1+( )k
-----------------------------------------------dk 3–

iαR a c b– λ–+( ) 2α 2
+

k 1+( ) k 2+( )
-------------------------------------------------------------dk 2– ,+

k 2.≥

dk 0, k 1– 2– …., ,= =

d0
1( )

1, d1
1( )

0,= =

d0
2( )

0, d1
2( )

1.= =

ϕ y( ) p1ϕ1 y( ) p2ϕ2 y( ),+=

ϕ a b c α R λ ; y, , , , ,( ) ek 1 y–( )k 2+
, 1 y–

k 0=

∞

∑ ∞,<=
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ÑËÙÙÂÂÌˆËÛfl fl‰ (2.7) ̃ ÂÚ˚Â ‡Á‡ ÔÓ y, ÔÓÎÛ˜‡ÂÏ ÌÂÓ·ıÓ‰ËÏ˚Â ‰Îfl Û‡‚ÌÂÌËfl (1.6) ÔÓËÁ-
‚Ó‰Ì˚Â:

(2.8)

á‡ÔËÒ˚‚‡fl ÙÛÌÍˆË˛ U(y) ËÁ (1.3) ‚ ‚Ë‰Â ÚÂı˜ÎÂÌ‡ ÔÓ ÒÚÂÔÂÌflÏ (1 – y)k Ë ÔÓ‰ÒÚ‡‚Îflfl ‡ÁÎÓÊÂ-
ÌËfl (2.7), (2.8) ‚ Û‡‚ÌÂÌËÂ (1.6), ÔÓÎÛ˜‡ÂÏ ÒÓÓÚÌÓ¯ÂÌËÂ ‰Îfl ÍÓ˝ÙÙËˆËÂÌÚÓ‚ ek:

(2.9)

ùÚÓ Û‡‚ÌÂÌËÂ ÓÚÎË˜‡ÂÚÒfl ÓÚ (2.3) ÎË¯¸ ÒÏÂÌÓÈ ÁÌ‡Í‡ ÔÂÂ‰ Ô‡‡ÏÂÚÓÏ b.

Ç˚·Ë‡fl ÁÌ‡˜ÂÌËfl e0 Ë e1 ÔÓËÁ‚ÓÎ¸Ì˚ÏË Ë Û˜ËÚ˚‚‡fl, ˜ÚÓ

Ï˚ ‚˚˜ËÒÎflÂÏ ‚ÒÂ ÍÓ˝ÙÙËˆËÂÌÚ˚ ek ÔË k = 2, 3, ….

2.4. Ñ‚‡ Â¯ÂÌËfl ‚ ÓÍÂÒÚÌÓÒÚË ÚÓ˜ÍË y = 1

èÓÒÚÓËÏ ‰‚‡ ÎËÌÂÈÌÓ ÌÂÁ‡‚ËÒËÏ˚ı Â¯ÂÌËfl ϕ3(y) Ë ϕ4(y) ‚Ë‰‡ (2.7), Û‰Ó‚ÎÂÚ‚Ófl˛˘Ëı Í‡Â-
‚˚Ï ÛÒÎÓ‚ËflÏ (1.9). èÂ‚ÓÂ ËÁ ÌËı, ϕ3(y), ÓÔÂ‰ÂÎËÏ Ò ÔÓÏÓ˘¸˛ Á‡‰‡ÌËfl ÍÓ˝ÙÙËˆËÂÌÚÓ‚

(2.10)

‡ ‚ÚÓÓÂ Â¯ÂÌËÂ, ϕ4(y), ÓÔÂ‰ÂÎËÏ Ò ÔÓÏÓ˘¸˛ Á‡‰‡ÌËfl

(2.11)

éÚÏÂÚËÏ Á‰ÂÒ¸, ˜ÚÓ ÛÒÎÓ‚Ëfl (1.9) Ë (2.10) ÒÓÓÚ‚ÂÚÒÚ‚Û˛Ú ÔÓÒÚ‡ÌÓ‚ÍÂ Á‡‰‡˜Ë äÓ¯Ë ‚ ÚÓ˜ÍÂ y = 1
‰Îfl Û‡‚ÌÂÌËfl (1.6) Ò ÌÂÌÛÎÂ‚ÓÈ ÎË¯¸ ‚ÚÓÓÈ ÔÓËÁ‚Ó‰ÌÓÈ, ‡ ÛÒÎÓ‚Ëfl (1.9) Ë (2.11) – Á‡‰‡˜Â äÓ¯Ë
‚ ÚÓ˜ÍÂ y = 1 Ò ÌÂÌÛÎÂ‚ÓÈ ÎË¯¸ ÚÂÚ¸ÂÈ ÔÓËÁ‚Ó‰ÌÓÈ.

êÂ¯ÂÌËfl ϕ3(y) Ë ϕ4(y) Ë Ëı ÔÓËÁ‚Ó‰Ì˚Â (2.8) Ï˚ ÏÓÊÂÏ ‚˚˜ËÒÎËÚ¸ Ò Î˛·ÓÈ Ì‡ÔÂÂ‰ Á‡‰‡ÌÌÓÈ
ÚÓ˜ÌÓÒÚ¸˛.

íÂÔÂ¸ Á‡ÔË¯ÂÏ Ó·˘ËÈ ‚Ë‰ Â¯ÂÌËfl Û‡‚ÌÂÌËfl (1.6) Ò Í‡Â‚˚ÏË ÛÒÎÓ‚ËflÏË (1.9):

(2.12)

„‰Â p3 Ë p4 – ÔÓËÁ‚ÓÎ¸Ì˚Â ÍÓÏÔÎÂÍÒÌ˚Â ÔÓÒÚÓflÌÌ˚Â, ÍÓÚÓ˚Â Ì‡È‰ÂÏ ‰‡ÎÂÂ.

2.5. ë¯Ë‚Í‡ Â¯ÂÌËÈ

ÑÎfl Ì‡ıÓÊ‰ÂÌËfl Â¯ÂÌËfl Û‡‚ÌÂÌËfl (1.6), Û‰Ó‚ÎÂÚ‚Ófl˛˘Â„Ó ‚ÒÂÏ Í‡Â‚˚Ï ÛÒÎÓ‚ËflÏ (1.8) Ë
(1.9), ÌÂÓ·ıÓ‰ËÏÓ „Î‡‰ÍÓ Ò¯Ë‚‡Ú¸ Ó·˘ËÂ Â¯ÂÌËfl (2.6), (2.12) Ë Ëı ÔÂ‚˚Â ÚË ÔÓËÁ‚Ó‰Ì˚Â ‚ ÌÂ-
ÍÓÚÓÓÈ ÚÓ˜ÍÂ y∗ .

∂ϕ
∂y
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∂2ϕ
∂y

2
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∞
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á‡ÔË¯ÂÏ ÛÒÎÓ‚Ëfl Ò¯Ë‚ÍË:

(2.13)

Ç‚Â‰ÂÏ ‚ÂÍÚÓ z Ò ÍÓÏÔÓÌÂÌÚ‡ÏË

Ë ÔÂÂÔË¯ÂÏ ÒËÒÚÂÏÛ (2.13) ‚ ‚ÂÍÚÓÌÓÏ ‚Ë‰Â:

(2.14)

„‰Â

(2.15)

Ò ˝ÎÂÏÂÌÚ‡ÏË ajk = (a, b, c, α, R, λ; y∗ ). ÑÎfl Ì‡ıÓÊ‰ÂÌËfl ÌÂÚË‚Ë‡Î¸ÌÓ„Ó Â¯ÂÌËfl ÒËÒÚÂÏ˚
(2.14) ÌÂÓ·ıÓ‰ËÏÓ ‚˚ÔÓÎÌÂÌËÂ ÛÒÎÓ‚Ëfl

det(A) = 0,

ÍÓÚÓÓÂ ˝Í‚Ë‚‡ÎÂÌÚÌÓ ‡‚ÂÌÒÚ‚Û ÌÛÎ˛ ‚ÓÌÒÍË‡Ì‡ Wr(ϕ1, ϕ2, ϕ3, ϕ4; λ, y∗ ):

Wr(λ) = Wr(ϕ1, ϕ2, ϕ3, ϕ4; λ, y∗ ) = 0. (2.16)

ì‡‚ÌÂÌËÂ (2.16) fl‚ÎflÂÚÒfl ÓÒÌÓ‚Ì˚Ï ‰Îfl Ì‡ıÓÊ‰ÂÌËfl ËÒÍÓÏ˚ı ëá λm.
Ç˚˜ËÒÎË‚ ÁÌ‡˜ÂÌËÂ λm, Ì‡È‰ÂÏ ÍÓ˝ÙÙËˆËÂÌÚ˚ pk ÔÂ‰ÒÚ‡‚ÎÂÌËÈ (2.6), (2.12) Â¯ÂÌËfl ËÒıÓ‰-

ÌÓÈ Á‡‰‡˜Ë (1.6), (1.8), (1.9). èÓÒÍÓÎ¸ÍÛ ÒÓ·ÒÚ‚ÂÌÌ˚Â ÙÛÌÍˆËË ϕm(a, b, c, α, R, λm; y) ÓÔÂ‰ÂÎÂÌ˚ Ò
ÚÓ˜ÌÓÒÚ¸˛ ‰Ó ÏÛÎ¸ÚËÔÎËÍ‡ÚË‚ÌÓÈ ÍÓÌÒÚ‡ÌÚ˚, ÚÓ ÔÓÎÓÊËÏ p4 = 1 Ë ÓÒÚ‡Î¸Ì˚Â ÍÓ˝ÙÙËˆËÂÌÚ˚ p1,
p2, p3 Ì‡È‰ÂÏ ËÁ Î˛·˚ı ÚÂı Û‡‚ÌÂÌËÈ ÒËÒÚÂÏ˚ (2.13), Ì‡ÔËÏÂ ËÁ

2.6. àÚÂ‡ˆËÓÌÌ˚È ÏÂÚÓ‰ ‚˚˜ËÒÎÂÌËfl ëá λ
ÑÎfl Â¯ÂÌËfl Û‡‚ÌÂÌËfl (2.16) ·˚Î ËÒÔÓÎ¸ÁÓ‚‡Ì ËÚÂ‡ˆËÓÌÌ˚È ÏÂÚÓ‰ ç¸˛ÚÓÌ‡:

(2.17)

çÂÓ·ıÓ‰ËÏ‡fl ‚ (2.17) ÔÓËÁ‚Ó‰Ì‡fl Wr'(λ) ‚˚˜ËÒÎflÎ‡Ò¸ fl‚ÌÓ Ò ÔÓÏÓ˘¸˛ ‰ËÙÙÂÂÌˆËÓ‚‡ÌËfl

ÔÓ λ ˝ÎÂÏÂÌÚÓ‚ Ï‡ÚËˆ˚ A ËÁ (2.15). ç‡ÔËÏÂ, ‡ÁÎÓÊÂÌËÂ ‰Îfl ÁÌ‡˜ÂÌËfl  ËÏÂÂÚ ‚Ë‰

(2.18)

p1ϕ1 y*( ) p2ϕ2 y*( )+ p3ϕ3 y*( ) p4ϕ4 y*( ),+=

p1ϕ1' y*( ) p2ϕ2' y*( )+ p3ϕ3' y*( ) p4ϕ4' y*( ),+=

p1ϕ1'' y*( ) p2ϕ2'' y*( )+ p3ϕ3'' y*( ) p4ϕ4'' y*( ),+=

p1ϕ1''' y*( ) p2ϕ2''' y*( )+ p3ϕ3''' y*( ) p4ϕ4''' y*( ).+=

z1 p1, z2 p2, z3 p3, z4– p4–= = = =

Az 0,=

A

ϕ1 y*( ) ϕ2 y*( ) ϕ3 y*( ) ϕ4 y*( )
ϕ1' y*( ) ϕ2' y*( ) ϕ3' y*( ) ϕ4' y*( )
ϕ1'' y*( ) ϕ2'' y*( ) ϕ3'' y*( ) ϕ4'' y*( )
ϕ1''' y*( ) ϕ2''' y*( ) ϕ3''' y*( ) ϕ4''' y*( )

=

ϕk
j( )

p1ϕ1 y*( ) p2ϕ2 y*( )+  – p3ϕ3 y*( ) = ϕ4 y*( ),

p1ϕ1' y*( ) p2ϕ2' y*( )+  – p3ϕ3' y*( ) = ϕ4' y*( ),

p1ϕ1'' y*( ) p2ϕ2'' y*( )+  – p3ϕ3'' y*( ) = ϕ4'' y*( ).

λ n 1+( ) λ n( ) Wr λ n( )( )
Wr' λ n( )( )
----------------------, n– 0 1 …., ,= =

∂4ϕ1 y*( )

∂λ∂ y
3

----------------------

∂4ϕ1 y*( )

∂λ∂ y
3

---------------------- k 2+( ) k 1+( )k
∂dk

∂λ
-------- y* 1+( )k 1–

.
k 1=

∞

∑=
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èÓËÁ‚Ó‰Ì˚Â ÍÓ˝ÙÙËˆËÂÌÚÓ‚  Á‰ÂÒ¸ ‚˚˜ËÒÎfl˛ÚÒfl ÂÍÛÂÌÚÌÓ ËÁ ÒÓÓÚÌÓ¯ÂÌËfl, ÔÓÎÛ˜‡ÂÏÓ-

„Ó ‰ËÙÙÂÂÌˆËÓ‚‡ÌËÂÏ ÔÓ λ Û‡‚ÌÂÌËfl (2.3):

áÌ‡˜ÂÌËfl ÍÓ˝ÙÙËˆËÂÌÚÓ‚ d0 Ë d1 ·ÂÛÚÒfl ËÁ (2.4) Ò Û˜ÂÚÓÏ  =  = 0.

ÄÌ‡ÎÓ„Ë˜ÌÓ ‚˚˜ËÒÎflÎËÒ¸ ‚ÒÂ ÌÂÓ·ıÓ‰ËÏ˚Â ÒÎ‡„‡ÂÏ˚Â ‚ ‚˚‡ÊÂÌËË ‰Îfl Wr'(λ). ãÂ„ÍÓ ÔÓÍ‡-
Á‡Ú¸, ̃ ÚÓ Ú‡ÍËı ÒÎ‡„‡ÂÏ˚ı ‚ÒÂ„Ó 96, ÚÓ˜ÌÓÒÚ¸ ‚˚˜ËÒÎÂÌËfl Í‡Ê‰Ó„Ó ËÁ ÌËı ÏÓÊÂÚ ·˚Ú¸ ‰ÓÒÚË„ÌÛÚ‡
Î˛·‡fl.

ç‡˜‡Î¸Ì˚Â ÁÌ‡˜ÂÌËfl λ(0) ‚ ËÚÂ‡ˆËÓÌÌÓÏ ÔÓˆÂÒÒÂ (2.17) ·‡ÎËÒ¸ ËÒıÓ‰fl ËÁ ÏÂÚÓ‰‡ ÔÓ‰ÓÎÊÂ-
ÌËfl ÔÓ Ô‡‡ÏÂÚÛ. í‡Í ÂÒÎË Ï˚ ÁÌ‡ÂÏ ÒÔÂÍÚ Á‡‰‡˜Ë ÔË ̃ ËÒÎÂ êÂÈÌÓÎ¸‰Ò‡ R, ÚÓ ÎÂ„ÍÓ ‚˚˜ËÒÎËÚ¸
ÒÔÂÍÚ ÔË Ï‡ÎÓÏ ËÁÏÂÌÂÌËË ˜ËÒÎ‡ R1 = R + δ.

èÓÏËÏÓ ˝ÚÓ„Ó ˝ÙÙÂÍÚË‚Ì˚Ï ËÌÒÚÛÏÂÌÚÓÏ ‡ÔÔÓÍÒËÏ‡ˆËË ÒÓ·ÒÚ‚ÂÌÌ˚ı ÁÌ‡˜ÂÌËÈ ÒÎÛÊËÎÓ
Ó·Ó·˘ÂÌËÂ ÔËÌˆËÔ‡ ‡„ÛÏÂÌÚ‡ ‰Îfl Â„ÛÎflÌÓÈ ‚ Ó·Î‡ÒÚË � ÙÛÌÍˆËË Wr(λ):

(2.19)

„‰Â λk – ÌÛÎË ÙÛÌÍˆËË Wr(λ) ‚ Ó·Î‡ÒÚË �, ‡ K – ˜ËÒÎÓ ÌÛÎÂÈ ‚ � Ò Û˜ÂÚÓÏ Ëı Í‡ÚÌÓÒÚË. èË ÁÌ‡-
˜ÂÌËË j = 0 ÙÓÏÛÎ‡ (2.19) ÔÂ‰ÒÚ‡‚ÎflÂÚ ÒÓ·ÓÈ ÔËÌˆËÔ ‡„ÛÏÂÌÚ‡.

èÓËÁ‚Ó‰Ì‡fl Wr'(λ) ‚ (2.19) ‚˚˜ËÒÎflÎ‡Ò¸ Ò ËÒÔÓÎ¸ÁÓ‚‡ÌËÂÏ ‡ÁÎÓÊÂÌËÈ ÚËÔ‡ (2.18), ̃ ËÒÎÂÌÌÓÂ
ËÌÚÂ„ËÓ‚‡ÌËÂ ÔÓ‚Ó‰ËÎÓÒ¸ ÔÓ ÙÓÏÛÎÂ É‡ÛÒÒ‡, ‡ ‚ Í‡˜ÂÒÚ‚Â Ó·Î‡ÒÚË � ‚˚·Ë‡ÎËÒ¸ ÍÛ„Ë ‚
ÔÎÓÒÍÓÒÚË ÒÔÂÍÚ‡Î¸ÌÓ„Ó Ô‡‡ÏÂÚ‡ λ.

íÓ˜ÌÓÒÚ¸ ÔÓÎÛ˜‡ÂÏ˚ı ëá ÔÓ‚ÂflÎ‡Ò¸ Ò‡‚ÌÂÌËÂÏ ÒÓ ‚ÒÂÏË ‰ÓÒÚÛÔÌ˚ÏË ‰‡ÌÌ˚ÏË (ÒÏ. [6], [18],
[22], [26], [29]), ‡ Ú‡ÍÊÂ ÔÂÂ‚˚˜ËÒÎÂÌËÂÏ ÂÁÛÎ¸Ú‡ÚÓ‚ Ò ·ÓÎ¸¯ÂÈ ÚÓ˜ÌÓÒÚ¸˛ ‚ÔÎÓÚ¸ ‰Ó 100 ‚ÂÌ˚ı
‰ÂÒ. ÁÌ. ˆ. ‰Îfl Ó·˘Â„Ó ÚÂ˜ÂÌËfl äÛ˝ÚÚ‡–èÛ‡ÁÂÈÎfl Ò ˜ËÒÎÓÏ êÂÈÌÓÎ¸‰Ò‡ R ‰Ó ÁÌ‡˜ÂÌËÈ R = 106.

3. ì˜ÂÚ ˜ÂÚÌÓÒÚË Â¯ÂÌËÈ

ÖÒÎË ÓÒÌÓ‚ÌÓÈ ÔÓÚÓÍ U(y) fl‚ÎflÂÚÒfl ̃ ÂÚÌÓÈ ÙÛÌÍˆËÂÈ U(y) = ay2 + c, ÚÓ Â¯ÂÌËfl ϕ(y) Û‡‚ÌÂÌËfl
(1.6) Ó·Î‡‰‡˛Ú Ò‚ÓÈÒÚ‚ÓÏ ̃ ÂÚÌÓÒÚË ËÎË ÌÂ˜ÂÚÌÓÒÚË. ì˜ÚÂÏ ̋ ÚÓ fl‚ÌÓ Ò ÔÓÏÓ˘¸˛ ‚Ë‰‡ ‡ÁÎÓÊÂÌËfl
‚ ÚÓ˜ÍÂ y = 0.

3.1. óÂÚÌ˚Â Â¯ÂÌËfl

èÂ‰ÒÚ‡‚Ë‚ Â¯ÂÌËÂ ϕ(y) ‚ ‚Ë‰Â

(3.1)

Ì‡È‰fl ÔÓËÁ‚Ó‰Ì˚Â ϕ'', ϕIV Ë ÔÓ‰ÒÚ‡‚Ë‚ ˝ÚË ‡ÁÎÓÊÂÌËfl ‚ (1.6), ÔÓÎÛ˜ËÏ ‰Îfl ÍÓ˝ÙÙËˆËÂÌÚÓ‚ gk =

∂dk

∂λ
--------

∂dk

∂λ
--------

iaα 3
R–

k 2+( )k k
2

1–( )
---------------------------------------

∂dk 6–

∂λ
-------------- iα 3

R 2a b–( )
k 2+( )k k

2
1–( )

---------------------------------------
∂dk 5–

∂λ
-------------- ++=

+
iαR a k 4–( ) k 1–( ) α 2

a c b– λ–+( )–[ ] α 4
–

k 2+( )k k
2

1–( )
---------------------------------------------------------------------------------------------------------------

∂dk 4–

∂λ
-------------- +

+
iα 3

R

k 2+( )k k
2

1–( )
---------------------------------------dk 4–

iαR k 2–( ) b 2a–( )
k 2+( ) k 1+( )k

-----------------------------------------------
∂dk 3–

∂λ
-------------- ++

+
iαR a c b– λ–+( ) 2α 2

+
k 1+( ) k 2+( )

-------------------------------------------------------------
∂dk 2–

∂λ
-------------- iαR

k 1+( ) k 2+( )
----------------------------------dk 2– ,–

k 2.≥

∂d0

∂λ
--------

∂d1

∂λ
--------

λ k
j

k 1=

K

∑ 1
2πi
-------- λ jWr' λ( )

Wr λ( )
----------------- λ , jd

∂�

∫ 0 1 …,, ,= =

ϕ y( ) gky
2k

, y
k 0=

∞

∑ ∞,<=
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= gk(a, c, α, R, λ) ÂÍÛÂÌÚÌÓÂ Û‡‚ÌÂÌËÂ

(3.2)

Ñ‡ÎÂÂ ·Û‰ÂÚ ÔÓÍ‡Á‡Ì‡ ÒÍÓÓÒÚ¸ Ô‡‰ÂÌËfl ÍÓ˝ÙÙËˆËÂÌÚÓ‚ gk.
Ñ‚‡ ÌÂÁ‡‚ËÒËÏ˚ı ˜ÂÚÌ˚ı Â¯ÂÌËfl ϕ3(a, c, α, R, λ; y) Ë ϕ4(a, c, α, R, λ; y) ‚Ë‰‡ (3.1) ÔÓÒÚÓËÏ Ò

ÔÓÏÓ˘¸˛ ‡ÁÎË˜ÌÓ„Ó ‚˚·Ó‡ ÍÓ˝ÙÙËˆËÂÌÚÓ‚ g0 Ë g1:

íÂÔÂ¸ Á‡ÔË¯ÂÏ Ó·˘ËÈ ‚Ë‰ ˜ÂÚÌÓ„Ó Â¯ÂÌËfl Û‡‚ÌÂÌËfl (1.6):

„‰Â ÍÓÌÒÚ‡ÌÚ˚ p3, p4 Ì‡È‰ÂÏ ‰‡ÎÂÂ ‚ ÔÓˆÂÒÒÂ Ò¯Ë‚ÍË.
çÂÓ·ıÓ‰ËÏ˚Â ‚ ‰‡Î¸ÌÂÈ¯ÂÏ ‡ÁÎÓÊÂÌËfl ‰Îfl ÔÓËÁ‚Ó‰Ì˚ı ˝ÚËı Â¯ÂÌËÈ ÔÓ ‡„ÛÏÂÌÚÛ y Ë Ô‡-

‡ÏÂÚÛ λ Ì‡ıÓ‰flÚÒfl ‡Ì‡ÎÓ„Ë˜ÌÓ ÔÂ‰˚‰Û˘ÂÏÛ.

3.2. çÂ˜ÂÚÌ˚Â Â¯ÂÌËfl
èÂ‰ÒÚ‡‚Ë‚ Â¯ÂÌËÂ ϕ(y) ‚ ‚Ë‰Â

(3.3)

ÔÓÎÛ˜ËÏ ‰Îfl ÍÓ˝ÙÙËˆËÂÌÚÓ‚ hk = hk(a, c, α, R, λ) ÂÍÛÂÌÚÌÓÂ Û‡‚ÌÂÌËÂ

(3.4)

Ñ‚‡ ÌÂÁ‡‚ËÒËÏ˚ı ÌÂ˜ÂÚÌ˚ı Â¯ÂÌËfl ϕ3(a, c, α, R, λ; y) Ë ϕ4(a, c, α, R, λ; y) ‚Ë‰‡ (3.3) ÔÓÒÚÓËÏ
Ò ÔÓÏÓ˘¸˛ ‡ÁÎË˜ÌÓ„Ó ‚˚·Ó‡ ÍÓ˝ÙÙËˆËÂÌÚÓ‚ h0 Ë h1:

á‡ÔË¯ÂÏ ÚÂÔÂ¸ Ó·˘ËÈ ‚Ë‰ ÌÂ˜ÂÚÌÓ„Ó Â¯ÂÌËfl Û‡‚ÌÂÌËfl (1.6):

„‰Â ÍÓÌÒÚ‡ÌÚ˚ p3, p4 Ì‡È‰ÂÏ ‰‡ÎÂÂ ‚ ÔÓˆÂÒÒÂ Ò¯Ë‚ÍË.

3.3. ë¯Ë‚Í‡ Â¯ÂÌËÈ
ÑÎfl ÔÓÒÚÓÂÌËfl ̃ ÂÚÌÓ„Ó ËÎË ÌÂ˜ÂÚÌÓ„Ó Â¯ÂÌËfl ϕ(y) Á‡‰‡˜Ë (1.6), (1.8), (1.9) ÌÂÓ·ıÓ‰ËÏÓ „Î‡‰-

ÍÓ Ò¯ËÚ¸ ‡ÁÎÓÊÂÌËÂ Ò ˆÂÌÚÓÏ ‚ ÚÓ˜ÍÂ y = –1 Ë ‡ÁÎÓÊÂÌËÂ Ò ˆÂÌÚÓÏ ‚ ÚÓ˜ÍÂ y = 0; ÚÓ˜ÍÛ
Ò¯Ë‚ÍË y∗  Ì‡Ë·ÓÎÂÂ Û‰Ó·ÌÓ ‚˚·‡Ú¸ Ì‡ ËÌÚÂ‚‡ÎÂ y∗  ∈ (–1, 0).

3.4. çÂ˜ÂÚÌÓÒÚ¸ ÙÛÌÍˆËË ÔÓÚÓÍ‡ U(y)
äÓ„‰‡ ÒÍÓÓÒÚ¸ ÓÒÌÓ‚ÌÓ„Ó ÔÓÚÓÍ‡ U(y) fl‚ÎflÂÚÒfl ÌÂ˜ÂÚÌÓÈ ÙÛÌÍˆËÂÈ, ‚Â˘ÂÒÚ‚ÂÌÌÓÈ Ì‡ ÓÚÂÁ-

ÍÂ y ∈ [–1, 1]:

(3.5)

gk
2α 2

iαR c λ–( )+
2k 2k 1–( )

------------------------------------------gk 1–
iαR 2a k 3–( ) 2k 3–( ) α 2

c λ–( )–[ ] α 4
–

4k 2k 1–( ) k 1–( ) 2k 3–( )
---------------------------------------------------------------------------------------------------gk 2– –+=

–
iα 3

aR
4k 2k 1–( ) k 1–( ) 2k 3–( )
---------------------------------------------------------------gk 3– ,

k 2.≥

g0
1( )

1, g1
1( )

0, g0
2( )

0, g1
2( )

1.= = = =

ϕ y( ) p3ϕ3 y( ) p4ϕ4 y( ),+=

ϕ y( ) hky
2k 1+

, y
k 0=

∞

∑ ∞,<=

hk
2α 2

iαR c λ–( )+
2k 2k 1+( )

------------------------------------------hk 1–
iαR 2a k 1–( ) 2k 5–( ) α 2

c λ–( )–[ ] α 4
–

4k 2k 1+( ) 2k 1–( ) k 1–( )
---------------------------------------------------------------------------------------------------hk 2– –+=

–
iα 3

aR
4k 2k 1+( ) 2k 1–( ) k 1–( )
---------------------------------------------------------------hk 3– ,

k 2.≥

h0
1( )

1, h1
1( )

0, h0
2( )

0, h1
2( )

1.= = = =

ϕ y( ) p3ϕ3 y( ) p4ϕ4 y( ),+=

U y( ) by, Im b( ) 0,= =
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ÚÓ ÒÓ·ÒÚ‚ÂÌÌ˚Â ÁÌ‡˜ÂÌËfl Ë ÙÛÌÍˆËË Ú‡ÍÊÂ ËÏÂ˛Ú ÓÔÂ‰ÂÎÂÌÌÛ˛ ÒËÏÏÂÚË˛. í‡Í, ÂÒÎË ËÏÂÂÚÒfl
ëá λ0 Ë ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘‡fl ÂÏÛ ëî ϕ0(y), ÚÓ, ËÒÔÓÎ¸ÁÛfl ÍÓÏÔÎÂÍÒÌÓÂ ÒÓÔflÊÂÌËÂ ‰Îfl Û‡‚ÌÂÌËfl
(1.6), Û·ÂÊ‰‡ÂÏÒfl, ˜ÚÓ ÁÌ‡˜ÂÌËÂ λ1 Ë ÙÛÌÍˆËfl ϕ1(y):

(3.6)

Ú‡ÍÊÂ fl‚Îfl˛ÚÒfl ÒÓ·ÒÚ‚ÂÌÌ˚ÏË. í‡ÍËÏ Ó·‡ÁÓÏ, ‚ ÒÎÛ˜‡Â (3.5) ëá Ó·Î‡‰‡˛Ú ÒËÏÏÂÚËÂÈ ÓÚÌÓÒË-
ÚÂÎ¸ÌÓ ÏÌËÏÓÈ ÓÒË.

4. ÄÒËÏÔÚÓÚËÍ‡ Â¯ÂÌËÈ ÂÍÛÂÌÚÌ˚ı Û‡‚ÌÂÌËÈ

èÓÎÛ˜ÂÌÌ˚Â ÂÍÛÂÌÚÌ˚Â Û‡‚ÌÂÌËfl (2.3), (2.9) Ë (3.2), (3.4) fl‚Îfl˛ÚÒfl ÎËÌÂÈÌ˚ÏË Ó‰ÌÓÓ‰-
Ì˚ÏË Û‡‚ÌÂÌËflÏË ̄ ÂÒÚÓ„Ó Ë ÚÂÚ¸Â„Ó ÔÓfl‰ÍÓ‚ ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ Ë ÏÓ„ÛÚ ·˚Ú¸ ËÒÒÎÂ‰Ó‚‡Ì˚ Ò ÔÓ-
ÏÓ˘¸˛ ÚÂÓËË ÎËÌÂÈÌ˚ı ‡ÁÌÓÒÚÌ˚ı Û‡‚ÌÂÌËÈ. íÂÓËfl è‡ÛÌÍ‡Â–èÂÓÌ‡ (ÒÏ. [33]) ‚ ˝ÚÓÏ
ÒÎÛ˜‡Â ÌÂ ÏÓÊÂÚ ·˚Ú¸ ÔËÏÂÌÂÌ‡, ÔÓÒÍÓÎ¸ÍÛ ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ËÂ ı‡‡ÍÚÂËÒÚË˜ÂÒÍËÂ Û‡‚ÌÂÌËfl
ËÏÂ˛Ú Í‡ÚÌ˚Â ÍÓÌË, ‚ÒÂ ‡‚Ì˚Â ÌÛÎ˛. ÑÎfl ˝ÚÓ„Ó ÒÎÛ˜‡fl ËÒÔÓÎ¸ÁÛÂÚÒfl ÚÂÓËfl ÅËÍ„ÓÙ‡ (ÒÏ.
[34]–[36]), fl‚Îfl˛˘‡flÒfl Ó·Ó·˘ÂÌËÂÏ ÚÂÓËË è‡ÛÌÍ‡Â–èÂÓÌ‡.

4.1. ì‡‚ÌÂÌËfl ¯ÂÒÚÓ„Ó ÔÓfl‰Í‡
ì‡‚ÌÂÌËfl (2.3), (2.9) ËÏÂ˛Ú ̄ ÂÒÚ¸ ÎËÌÂÈÌÓ ÌÂÁ‡‚ËÒËÏ˚ı Â¯ÂÌËÈ. á‡ÔË¯ÂÏ ‡ÒËÏÔÚÓÚËÍÛ Â-

¯ÂÌËÈ ÎË¯¸ Û‡‚ÌÂÌËfl (2.3), ‡ ‰Îfl Û‡‚ÌÂÌËfl (2.9) ̋ Ú‡ ‡ÒËÏÔÚÓÚËÍ‡ ÔÓÎÛ˜‡ÂÚÒfl Á‡ÏÂÌÓÈ ÁÌ‡Í‡ ÔÂ-
Â‰ Ô‡‡ÏÂÚÓÏ b.

ì‰Ó·ÌÓ Á‡ÔËÒ‡Ú¸ ÌÂ Ò‡ÏË Â¯ÂÌËfl , m = 1, …, 6, ‡ ‡ÒËÏÔÚÓÚËÍÛ ÓÚÌÓ¯ÂÌËÈ /  ÔË
k  ∞. àÒÔÓÎ¸ÁÛfl ÂÁÛÎ¸Ú‡Ú˚ ‡·ÓÚ [34]–[36], ÔÓÎÛ˜‡ÂÏ ‰Îfl (2.3), ˜ÚÓ ÔÂ‚˚Â ‰‚‡ Â¯ÂÌËfl ËÏÂ-
˛Ú Ó‰ËÌ ı‡‡ÍÚÂ ‡ÒËÏÔÚÓÚËÍË, ‡ ÔÓÒÎÂ‰ÌËÂ ˜ÂÚ˚Â – ‰Û„ÓÈ ı‡‡ÍÚÂ:

(4.1)

(4.2)

èË‚Â‰ÂÏ ÁÌ‡˜ÂÌËfl ÔÂ‚˚ı ‰‚Ûı ÍÓ˝ÙÙËˆËÂÌÚÓ‚ D1, D2 Ë C1, C2:

(4.3)

(4.4)

‡ ‚ÒÂ ÔÓÒÎÂ‰Û˛˘ËÂ ÍÓ˝ÙÙËˆËÂÌÚ˚ ÏÓ„ÛÚ ·˚Ú¸ Ì‡È‰ÂÌ˚ ÂÍÛÂÌÚÌÓ Ò ÔÓÏÓ˘¸˛ ÒËÏ‚ÓÎ¸Ì˚ı
‚˚˜ËÒÎÂÌËÈ.

óÂÚ˚Â ‡ÁÎË˜Ì˚Â ‚ÂÚ‚Ë ÍÓÌfl ‚ ‡‚ÂÌÒÚ‚Â (4.4) Á‡‰‡˛Ú ˜ÂÚ˚Â ‡ÁÎË˜Ì˚ı Â¯ÂÌËfl ‰Îfl 

Ë ÔÓÒÎÂ‰Û˛˘Ëı ÍÓ˝ÙÙËˆËÂÌÚÓ‚. Ñ‚‡ ÌÂÁ‡‚ËÒËÏ˚ı Â¯ÂÌËfl  Ë ÔÓÒÎÂ‰Û˛˘Ëı ÍÓ˝ÙÙËˆËÂÌ-
ÚÓ‚ ÓÔÂ‰ÂÎfl˛ÚÒfl ‚˚·ÓÓÏ ÁÌ‡Í‡ ± ‚ (4.3).

4.2. ì‡‚ÌÂÌËfl ÔflÚÓ„Ó ÔÓfl‰Í‡
Ç ÒÎÛ˜‡Â a = 0 Û‡‚ÌÂÌËfl (2.3), (2.9) ÌÂ ÒÓ‰ÂÊ‡Ú ÍÓ˝ÙÙËˆËÂÌÚÓ‚ Ò ÌÓÏÂÓÏ k – 6, ÔÓfl‰ÓÍ

Û‡‚ÌÂÌËÈ ‡‚ÂÌ ÔflÚË Ë ÓÌË ËÏÂ˛Ú ÔflÚ¸ ÎËÌÂÈÌÓ ÌÂÁ‡‚ËÒËÏ˚ı Â¯ÂÌËÈ. ÄÒËÏÔÚÓÚËÍ‡ ÓÚÌÓ¯Â-

ÌËÈ /  ÔË k  ∞ ‰Îfl m = 1, …, 5 ÒÚÓËÚÒfl Ú‡ÍÊÂ Ò ÔÓÏÓ˘¸˛ ÚÂÓËË ÅËÍ„ÓÙ‡. èÓÎÛ˜‡-
ÂÏ, ˜ÚÓ ÔÂ‚˚Â ‰‚‡ Â¯ÂÌËfl ÌÂ ËÁÏÂÌfl˛Ú ı‡‡ÍÚÂ‡ ‡ÒËÏÔÚÓÚËÍË (4.1), ‡ ÔÓÒÎÂ‰ÌËÂ ÚË Â¯ÂÌËfl
ËÏÂ˛Ú ÓÚÎË˜‡˛˘ÂÂÒfl ÓÚ (4.2) ÔÓ‚Â‰ÂÌËÂ:
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„‰Â ‰Îfl ÔÂ‚˚ı ÍÓ˝ÙÙËˆËÂÌÚÓ‚  ·˚ÎÓ ÔÓÎÛ˜ÂÌÓ

(4.5)

íË ‡ÁÎË˜Ì˚ı ‚ÂÚ‚Ë ÍÓÌfl ‚ (4.5) Á‡‰‡˛Ú ÚË ‡ÁÎË˜Ì˚ı Â¯ÂÌËfl ‰Îfl  Ë ÔÓÒÎÂ‰Û˛˘Ëı ÍÓ-
˝ÙÙËˆËÂÌÚÓ‚.

4.3. ì‡‚ÌÂÌËfl ÚÂÚ¸Â„Ó ÔÓfl‰Í‡

Ç ÒÎÛ˜‡Â ÒÛ˘ÂÒÚ‚Ó‚‡ÌËfl ̃ ÂÚÌÓ„Ó Â¯ÂÌËfl (3.1) ÍÓ˝ÙÙËˆËÂÌÚ˚ gk Û‰Ó‚ÎÂÚ‚Ófl˛Ú Û‡‚ÌÂÌË˛ (3.2)
ÚÂÚ¸Â„Ó ÔÓfl‰Í‡, ‰Îfl ‡ÒËÏÔÚÓÚËÍË ÚÂı Â„Ó ÌÂÁ‡‚ËÒËÏ˚ı Â¯ÂÌËÈ ·˚ÎÓ ÔÓÎÛ˜ÂÌÓ ‡ÁÎÓÊÂÌËÂ

(4.6)

(4.7)

èÂ‚˚Â ‰‚‡ ÍÓ˝ÙÙËˆËÂÌÚ‡ ˝ÚËı ‡ÁÎÓÊÂÌËÈ Ú‡ÍÓ‚˚:

Ç ÒÎÛ˜‡Â ÒÛ˘ÂÒÚ‚Ó‚‡ÌËfl ÌÂ˜ÂÚÌÓ„Ó Â¯ÂÌËfl ‚Ë‰‡ (3.3) ÍÓ˝ÙÙËˆËÂÌÚ˚ hk Û‰Ó‚ÎÂÚ‚Ófl˛Ú Û‡‚-
ÌÂÌË˛ (3.4) ÚÂÚ¸Â„Ó ÔÓfl‰Í‡, ‰Îfl ‡ÒËÏÔÚÓÚËÍË ÚÂı Â„Ó ÌÂÁ‡‚ËÒËÏ˚ı Â¯ÂÌËÈ ÔÓÎÛ˜ÂÌ˚ ‡ÁÎÓ-
ÊÂÌËfl (4.6), (4.7) Ò ÍÓ˝ÙÙËˆËÂÌÚ‡ÏË

4.4. ì‡‚ÌÂÌËfl ‚ÚÓÓ„Ó ÔÓfl‰Í‡ ‚ ÒÎÛ˜‡Â a = 0

Ç ÒÎÛ˜‡Â a = 0 Û‡‚ÌÂÌËfl (3.2), (3.4) ‰Îfl ˜ÂÚÌ˚ı Ë ÌÂ˜ÂÚÌ˚ı Â¯ÂÌËÈ ÌÂ ÒÓ‰ÂÊ‡Ú ÍÓ˝ÙÙËˆË-
ÂÌÚÓ‚ Ò ÌÓÏÂÓÏ k – 3, ÔÓfl‰ÓÍ Û‡‚ÌÂÌËÈ ‡‚ÂÌ ‰‚ÛÏ Ë ÓÌË ËÏÂ˛Ú ÔÓ ‰‚‡ ÎËÌÂÈÌÓ ÌÂÁ‡‚ËÒËÏ˚ı

Â¯ÂÌËfl. ÄÒËÏÔÚÓÚËÍ‡ ÓÚÌÓ¯ÂÌËÈ /  Ë /  ÔË k  ∞ ‰Îfl m = 1, 2 ËÏÂÂÚ ‚Ë‰

„‰Â ‰Îfl ÔÂ‚˚ı ÍÓ˝ÙÙËˆËÂÌÚÓ‚ , , ,  ÔÓÎÛ˜ÂÌ˚ ‚˚‡ÊÂÌËfl

(4.8)
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ëäéêéïéÑéÇ

(4.9)

‚ ÙÓÏÛÎ‡ı (4.8), (4.9) ËÌ‰ÂÍÒ m = 1, 2.
àÁ ÔÓÎÛ˜ÂÌÌÓ„Ó ‡ÒËÏÔÚÓÚË˜ÂÒÍÓ„Ó ÔÓ‚Â‰ÂÌËfl ÍÓ˝ÙÙËˆËÂÌÚÓ‚ dk, ek, gk, hk ‡ÁÎÓÊÂÌËÈ (2.1),

(2.7), (3.1), (3.3), ÒÓ„Î‡ÒÌÓ ÔËÁÌ‡ÍÛ Ñ‡Î‡Ï·Â‡ ÒıÓ‰ËÏÓÒÚË fl‰Ó‚ (ÒÏ. [37]), ÒÎÂ‰ÛÂÚ, ˜ÚÓ ‚ÒÂ ‡ÁÎÓ-
ÊÂÌËfl ÒıÓ‰flÚÒfl ‰Îfl Î˛·ÓÈ ÍÓÌÂ˜ÌÓÈ ÚÓ˜ÍË y ∈ �, ÔË˜ÂÏ ÒÍÓÓÒÚ¸ ÒıÓ‰ËÏÓÒÚË ‚ÂÒ¸Ï‡ ‚˚ÒÓÍ‡fl.

5. ëÔÂÍÚ Á‡‰‡˜Ë ‰Îfl ÚÂ˜ÂÌËfl äÛ˝ÚÚ‡

5.1. Ç [38], [39] Ò ÔÓÏÓ˘¸˛ Ò‚ÓÈÒÚ‚ ÙÛÌÍˆËË ùÈË Ai(t) ·˚ÎÓ ‰ÓÍ‡Á‡ÌÓ, ˜ÚÓ ÚÂ˜ÂÌËÂ äÛ˝ÚÚ‡
ÛÒÚÓÈ˜Ë‚Ó ÔË ‚ÒÂı ‚ÓÎÌÓ‚˚ı ˜ËÒÎ‡ı α > 0 Ë ˜ËÒÎ‡ı êÂÈÌÓÎ¸‰Ò‡ R > 0. ÇÏÂÒÚÂ Ò ÚÂÏ ‰ËÌ‡ÏËÍ‡ ëá
ÔË ËÁÏÂÌÂÌËË Ô‡‡ÏÂÚÓ‚ α Ë R ÓÍ‡Á‡Î‡Ò¸ ‰Ó‚ÓÎ¸ÌÓ ÒÎÓÊÌÓÈ, ̃ ÚÓ Ë Á‡ÒÚ‡‚ËÎÓ Ì‡Ò Û‰ÂÎËÚ¸ ̋ ÚÓÏÛ
ÓÒÓ·ÓÂ ‚ÌËÏ‡ÌËÂ.

èÂ‰ÒÚ‡‚ËÏ ÂÁÛÎ¸Ú‡Ú˚ ‡Ò˜ÂÚ‡ ÒÔÂÍÚ‡ Á‡‰‡˜Ë ‰Îfl ÚÂ˜ÂÌËfl äÛ˝ÚÚ‡ Ò ÔÓÚÓÍÓÏ U(y) = y. íÓ˜-
ÌÓÒÚ¸ ‚˚˜ËÒÎÂÌËÈ ÔË ˝ÚÓÏ ‰ÓÒÚË„‡Î‡ 100 ‚ÂÌ˚ı ‰ÂÒ. ÁÌ. ˆ., ˜ÚÓ ÔÓÎÌÓÒÚ¸˛ ËÒÍÎ˛˜ËÎÓ ‚ÓÁÏÓÊ-
ÌÓÒÚ¸ “‡ÚÂÙ‡ÍÚÓ‚”.

ä‡Í ·˚ÎÓ ÓÚÏÂ˜ÂÌÓ ‚ Ô. 3.4, ÒÔÂÍÚ Ó·Î‡‰‡ÂÚ ÒËÏÏÂÚËÂÈ (3.6) ÓÚÌÓÒËÚÂÎ¸ÌÓ ÏÌËÏÓÈ ÓÒË.
ä‡Í ÔÓÍ‡Á‡ÌÓ ‚ [11], [12], ÔË ·ÓÎ¸¯Ëı ˜ËÒÎ‡ı R ÒÔÂÍÚ ‡ÒÔÓÎÓÊÂÌ Ì‡ ÌÂÒÍÓÎ¸ÍËı ‚ÂÚ‚flı ‚

ÔÓÎÛÔÓÎÓÒÂ {λ; Re(λ) ∈ (–1, 1), Im(λ) < 0}. Ñ‚Â ‚ÂÚ‚Ë ‡ÒÔÓÎÓÊÂÌ˚ Ò‚ÂıÛ Ë ÒÌËÁÛ ÓÚ ÓÚÂÁÍ‡, ÒÓ-

Â‰ËÌfl˛˘Â„Ó ‰‚Â ÚÓ˜ÍË ÍÓÏÔÎÂÍÒÌÓÈ ÔÎÓÒÍÓÒÚË Ò ÍÓÓ‰ËÌ‡Ú‡ÏË λ = –i/  Ë λ = 1; Ì‡ ˝ÚËı ‚ÂÚ‚flı
ÒÓ‰ÂÊËÚÒfl ÍÓÌÂ˜ÌÓÂ ̃ ËÒÎÓ ÚÓ˜ÂÍ ÒÔÂÍÚ‡. íÂÚ¸fl Ë ̃ ÂÚ‚ÂÚ‡fl ‚ÂÚ‚Ë ÒËÏÏÂÚË˜Ì˚ ÔÂ‚˚Ï ‰‚ÛÏ

ÓÚÌÓÒËÚÂÎ¸ÌÓ ÏÌËÏÓÈ ÓÒË. èÓÒÎÂ‰Ìflfl ‚ÂÚ‚¸ ‚ÍÎ˛˜‡ÂÚ ̃ ËÒÚÓ ÏÌËÏ˚Â ëá Ì‡ ÎÛ˜Â {Im(λ) < –1/ },
Ëı Ò˜ÂÚÌÓÂ ÏÌÓÊÂÒÚ‚Ó Ò ÔÂ‰ÂÎ¸ÌÓÈ ÚÓ˜ÍÓÈ λ = –i∞.

ç‡ ÙË„. 1 ÔÂ‰ÒÚ‡‚ÎÂÌ˚ ‚˚˜ËÒÎÂÌÌ˚Â ëá Á‡‰‡˜Ë (ÓÚÏÂ˜ÂÌ˚ ÍÛÊÓ˜Í‡ÏË) ‰Îfl ÁÌ‡˜ÂÌËÈ Ô‡‡-
ÏÂÚÓ‚ α = 1, R = 4000; Ì‡ ÏÌËÏÓÈ ÓÒË Á‰ÂÒ¸ ÔÓÍ‡Á‡Ì˚ ëá Ò Im(λ) > –1, ÒÔÎÓ¯ÌÓÈ ÎËÌËÂÈ ÓÚÏÂ˜Â-

Ì˚ ÓÚÂÁÍË �1 Ë �2, ÒÓÂ‰ËÌfl˛˘ËÂ ÚÓ˜ÍË λ = –1 Ë λ = 1 Ò ÚÓ˜ÍÓÈ λ∗  = –i/ . ùÚÓ ‡ÒÔÂ‰ÂÎÂÌËÂ
ëá ÒÓ‚Ô‡‰‡ÂÚ Ò ÂÁÛÎ¸Ú‡Ú‡ÏË ‚ [11], [12], [6].

í‡ÍÛ˛ Í‡ÚËÌÛ Ì‡Á˚‚‡˛Ú “ÒÔÂÍÚ‡Î¸Ì˚È „‡ÎÒÚÛÍ”, ‰ÂÚ‡Î¸ÌÓÏÛ ËÒÒÎÂ‰Ó‚‡ÌË˛ ̋ ÚÓ„Ó ÔÓÚÂÚ‡
ÔË ·ÓÎ¸¯Ëı ˜ËÒÎ‡ı êÂÈÌÓÎ¸‰Ò‡ R ÔÓÒ‚fl˘ÂÌ˚ ‡·ÓÚ˚ [11], [12]. Ç ˜‡ÒÚÌÓÒÚË, Ú‡Ï ‚˚‚Â‰ÂÌ˚
‡ÒËÏÔÚÓÚË˜ÂÒÍËÂ ÔË R  ∞ ÙÓÏÛÎ˚ ‰Îfl ÍÓÓ‰ËÌ‡Ú ëá Ì‡ ‚ÒÂı ‚ÂÚ‚flı. àÁ ˝ÚËı ÂÁÛÎ¸Ú‡ÚÓ‚
ÒÎÂ‰ÛÂÚ, ˜ÚÓ ÔÂ‚˚Â ˜ÂÚ˚Â ‚ÂÚ‚Ë ÒÚÂÏflÚÒfl Í Ò‚ÓÂÏÛ ÔÂ‰ÂÎ¸ÌÓÏÛ ÔÓÎÓÊÂÌË˛ – ÓÚÏÂ˜ÂÌÌ˚Ï

ÓÚÂÁÍ‡Ï �1 Ë �2, ÔË˜ÂÏ ‡ÒÒÚÓflÌËÂ ‰Ó ÓÚÂÁÍÓ‚ ËÏÂÂÚ ‡ÒËÏÔÚÓÚËÍÛ ~ .
èË Û‚ÂÎË˜ÂÌËË ˜ËÒÎ‡ R ÍÓÎË˜ÂÒÚ‚Ó ëá Ë Ëı ÔÎÓÚÌÓÒÚ¸ Ì‡ ÔÂ‚˚ı ˜ÂÚ˚Âı ‚ÂÚ‚flı ‚ÓÁ‡ÒÚ‡-

˛Ú. ç‡ ÙË„. 2 ÔÂ‰ÒÚ‡‚ÎÂÌ ÒÔÂÍÚ Á‡‰‡˜Ë ‰Îfl ÁÌ‡˜ÂÌËÈ Ô‡‡ÏÂÚÓ‚ α = 1, R = 104 Ë ÓÚÂÁÍË �1 Ë

�2; Ì‡ ÏÌËÏÓÈ ÓÒË ÔÓÍ‡Á‡Ì˚ ëá Ò Im(λ) > –1. ç‡‰ ÚÓ˜ÍÓÈ λ∗  = –i/  Á‰ÂÒ¸ ‚Ë‰Ì˚ ‰‚‡ ·ÎËÁÍËı ëá
λ = –0.545i Ë λ = –0.554i.

ç‡ ÙË„. 3 ‰‡ÌÓ Ò‡‚ÌÂÌËÂ ‚ ÓÍÂÒÚÌÓÒÚË ÓÚÂÁÍ‡ �1 (ÔÓÍ‡Á‡Ì ÒÔÎÓ¯ÌÓÈ ÎËÌËÂÈ) ÚÓ˜Ì˚ı ëá
(ÓÚÏÂ˜ÂÌ˚ ÍÛÊÓ˜Í‡ÏË) Ë ‡ÒËÏÔÚÓÚËÍ ËÁ [11], [12] (ÓÚÏÂ˜ÂÌ˚ ÍÂÒÚËÍ‡ÏË) ‰Îfl α = 1, R = 104. ÇË‰-
Ì‡ ‚˚ÒÓÍ‡fl ÚÓ˜ÌÓÒÚ¸ ÂÁÛÎ¸Ú‡ÚÓ‚ ËÁ [11], [12], ÔË˜ÂÏ ÔË Û‚ÂÎË˜ÂÌËË ˜ËÒÎ‡ R ˝Ú‡ ÚÓ˜ÌÓÒÚ¸ ÒÚ‡-
ÌÓ‚ËÚÒfl Â˘Â ‚˚¯Â.

é‰Ì‡ÍÓ ‚ ÓÍÂÒÚÌÓÒÚË ÛÁÎÓ‚ÓÈ ÚÓ˜ÍË ÔÂÂÒÂ˜ÂÌËfl ‚ÂÚ‚ÂÈ, Ú.Â. ÚÓ˜ÍË λ∗  = –i/ , ÙÓÏÛÎ˚ ËÁ
[11], [12] ÔÂÂÒÚ‡˛Ú ‡·ÓÚ‡Ú¸ Ë Á‰ÂÒ¸ ÌÂÓ·ıÓ‰ËÏ ‰ÂÚ‡Î¸Ì˚È ˜ËÒÎÂÌÌ˚È ‡Ì‡ÎËÁ ÒÔÂÍÚ‡. ä‡Í ·Û-
‰ÂÚ ÔÓÍ‡Á‡ÌÓ ‰‡ÎÂÂ, ËÏÂÌÌÓ Á‰ÂÒ¸ ÔË Û‚ÂÎË˜ÂÌËË ˜ËÒÎ‡ R ÔÓËÒıÓ‰ËÚ ÔÂÂıÓ‰ ÚÓ˜ÂÍ ÒÔÂÍÚ‡ Ò
ÌËÊÌÂÈ ‚ÂÚ‚Ë Ì‡ ˜ÂÚ˚Â ÔÂ‚˚Â ‚ÂÚ‚Ë. Ñ‡ÎÂÂ ÔË‚Â‰ÂÏ ÂÁÛÎ¸Ú‡Ú˚ ‡Ò˜ÂÚ‡ ÒÔÂÍÚ‡ λn ÔË ÙËÍ-
ÒËÓ‚‡ÌÌÓÏ ÁÌ‡˜ÂÌËË ‚ÓÎÌÓ‚Ó„Ó ˜ËÒÎ‡ α = 1 Ë Û‚ÂÎË˜ÂÌËË ˜ËÒÎ‡ R > 0. áÌ‡˜ÂÌËfl λn ·Û‰ÂÏ ‡Ò-
ÒÏ‡ÚË‚‡Ú¸ Í‡Í ÙÛÌÍˆËË ˜ËÒÎ‡ R, Ú.Â. λn = λn(R).

èË Ï‡Î˚ı ÁÌ‡˜ÂÌËflı R ‚ÂÒ¸ ÒÔÂÍÚ λn ÎÂÊËÚ Ì‡ ÏÌËÏÓÈ ÓÚËˆ‡ÚÂÎ¸ÌÓÈ ÓÒË. èË‚Â‰ÂÏ Ò ÚÓ˜-
ÌÓÒÚ¸˛ 5 ‰ÂÒ. ÁÌ. ˆ. ÔÂ‚˚Â 4 ÁÌ‡˜ÂÌËfl λn ‰Îfl ˜ËÒÎ‡ R = 1:
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λ1 9.31481i, λ2– 20.57596i, λ3– 38.94677i, λ4– 60.05523i.–= = = =
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èË Û‚ÂÎË˜ÂÌËË ˜ËÒÎ‡ R ‰Ó ‚ÂÎË˜ËÌ˚ R = 49 ‚ÒÂ ÁÌ‡˜ÂÌËfl λn ÔË·ÎËÊ‡˛ÚÒfl Í Ì‡˜‡ÎÛ ÍÓÓ‰ËÌ‡Ú.
Ñ‡‰ËÏ ÔÂ‚˚Â 4 ÁÌ‡˜ÂÌËfl λn ÔË R = 49:

èË ‰‡Î¸ÌÂÈ¯ÂÏ Û‚ÂÎË˜ÂÌËË ˜ËÒÎ‡ R > 49 ÁÌ‡˜ÂÌËÂ λ1(R) ÓÒÚ‡Ì‡‚ÎË‚‡ÂÚÒfl ÔË Ra = 49.0570,
‰ÓÒÚË„‡fl ‚ÂÎË˜ËÌ˚ λ1(Ra) = –0.288165i, ‡ Á‡ÚÂÏ Û‰‡ÎflÂÚÒfl ÓÚ Ì‡˜‡Î‡ ÍÓÓ‰ËÌ‡Ú, ÏÂ‰ÎÂÌÌÓ ÔË·ÎË-
Ê‡flÒ¸ Í ÁÌ‡˜ÂÌË˛ λ2(R).

è‡‡ÎÎÂÎ¸ÌÓ ˝ÚÓÏÛ ÔÓˆÂÒÒÛ ÔË ‰ÓÒÚËÊÂÌËË R = Rb = 54.93702 ÁÌ‡˜ÂÌËÂ λ3 ÓÒÚ‡Ì‡‚ÎË‚‡ÂÚÒfl,
‰ÓÒÚË„‡fl ‚ÂÎË˜ËÌ˚ λ3(Rb) = –0.715297i, ‡ Á‡ÚÂÏ Û‰‡ÎflÂÚÒfl ÓÚ Ì‡˜‡Î‡ ÍÓÓ‰ËÌ‡Ú, ÔË·ÎËÊ‡flÒ¸ Í
ÁÌ‡˜ÂÌË˛ λ4(R). èË ˜ËÒÎÂ R = R1 = 61.917759 ÁÌ‡˜ÂÌËfl λ3(R) Ë λ4(R) ÒÚ‡ÎÍË‚‡˛ÚÒfl, Ó·‡ÁÛfl ÔÂ-
‚ÓÂ ‰‚ÓÈÌÓÂ ÒÓ·ÒÚ‚ÂÌÌÓÂ ÁÌ‡˜ÂÌËÂ

(5.1)

èË ‰‡Î¸ÌÂÈ¯ÂÏ Û‚ÂÎË˜ÂÌËË R > R1 ˝ÚÓ ‰‚ÓÈÌÓÂ ëá ‡ÒÔ‡‰‡ÂÚÒfl Ì‡ ‰‚‡ ÔÓÒÚ˚ı, ‰‚ËÊÛ˘ËıÒfl ‚
ÍÓÏÔÎÂÍÒÌÓÈ ÔÎÓÒÍÓÒÚË ÒËÏÏÂÚË˜ÌÓ ÓÚÌÓÒËÚÂÎ¸ÌÓ ÏÌËÏÓÈ ÓÒË Ë Û‰‡Îfl˛˘ËıÒfl ÓÚ ÌÂÂ.

óËÒÎÂÌÌ˚È ‡Ò˜ÂÚ ÔÓÍ‡Á˚‚‡ÂÚ, ̃ ÚÓ ÔË ÍÓÏÔÎÂÍÒËÙËÍ‡ˆËË Ô‡‡ÏÂÚ‡ R ‚ ÓÍÂÒÚÌÓÒÚË ÚÓ˜ÍË
R = R1 ‰‚‡ ëá λ3(R) Ë λ4(R) ËÏÂ˛Ú ÔÓ‚Â‰ÂÌËÂ

(5.2)

„‰Â Ψ(R) Ë Φ(R) – Â„ÛÎflÌ˚Â ÙÛÌÍˆËË ‚ ÓÍÂÒÚÌÓÒÚË ÚÓ˜ÍË R = R1, Ú.Â. ÙÛÌÍˆËË λ3(R) Ë λ4(R) ËÏÂ-
˛Ú ÔË R = R1 ÚÓ˜ÍÛ ‚ÂÚ‚ÎÂÌËfl ‚ÚÓÓ„Ó ÔÓfl‰Í‡.

ÄÌ‡ÎÓ„Ë˜ÌÓÂ ÔÓ‚Â‰ÂÌËÂ ËÏÂÂÚ Ô‡‡ λ1(R) Ë λ2(R) ÔË ‰‡Î¸ÌÂÈ¯ÂÏ Û‚ÂÎË˜ÂÌËË ˜ËÒÎ‡ êÂÈ-
ÌÓÎ¸‰Ò‡ R. èË R2 = 65.52023 ÁÌ‡˜ÂÌËfl λ1(R) Ë λ2(R) ÒÚ‡ÎÍË‚‡˛ÚÒfl Ì‡ ÏÌËÏÓÈ ÓÒË, Ó·‡ÁÛfl ‚ÚÓÓÂ
‰‚ÓÈÌÓÂ ëá

(5.3)

ÍÓÚÓÓÂ ÔË ‰‡Î¸ÌÂÈ¯ÂÏ Û‚ÂÎË˜ÂÌËË R > R2 Ú‡ÍÊÂ ‡ÒÔ‡‰‡ÂÚÒfl Ì‡ ‰‚‡ ÔÓÒÚ˚ı, ÒËÏÏÂÚË˜Ì˚ı
ÓÚÌÓÒËÚÂÎ¸ÌÓ ÏÌËÏÓÈ ÓÒË. í‡ÍËÏ Ó·‡ÁÓÏ, ÚÓ˜Í‡ R = R2 Ú‡ÍÊÂ fl‚ÎflÂÚÒfl ÚÓ˜ÍÓÈ ‚ÂÚ‚ÎÂÌËfl ‚ÚÓ-
Ó„Ó ÔÓfl‰Í‡ ‰Îfl ÙÛÌÍˆËÈ λ1(R) Ë λ2(R).

í‡ÂÍÚÓËË ëá λ1(R), λ2(R) Ë λ3(R), λ4(R) ÔË Û‚ÂÎË˜ÂÌËË ˜ËÒÎ‡ R ∈ [25, 10 4] ÔÓÍ‡Á‡Ì˚ Ì‡
ÙË„. 4. ÑÎfl Ì‡„Îfl‰ÌÓÒÚË ‰‚ËÊÂÌËÂ ëá ‚‚Âı Ë ‚ÌËÁ ÔÓ ÏÌËÏÓÈ ÓÒË Á‰ÂÒ¸ ÔÂ‰ÒÚ‡‚ÎÂÌÓ ‚ ‚Ë‰Â ‰‚Ûı
·ÎËÁÍËı Ô‡‡ÎÎÂÎ¸Ì˚ı ÔÛÚÂÈ. íÓ˜Í‡ A ÒÓÓÚ‚ÂÚÒÚ‚ÛÂÚ ÔÂ‚ÓÏÛ ‰‚ÓÈÌÓÏÛ ëá (5.1), ÚÓ˜Í‡ B – ‚ÚÓ-
ÓÏÛ ‰‚ÓÈÌÓÏÛ ëá (5.3). èÛÌÍÚËÓÏ ÔÓÍ‡Á‡Ì˚ ÓÚÂÁÍË �1 Ë �2, Í ÍÓÚÓ˚Ï ÁÌ‡˜ÂÌËfl λ1(R) Ë λ2(R)
ÒËÏÏÂÚË˜ÌÓ ÔË·ÎËÊ‡˛ÚÒfl Ò‚ÂıÛ, ‡ ÁÌ‡˜ÂÌËfl λ3(R) Ë λ4(R) – ÒÌËÁÛ.

èÓÒÎÂ‰Û˛˘ËÂ ÁÌ‡˜ÂÌËfl λn(R) Ò ÌÓÏÂ‡ÏË n > 4 ÔË Û‚ÂÎË˜ÂÌËË R ‚Â‰ÛÚ ÒÂ·fl ·ÓÎÂÂ ÒÎÓÊÌ˚Ï
Ó·‡ÁÓÏ Ë Ëı Ì‡‰Ó ‡ÒÒÏ‡ÚË‚‡Ú¸ ˜ÂÚ‚ÂÍ‡ÏË.

λ1 0.28817i, λ2– 0.66644i, λ3– 0.75028i, λ4– 1.18513i.–= = = =

λ3 R1( ) λ4 R1( ) 0.799834979i.–= =

λ3 4, R( ) R R1– Ψ R( ) Φ R( ),+±=

λ1 R2( ) λ2 R2( ) 0.38816096i,–= =
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áÌ‡˜ÂÌËÂ λ5(R) ‚Â‰ÂÚ ÒÂ·fl ‡Ì‡ÎÓ„Ë˜ÌÓ ÔÓ‚Â‰ÂÌË˛ λ1(R): ÒÌ‡˜‡Î‡ ÓÌÓ ÔË·ÎËÊ‡ÂÚÒfl Í Ì‡˜‡ÎÛ
ÍÓÓ‰ËÌ‡Ú ÔÓ ÏÌËÏÓÈ ÓÒË, Á‡ÚÂÏ ÓÒÚ‡Ì‡‚ÎË‚‡ÂÚÒfl ÔË R = 224.300, ÔÓÚÓÏ Û‰‡ÎflÂÚÒfl ÓÚ Ì‡˜‡Î‡ ÍÓ-
Ó‰ËÌ‡Ú. Ñ‡Î¸ÌÂÈ¯Û˛ Â„Ó ‰ËÌ‡ÏËÍÛ ÓÔË¯ÂÏ ÌËÊÂ.

ëÎÂ‰Û˛˘ËÂ ‰‚‡ ÁÌ‡˜ÂÌËfl λ6(R) Ë λ7(R) ‚Ì‡˜‡ÎÂ ‚Â‰ÛÚ ÒÂ·fl ‡Ì‡ÎÓ„Ë˜ÌÓ ÔÓ‚Â‰ÂÌË˛ λ1(R) Ë λ2(R):
ÁÌ‡˜ÂÌËÂ λ6(R) ÔË·ÎËÊ‡ÂÚÒfl Í Ì‡˜‡ÎÛ ÍÓÓ‰ËÌ‡Ú, Á‡ÚÂÏ ÓÒÚ‡Ì‡‚ÎË‚‡ÂÚÒfl, ÔÓÚÓÏ ‰‚ËÊÂÚÒfl Ì‡-
‚ÒÚÂ˜Û λ7(R) Ë Ó·‡ÁÛÂÚ ÚÂÚ¸Â ‰‚ÓÈÌÓÂ ëá ÔË R = R3 = 205.77778:

(5.4)

èË ˜ËÒÎÂ R = R3 ˝ÚÓ ‰‚ÓÈÌÓÂ ëá ‡ÒÔ‡‰‡ÂÚÒfl Ì‡ ‰‚‡ ÔÓÒÚ˚ı ëá, ‰‚ËÊÛ˘ËıÒfl ÒËÏÏÂÚË˜ÌÓ ‚
ÍÓÏÔÎÂÍÒÌÓÈ ÔÎÓÒÍÓÒÚË, ÒÌ‡˜‡Î‡ Û‰‡ÎflflÒ¸ ÓÚ ÏÌËÏÓÈ ÓÒË Ì‡ ‡ÒÒÚÓflÌËÂ ÔÓfl‰Í‡ 0.01, ‡ Á‡ÚÂÏ
ÔË·ÎËÊ‡flÒ¸ Í ÌÂÈ. èË R = R4 = 214.40338 ˝ÚË ‰‚‡ ÔÓÒÚ˚ı ëá ÓÔflÚ¸ ÒÚ‡ÎÍË‚‡˛ÚÒfl Ì‡ ÏÌËÏÓÈ
ÓÒË Ë Ó·‡ÁÛ˛Ú ÒÎÂ‰Û˛˘ÂÂ, ˜ÂÚ‚ÂÚÓÂ ‰‚ÓÈÌÓÂ ëá:

(5.5)

ç‡ ÙË„. 5 ÔÓÍ‡Á‡Ì˚ Ú‡ÂÍÚÓËË ÁÌ‡˜ÂÌËÈ λ6(R) Ë λ7(R) ÔË Û‚ÂÎË˜ÂÌËË ˜ËÒÎ‡ R ∈ [182, 228]. íÓ˜-
Í‡ A Á‰ÂÒ¸ ÒÓÓÚ‚ÂÚÒÚ‚ÛÂÚ ‰‚ÓÈÌÓÏÛ ëá (5.4), ÚÓ˜Í‡ B – ‰‚ÓÈÌÓÏÛ ëá (5.5).

èË ‰‡Î¸ÌÂÈ¯ÂÏ Û‚ÂÎË˜ÂÌËË ˜ËÒÎ‡ R > R4 ˝ÚÓ ˜ÂÚ‚ÂÚÓÂ ‰‚ÓÈÌÓÂ ëá ‡ÒÔ‡‰‡ÂÚÒfl Ì‡ ‰‚‡ ÔÓ-
ÒÚ˚ı ëá, ‰‚ËÊÛ˘ËıÒfl ‚ ‡ÁÌ˚Â ÒÚÓÓÌ˚ ÔÓ ÏÌËÏÓÈ ÓÒË. Ñ‡ÎÂÂ Ó‰ÌÓ ËÁ ˝ÚËı ëá, ‰‚ËÊÛ˘ËıÒfl ÓÚ
Ì‡˜‡Î‡ ÍÓÓ‰ËÌ‡Ú, ÔË ˜ËÒÎÂ R = R5 = 233.273196 ÒÚ‡ÎÍË‚‡ÂÚÒfl ÒÓ ÁÌ‡˜ÂÌËÂÏ λ8(R) Ë Ó·‡ÁÛÂÚ Ôfl-
ÚÓÂ ‰‚ÓÈÌÓÂ ëá:

(5.6)

á‰ÂÒ¸ ÌÂÓ·ıÓ‰ËÏÓ ÓÚÏÂÚËÚ¸, ˜ÚÓ ÔÓÒÎÂ ‡ÒÔ‡‰‡ ‰‚ÓÈÌÓ„Ó ëá Ì‡ ‰‚‡ ÔÓÒÚ˚ı Ï˚ ÌÂ ÏÓÊÂÏ Ó‰ÌÓ-
ÁÌ‡˜ÌÓ ÔËÔËÒ‡Ú¸ ÌÓÏÂ Í‡Ê‰ÓÏÛ ÔÓÒÚÓÏÛ ëá – ÌÂÓ·ıÓ‰ËÏÓ ÌÂÍÓÚÓÓÂ Ô‡‚ËÎÓ Ëı ÌÛÏÂ‡ˆËË.
èÓ˝ÚÓÏÛ ‚ (5.6) Û ‚ÚÓÓ„Ó ëá ËÒÔÓÎ¸ÁÓ‚‡Ì ËÌ‰ÂÍÒ (6, 7), ÔÓÍ‡Á˚‚‡˛˘ËÈ, ˜ÚÓ ÚÓÎ¸ÍÓ Ó‰ÌÓ ËÁ ËÒ-
ıÓ‰Ì˚ı ÁÌ‡˜ÂÌËÈ λ6(R) Ë λ7(R) Û˜‡ÒÚ‚ÛÂÚ ‚ Ó·‡ÁÓ‚‡ÌËË ‰‚ÓÈÌÓ„Ó ëá (5.6).

èË ‰‡Î¸ÌÂÈ¯ÂÏ Û‚ÂÎË˜ÂÌËË ˜ËÒÎ‡ R > R5 ‰‚ÓÈÌÓÂ ëá (5.6) ‡ÒÔ‡‰‡ÂÚÒfl Ì‡ ‰‚‡ ÔÓÒÚ˚ı ÁÌ‡-
˜ÂÌËfl, ‰‚ËÊÛ˘ËıÒfl ÒËÏÏÂÚË˜ÌÓ ‚ ÍÓÏÔÎÂÍÒÌÓÈ ÔÎÓÒÍÓÒÚË Ë ÔË·ÎËÊ‡˛˘ËıÒfl Í ÔÂ‰ÂÎ¸Ì˚Ï
ÓÚÂÁÍ‡Ï �1 Ë �2 ÒÌËÁÛ. í‡ÂÍÚÓËË ˝ÚËı ëá ‡Ì‡ÎÓ„Ë˜Ì˚ ÌËÊÌËÏ “ÛÒ‡Ï” Ì‡ ÙË„. 4.

é‰ÌÓ‚ÂÏÂÌÌÓ Ò ÓÔËÒ‡ÌÌ˚Ï ÔÓÒÎÂ‰ÌËÏ ÔÓˆÂÒÒÓÏ ÔË Û‚ÂÎË˜ÂÌËË ̃ ËÒÎ‡ R > R4, Í‡Í ·˚ÎÓ ÒÍ‡-
Á‡ÌÓ ‡ÌÂÂ, ˜ÂÚ‚ÂÚÓÂ ‰‚ÓÈÌÓÂ ëá (5.5) ‡ÒÔ‡‰‡ÂÚÒfl Ì‡ ‰‚‡ ÔÓÒÚ˚ı ˜ËÒÚÓ ÏÌËÏ˚ı ÁÌ‡˜ÂÌËfl. é‰-
ÌÓ ËÁ ˝ÚËı ëá λ(6, 7) ‰‚ËÊÂÚÒfl Í Ì‡˜‡ÎÛ ÍÓÓ‰ËÌ‡Ú Ë ÔË ˜ËÒÎÂ R = R6 = 253.42383 ÒÚ‡ÎÍË‚‡ÂÚÒfl ÒÓ
ÁÌ‡˜ÂÌËÂÏ λ5(R), Ó·‡ÁÛfl ¯ÂÒÚÓÂ ‰‚ÓÈÌÓÂ ëá:

(5.7)

λ6 R3( ) λ7 R3( ) 0.66527009i.–= =

λ6 R4( ) λ7 R4( ) 0.64739767i.–= =

λ8 R5( ) λ 6 7,( ) R5( ) 0.70574959i.–= =

λ5 R6( ) λ 6 7,( ) R6( ) 0.458236635i.–= =
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èË ‰‡Î¸ÌÂÈ¯ÂÏ Û‚ÂÎË˜ÂÌËË ˜ËÒÎ‡ R > R6 ‰‚ÓÈÌÓÂ ëá (5.7) ‡ÒÔ‡‰‡ÂÚÒfl Ì‡ ‰‚‡ ÔÓÒÚ˚ı ÁÌ‡-
˜ÂÌËfl, ‰‚ËÊÛ˘ËıÒfl ÒËÏÏÂÚË˜ÌÓ ‚ ÍÓÏÔÎÂÍÒÌÓÈ ÔÎÓÒÍÓÒÚË Ë ÔË·ÎËÊ‡˛˘ËıÒfl Í ÔÂ‰ÂÎ¸Ì˚Ï
ÓÚÂÁÍ‡Ï �1 Ë �2 Ò‚ÂıÛ. í‡ÂÍÚÓËË ˝ÚËı ëá ‡Ì‡ÎÓ„Ë˜Ì˚ ‚ÂıÌËÏ “ÛÒ‡Ï” Ì‡ ÙË„. 4.

ç‡ ˝ÚÓÏ Á‡Í‡Ì˜Ë‚‡ÂÚÒfl ÓÔËÒ‡ÌËÂ Ú‡ÂÍÚÓËÈ “Í‚‡ÚÂÚ‡” ‚Á‡ËÏÓÒ‚flÁ‡ÌÌ˚ı ëá Ò ÌÓÏÂ‡ÏË n =
= 5, 6, 7, 8.

èË ‰‡Î¸ÌÂÈ¯ÂÏ Û‚ÂÎË˜ÂÌËË ˜ËÒÎ‡ R ‚ÒÂ ÔÓÒÎÂ‰Û˛˘ËÂ ëá Ò ÌÓÏÂ‡ÏË 4m + 1, 4m + 2, 4m + 3,
4m + 4 (m ≥ 2) ‚Â‰ÛÚ ÒÂ·fl ‡Ì‡ÎÓ„Ë˜ÌÓ ˝ÚÓÈ ˜ÂÚ‚ÂÍÂ. ëÌ‡˜‡Î‡ ‰‚‡ ëá λ4m + 2(R) Ë λ4m + 3(R) ÒÚ‡ÎÍË-
‚‡˛ÚÒfl Ì‡ ÏÌËÏÓÈ ÓÒË, Ó·‡ÁÛfl ÌÓ‚ÓÂ ‰‚ÓÈÌÓÂ ëá Ò ÌÓÏÂÓÏ 4m – 1, Á‡ÚÂÏ ÓÌÓ ‡ÒÔ‡‰‡ÂÚÒfl Ì‡ ‰‚‡
ÔÓÒÚ˚ı ëá, ‰‚ËÊÛ˘ËıÒfl ÒËÏÏÂÚË˜ÌÓ ‚ ÍÓÏÔÎÂÍÒÌÓÈ ÔÎÓÒÍÓÒÚË ÔÓ ‰Û„‡Ï, ‡Ì‡ÎÓ„Ë˜Ì˚Ï ÙË„. 5.
Ñ‡ÎÂÂ ˝ÚË ëá ÓÔflÚ¸ ÒÚ‡ÎÍË‚‡˛ÚÒfl Ì‡ ÏÌËÏÓÈ ÓÒË, Ó·‡ÁÛfl ÒÎÂ‰Û˛˘ÂÂ ‰‚ÓÈÌÓÂ ëá Ò ÌÓÏÂÓÏ 4m,
ÍÓÚÓÓÂ Á‡ÚÂÏ ‡ÒÔ‡‰‡ÂÚÒfl Ì‡ ‰‚‡ ÔÓÒÚ˚ı ˜ËÒÚÓ ÏÌËÏ˚ı ëá. Ñ‡ÎÂÂ Ó‰ÌÓ ËÁ ˝ÚËı ëá ÒÚ‡ÎÍË‚‡-
ÂÚÒfl Ò ëá λ4m + 4(R), Ó·‡ÁÛfl ÒÎÂ‰Û˛˘ÂÂ ‰‚ÓÈÌÓÂ ëá Ò ÌÓÏÂÓÏ 4m + 1, ÍÓÚÓÓÂ Á‡ÚÂÏ ‡ÒÔ‡‰‡ÂÚÒfl
Ì‡ ‰‚‡ ÔÓÒÚ˚ı ÒËÏÏÂÚË˜Ì˚ı ëá, ‰‚ËÊÛ˘ËıÒfl ‚ ÔÎÓÒÍÓÒÚË Ë ÔË·ÎËÊ‡˛˘ËıÒfl Í ÔÂ‰ÂÎ¸Ì˚Ï
ÓÚÂÁÍ‡Ï �1 Ë �2 ÒÌËÁÛ. Ñ‡ÎÂÂ ‚ÚÓÓÂ ëá ËÁ Ô‡˚ Ò ÌÓÏÂ‡ÏË 4m + 2 Ë 4m + 3 ÒÚ‡ÎÍË‚‡ÂÚÒfl Ò ëá
λ4m + 1(R), Ó·‡ÁÛfl ÌÓ‚ÓÂ ‰‚ÓÈÌÓÂ ëá Ò ÌÓÏÂÓÏ 4m + 2; Á‡ÚÂÏ ÓÌÓ ‡ÒÔ‡‰‡ÂÚÒfl Ì‡ ‰‚‡ ÒËÏÏÂÚË˜-
Ì˚ı ÔÓÒÚ˚ı ëá, ÔË·ÎËÊ‡˛˘ËıÒfl Í ÓÚÂÁÍ‡Ï �1 Ë �2 Ò‚ÂıÛ.

éÚÎË˜ËÂ ‚ ÔÓ‚Â‰ÂÌËË Í‡Ê‰ÓÈ ÒÎÂ‰Û˛˘ÂÈ ˜ÂÚ‚ÂÍË ÒÓÒÚÓËÚ ‚ ÚÓÏ, ˜ÚÓ ÌÓ‚˚Â ‰‚ÓÈÌ˚Â ëá ‡Ò-

ÔÓÎÓÊÂÌ˚ ‚ÒÂ ·ÎËÊÂ Í ÛÁÎÓ‚ÓÈ ÚÓ˜ÍÂ λ∗  = –i/ , ‡ Ú‡ÂÍÚÓËË ÏÂÊ‰Û ‰‚ÛÏfl ‰‚ÓÈÌ˚ÏË ëá, ‡Ì‡-
ÎÓ„Ë˜Ì˚Â ÙË„. 5, ‚ÒÂ ÒËÎ¸ÌÂÂ ÔËÊËÏ‡˛ÚÒfl Í ÏÌËÏÓÈ ÓÒË. í‡Í, ëá λ34(R) Ë λ35(R) ÔË ˜ËÒÎÂ R31 =
= 4454.06 Ó·‡ÁÛ˛Ú ‰‚ÓÈÌÓÂ ëá λ34, 35(R31) = –0.6111i, ÍÓÚÓÓÂ Á‡ÚÂÏ ‡ÒÔ‡‰‡ÂÚÒfl Ì‡ ‰‚‡ ÔÓÒÚ˚ı
ëá, Û‰‡Îfl˛˘ËıÒfl ÓÚ ÏÌËÏÓÈ ÓÒË Ì‡ ‡ÒÒÚÓflÌËÂ 0.005 Ë Ó·‡ÁÛ˛˘Ëı ÔË R32 = 4567.6 ÒÎÂ‰Û˛˘ÂÂ
‰‚ÓÈÌÓÂ ëá; λ34, 35(R32) = –0.6014i.

ÄÌ‡ÎÓ„Ë˜Ì‡fl Í‡ÚËÌ‡ Ó·‡ÁÓ‚‡ÌËfl Ë ‡ÒÔ‡‰‡ ‰‚ÓÈÌ˚ı ëá ËÏÂÂÚ ÏÂÒÚÓ ÔË ËÁÏÂÌÂÌËË ‚ÓÎÌÓ-
‚Ó„Ó ˜ËÒÎ‡ α > 0.

èÓ‚Â‰ÂÌÌ˚È ̃ ËÒÎÂÌÌ˚È ‡Ì‡ÎËÁ ÔË ‚Â˘ÂÒÚ‚ÂÌÌ˚ı α > 0 Ë ̃ ËÒÎ‡ı êÂÈÌÓÎ¸‰Ò‡ ‚ÔÎÓÚ¸ ‰Ó R = 106

ÔÓ‰Ú‚Â‰ËÎ, ˜ÚÓ ‚ÒÂ ëá ‰Îfl ÚÂ˜ÂÌËfl äÛ˝ÚÚ‡ ÓÒÚ‡˛ÚÒfl ‚ ÔÓÎÛÔÓÎÓÒÂ {λ: Re(λ) ∈  (–1, 1), Im(λ) < 0},
Ú.Â. ÚÂ˜ÂÌËÂ ÛÒÚÓÈ˜Ë‚Ó ÔË α > 0. Ñ‡ÎÂÂ ·Û‰ÛÚ ÔÂ‰ÒÚ‡‚ÎÂÌ˚ ÂÁÛÎ¸Ú‡Ú˚ ÔË ÍÓÏÔÎÂÍÒÌÓÏ α > 0,
„Ó‚Ófl˘ËÂ Ó ‚ÓÁÌËÍÌÓ‚ÂÌËË ÌÂÛÒÚÓÈ˜Ë‚ÓÒÚË.

5.2. Ç˚˜ËÒÎÂÌËÂ ÚÓ˜ÂÍ ‚ÂÚ‚ÎÂÌËfl

èË Â¯ÂÌËË Û‡‚ÌÂÌËfl (2.16) ÏÂÚÓ‰ÓÏ ç¸˛ÚÓÌ‡ (2.17) ÚÛ‰ÌÓÒÚË ‚ÓÁÌËÍ‡˛Ú ÎË¯¸ ‰Îfl ëá,
·ÎËÁÍËı Í ‰‚ÓÈÌ˚Ï ÁÌ‡˜ÂÌËflÏ. ùÚÓ Ò‚flÁ‡ÌÓ Ò ÚÂÏ, ˜ÚÓ ÔÓËÁ‚Ó‰Ì‡fl Wr'(λ) ÒÚ‡ÌÓ‚ËÚÒfl ·ÎËÁÍÓÈ Í
ÌÛÎ˛ (‡ ‚ Ò‡ÏÓÏ ‰‚ÓÈÌÓÏ ëá ‚ÂÎË˜ËÌ‡ Wr'(λ) = 0) Ë ÔÓˆÂÒÒ (2.17) ÓÍ‡Á˚‚‡ÂÚÒfl Ó˜ÂÌ¸ ÏÂ‰ÎÂÌÌÓ
ÒıÓ‰fl˘ËÏÒfl.

3
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ÑÎfl ÔÂÓ‰ÓÎÂÌËfl ˝ÚÓÈ ÚÛ‰ÌÓÒÚË ·˚Î ËÒÔÓÎ¸ÁÓ‚‡Ì ÏÓ‰ËÙËˆËÓ‚‡ÌÌ˚È ÏÂÚÓ‰ ç¸˛ÚÓÌ‡, Û˜Ë-
Ú˚‚‡˛˘ËÈ ‚ÚÓÛ˛ ÔÓËÁ‚Ó‰ÌÛ˛ Wr'':

(5.8)

„‰Â ‚ÂÚ‚¸ ‚ (5.8) ‚˚·Ë‡Î‡Ò¸ Ú‡ÍÓÈ, ̃ ÚÓ·˚ Ó·ÂÒÔÂ˜ËÚ¸ ÌÂÔÂ˚‚ÌÓÒÚ¸ ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ÂÈ ÙÛÌÍˆËË
λ(R). çÂÓ·ıÓ‰ËÏ˚Â ‚ (5.8) ÔÓËÁ‚Ó‰Ì˚Â Wr'(λ) Ë Wr''(λ) ‚˚˜ËÒÎflÎËÒ¸ fl‚ÌÓ Ò ÔÓÏÓ˘¸˛ ‰ËÙÙÂÂÌ-
ˆËÓ‚‡ÌËfl ÍÓ˝ÙÙËˆËÂÌÚÓ‚ ‡ÁÎÓÊÂÌËÈ (2.1) Ë (2.7).

ëÍÓÓÒÚ¸ ÒıÓ‰ËÏÓÒÚË Ë ÛÒÚÓÈ˜Ë‚ÓÒÚ¸ ÔÓˆÂÒÒ‡ (5.8) ·˚Î‡ ÔËÌˆËÔË‡Î¸ÌÓ ‚˚¯Â ÒıÓ‰ËÏÓÒÚË Ë
ÛÒÚÓÈ˜Ë‚ÓÒÚË ÏÂÚÓ‰‡ (2.17).

íÓ˜ÍË ‚ÂÚ‚ÎÂÌËfl Rk Ë ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ËÂ ËÏ ‰‚ÓÈÌ˚Â ëá λm(Rk) = λn(Rk) ‚˚˜ËÒÎflÎËÒ¸ Ú‡ÍÊÂ Ì‡
ÓÒÌÓ‚Â ÔÂ‰ÒÚ‡‚ÎÂÌËfl (5.2). àÁ ÌÂ„Ó ÒÎÂ‰ÛÂÚ, ˜ÚÓ

fl‚ÎflÂÚÒfl Â„ÛÎflÌÓÈ ÙÛÌÍˆËÂÈ ‚ ÚÓ˜ÍÂ ‚ÂÚ‚ÎÂÌËfl Rk Ë ËÏÂÂÚ Ú‡Ï ÔÓÒÚÓÈ ÌÓÎ¸. ùÚÓ ÔÓÁ‚ÓÎflÂÚ
‚˚˜ËÒÎËÚ¸ ‚ÂÎË˜ËÌÛ Rk Ò ‚˚ÒÓÍÓÈ ÚÓ˜ÌÓÒÚ¸˛.

èË‚Â‰ÂÏ Ú‡·ÎËˆÛ ÔÂ‚˚ı ‰ÂÒflÚË ÚÓ˜ÂÍ ‚ÂÚ‚ÎÂÌËfl Rk Ë ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘Ëı ËÏ ‰‚ÓÈÌ˚ı ëá
λm(Rk) = λn(Rk) Ò ÌÓÏÂ‡ÏË m Ë n ‰Îfl ÚÂ˜ÂÌËfl äÛ˝ÚÚ‡ Ò ‚ÓÎÌÓ‚˚Ï ˜ËÒÎÓÏ α = 1. çÓÏÂ‡ ‚ ÒÍÓ·Í‡ı
(n, n + 1), Í‡Í Ë ‡ÌÂÂ, ÔÓÍ‡Á˚‚‡˛Ú, ̃ ÚÓ ÎË¯¸ Ó‰ÌÓ ëá ËÁ ËÒıÓ‰Ì˚ı ÁÌ‡˜ÂÌËÈ λn(R) Ë λn + 1(R) Û˜‡ÒÚ-
‚ÛÂÚ ‚ Ó·‡ÁÓ‚‡ÌËË ÔË‚Ó‰ËÏÓ„Ó ‰‚ÓÈÌÓ„Ó ëá. í.Â. Á‡ÔËÒ¸ ‚ ÔÂ‚ÓÏ ÒÚÓÎ·ˆÂ 8, (6, 7) ÓÁÌ‡˜‡ÂÚ, ̃ ÚÓ
‚ Ó·‡ÁÓ‚‡ÌËË ˝ÚÓ„Ó ‰‚ÓÈÌÓ„Ó ëá Û˜‡ÒÚ‚ÛÂÚ ëá Ò ÌÓÏÂÓÏ 8 Ë Ó‰ÌÓ ËÁ ëá Ò ÌÓÏÂ‡ÏË 6 Ë 7.

5.3. ëÔÂÍÚ ‚ ÒÎÛ˜‡Â ÍÓÏÔÎÂÍÒÌ˚ı ‚ÓÎÌÓ‚˚ı ˜ËÒÂÎ α
èË ‚ÓÁÌËÍÌÓ‚ÂÌËË ‚ÓÁÏÛ˘ÂÌËÈ Ò ÌÂ‚Â˘ÂÒÚ‚ÂÌÌ˚Ï α, Ú.Â. ÔË ÔÂ‰ÒÚ‡‚ÎÂÌËË ÙÛÌÍˆËË ÚÓÍ‡

Ψ(x, y, t) ‚ ‚Ë‰Â

Ï˚ ÔÓÎÛ˜‡ÂÏ, ˜ÚÓ Ò ÓÒÚÓÏ ‚ÂÏÂÌË t > 0 ÌÂÛÒÚÓÈ˜Ë‚ÓÒÚ¸ ·Û‰ÂÚ ‡Á‚Ë‚‡Ú¸Òfl, ÂÒÎË Ì‡È‰ÂÚÒfl ıÓÚ¸
Ó‰ÌÓ ëá λn, ‰Îfl ÍÓÚÓÓ„Ó Im(αλ n) > 0.

èË‚Â‰ÂÏ ÂÁÛÎ¸Ú‡Ú˚ ‡Ò˜ÂÚ‡ ‚ÂÎË˜ËÌ αλn ÔË ÙËÍÒËÓ‚‡ÌÌÓÏ ˜ËÒÎÂ R = 4000 Ë ÌÂÔÂ˚‚ÌÓÏ
Û‚ÂÎË˜ÂÌËË ÎË¯¸ γ = Im(α). ç‡ ÙË„. 6 ‰‡Ì˚ Ú‡ÂÍÚÓËË ‚ÂÎË˜ËÌ αλn ÔË Û‚ÂÎË˜ÂÌËË γ ∈ [0, 0.15],
ÍÓ„‰‡ α = 1 + iγ. äÛÊÓ˜ÍË – ÁÌ‡˜ÂÌËfl αλ n ÔË γ = 0; ˝ÚË ‚ÂÎË˜ËÌ˚ ÒÓ‚Ô‡‰‡˛Ú Ò ëá, ÔÓÍ‡Á‡ÌÌ˚ÏË
Ì‡ ÙË„. 1. àÁ ÙË„. 6 ‚Ë‰ÌÓ, ˜ÚÓ ÒËÏÏÂÚËË ÓÚÌÓÒËÚÂÎ¸ÌÓ ÏÌËÏÓÈ ÓÒË ÚÂÔÂ¸ ÌÂÚ Ë ÛÊÂ ÔË Ò‡‚-
ÌËÚÂÎ¸ÌÓ Ï‡ÎÓÏ ÁÌ‡˜ÂÌËË Im(α) ≈ 0.08637 ÔÓËÒıÓ‰ËÚ ÔÂÂıÓ‰ ÔÂ‚ÓÈ ‚ÂÎË˜ËÌ˚ αλ 1 ‚ ‚ÂıÌ˛˛
ÔÓÎÛÔÎÓÒÍÓÒÚ¸ (ÓÚÏÂ˜ÂÌÓ ÚÓ˜ÍÓÈ A).

í‡ÍËÏ Ó·‡ÁÓÏ, ‚ÌÂÒÂÌËÂ ‰‡ÊÂ Á‡ÚÛı‡˛˘Ëı ÔÓ ÔÓ‰ÓÎ¸ÌÓÈ ÍÓÓ‰ËÌ‡ÚÂ x ‚ÓÁÏÛ˘ÂÌËÈ ÔË‚Ó-
‰ËÚ ‰Îfl ÚÂ˜ÂÌËfl äÛ˝ÚÚ‡ Í ‡Á‚ËÚË˛ ÌÂÛÒÚÓÈ˜Ë‚ÓÒÚË ‚Ó ‚ÂÏÂÌË.

λ k 1+( ) λ k( )
T– T

2 2Wr λ k( )( )
Wr'' λ k( )( )
------------------------– , T± Wr' λ k( )( )

Wr'' λ k( )( )
-----------------------,= =

Λ R( ) λm R( ) λn R( )–[ ] 2
=

Ψ x y t, ,( ) ϕ y( )e
iαx iαλt–

=

í‡·ÎËˆ‡

m, n Rk λm(Rk) = λn(Rk)

3, 4 61.9177587281 –0.799834980826i
1, 2 65.5202290647 –0.388160961976i
6, 7 205.7777805692 –0.665270088736i
6, 7 214.4033833588 –0.647397672095i
8, (6, 7) 233.2731959346 –0.705749592614i
5, (6, 7) 253.4238279236 –0.458236637641i

10, 11 469.8812933897 –0.649812853640i
10, 11 494.5999327932 –0.628386917108i
12, (10, 11) 517.2435245325 –0.670248402414i
9, (10, 11) 559.0809339956 –0.488334539640i
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6. ëÔÂÍÚ Á‡‰‡˜Ë ‰Îfl ÚÂ˜ÂÌËfl èÛ‡ÁÂÈÎfl

èÂ‰ÒÚ‡‚ËÏ ÂÁÛÎ¸Ú‡Ú˚ ‚˚˜ËÒÎÂÌËfl ëá ‚ ÒÎÛ˜‡Â ÚÂ˜ÂÌËfl èÛ‡ÁÂÈÎfl U(y) = 1 – y2. ç‡ ÙË„. 7 ‰‡-
Ì‡ ˜‡ÒÚ¸ ÒÔÂÍÚ‡ Á‡‰‡˜Ë ‰Îfl ˜ËÒÂÎ α = 1 Ë R = 1. äÛÊÓ˜Í‡ÏË ÓÚÏÂ˜ÂÌ˚ ëá, ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ËÂ
˜ÂÚÌ˚Ï ëî, ‡ ÍÂÒÚËÍ‡ÏË – ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ËÂ ÌÂ˜ÂÚÌ˚Ï ëî. áÌ‡˜ÂÌËfl λn Ò ÓÒÚÓÏ ÌÓÏÂ‡ n
‡ÒËÏÔÚÓÚË˜ÂÒÍË ÔË·ÎËÊ‡˛ÚÒfl Í ÔflÏÓÈ Re(λ) = 2/3, ÔË˜ÂÏ Im(λn)  –∞.

èË ÙËÍÒËÓ‚‡ÌÌÓÏ α = 1 Ë ÌÂÔÂ˚‚ÌÓÏ Û‚ÂÎË˜ÂÌËË R ‚ÒÂ ëá ÒÌ‡˜‡Î‡ ÔË·ÎËÊ‡˛ÚÒfl Í ‚Â-
˘ÂÒÚ‚ÂÌÌÓÈ ÓÒË Re(λ), ‡ÒıÓ‰flÒ¸ Ì‡ ‰‚Â ‚ÂÚ‚Ë Ì‡ÎÂ‚Ó Ë Ì‡Ô‡‚Ó. èË ÁÌ‡˜ÂÌËË R1 = 5814.828757
ÔÂ‚ÓÂ ëá λ1(R1) = 0.26123274, ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ÂÂ ˜ÂÚÌÓÈ ëî, ÔÂÂÒÂÍ‡ÂÚ ÓÒ¸ Im(λ) = 0 Ë Á‡ÚÂÏ
‰‚ËÊÂÚÒfl ‚ ‚ÂıÌÂÈ ÔÓÎÛÔÎÓÒÍÓÒÚË. èË R2 = 31956.451004 ̋ ÚÓ ëá λ1(R2) = 0.19201999 ÓÔflÚ¸ ‚ÓÁ‚‡-
˘‡ÂÚÒfl ‚ ÌËÊÌ˛˛ ÔÓÎÛÔÎÓÒÍÓÒÚ¸, ˜ÚÓ ÓÔflÚ¸ ÒÓÓÚ‚ÂÚÒÚ‚ÛÂÚ ÛÒÚÓÈ˜Ë‚ÓÒÚË ÚÂ˜ÂÌËfl. ÇÒÂ ÓÒÚ‡Î¸Ì˚Â
ëá λn, n > 1, Í‡Í ÔÓÍ‡Á˚‚‡˛Ú ‡Ò˜ÂÚ˚, ÓÒÚ‡˛ÚÒfl ‚ ÌËÊÌÂÈ ÔÓÎÛÔÎÓÒÍÓÒÚË ÔË ‚ÒÂı R > 0 Ë α > 0.
ùÚÓ ÔÓ‚Â‰ÂÌËÂ ëá ÔÓÎÌÓÒÚ¸˛ ÒÓ„Î‡ÒÛÂÚÒfl Ò ËÁ‚ÂÒÚÌ˚ÏË ÂÁÛÎ¸Ú‡Ú‡ÏË (ÒÏ. [6], [18]).

ç‡ ÙË„. 8 ‰‡Ì ÒÔÂÍÚ Á‡‰‡˜Ë ‰Îfl Ô‡‡ÏÂÚÓ‚ α = 1 Ë R = 104 (ÍÛÊÓ˜ÍË – ëá ‰Îfl ˜ÂÚÌ˚ı ëî, ‡
ÍÂÒÚËÍË – ‰Îfl ÌÂ˜ÂÚÌ˚ı ëî). èÓÚÂÚ ˝ÚÓ„Ó ÒÔÂÍÚ‡ ÔË‚Â‰ÂÌ Ú‡ÍÊÂ ‚ [6], Ú‡·ÎËˆ‡ ÔÂ‚˚ı 32 ëá
ÔÂ‰ÒÚ‡‚ÎÂÌ‡ ‚ [18] Ò 5–8 ‰ÂÒ. ÁÌ. ̂ ., ‡ ÌÂÛÒÚÓÈ˜Ë‚ÓÂ ëá ‚˚˜ËÒÎÂÌÓ Ú‡ÍÊÂ ‚ [26] Ë [29]. ï‡‡ÍÚÂÌ˚Ï
Á‰ÂÒ¸ fl‚ÎflÂÚÒfl ˜ÂÁ‚˚˜‡ÈÌÓ ·ÎËÁÍÓÂ ‡ÒÔÓÎÓÊÂÌËÂ ëá Ì‡ Ô‡‚ÓÈ ‚ÂÚ‚Ë ÔÓÚÂÚ‡ ‰Îfl ˜ÂÚÌ˚ı Ë ÌÂ-
˜ÂÚÌ˚ı ëî. í‡Í, ‡ÁÌÓÒÚ¸ ÏÂÊ‰Û ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ËÏË ëá Á‰ÂÒ¸ ‰ÓÒÚË„‡ÂÚ ‚ÂÎË˜ËÌ˚ 2 × 10–5.

ë‡‚ÌÂÌËÂ ÔÓÎÛ˜ÂÌÌ˚ı ‚˚ÒÓÍÓÚÓ˜Ì˚ı ÂÁÛÎ¸Ú‡ÚÓ‚ Ò ‰‡ÌÌ˚ÏË ËÁ [18] ÔÓÍ‡Á‡ÎÓ, ˜ÚÓ ‚ [18]
ÔÓÔÛ˘ÂÌÓ Ó‰ÌÓ ëá λ = 0.2127257824 – 0.1993606948i (Ì‡ ÙË„. 8 ˝ÚÓ Ò‡ÏÓÂ ÎÂ‚ÓÂ ëá ‰Îfl ÌÂ˜ÂÚÌÓÈ
ëî), ‡ ÚÓ˜ÌÓÒÚ¸ ÌÂÍÓÚÓ˚ı λn Ò ÌÓÏÂ‡ÏË n > 24 Ô‡‰‡ÂÚ ‰Ó 4 ‰ÂÒ. ÁÌ. ˆ.

ë‡‚ÌÂÌËÂ λ1 Ò ‰‡ÌÌ˚ÏË ËÁ [26] Ë [29] ÔÓÍ‡Á‡ÎÓ Ô‡‰ÂÌËÂ ÚÓ˜ÌÓÒÚË ÂÁÛÎ¸Ú‡ÚÓ‚ ‚ [26] ‰Ó 5 ‰ÂÒ.
ÁÌ. ˆ., ‡ ÂÁÛÎ¸Ú‡Ú˚ [29] ËÏÂÎË ‚ÂÌ˚Â ‚ÒÂ 10 ‰ÂÒ. ÁÌ. ˆ.
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ç‡ ÙË„. 9 ÔÂ‰ÒÚ‡‚ÎÂÌ˚ ‚Â˘ÂÒÚ‚ÂÌÌ‡fl („‡ÙËÍ (‡)) Ë ÏÌËÏ‡fl („‡ÙËÍ (·)) ˜‡ÒÚË ˜ÂÚÌÓÈ ëî
ϕ(y), ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ÂÈ ÌÂÛÒÚÓÈ˜Ë‚ÓÏÛ ëá λ = 0.2375264888 + 0.00373967i ‰Îfl Ô‡‡ÏÂÚÓ‚ α = 1 Ë
R = 104.

ç‡ ÙË„. 10 ÔÓÍ‡Á‡Ì˚ ‚Â˘ÂÒÚ‚ÂÌÌ‡fl („‡ÙËÍ (‡)) Ë ÏÌËÏ‡fl („‡ÙËÍ (·)) ˜‡ÒÚË ˜ÂÚÌÓÈ ëî ϕ(y),
ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ÂÈ ÔÂ‚ÓÏÛ ÛÒÚÓÈ˜Ë‚ÓÏÛ ëá λ = 0.96464251 – 0.03518658i ‰Îfl Ô‡‡ÏÂÚÓ‚ α = 1 Ë
R = 104. á‰ÂÒ¸ flÍÓ ‚Ë‰ÂÌ ˝ÙÙÂÍÚ ÒÏÂÌ˚ ı‡‡ÍÚÂ‡ Â¯ÂÌËfl ϕ(y) ‚ ÔÓ„‡ÌË˜ÌÓÏ ÒÎÓÂ; ÔÓ‰Ó·Ì‡fl
Í‡ÚËÌ‡ ËÏÂÂÚ ÏÂÒÚÓ Ë ‰Îfl ‰Û„Ëı ëî.

í‡ÂÍÚÓËË ëá λn(R), ‡ÒÒÏ‡ÚË‚‡ÂÏ˚Â Í‡Í ÙÛÌÍˆËË ‚Â˘ÂÒÚ‚ÂÌÌÓ„Ó ˜ËÒÎ‡ R ÔË ÙËÍÒËÓ‚‡Ì-
ÌÓÏ ‚ÓÎÌÓ‚ÓÏ ˜ËÒÎÂ α > 0, ËÏÂ˛Ú ÒÎÓÊÌÓÂ ÔÓ‚Â‰ÂÌËÂ ‚ ÓÍÂÒÚÌÓÒÚË ÛÁÎÓ‚ÓÈ ÚÓ˜ÍË λ∗  = 2/3 – i/3.
ç‡ ÙË„. 11 ÔÓÍ‡Á‡Ì˚ Ú‡ÂÍÚÓËË ‰‚Ûı ÒÓÒÂ‰ÌËı ëá λn(R) ÔË ÙËÍÒËÓ‚‡ÌÌÓÏ α = 1 Ë Û‚ÂÎË˜ÂÌËË R.
í‡ÂÍÚÓËfl, Ì‡˜ËÌ‡˛˘‡flÒfl ‚ ÚÓ˜ÍÂ A Ë ÛıÓ‰fl˘‡fl Ì‡Ô‡‚Ó ÓÚ ÛÁÎÓ‚ÓÈ ÚÓ˜ÍË, ÔÂ‰ÒÚ‡‚ÎÂÌ‡ ‰Îfl
R ∈ [190, 10 5], ‡ Ì‡˜ËÌ‡˛˘‡flÒfl ‚ ÚÓ˜ÍÂ B Ë ÛıÓ‰fl˘‡fl Ì‡ÎÂ‚Ó – ‰Îfl R ∈ [350, 10 5]. èÓ‰Ó·ÌÓÂ ÒÎÓÊ-
ÌÓÂ ‰‚ËÊÂÌËÂ ÒÓ‚Â¯‡˛Ú Ë ‰Û„ËÂ ëá: ÓÌË ÒÌ‡˜‡Î‡ ÔÓ‰ÌËÏ‡˛ÚÒfl ‚‚Âı ‚·ÎËÁË ‚ÂÚËÍ‡Î¸ÌÓÈ
ÔflÏÓÈ Re(λ) = 2/3 ‰Ó ÛÁÎÓ‚ÓÈ ÚÓ˜ÍË, ‡ Á‡ÚÂÏ ‡ÒıÓ‰flÚÒfl Ì‡ ‰‚Â ‚ÂÚ‚Ë Ì‡ÎÂ‚Ó Ë Ì‡Ô‡‚Ó.

é‰Ì‡ÍÓ ÚÓ˜ÂÍ ‚ÂÚ‚ÎÂÌËfl Rk Ë ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘Ëı ËÏ ‰‚ÓÈÌ˚ı ëá ÔË ‚Â˘ÂÒÚ‚ÂÌÌ˚ı ÁÌ‡˜ÂÌËflı
α > 0 Ë R > 0 Ó·Ì‡ÛÊËÚ¸ ÌÂ Û‰‡ÎÓÒ¸: ÓÍÂÒÚÌÓÒÚ¸ ÛÁÎÓ‚ÓÈ ÚÓ˜ÍË λ∗  ÒÓÒÂ‰ÌËÂ ëá ÔÓıÓ‰flÚ ÔË
‡ÁÎË˜Ì˚ı ̃ ËÒÎ‡ı R. èÓ-‚Ë‰ËÏÓÏÛ, ̋ ÚË ÓÒÓ·˚Â ÚÓ˜ÍË ÏÓ„ÛÚ ·˚Ú¸ Ì‡È‰ÂÌ˚ ÔË ÍÓÏÔÎÂÍÒÌ˚ı α Ë R.

èË ‚˚·ÓÂ ‰Û„Ó„Ó ‚Â˘ÂÒÚ‚ÂÌÌÓ„Ó ‚ÓÎÌÓ‚Ó„Ó ˜ËÒÎ‡ α > 0 Ú‡ÂÍÚÓËË ÔÂ‚Ó„Ó ëá λ1(R) ËÏÂ-
˛Ú ÔÓ‚Â‰ÂÌËÂ, ‡Ì‡ÎÓ„Ë˜ÌÓÂ ÓÔËÒ‡ÌÌÓÏÛ ÔË α = 1. í‡Í, ‚ Ó·Î‡ÒÚ¸ ÌÂÛÒÚÓÈ˜Ë‚ÓÒÚË Im(λ) > 0 ÔÓÔ‡-
‰‡ÂÚ ÎË¯¸ ÔÂ‚ÓÂ ëá λ1(R) ÔË ËÁÏÂÌÂÌËË R ‚ ÍÓÌÂ˜ÌÓÏ ËÌÚÂ‚‡ÎÂ R ∈ (R l , Rr), „‰Â Rl = Rl(α) Ë
Rr = Rr(α). ùÚË ÍË‚˚Â Rl(α) Ë Rr(α) Ì‡ ÔÎÓÒÍÓÒÚË (R, α) Ì‡Á˚‚‡˛Ú ÌËÊÌÂÈ Ë ‚ÂıÌÂÈ ‚ÂÚ‚flÏË ÌÂÈ-
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Ú‡Î¸ÌÓÈ ÍË‚ÓÈ (ÒÏ. [4], [6]). ç‡ ÙË„. 12 ‡ÒÒ˜ËÚ‡Ì˚ ˝ÚË ‚ÂÚ‚Ë ‰Îfl ˜ËÒÂÎ R ≤ 105, ÓÌË ıÓÓ¯Ó ÒÓ-
„Î‡ÒÛ˛ÚÒfl Ò ËÁ‚ÂÒÚÌ˚ÏË ÂÁÛÎ¸Ú‡Ú‡ÏË ËÁ [6]. Å˚ÎÓ ÔÂÂ‚˚˜ËÒÎÂÌÓ ÏËÌËÏ‡Î¸ÌÓÂ ˜ËÒÎÓ êÂÈÌÓÎ¸‰-
Ò‡ Rc, ‚˚¯Â ÍÓÚÓÓ„Ó ‚ÓÁÌËÍ‡ÂÚ ÌÂÛÒÚÓÈ˜Ë‚ÓÒÚ¸ ıÓÚfl ·˚ ‰Îfl Ó‰ÌÓ„Ó ÁÌ‡˜ÂÌËfl α. ç‡ ÙË„. 12 ˝ÚÓÏÛ
ÒÓÓÚ‚ÂÚÒÚ‚ÛÂÚ ÚÓ˜Í‡ C Ò ÍÓÓ‰ËÌ‡Ú‡ÏË Rc = 5772.2218, α = 1.02055, ÔË˜ÂÏ λ1(Rc) = 0.26400056. èÓ-
ÎÛ˜ÂÌÌÓÂ ÁÌ‡˜ÂÌËÂ Rc ÒÓ‚Ô‡ÎÓ Ò ÂÁÛÎ¸Ú‡ÚÓÏ Rc = 5772.22 ËÁ [18], [6].

7. á‡ÍÎ˛˜ÂÌËÂ

1. ê‡Á‡·ÓÚ‡Ì ‚˚ÒÓÍÓÚÓ˜Ì˚È ÏÂÚÓ‰ ‡Ò˜ÂÚ‡ ÒÔÂÍÚ‡ Ë ÒÓ·ÒÚ‚ÂÌÌ˚ı ÙÛÌÍˆËÈ Á‡‰‡˜Ë é‡–
áÓÏÏÂÙÂÎ¸‰‡ ‰Îfl Ó·˘Â„Ó ÚÂ˜ÂÌËfl äÛ˝ÚÚ‡–èÛ‡ÁÂÈÎfl ÔË ·ÓÎ¸¯Ëı ˜ËÒÎ‡ı êÂÈÌÓÎ¸‰Ò‡. èË
˝ÚÓÏ ÒÔÂÍÚ ‚˚˜ËÒÎflÎÒfl ÔË ÌÂÔÂ˚‚ÌÓÏ ËÁÏÂÌÂÌËË ÙÛÌÍˆËË ÒÍÓÓÒÚË ÓÒÌÓ‚ÌÓ„Ó ÔÓÚÓÍ‡ U(y)
Ò ÔÓÏÓ˘¸˛ ÏÂÚÓ‰‡ ÔÓ‰ÓÎÊÂÌËfl ÔÓ Ô‡‡ÏÂÚÛ; Ì‡˜‡ÎÓÏ Ú‡ÍÓ„Ó ËÁÏÂÌÂÌËfl ÒÎÛÊËÎ ÒÔÂÍÚ ‰Îfl ÚÂ-
˜ÂÌËfl äÛ˝ÚÚ‡ ÎË·Ó èÛ‡ÁÂÈÎfl.

2. Å˚ÎË ÔÓ‰Ó·ÌÓ ËÒÒÎÂ‰Ó‚‡Ì˚ ÒÔÂÍÚ˚ ‰Îfl ÚÂ˜ÂÌËfl äÛ˝ÚÚ‡ Ë ÚÂ˜ÂÌËfl èÛ‡ÁÂÈÎfl.

3. èÓ‚Â‰ÂÌÌ˚È ˜ËÒÎÂÌÌ˚È ‡Ì‡ÎËÁ ÒÔÂÍÚ‡ Á‡‰‡˜Ë ‰Îfl ÚÂ˜ÂÌËfl äÛ˝ÚÚ‡ ‚˚fl‚ËÎ ÒÎÓÊÌÓÂ ÔÓ‚Â-

‰ÂÌËÂ ëá ‚·ÎËÁË ÛÁÎÓ‚ÓÈ ÚÓ˜ÍË λ∗  = –i/ , ‡ Ú‡ÍÊÂ ÒÛ˘ÂÒÚ‚Ó‚‡ÌËÂ ÚÓ˜ÂÍ ‚ÂÚ‚ÎÂÌËfl Ë ‰‚ÓÈÌ˚ı
ëá. ùÚÓ ÔÓÁ‚ÓÎflÂÚ ÔÂ‰ÔÓÎÓÊËÚ¸, ˜ÚÓ ‚ÂÌ‡

ÉËÔÓÚÂÁ‡. ëÓ·ÒÚ‚ÂÌÌ˚Â ÁÌ‡˜ÂÌËfl λn(R) Á‡‰‡˜Ë é‡–áÓÏÏÂÙÂÎ¸‰‡ ‰Îfl ÚÂ˜ÂÌËfl äÛ˝ÚÚ‡,
‡ÒÒÏ‡ÚË‚‡ÂÏ˚Â Í‡Í ÙÛÌÍˆËË ˜ËÒÎ‡ êÂÈÌÓÎ¸‰Ò‡ R ÔË ÙËÍÒËÓ‚‡ÌÌÓÏ ‚ÓÎÌÓ‚ÓÏ ˜ËÒÎÂ α > 0,
ËÏÂ˛Ú Ò˜ÂÚÌÓÂ ÏÌÓÊÂÒÚ‚Ó ÚÓ˜ÂÍ ‚ÂÚ‚ÎÂÌËfl ‚ÚÓÓ„Ó ÔÓfl‰Í‡ Rk > 0, ‚ ÍÓÚÓ˚ı ‰‚ÓÈÌ˚Â ëá
λn(Rk) fl‚Îfl˛ÚÒfl ˜ËÒÚÓ ÏÌËÏ˚ÏË ÓÚËˆ‡ÚÂÎ¸Ì˚ÏË Ë ÒÔ‡‚Â‰ÎË‚Ó ÔÂ‰ÂÎ¸ÌÓÂ ÒÓÓÚÌÓ¯ÂÌËÂ

  

4. ÑÎfl ÚÂ˜ÂÌËfl èÛ‡ÁÂÈÎfl Ú‡ÍËÂ ÚÓ˜ÍË ‚ÂÚ‚ÎÂÌËfl ÔË ‚Â˘ÂÒÚ‚ÂÌÌ˚ı ÁÌ‡˜ÂÌËflı α > 0 Ë R > 0 Ó·Ì‡-
ÛÊËÚ¸ ÌÂ Û‰‡ÎÓÒ¸. èÓ-‚Ë‰ËÏÓÏÛ, ˝ÚË ÓÒÓ·˚Â ÚÓ˜ÍË ÏÓ„ÛÚ ·˚Ú¸ Ì‡È‰ÂÌ˚ ÔË ÍÓÏÔÎÂÍÒÌ˚ı α Ë R.

ÑÓ·‡‚ËÏ Á‰ÂÒ¸, ˜ÚÓ ÔÓ‰Ó·Ì˚Â ÚÓ˜ÍË ‚ÂÚ‚ÎÂÌËfl Ë ‰‚ÓÈÌ˚Â ëá ·˚ÎË Ú‡ÍÊÂ Ó·Ì‡ÛÊÂÌ˚ Ë ‚˚-
˜ËÒÎÂÌ˚ ‚ [40], [41] ÔË ËÒÒÎÂ‰Ó‚‡ÌËË ‚ÓÎÌÓ‚Ó„Ó ÒÙÂÓË‰‡Î¸ÌÓ„Ó Û‡‚ÌÂÌËfl, „‰Â ·˚ÎË ÔÓÒÚÓÂ-
Ì˚ ÒÔÂˆË‡Î¸Ì˚Â ÏÂÚÓ‰˚ Ëı ‡Ì‡ÎËÁ‡ Ì‡ ÓÒÌÓ‚Â ‡ÔÔÓÍÒËÏ‡ˆËÈ è‡‰Â Ë Ëı Ó·Ó·˘ÂÌËÈ.
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èÂ‰Î‡„‡ÂÚÒfl ÏÂÚÓ‰ËÍ‡ Ï‡ÚÂÏ‡ÚË˜ÂÒÍÓ„Ó ÏÓ‰ÂÎËÓ‚‡ÌËfl ı‡ÓÚËÁ‡ˆËË ÍÓÎÂ·‡ÌËÈ ÒÛ˘ÂÒÚ‚ÂÌ-
ÌÓ ÌÂÎËÌÂÈÌÓ„Ó ‰ËÒÒËÔ‡ÚË‚ÌÓ„Ó ÓÒˆËÎÎflÚÓ‡ ÑÛÙÙËÌ„‡ Ò ‰‚Ûı˜‡ÒÚÓÚÌ˚Ï ‚ÓÁ·ÛÊ‰ÂÌËÂÏ Ì‡
ËÌ‚‡Ë‡ÌÚÌÓÏ ÚÓÂ ‚ �2. éÌ‡ ÓÒÌÓ‚‡Ì‡ Ì‡ ÒÓ‚ÏÂÒÚÌÓÏ ÔËÏÂÌÂÌËË ÏÂÚÓ‰‡ ÔÓ‰ÓÎÊÂÌËfl Â-
¯ÂÌËfl ÔÓ Ô‡‡ÏÂÚÛ, ÍËÚÂËÂ‚ ÛÒÚÓÈ˜Ë‚ÓÒÚË îÎÓÍÂ, ÚÂÓËË ‚ÂÚ‚ÎÂÌËfl, ÏÂÚÓ‰‡ ‚˚ÒÓÍÓÚÓ˜-
ÌÓ„Ó ˜ËÒÎÂÌÌÓ„Ó ËÌÚÂ„ËÓ‚‡ÌËfl ù‚Âı‡Ú‡. Ñ‡ÌÌ˚È ÔÓ‰ıÓ‰ ËÒÔÓÎ¸ÁÓ‚‡Ì ‰Îfl ˜ËÒÎÂÌÌÓ„Ó ÔÓ-
ÒÚÓÂÌËfl ÒÛ·„‡ÏÓÌË˜ÂÒÍËı Â¯ÂÌËÈ ÔË ÔÂÂıÓ‰Â ‡ÒÒÏ‡ÚË‚‡ÂÏÓ„Ó ÓÒˆËÎÎflÚÓ‡ Í ı‡ÓÒÛ
˜ÂÂÁ ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚ¸ ·ËÙÛÍ‡ˆËÈ Í‡ÚÌÓ„Ó Û‚ÂÎË˜ÂÌËfl ÔÂËÓ‰‡. èÓ‰Ú‚ÂÊ‰ÂÌÓ ÁÌ‡˜Â-
ÌËÂ Ó‰ÌÓÈ ËÁ ÛÌË‚ÂÒ‡Î¸Ì˚ı ÔÓÒÚÓflÌÌ˚ı, ÔÓÎÛ˜ÂÌÌ˚ı ‡ÌÂÂ ‡‚ÚÓÓÏ ÔË ËÒÒÎÂ‰Ó‚‡ÌËË ı‡Ó-
ÚËÁ‡ˆËË ÍÓÎÂ·‡ÌËÈ ‰ËÒÒËÔ‡ÚË‚Ì˚ı ÓÒˆËÎÎflÚÓÓ‚ Ò Ó‰ÌÓ˜‡ÒÚÓÚÌ˚Ï ÔÂËÓ‰Ë˜ÂÒÍËÏ ‚ÓÁ·ÛÊ‰Â-
ÌËÂÏ. ÅË·Î. 21. îË„. 4. í‡·Î. 1.

äÎ˛˜Â‚˚Â ÒÎÓ‚‡: ‰ËÌ‡ÏË˜ÂÒÍ‡fl ÒËÒÚÂÏ‡, ÓÒˆËÎÎflÚÓ ÑÛÙÙËÌ„‡, ÔÂËÓ‰Ë˜ÂÒÍÓÂ Â¯ÂÌËÂ Ì‡
ÚÓÂ, ·ËÙÛÍ‡ˆËfl, ı‡ÓÒ, ˜ËÒÎÂÌÌ˚È ÏÂÚÓ‰ ù‚Âı‡Ú‡, ÚÂÓËfl îÎÓÍÂ, ÛÌË‚ÂÒ‡Î¸Ì‡fl ÔÓÒÚÓflÌ-
Ì‡fl îÂÈ„ÂÌ·‡ÛÏ‡.

1. Ç‚Â‰ÂÌËÂ

ÇÓÔÓÒ‡Ï ËÒÒÎÂ‰Ó‚‡ÌËfl ‚ÓÁÏÓÊÌ˚ı ÒˆÂÌ‡ËÂ‚ ÔÂÂıÓ‰‡ ÓÚ Â„ÛÎflÌ˚ı Í ı‡ÓÚË˜ÂÒÍËÏ ÂÊË-
Ï‡Ï ‰‚ËÊÂÌËfl ‰ÂÚÂÏËÌËÓ‚‡ÌÌ˚ı ‰ËÌ‡ÏË˜ÂÒÍËı ÒËÒÚÂÏ Ì‡ Ù‡ÁÓ‚˚ı ÔÎÓÒÍÓÒÚflı Ò Ó‰ÌÓ˜‡ÒÚÓÚ-
Ì˚Ï ÔÂËÓ‰Ë˜ÂÒÍËÏ ‚ÓÁ·ÛÊ‰ÂÌËÂÏ ÔÓÒ‚fl˘ÂÌ‡ Ó·¯ËÌ‡fl ·Ë·ÎËÓ„‡ÙËfl (ÒÏ., Ì‡ÔËÏÂ, [1]–[8]).
ä‡˜ÂÒÚ‚ÂÌÌÓÂ ËÒÒÎÂ‰Ó‚‡ÌËÂ ÓÚ‰ÂÎ¸Ì˚ı Ó·Î‡ÒÚÂÈ Ù‡ÁÓ‚Ó„Ó ÔÓÒÚ‡ÌÒÚ‚‡ ÒËÒÚÂÏ, ‚ ÍÓÚÓ˚ı ËÏÂ-
˛Ú ÏÂÒÚÓ ÛÒÚÓÈ˜Ë‚˚Â Ë ÌÂÛÒÚÓÈ˜Ë‚˚Â ÂÊËÏ˚ ‰‚ËÊÂÌËfl, Ë ÔÛÚÂÈ ‡Á‚ËÚËfl ÌÂÛÒÚÓÈ˜Ë‚ÓÒÚÂÈ,
Ò‚flÁ‡ÌÌ˚ı Ò ‚ÓÁÏÓÊÌÓÒÚ¸˛ ‚ÓÁÌËÍÌÓ‚ÂÌËfl ÔÂËÓ‰Ë˜ÂÒÍËı, ÒÛ·„‡ÏÓÌË˜ÂÒÍËı, Í‚‡ÁËÔÂËÓ‰Ë˜Â-
ÒÍËı Ë ı‡ÓÚË˜ÂÒÍËı ‰‚ËÊÂÌËÈ, ÔÓ‚Â‰ÂÌÓ ‚ [1], [2], [5]–[8] Ò ÔËÏÂÌÂÌËÂÏ ‡ÁÎË˜Ì˚ı ÔË·ÎËÊÂÌ-
Ì˚ı ‡Ì‡ÎËÚË˜ÂÒÍËı Ë ˜ËÒÎÂÌÌ˚ı ÏÂÚÓ‰Ó‚, ‡ Ú‡ÍÊÂ Ëı ÒÓ˜ÂÚ‡ÌËÈ. ëÎÂ‰ÛÂÚ ÓÚÏÂÚËÚ¸ ‡ÒÚÛ˘ËÈ ËÌ-
ÚÂÂÒ Í ËÒÒÎÂ‰Ó‚‡ÌËflÏ ÌÂÎËÌÂÈÌ˚ı ‰ËÌ‡ÏË˜ÂÒÍËı ÒËÒÚÂÏ, Ì‡ıÓ‰fl˘ËıÒfl ÔÓ‰ ‰ÂÈÒÚ‚ËÂÏ ÏÌÓÊÂ-
ÒÚ‚ÂÌÌ˚ı ‚ÓÁÏÛ˘‡˛˘Ëı Ì‡„ÛÁÓÍ ‡ÁÎË˜ÌÓÈ ˜‡ÒÚÓÚ˚ (ÒÏ. [9]–[12]). ê‡ÁÌÓÓ·‡ÁÌ˚Â ÔÓ‰ıÓ‰˚ Í
ËÒÒÎÂ‰Ó‚‡ÌË˛ Ú‡ÍËı ÏÌÓ„Ó˜‡ÒÚÓÚÌ˚ı ÌÂÎËÌÂÈÌ˚ı ÒËÒÚÂÏ, ÍÓÚÓ˚Â ‚ÓÁÌËÍ‡˛Ú ‚ ‡ÁÎË˜Ì˚ı Á‡-
‰‡˜‡ı ÌÂ·ÂÒÌÓÈ ÏÂı‡ÌËÍË, ÙËÁËÍË, ‡‰ËÓÙËÁËÍË Ë ‰., Ó·ÒÛÊ‰‡˛ÚÒfl ‚ [9]–[14]. 

Ç Ò‚flÁË Ò ÚÂÏ, ˜ÚÓ Ò Û‚ÂÎË˜ÂÌËÂÏ ‡ÁÏÂÌÓÒÚË ‚ÂÍÚÓ‡ ˜‡ÒÚÓÚ ‚ÓÁÏÛ˘‡˛˘Ëı Ì‡„ÛÁÓÍ ‰ËÌ‡-
ÏË˜ÂÒÍËı ÒËÒÚÂÏ ÔÓËÒıÓ‰ËÚ ÛÒÎÓÊÌÂÌËÂ ÒÚÛÍÚÛ˚ ÂÁÓÌ‡ÌÒÌ˚ı ÔÓ‚ÂıÌÓÒÚÂÈ, Ì‡Ë·ÓÎÂÂ ÔÓÎÌÓ
ËÁÛ˜ÂÌ˚ Ó‰ÌÓ˜‡ÒÚÓÚÌ˚Â ÒÎÛ˜‡Ë. èÓ˝ÚÓÏÛ ‚ Ì‡ÒÚÓfl˘ÂÈ ‡·ÓÚÂ ÔÂ‰ÎÓÊÂÌ‡ ÏÂÚÓ‰ËÍ‡ Ï‡ÚÂÏ‡ÚË-
˜ÂÒÍÓ„Ó ÏÓ‰ÂÎËÓ‚‡ÌËfl ÔÂÂıÓ‰Ó‚ Í ı‡ÓÒÛ ÌÂÎËÌÂÈÌ˚ı ÓÒˆËÎÎflÚÓÓ‚ Ò ‰‚Ûı˜‡ÒÚÓÚÌ˚Ï ‚ÓÁ·ÛÊ-
‰ÂÌËÂÏ ˜ÂÂÁ ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚË ·ËÙÛÍ‡ˆËÈ Í‡ÚÌÓ„Ó Û‚ÂÎË˜ÂÌËfl ÔÂËÓ‰‡. ÑÎfl ÔËÏÂ‡ ÌÂ-
ÎËÌÂÈÌÓ„Ó ‰ËÒÒËÔ‡ÚË‚ÌÓ„Ó ÓÒˆËÎÎflÚÓ‡ ÑÛÙÙËÌ„‡ Ì‡ ·‡ÁÂ ‡Á‡·ÓÚ‡ÌÌÓÈ ÏÂÚÓ‰ËÍË ÔÓÒÚÓÂÌ‡
ÛÌË‚ÂÒ‡Î¸Ì‡fl ÔÓ îÂÈ„ÂÌ·‡ÛÏÛ ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚ¸ ÔÂ‚˚ı ‚ÓÒ¸ÏË ·ËÙÛÍ‡ˆËÈ Û‰‚ÓÂÌËfl ÔÂË-
Ó‰‡, ÍÓÚÓ‡fl ÔË‚Ó‰ËÚ Í ‚ÓÁÌËÍÌÓ‚ÂÌË˛ ı‡ÓÚË˜ÂÒÍËı ÍÓÎÂ·‡ÌËÈ ÓÒˆËÎÎflÚÓ‡ Ò ÔÓfl‚ÎÂÌËÂÏ
ÒÚ‡ÌÌÓ„Ó ‡ÚÚ‡ÍÚÓ‡. 

ìÑä 519.624.2
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2. åÂÚÓ‰ËÍ‡ ËÒÒÎÂ‰Ó‚‡ÌËfl ÔÂÂıÓ‰Ó‚ Í ı‡ÓÒÛ ‰ËÌ‡ÏË˜ÂÒÍËı
ÒËÒÚÂÏ Ò ‰‚Ûı˜‡ÒÚÓÚÌ˚Ï ‚ÓÁ·ÛÊ‰ÂÌËÂÏ

ÅÛ‰ÂÏ ËÒÒÎÂ‰Ó‚‡Ú¸ ˝‚ÓÎ˛ˆË˛ ÛÒÚ‡ÌÓ‚Ë‚¯ËıÒfl ÔÂËÓ‰Ë˜ÂÒÍËı ÍÓÎÂ·‡ÌËÈ ÓÒˆËÎÎflÚÓ‡ 

(1)

„‰Â x = (x1(t), …, xN(t)) ÂÒÚ¸ N-ÏÂÌ˚È ‚ÂÍÚÓ Ù‡ÁÓ‚˚ı ÍÓÓ‰ËÌ‡Ú, λ – ÛÔ‡‚Îfl˛˘ËÈ Ô‡‡ÏÂÚ,
ÔÂ‰ÒÚ‡‚Îfl˛˘ËÈ ÒÓ·ÓÈ ËÌÚÂÌÒË‚ÌÓÒÚ¸ ‚ÌÂ¯ÌÂ„Ó ‚ÓÁÏÛ˘ÂÌËfl Ò ÔÓÒÚÓflÌÌ˚ÏË ˜‡ÒÚÓÚ‡ÏË ω1, ω2; 

ÂÒÚ¸ ÌÂÎËÌÂÈÌ‡fl ‚ÂÍÚÓ-ÙÛÌÍˆËfl ‡ÁÏÂÌÓÒÚË N, ÌÂÔÂ˚‚ÌÓ ‰ËÙÙÂÂÌˆËÛÂÏ‡fl ÔÓ x Ë λ ÌÂÓ·-
ıÓ‰ËÏÓÂ ˜ËÒÎÓ ‡Á. 

Ç‚Â‰ÂÏ ‰‚Â ‰ÓÔÓÎÌËÚÂÎ¸Ì˚Â ÔÂÂÏÂÌÌ˚Â ϕ1 = ω1t, ϕ2 = ω2t. ë Û˜ÂÚÓÏ ˝ÚÓ„Ó ‚ÂÍÚÓÌÓÂ Û‡‚ÌÂ-
ÌËÂ (1) Á‡ÏÂÌËÏ ÒËÒÚÂÏÓÈ 

(2)

„‰Â j = (ϕ1(t), j2(t)), ω = (ω1, ω2). 

ÑÎfl ÔÓÒÚÓÂÌËfl ÂÁÓÌ‡ÌÒÌ˚ı ÔÂËÓ‰Ë˜ÂÒÍËı Â¯ÂÌËÈ ÒËÒÚÂÏ˚ (2) Ì‡ ËÌ‚‡Ë‡ÌÚÌÓÏ ÚÓÂ ‚ �
2
,

Û‰Ó‚ÎÂÚ‚Ófl˛˘Ëı ÂÁÓÌ‡ÌÒÌÓÏÛ ÒÓÓÚÌÓ¯ÂÌË˛ 

(3)

ÔÂÂÈ‰ÂÏ ‚ ÒËÒÚÂÏÂ (2) Í ÒÓ·ÒÚ‚ÂÌÌÓÏÛ ‚ÂÏÂÌË τ = Ωt, ÔË ÍÓÚÓÓÏ ·Û‰ÂÏ ÒÚÓËÚ¸ ËÒÍÓÏ˚Â Â-
¯ÂÌËfl ÔÂËÓ‰‡ T = 2π. ëÓÒÚ‡‚ËÏ (ÒÏ. [15]) ÒÎÂ‰Û˛˘ËÂ Û‡‚ÌÂÌËfl ÓÚÌÓÒËÚÂÎ¸ÌÓ T:

(4)

íÓ„‰‡ Ì‡ ÓÒÌÓ‚Â (4) ˜‡ÒÚÓÚ‡ Ω ÏÓÊÂÚ ·˚Ú¸ ÓÔÂ‰ÂÎÂÌ‡ ËÁ ÂÁÓÌ‡ÌÒÌÓ„Ó ÒÓÓÚÌÓ¯ÂÌËfl (3) Ó‰ÌËÏ
ËÁ ‰‚Ûı ˝Í‚Ë‚‡ÎÂÌÚÌ˚ı ‡‚ÂÌÒÚ‚ 

(5)

á‰ÂÒ¸ k1, k2 – ˆÂÎ˚Â ˜ËÒÎ‡. ë Û˜ÂÚÓÏ ÛÍ‡Á‡ÌÌÓÈ Á‡ÏÂÌ˚ ÔÂÂÏÂÌÌ˚ı ÒËÒÚÂÏ‡ (2) ÔËÏÂÚ ‚Ë‰ 

(6)

èÓ‚Â‰ÂÏ ËÒÒÎÂ‰Ó‚‡ÌËÂ ˝‚ÓÎ˛ˆËË ÔÂËÓ‰Ë˜ÂÒÍËı Â¯ÂÌËÈ ÒËÒÚÂÏ˚ (6) ÔË ËÁÏÂÌÂÌËË ÛÔ‡‚Îfl-
˛˘Â„Ó Ô‡‡ÏÂÚ‡ λ. 

3. åÂÚÓ‰ ÔÓÒÚÓÂÌËfl ÒÛ·„‡ÏÓÌË˜ÂÒÍËı ‰‚ËÊÂÌËÈ Ì‡ ÚÓÂ ‚ �2

á‡ÔË¯ÂÏ ÒËÒÚÂÏÛ (6) ‚ Ó·˘ÂÏ ‚Ë‰Â:

(7)

„‰Â g(y(τ), λ) = (g1(y(τ), λ), …, gP(y(τ), λ)) – ÌÂÎËÌÂÈÌ‡fl ‚ÂÍÚÓ-ÙÛÌÍˆËfl ‡ÁÏÂÌÓÒÚË P = N + 2, ÌÂ-
ÔÂ˚‚ÌÓ ‰ËÙÙÂÂÌˆËÛÂÏ‡fl ÔÓ y Ë λ ÌÂÓ·ıÓ‰ËÏÓÂ ˜ËÒÎÓ ‡Á Ë ÔÂËÓ‰Ë˜ÂÒÍ‡fl ÔÓ τ Ò ÔÂËÓ‰ÓÏ
T = 2π: 

á‰ÂÒ¸ y(τ) = (y1(τ), …, yP(τ)) ÂÒÚ¸ P-ÏÂÌ˚È ‚ÂÍÚÓ.
àÒÒÎÂ‰ÛÂÏ ̋ ‚ÓÎ˛ˆË˛ ÛÒÚ‡ÌÓ‚Ë‚¯ËıÒfl ÒÛ·„‡ÏÓÌË˜ÂÒÍËı ‰‚ËÊÂÌËÈ ÔÂËÓ‰‡ kT, k ≥ 1, ÒËÒÚÂÏ˚

(7) ÔË ËÁÏÂÌÂÌËË ÛÔ‡‚Îfl˛˘Â„Ó Ô‡‡ÏÂÚ‡ λ. ë ˝ÚÓÈ ˆÂÎ¸˛ ÔÓÒÚÓËÏ ÌÂÔÂ˚‚Ì˚Â ÒÛ·„‡ÏÓ-
ÌË˜ÂÒÍËÂ Â¯ÂÌËfl y(τ) ÒËÒÚÂÏ˚ (7), Û‰Ó‚ÎÂÚ‚Ófl˛˘ËÂ ÛÒÎÓ‚ËflÏ ÔÂËÓ‰Ë˜ÌÓÒÚË ‚Ë‰‡ 

(8)

åÂÚÓ‰ËÍ‡ Â¯ÂÌËfl ‰‚ÛıÚÓ˜Â˜ÌÓÈ Í‡Â‚ÓÈ Á‡‰‡˜Ë (7), (8) ·‡ÁËÛÂÚÒfl Ì‡ ÔÓ¯‡„Ó‚ÓÏ ‡Î„ÓËÚÏÂ
Á‡ÏÂÌ˚ ËÒıÓ‰ÌÓÈ ÒËÒÚÂÏ˚ (7) ÒËÒÚÂÏÓÈ ÎËÌÂÈÌ˚ı ‰ËÙÙÂÂÌˆË‡Î¸Ì˚ı Û‡‚ÌÂÌËÈ Ò ÔÂËÓ‰Ë˜Â-

dx/dt f x λ ω1t ω2t, , ,( ),=

f x λ ω1t ω2t, , ,( ) f 1 x λ ω1t ω2t, , ,( ) … f N x λ ω1t ω2t, , ,( ), ,( )=

dx
dt
------ f x λ j, ,( ),

dϕ
dt
------ ω,= =

k1ω1 k2ω2+ 0,=

ω1T 2πk2, ω2T 2πk1.–= =

Ω
ω1

k2
------

ω2

k1
------.–= =

Ωdx
dτ
------ f x λ j, ,( ), Ωdj

dτ
------- w.= =

dy/dτ g y τ( ) λ,( ),=

g y τ( ) λ,( ) g y τ T+( ) λ,( ).=

y 0( ) y kT( ).=
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á‡‚‡ÊËÌ‡

ÒÍËÏË ÍÓ˝ÙÙËˆËÂÌÚ‡ÏË, ÔÓÎÛ˜ÂÌÌÓÈ ÔÛÚÂÏ ÎËÌÂ‡ËÁ‡ˆËË ËÒıÓ‰Ì˚ı Û‡‚ÌÂÌËÈ ‰‚ËÊÂÌËfl ‚
ÓÍÂÒÚÌÓÒÚË ÌÂÍÓÚÓÓ„Ó ËÁ‚ÂÒÚÌÓ„Ó Â¯ÂÌËfl. 

èÓÒÚÓËÏ kT-ÔÂËÓ‰Ë˜ÂÒÍÓÂ Â¯ÂÌËÂ ys(τ) ÒËÒÚÂÏ˚ (7), ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ÂÂ Á‡‰‡ÌÌÓÏÛ ÁÌ‡˜Â-
ÌË˛ Ô‡‡ÏÂÚ‡ λ = λs. ÑÎfl ̋ ÚÓ„Ó ‡ÒÒÏÓÚËÏ m-È ÔÓÏÂÊÛÚÓ˜Ì˚È ̄ ‡„ ̃ ËÒÎÂÌÌÓÈ Â‡ÎËÁ‡ˆËË ÏÂ-
ÚÓ‰‡ ÔÓ‰ÓÎÊÂÌËfl Â¯ÂÌËfl ÔÓ Ô‡‡ÏÂÚÛ. èÛÒÚ¸ ÔË ÁÌ‡˜ÂÌËË Ô‡‡ÏÂÚ‡ λ = λm ËÁ‚ÂÒÚÌÓ ‚ Ó·-
˘ÂÏ ÒÎÛ˜‡Â ÔË·ÎËÊÂÌÌÓÂ ÒÛ·„‡ÏÓÌË˜ÂÒÍÓÂ Â¯ÂÌËÂ ym(τ) ËÒıÓ‰ÌÓÈ ÒËÒÚÂÏ˚ ÌÂÎËÌÂÈÌ˚ı ‰ËÙ-
ÙÂÂÌˆË‡Î¸Ì˚ı Û‡‚ÌÂÌËÈ. Ç ÔÂ‰ÔÓÎÓÊÂÌËË ÌÂÔÂ˚‚ÌÓÈ Á‡‚ËÒËÏÓÒÚË y(τ) ÒËÒÚÂÏ˚ (7) ÓÚ
Ì‡˜‡Î¸Ì˚ı ÛÒÎÓ‚ËÈ y(0) Ë Ô‡‡ÏÂÚ‡ λ ÔÂ‰ÒÚ‡‚ËÏ Â„Ó ‚ ÓÍÂÒÚÌÓÒÚË ÒÓÒÚÓflÌËfl ym(τ), λm ‚ ‚Ë‰Â
y(τ) = y(y(0), λ). íÓ„‰‡ ÛÒÎÓ‚ËÂ ÔÂËÓ‰Ë˜ÌÓÒÚË ‡ÒÒÏ‡ÚË‚‡ÂÏÓ„Ó Â¯ÂÌËfl Á‡ÔË¯ÂÚÒfl ‚ ÙÓÏÂ 

(9)

èË ·ÎËÁÍÓÏ λm ÁÌ‡˜ÂÌËË Ô‡‡ÏÂÚ‡ λm + 1 = λm + δλm ÒÛ·„‡ÏÓÌË˜ÂÒÍÓÂ Â¯ÂÌËÂ ym + 1(τ) ÒËÒÚÂÏ˚
(7), Û‰Ó‚ÎÂÚ‚Ófl˛˘ÂÂ ÛÒÎÓ‚ËflÏ ‚Ë‰‡ (9), ÔÂ‰ÒÚ‡‚ËÏ ÒÎÂ‰Û˛˘ËÏ Ó·‡ÁÓÏ: 

(10)

„‰Â δym(τ) – ÔË‡˘ÂÌËÂ ËÒÍÓÏÓÈ ‚ÂÍÚÓ-ÙÛÌÍˆËË. ëÓÓÚ‚ÂÚÒÚ‚Û˛˘ËÂ Â¯ÂÌË˛ ym + 1(τ) Ì‡˜‡Î¸-
Ì˚Â ÛÒÎÓ‚Ëfl ËÏÂ˛Ú ‚Ë‰ 

(11)

„‰Â δym(0) – ‚ÂÍÚÓ ‚‡Ë‡ˆËÈ Ì‡˜‡Î¸Ì˚ı ÛÒÎÓ‚ËÈ. èÓ‰ÒÚ‡‚ËÏ ËÒÍÓÏÓÂ Â¯ÂÌËÂ (10) ÔË λ = λm + 1
‚ Û‡‚ÌÂÌËÂ (7) Ë ÔÓÎÛ˜ËÏ

(12)

è‡‚Û˛ ˜‡ÒÚ¸ ˝ÚÓ„Ó Û‡‚ÌÂÌËfl ‡ÁÎÓÊËÏ ‚ fl‰ íÂÈÎÓ‡ ‚ ÓÍÂÒÚÌÓÒÚË ËÁ‚ÂÒÚÌÓ„Ó ÒÓÒÚÓflÌËfl y(τ) =
= ym(τ), λ = λm. é„‡ÌË˜Ë‚‡flÒ¸ ˜ÎÂÌ‡ÏË ÔÂ‚Ó„Ó ÔÓfl‰Í‡ Ï‡ÎÓÒÚË ÔÓ δym(τ), δλm, Á‡ÏÂÌËÏ (7) ÎË-
ÌÂÈÌÓÈ ÒËÒÚÂÏÓÈ ‚Ë‰‡ 

„‰Â gY Ë gλ – ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ, Ï‡ÚËˆ‡-ÙÛÌÍˆËfl Ë ‚ÂÍÚÓ-ÙÛÌÍˆËfl ÔÓËÁ‚Ó‰Ì˚ı ÙÛÌÍˆËË g(ym, λm)
ÔÓ y Ë λ:

íÓ„‰‡ ÌÂËÁ‚ÂÒÚÌ‡fl ‚ÂÍÚÓ-ÙÛÌÍˆËfl δym(τ) ‰ÓÎÊÌ‡ Û‰Ó‚ÎÂÚ‚ÓflÚ¸ Û‡‚ÌÂÌË˛ 

(13)

Ë Á‡‰‡˜‡ ÔÓÒÚÓÂÌËfl ÔË·ÎËÊÂÌÌÓ„Ó ÒÛ·„‡ÏÓÌË˜ÂÒÍÓ„Ó Â¯ÂÌËfl (10) ÌÂÎËÌÂÈÌÓÈ ÒËÒÚÂÏ˚ (7)
Ò‚Ó‰ËÚÒfl Í ÓÚ˚ÒÍ‡ÌË˛ Û‰Ó‚ÎÂÚ‚Ófl˛˘Â„Ó ÛÒÎÓ‚ËflÏ ÔÂËÓ‰Ë˜ÌÓÒÚË

(14)

Â¯ÂÌËfl ÎËÌÂÈÌÓ„Ó ÓÚÌÓÒËÚÂÎ¸ÌÓ δy(τ) Ë δλ ÌÂÓ‰ÌÓÓ‰ÌÓ„Ó Û‡‚ÌÂÌËfl ‚ ‚‡Ë‡ˆËflı (13) Ò ÔÂËÓ-
‰Ë˜ÂÒÍËÏË ÍÓ˝ÙÙËˆËÂÌÚ‡ÏË gY Ë gλ. ëÓ„Î‡ÒÌÓ (10), (11), ‚ÂÍÚÓ ‚‡Ë‡ˆËÈ Ù‡ÁÓ‚˚ı ÍÓÓ‰ËÌ‡Ú
δym(τ) Û‰Ó‚ÎÂÚ‚ÓflÂÚ ÒÓÓÚÌÓ¯ÂÌË˛ 

(15)

ê‡ÁÎÓÊËÏ Ô‡‚Û˛ ̃ ‡ÒÚ¸ ÓÚÌÓ¯ÂÌËfl (15) ‚ fl‰ íÂÈÎÓ‡ ‚ ÓÍÂÒÚÌÓÒÚË ÒÓÒÚÓflÌËfl y(0) = ym(0), λ = λm: 

(16)

á‰ÂÒ¸ r(ym(0), λm) ÂÒÚ¸ P-ÏÂÌ‡fl ÙÛÌÍˆËfl ÌÂ‚flÁÍË, ËÏÂ˛˘‡fl ÔÓfl‰ÓÍ ÓÚ·Ó¯ÂÌÌ˚ı ˜ÎÂÌÓ‚ ‡Á-
ÎÓÊÂÌËfl (16).

y 0( ) y y 0( ) λ kT, ,( ).=

ym 1+ τ( ) ym τ( ) δym τ( ),+=

ym 1+ 0( ) ym 0( ) δym 0( ),+=

dym

dτ
--------- δ

dym

dτ
--------- 

 + g ym τ( ) δym τ( )+ λm δλm+,( ).=

dym

dτ
--------- δ

dym

dτ
--------- 

 + g ym τ( ) λm,( ) gY ym τ( ) λm,( )δym τ( ) gλ ym τ( ) λm,( )δλm,+ +=

gY ∂g/∂y, gλ ∂g/∂λ.= =

δ
dym

dτ
--------- 

  gY ym τ( ) λm,( )δym gλ ym τ( ) λm,( )δλm+=

δym 0( ) δym kT( )=

δym 0( ) ym 1+ ym 0( ) δym 0( )+ λm δλm+,( ) ym ym 0( ) λm,( ).–=

δym τ( )
∂y ym 0( ) λm,( )

∂y 0( )
----------------------------------δym 0( )

∂y ym 0( ) λm,( )
∂λ

----------------------------------δλm r ym 0( ) λm,( ).+ +=
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èË Á‡‰‡ÌÌÓÏ δλm ‚ÂÍÚÓ ‚‡Ë‡ˆËÈ Ì‡˜‡Î¸Ì˚ı ÛÒÎÓ‚ËÈ δym(0) ÏÓÊÂÚ ·˚Ú¸ ÓÔÂ‰ÂÎÂÌ ËÁ ÒË-
ÒÚÂÏ˚ ÎËÌÂÈÌ˚ı ‡Î„Â·‡Ë˜ÂÒÍËı Û‡‚ÌÂÌËÈ 

(17)

ÔÓÎÛ˜ÂÌÌÓÈ ËÁ ÒÓÓÚÌÓ¯ÂÌËfl (16) Ò Û˜ÂÚÓÏ ÛÒÎÓ‚ËÈ ÔÂËÓ‰Ë˜ÌÓÒÚË (8), (14). çÂ‚flÁÍ‡ (kT) ÔÂ‰˚-
‰Û˘Â„Ó ̄ ‡„‡ Û˜ËÚ˚‚‡ÂÚÒfl ‚ (17) ‰Îfl Û‚ÂÎË˜ÂÌËfl ÚÓ˜ÌÓÒÚË ÔË ÓÔÂ‰ÂÎÂÌËË δym(0). ç‡ (m + 1)-Ï ̄ ‡-
„Â ‚‡¸ËÓ‚‡ÌËfl Ô‡‡ÏÂÚ‡ λ Ï‡ÚËˆ‡ ÏÓÌÓ‰ÓÏËË Zm + 1(kT) = ∂y(kT)/∂y(0) Ó‰ÌÓÓ‰ÌÓ„Ó Û‡‚ÌÂ-
ÌËfl ‚ ‚‡Ë‡ˆËflı ÓÔÂ‰ÂÎflÂÚÒfl ËÁ ÌÓÏËÓ‚‡ÌÌÓÈ ÙÛÌ‰‡ÏÂÌÚ‡Î¸ÌÓÈ Ï‡ÚËˆ˚ Â¯ÂÌËÈ Zm + 1(τ)
Ó‰ÌÓÓ‰ÌÓ„Ó Û‡‚ÌÂÌËfl ‚ ‚‡Ë‡ˆËflı 

(18)

„‰Â Zm + 1(0) = E, E – Â‰ËÌË˜Ì‡fl Ï‡ÚËˆ‡; ‚ÂÍÚÓ

ÓÔÂ‰ÂÎflÂÚÒfl ËÁ ˜‡ÒÚÌÓ„Ó Â¯ÂÌËfl zλm + 1(τ) ÌÂÓ‰ÌÓÓ‰ÌÓÈ ÒËÒÚÂÏ˚ Û‡‚ÌÂÌËÈ ‚ ‚‡Ë‡ˆËflı (13): 

(19)

Ñ‡Î¸ÌÂÈ¯ÂÂ ÔÓÒÚÓÂÌËÂ Â¯ÂÌËfl (10) ÒËÒÚÂÏ˚ (7), Û‰Ó‚ÎÂÚ‚Ófl˛˘Â„Ó ÛÒÎÓ‚ËflÏ ÔÂËÓ‰Ë˜ÌÓ-
ÒÚË ‚Ë‰‡ (8), ÓÒÌÓ‚˚‚‡ÎÓÒ¸ Ì‡ ÔÓ‰ıÓ‰Â, ÍÓÚÓ˚È ÔË λm + 1 = λm + δλm Á‡ÍÎ˛˜‡ÂÚÒfl ‚ ÓÔÂ‰ÂÎÂÌËË
Ì‡ ÓÒÌÓ‚‡ÌËË (17) ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘Â„Ó ÂÏÛ ‚ÂÍÚÓ‡ Ì‡˜‡Î¸Ì˚ı ÛÒÎÓ‚ËÈ (11), Û‰Ó‚ÎÂÚ‚Ófl˛˘Â„Ó
ÛÒÎÓ‚ËflÏ ÔÂËÓ‰Ë˜ÌÓÒÚË, Ë Â¯ÂÌËË Â¯Â Ó‰ÌÓÈ, (P + 2)-È Á‡‰‡˜Ë äÓ¯Ë ‰Îfl ËÒıÓ‰ÌÓÈ ÌÂÎËÌÂÈÌÓÈ
ÒËÒÚÂÏ˚ (7) Ò ÔÓÎÛ˜ÂÌÌ˚ÏË Ì‡˜‡Î¸Ì˚ÏË ÛÒÎÓ‚ËflÏË. èË ˝ÚÓÏ ÔÓÒÚÓÂÌËÂ Â¯ÂÌËÈ Zm + 1(τ),
zλm + 1(τ) ‰Îfl (P + 1)-È Á‡‰‡˜Ë äÓ¯Ë (17), (19) Ë ËÒÍÓÏÓ„Ó Â¯ÂÌËfl ‰ÓÔÓÎÌËÚÂÎ¸ÌÓÈ (P + 2)-È Á‡‰‡˜Ë
äÓ¯Ë ‚˚ÔÓÎÌflÎÓÒ¸ Ò ËÒÔÓÎ¸ÁÓ‚‡ÌËÂÏ ‚˚ÒÓÍÓÚÓ˜ÌÓ„Ó ÏÂÚÓ‰‡ ˜ËÒÎÂÌÌÓ„Ó ËÌÚÂ„ËÓ‚‡ÌËfl ù‚Â-
ı‡Ú‡ 11-„Ó ÔÓfl‰Í‡ (ÒÏ. [2]). ÇÒÂ ‚˚˜ËÒÎÂÌËfl ÔÓ‚Ó‰ËÎËÒ¸ Ò Û‰‚ÓÂÌÌÓÈ ÚÓ˜ÌÓÒÚ¸˛. 

èÓÒÚÓÂÌÌÓÂ Â¯ÂÌËÂ ym + 1(τ) Á‡‰‡˜Ë äÓ¯Ë ‰Îfl ÒËÒÚÂÏ˚ (7) Ò Ì‡˜‡Î¸Ì˚ÏË ÛÒÎÓ‚ËflÏË ym + 1(0)
ÔË λ = λm + 1 Û‰Ó‚ÎÂÚ‚ÓflÂÚ ÛÒÎÓ‚ËflÏ kT-ÔÂËÓ‰Ë˜ÌÓÒÚË ÎË¯¸ ÔË·ÎËÊÂÌÌÓ. ìÚÓ˜ÌÂÌËÂ Ì‡˜‡Î¸-
Ì˚ı ÛÒÎÓ‚ËÈ ÔË λ = λm + 1 ÏÓÊÂÚ ·˚Ú¸ ÔÓ‚Â‰ÂÌÓ ÔË ÔÓÏÓ˘Ë ÔÂ‰ÒÚ‡‚ÎÂÌËfl 

(20)

Ë ÏÓ‰ËÙËˆËÓ‚‡ÌÌÓÈ ÒıÂÏ˚ ç¸˛ÚÓÌ‡

(21)

á‰ÂÒ¸ km + 1 – ÍÓÎË˜ÂÒÚ‚Ó ÛÚÓ˜Ìfl˛˘Ëı ËÚÂ‡ˆËÈ Ì‡ (m + 1)-Ï ¯‡„Â;  = (kT) – (0) –
ÌÂ‚flÁÍ‡, ËÏÂ˛˘‡fl ÔÓfl‰ÓÍ ÓÚ·Ó¯ÂÌÌ˚ı ˜ÎÂÌÓ‚ ‚ (14).

èÓ‰ÓÎÊ‡fl ‚‡¸ËÓ‚‡ÌËÂ Ô‡‡ÏÂÚ‡ λ, ÏÓÊÌÓ ÔÓÒÚÓËÚ¸ Â¯ÂÌËÂ ys(τ) ÒËÒÚÂÏ˚ (7), ÒÓÓÚ‚ÂÚ-
ÒÚ‚Û˛˘ÂÂ Á‡‰‡ÌÌÓÏÛ ÁÌ‡˜ÂÌË˛ Ô‡‡ÏÂÚ‡ λ = λs, ‚ ÚÓÏ ÒÎÛ˜‡Â, ÍÓ„‰‡ Ì‡ Í‡Ê‰ÓÏ ¯‡„Â ÔÓ‰ÓÎÊÂ-
ÌËfl Ï‡ÚËˆ‡ ÔÂËÓ‰Ë˜ÌÓÒÚË [Zm + 1(kT) – E] ÓÒÚ‡ÂÚÒfl ÌÂ‚˚ÓÊ‰ÂÌÌÓÈ. Ç ÔÓÚË‚ÌÓÏ ÒÎÛ˜‡Â ÚÓ˜Í‡
(yb, λb) ÔÓÒÚ‡ÌÒÚ‚‡ ÒÓÒÚÓflÌËÈ Ë Ô‡‡ÏÂÚ‡, ‰Îfl ÍÓÚÓÓÈ det[Zm + 1(kT) – E] = 0, fl‚ÎflÂÚÒfl ÓÒÓ·ÓÈ.
Ç ÌÂÈ ÔÓËÒıÓ‰ËÚ Ì‡Û¯ÂÌËÂ ÛÒÎÓ‚ËÈ Â‰ËÌÒÚ‚ÂÌÌÓÒÚË Â¯ÂÌËÈ Û‡‚ÌÂÌËfl (7) Ë ‚ÓÁÏÓÊÌÓ ‡Á-
‚ÂÚ‚ÎÂÌËÂ Â¯ÂÌËÈ. èË ˝ÚÓÏ ‰Îfl ‚˚ÔÓÎÌÂÌËfl ÒÎÂ‰Û˛˘Â„Ó ¯‡„‡ ÔÓ‰ÓÎÊÂÌËfl Â¯ÂÌËfl ÔÓ Ô‡-
‡ÏÂÚÛ ÌÂÓ·ıÓ‰ËÏÓ ÔË‚ÎÂ˜ÂÌËÂ ÏÂÚÓ‰Ó‚ ÚÂÓËË ‚ÂÚ‚ÎÂÌËfl (ÒÏ. [2]). 

ÇÓÔÓÒ Ó· ËÒÒÎÂ‰Ó‚‡ÌËË ÛÒÚÓÈ˜Ë‚ÓÒÚË ÌÂ‚ÓÁÏÛ˘ÂÌÌÓ„Ó ‰‚ËÊÂÌËfl ym + 1(τ) ‰ËÌ‡ÏË˜ÂÒÍÓÈ ÒË-
ÒÚÂÏ˚ Ò‚Ó‰ËÚÒfl Í ËÁÛ˜ÂÌË˛ ÛÒÚÓÈ˜Ë‚ÓÒÚË ÚË‚Ë‡Î¸Ì˚ı Â¯ÂÌËÈ Û‡‚ÌÂÌËÈ ‚ÓÁÏÛ˘ÂÌÌÓ„Ó ‰‚Ë-
ÊÂÌËfl ÔÂ‚Ó„Ó ÔË·ÎËÊÂÌËfl 

(22)

Zm 1+ kT( ) E–[ ]δym 0( ) –zλm 1+ kT( )δλm Rm

km kT( ),–=

Rm

km

dZm 1+

dτ
--------------- gY Zm 1+ ,=

zλm 1+ kT( ) ∂y kT( )
∂λ

------------------=

dzλm 1+

dτ
----------------- gYzλm 1+ gλ , zλm 1+ 0( )+ 0.= =

ym 1+ 0( ) ym 0( ) δym 0( ) δy
Rm 1+

i 0( )
i 1=

km 1+

∑+ +=

δy
Rm 1+

i 0( ) Zm 1+ kT( ) E–[ ] 1– Rm 1+
i

, i– 1 2 … km 1+ ., , ,= =

Rm 1+
i ym 1+

i ym 1+
i

δ
dym 1+ τ( )

dτ
----------------------- 

  gYδym 1+ τ( )=
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á‡‚‡ÊËÌ‡

Ò ÔÂËÓ‰Ë˜ÂÒÍËÏË ÍÓ˝ÙÙËˆËÂÌÚ‡ÏË. ùÚÓÚ ‚ÓÔÓÒ Â¯‡ÂÚÒfl Ì‡ ÓÒÌÓ‚‡ÌËË ÚÂÓÂÏ îÎÓÍÂ (ÒÏ. [16],
[17]) ÔÛÚÂÏ ‡Ì‡ÎËÁ‡ ÏÛÎ¸ÚËÔÎËÍ‡ÚÓÓ‚ ρj , j = 1, 2, …, P, ÒËÒÚÂÏ˚ (22), ÍÓÚÓ˚Â ÔÂ‰ÒÚ‡‚Îfl˛Ú ÒÓ-
·ÓÈ ÒÓ·ÒÚ‚ÂÌÌ˚Â ÁÌ‡˜ÂÌËfl Ï‡ÚËˆ˚ ÏÓÌÓ‰ÓÏËË Zm + 1(kT). ëÎÛ˜‡Ë, ÍÓ„‰‡ ÒÛ˘ÂÒÚ‚ÛÂÚ ıÓÚfl ·˚
Ó‰ËÌ ÏÛÎ¸ÚËÔÎËÍ‡ÚÓ ρj , Û‰Ó‚ÎÂÚ‚Ófl˛˘ËÈ ÒÓÓÚÌÓ¯ÂÌËflÏ |ρj | = 1, |ρj | < 1, i ≠ j, fl‚Îfl˛ÚÒfl ÍËÚË-
˜ÂÒÍËÏË. Ç ÔÓÒÚ‡ÌÒÚ‚Â ÒÓÒÚÓflÌËÈ ËÏ ÒÓÓÚ‚ÂÚÒÚ‚Û˛Ú ÚÓ˜ÍË ·ËÙÛÍ‡ˆËÈ (yb, λb), ‚ ÍÓÚÓ˚ı ‚ÓÁ-
ÏÓÊÌÓ ‡Á‚ÂÚ‚ÎÂÌËÂ Â¯ÂÌËÈ. ï‡‡ÍÚÂ ÔÂÂÒÂ˜ÂÌËfl ÏÛÎ¸ÚËÔÎËÍ‡ÚÓÓÏ ρj Â‰ËÌË˜ÌÓÈ ÓÍÛÊÌÓ-
ÒÚË ÓÔÂ‰ÂÎflÂÚ ÚËÔ Â‡ÎËÁÛ˛˘ÂÈÒfl ·ËÙÛÍ‡ˆËÓÌÌÓÈ ÚÓ˜ÍË Ë Ò‚ÓÈÒÚ‚‡ ÓÚ‚ÂÚ‚Îfl˛˘ËıÒfl Â¯Â-
ÌËÈ. Ç ‰‡Î¸ÌÂÈ¯ÂÏ ·Û‰ÂÏ ÔË‰ÂÊË‚‡Ú¸Òfl ÒÎÂ‰Û˛˘ÂÈ ÍÎ‡ÒÒËÙËÍ‡ˆËË ÚÓ˜ÂÍ ·ËÙÛÍ‡ˆËË ‚
ÒÎÛ˜‡Â |ρj | = 1 ‚ Á‡‚ËÒËÏÓÒÚË ÓÚ ÁÌ‡˜ÂÌËÈ ÓÚÌÓ¯ÂÌËfl 

(„‰Â v ≠ 0, u, v – ˆÂÎ˚Â ˜ËÒÎ‡), ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘Ëı ÓÚ‚ÂÚ‚ÎÂÌË˛ ÒÛ·„‡ÏÓÌË˜ÂÒÍÓ„Ó Â¯ÂÌËfl Ò ÔÂ-
ËÓ‰ÓÏ vkT (v ≥ 1), Í‡ÚÌ˚Ï ÔÂËÓ‰Û kT ËÒıÓ‰ÌÓ„Ó Â¯ÂÌËfl. ëÓÒÚÓflÌËÂ ÒËÒÚÂÏ˚ (22), ‚ ÍÓÚÓÓÏ

 = 0, ÒÓÓÚ‚ÂÚÒÚ‚ÛÂÚ ‚ ÔÓÒÚ‡ÌÒÚ‚Â ÒÓÒÚÓflÌËÈ ÚÓ˜ÍÂ ·ËÙÛÍ‡ˆËË ÓÊ‰ÂÌËfl (ËÒ˜ÂÁÌÓ‚ÂÌËfl)
Ô‡˚ ÒÛ·„‡ÏÓÌË˜ÂÒÍËı Â¯ÂÌËÈ ËÒıÓ‰ÌÓ„Ó ÔÂËÓ‰‡ kT. ÖÒÎË ÏÛÎ¸ÚËÔÎËÍ‡ÚÓ ρj ‰ÂÈÒÚ‚ËÚÂÎÂÌ Ë
Û‰Ó‚ÎÂÚ‚ÓflÂÚ ÒÓÓÚÌÓ¯ÂÌË˛  = π, ÚÓ ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘Û˛ ÚÓ˜ÍÛ ÔÓÒÚ‡ÌÒÚ‚‡ ÒÓÒÚÓflÌËÈ ·Û-
‰ÂÏ Ì‡Á˚‚‡Ú¸ ÚÓ˜ÍÓÈ ·ËÙÛÍ‡ˆËË Û‰‚ÓÂÌËfl ÔÂËÓ‰‡. éÚ‚ÂÚ‚Îfl˛˘ÂÂÒfl Â¯ÂÌËÂ ËÏÂÂÚ ÔÂËÓ‰
2kT. ëÎÛ˜‡Ë  = 2π/3 Ë  = π/2 ÓÚ‚Â˜‡˛Ú ·ËÙÛÍ‡ˆËflÏ ÛÚÓÂÌËfl Ë Û˜ÂÚ‚ÂÂÌËfl ÔÂËÓ‰‡
ËÒıÓ‰ÌÓ„Ó Â¯ÂÌËfl. èÓÒÚÓÂÌËÂ ÓÚ‚ÂÚ‚Îfl˛˘ËıÒfl ÒÛ·„‡ÏÓÌË˜ÂÒÍËı Â¯ÂÌËÈ ÏÓÊÂÚ ·˚Ú¸ ÔÓ-
‚Â‰ÂÌÓ ÚÓÎ¸ÍÓ ÏÂÚÓ‰‡ÏË ÚÂÓËË ‚ÂÚ‚ÎÂÌËfl (ÒÏ. [2], [18], [19]). 

éÚÏÂÚËÏ, ˜ÚÓ ‰Îfl ÒËÒÚÂÏ˚ (17), ‚ ÒÓÓÚ‚ÂÚÒÚ‚ËË Ò ÚÂÓÂÏÓÈ ÄÌ‰ÓÌÓ‚‡–ÇËÚÚ‡ (ÒÏ. [18]), Ï‡Ú-
Ëˆ‡ ÔÂËÓ‰Ë˜ÌÓÒÚË ‚˚ÓÊ‰ÂÌ‡ ‚ Í‡Ê‰ÓÈ ÚÓ˜ÍÂ ÍË‚ÓÈ ÔÂËÓ‰Ë˜ÂÒÍÓ„Ó Â¯ÂÌËfl. ÑÎfl ÓÚ˚ÒÍ‡-
ÌËfl ÒÓÒÚ‡‚Îfl˛˘Ëı ‚ÂÍÚÓ‡ δym(0) ËÁ (17) ÔÓÎ¸ÁÛ˛ÚÒfl ÚÂÏ Ó·ÒÚÓflÚÂÎ¸ÒÚ‚ÓÏ, ˜ÚÓ Ì‡ ÓÒÌÓ‚‡ÌËË
ÚÂÓÂÏ˚ èÛ‡ÌÍ‡Â (ÒÏ. [20]) ‰Îfl ÒÎÛ˜‡fl Ó‰ÌÓ˜‡ÒÚÓÚÌÓ„Ó ‚ÓÁ·ÛÊ‰ÂÌËfl Ó‰ÌÛ ËÁ ÍÓÏÔÓÌÂÌÚ ˝ÚÓ„Ó
‚ÂÍÚÓ‡ ÏÓÊÌÓ Á‡‰‡‚‡Ú¸ ÔÓËÁ‚ÓÎ¸ÌÓ. èË Á‡‰‡ÌÌ˚ı ÁÌ‡˜ÂÌËflı k1 Ë k2 ÔÓÎÛ˜‡ÂÏ‡fl ÛÍ‡Á‡ÌÌ˚Ï Ó·-

‡ÁÓÏ ÔÂËÓ‰Ë˜ÂÒÍ‡fl Ú‡ÂÍÚÓËfl ÎÂÊËÚ Ì‡ ÌÂÍÓÚÓÓÏ ÚÓÂ ‚ �
2
 (ÒÏ. [15]). èÓ˝ÚÓÏÛ ÒÚÂÔÂÌ¸ ‚˚-

ÓÊ‰ÂÌÌÓÒÚË Ï‡ÚËˆ˚ ÔÂËÓ‰Ë˜ÌÓÒÚË Â¯ÂÌËfl ‚ Í‡Ê‰ÓÈ ÚÓ˜ÍÂ ÍË‚ÓÈ ÔÂËÓ‰Ë˜ÂÒÍÓ„Ó Â¯ÂÌËfl
ÔÓ‚˚¯‡ÂÚÒfl Ì‡ Â‰ËÌËˆÛ Ë Á‡‰‡‚‡Ú¸ ÔÓËÁ‚ÓÎ¸ÌÓ ÏÓÊÌÓ ÛÊÂ ‰‚Â ÍÓÏÔÓÌÂÌÚ˚ ‚ÂÍÚÓ‡ δym(0). 

4. óËÒÎÂÌÌ‡fl Â‡ÎËÁ‡ˆËfl Á‡‰‡˜Ë

ÅÛ‰ÂÏ ËÒÒÎÂ‰Ó‚‡Ú¸ ÛÒÚ‡ÌÓ‚Ë‚¯ËÂÒfl ÔÂËÓ‰Ë˜ÂÒÍËÂ ÍÓÎÂ·‡ÌËfl ÓÒˆËÎÎflÚÓ‡ ÑÛÙÙËÌ„‡ 

(23)

ÔË ËÁÏÂÌÂÌËË ÛÔ‡‚Îfl˛˘Â„Ó Ô‡‡ÏÂÚ‡ λ. á‰ÂÒ¸ ÔËÌflÚÓ µ = 0.02, c = –1, d = 1, ω1 = 1.8, ω2 = 1.2.
íÓ˜ÍÓÈ Ó·ÓÁÌ‡˜ÂÌÓ ‰ËÙÙÂÂÌˆËÓ‚‡ÌËÂ ÔÓ ‚ÂÏÂÌË t. ëÓ„Î‡ÒÌÓ (2), ÏÓÊÌÓ ÔÂ‰ÒÚ‡‚ËÚ¸ ÌÂ‡‚ÚÓ-
ÌÓÏÌÓÂ Û‡‚ÌÂÌËÂ (23) ‚ ‡‚ÚÓÌÓÏÌÓÈ ÙÓÏÂ 

(24)

ë Û˜ÂÚÓÏ Ô‡‡ÏÂÚÓ‚ Û‡‚ÌÂÌËfl (23) ÎÂ„ÍÓ Ì‡ÈÚË ÁÌ‡˜ÂÌËfl ÍÓ˝ÙÙËˆËÂÌÚÓ‚ ‚ ÂÁÓÌ‡ÌÒÌ˚ı ÒÓÓÚ-
ÌÓ¯ÂÌËflı (3) ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ: 

(25)

íÓ„‰‡ Ì‡ ÓÒÌÓ‚‡ÌËË (5) Ë (25) ÔÓÎÛ˜ËÏ ÁÌ‡˜ÂÌËÂ ˜‡ÒÚÓÚ˚ Ω = 0.6. Ç ÂÁÛÎ¸Ú‡ÚÂ ÔÂÂıÓ‰‡ Í ÒÓ·-
ÒÚ‚ÂÌÌÓÏÛ ‚ÂÏÂÌË τ ÒËÒÚÂÏ‡ (24) ÔËÏÂÚ ‚Ë‰

(26)

„‰Â ¯ÚËıÓÏ Ó·ÓÁÌ‡˜ÂÌÓ ‰ËÙÙÂÂÌˆËÓ‚‡ÌËÂ ÔÓ ÒÓ·ÒÚ‚ÂÌÌÓÏÛ ‚ÂÏÂÌË τ. 

ρ jarg
2π

-------------
u
v
---- 1<=

ρ jarg

ρ jarg

ρ jarg ρ jarg

ẋ̇ µ ẋ cx dx
3

+ + + λ ω1tsin ω2tsin+( )=

ẋ̇ µẋ cx dx
3

+ + + λ ϕ 1sin ϕ2sin+( ),=

ϕ̇1 ω1, ϕ̇2 ω2.= =

k1 2, k2– 3.= =

Ω2
x'' µΩx' cx dx

3
+ + + λ ϕ 1sin ϕ2sin+( ),=

Ωϕ1' ω1, Ωϕ2' ω2,= =
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èË‚Â‰ÂÏ ÒËÒÚÂÏÛ (26) Í ‚Ë‰Û (7), ‰Îfl ˜Â„Ó ‚ÓÒÔÓÎ¸ÁÛÂÏÒfl ÔÂ‰ÒÚ‡‚ÎÂÌËÂÏ y1 = x, y2 =  = x',
ϕ1 = y3, ϕ2 = y4: 

(27)

ÑÎfl ÔÓÒÚÓÂÌËfl Â¯ÂÌËÈ ÔÂËÓ‰‡ T = 2π ̋ ‚ÓÎ˛ˆËÓÌÌÓÈ Á‡‰‡˜Ë (27) Ì‡ ÔÂ‚ÓÏ ¯‡„Â ÔÓ‰ÓÎ-
ÊÂÌËfl Â¯ÂÌËfl ÔÓ Ô‡‡ÏÂÚÛ ‚ Í‡˜ÂÒÚ‚Â ÔÓÓÊ‰‡˛˘Â„Ó Â¯ÂÌËfl y(0)(τ) = (y1(0)(τ), y2(0)(τ), y3(0)(τ),
y4(0)(τ)) ÔË λ = λ(0) ‡ÒÒÏ‡ÚË‚‡ÎÓÒ¸ ÒÎÂ‰Û˛˘ÂÂ ÒÓÒÚÓflÌËÂ ‡‚ÌÓ‚ÂÒËfl ÒËÒÚÂÏ˚ (27): λ(0) = 0,
y1(0)(τ) = –1, y2(0)(τ) = y3(0)(τ) = y4(0)(τ) = 0. ÑÎfl ËÒıÓ‰ÌÓ„Ó ÁÌ‡˜ÂÌËfl Ô‡‡ÏÂÚ‡ λ = λ(0) ÓÌÓ ÔÂ‰ÒÚ‡‚-
ÎflÂÚ ÒÓ·ÓÈ ËÒÍÓÏÓÂ T-ÔÂËÓ‰Ë˜ÂÒÍÓÂ Â¯ÂÌËÂ. 

ÄÌ‡ÎËÁ ÏÛÎ¸ÚËÔÎËÍ‡ÚÓÓ‚ ρj , j = 1, 2, 3, 4, Ï‡ÚËˆ˚ ÏÓÌÓ‰ÓÏËË ÔÓ‚Ó‰ËÎÒfl Ì‡ Í‡Ê‰ÓÏ ¯‡„Â
ÔÓÒÚÓÂÌËfl ‚ÂÚ‚Ë Â¯ÂÌËÈ ÔÂËÓ‰‡ T. é·Ì‡ÛÊÂÌ˚ ‰‚‡ ÛÒÚÓÈ˜Ë‚˚ı Û˜‡ÒÚÍ‡ ̋ ÚÓÈ ‚ÂÚ‚Ë, ÒÓÓÚ‚ÂÚ-
ÒÚ‚Û˛˘ËÂ ‰Ë‡Ô‡ÁÓÌ‡Ï ËÁÏÂÌÂÌËfl Ô‡‡ÏÂÚ‡ λ ∈ [0, λ1] Ë λ ∈ (λ2, λ(0)). èË λ1 = 0.09032706045 Ë
λ2 = 0.01080031321 ËÏÂ˛Ú ÏÂÒÚÓ ÔflÏ‡fl Ë Ó·‡ÚÌ‡fl ·ËÙÛÍ‡ˆËË ÓÊ‰ÂÌËfl Ë ËÒ˜ÂÁÌÓ‚ÂÌËfl Ô‡˚
Â¯ÂÌËÈ ËÒıÓ‰ÌÓ„Ó ÔÂËÓ‰‡ ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ, ‰Îfl ÍÓÚÓ˚ı Ó‰ËÌ ËÁ ÏÛÎ¸ÚËÔÎËÍ‡ÚÓÓ‚ ρj ÒÚ‡ÌÓ-
‚ËÚÒfl ‰ÂÈÒÚ‚ËÚÂÎ¸Ì˚Ï Ë ‚˚ÔÓÎÌfl˛ÚÒfl ÒÓÓÚÌÓ¯ÂÌËfl |ρj | = 1,  = 0. Ç ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘Ëı ÚÓ˜-
Í‡ı (y1, λ1), (y2, λ2) ÔÓÒÚ‡ÌÒÚ‚‡ ÒÓÒÚÓflÌËÈ ÔÓËÒıÓ‰ËÚ ‚˚ÓÊ‰ÂÌËÂ Ï‡ÚËˆ˚ ÔÂËÓ‰Ë˜ÌÓÒÚË
[Z(T) – E], ÒÚÓfl˘ÂÈ ‚ ÎÂ‚ÓÈ ̃ ‡ÒÚË ÒËÒÚÂÏ˚ Û‡‚ÌÂÌËÈ (17), Ë ÒÚ‡ÌÓ‚flÚÒfl ‚ÓÁÏÓÊÌ˚ÏË ÓÚ‚ÂÚ‚ÎÂÌËfl
ÌÂÛÒÚÓÈ˜Ë‚Ó„Ó, ‡ Á‡ÚÂÏ ÛÒÚÓÈ˜Ë‚Ó„Ó ÔÂËÓ‰Ë˜ÂÒÍËı Â¯ÂÌËÈ ÔÂËÓ‰‡ T. êÂ„ÛÎflËÁ‡ˆËfl Â¯ÂÌËÈ
‚ ÛÍ‡Á‡ÌÌ˚ı ÚÓ˜Í‡ı ·˚Î‡ ‚˚ÔÓÎÌÂÌ‡ ÔÛÚÂÏ ÒÏÂÌ˚ ‚Â‰Û˘Â„Ó Ô‡‡ÏÂÚ‡. èË ˝ÚÓÏ ‚ Í‡˜ÂÒÚ‚Â ‚Â-
‰Û˘Â„Ó Ô‡‡ÏÂÚ‡ ‚˚·Ë‡Î‡Ò¸ Ó‰Ì‡ ËÁ ÍÓÏÔÓÌÂÌÚ δy1(0) ËÎË δy2(0) ‚ÂÍÚÓ‡ ‚‡Ë‡ˆËË Ì‡˜‡Î¸Ì˚ı
ÛÒÎÓ‚ËÈ δy(0) = (δy1(0), δy2(0), δy3(0), δy4(0)). Ç ÂÁÛÎ¸Ú‡ÚÂ ·ËÙÛÍ‡ˆËË (y1, λ1) ‚ÂÚ‚¸ T ÚÂflÂÚ
ÛÒÚÓÈ˜Ë‚ÓÒÚ¸, ‡ ÔÓÒÎÂ ·ËÙÛÍ‡ˆËË (y2, λ2) ‚ÌÓ‚¸ ÂÂ ÔËÓ·ÂÚ‡ÂÚ Ë ÓÒÚ‡ÂÚÒfl ÛÒÚÓÈ˜Ë‚ÓÈ ‚ÔÎÓÚ¸ ‰Ó
ÚÓ˜ÍË ·ËÙÛÍ‡ˆËË (y(0), λ(0)) Û‰‚ÓÂÌËfl ÔÂËÓ‰‡, ÔÓÒÎÂ ÍÓÚÓÓÈ ÒÚ‡ÌÓ‚ËÚÒfl ÌÂÛÒÚÓÈ˜Ë‚ÓÈ. Ç ·Ë-
ÙÛÍ‡ˆËÓÌÌÓÏ ÒÓÒÚÓflÌËË ÒËÒÚÂÏ˚, Â‡ÎËÁÛ˛˘ÂÏÒfl ÔË λ = λ(0), Ó‰ËÌ ËÁ ÏÛÎ¸ÚËÔÎËÍ‡ÚÓÓ‚ ρj

‰ÂÈÒÚ‚ËÚÂÎÂÌ Ë Û‰Ó‚ÎÂÚ‚ÓflÂÚ ÒÓÓÚÌÓ¯ÂÌËflÏ |ρj| = 1,  = π. áÌ‡˜ÂÌËfl Ô‡‡ÏÂÚ‡ λ(0) Ë Ì‡˜‡Î¸-

Ì˚ı ÛÒÎÓ‚ËÈ y(0)(0) ‚ ‰‡ÌÌÓÈ ÚÓ˜ÍÂ ·ËÙÛÍ‡ˆËË ÔË‚Â‰ÂÌ˚ ‚ Ú‡·ÎËˆÂ. éÚÏÂÚËÏ, ˜ÚÓ (0) = 0. ç‡
ÙË„. 1, 2 ÔÂ‰ÒÚ‡‚ÎÂÌ˚ Ù‡ÁÓ‚˚Â ÔÓÚÂÚ˚ ÒËÒÚÂÏ˚ (27), ÔÓÒÚÓÂÌÌ˚Â ‚ ÛÍ‡Á‡ÌÌÓÈ ÚÓ˜ÍÂ ·ËÙÛ-
Í‡ˆËË. ãÂ„ÍÓ ‚Ë‰ÂÚ¸, ˜ÚÓ Ù‡ÁÓ‚‡fl Ú‡ÂÍÚÓËfl Á‡Ï˚Í‡ÂÚÒfl ‚ Ù‡ÁÓ‚ÓÈ ÔÎÓÒÍÓÒÚË (y1(τ), y2(τ)), Ó·-

‡ÁÛfl ‰‚ÓÈÌÛ˛ flÈˆÂ‚Ë‰ÌÛ˛ Ó·ËÚÛ (ÒÏ. ÙË„. 1), ËÁÓ·‡ÊÂÌËÂ (τ) = y3(τ) – , (τ) =

= y4(τ) –  Ù‡ÁÓ‚ÓÈ Ú‡ÂÍÚÓËË Á‡Ï˚Í‡ÂÚÒfl ÔÓÒÎÂ k1 Ó·ÓÓÚÓ‚ ÔÓ ÓÒË y3(τ) Ë k2 Ó·ÓÓÚÓ‚

y1'

y1' y2,=

y2'
1

Ω2
------ –µΩy2 cy1– dy1

3
– λ y3sin y4sin+( )+( ),=

y3'
ω1

Ω
------, y4'

ω2

Ω
------.= =

ρ jarg

ρ jarg

y4
0( )

ỹ3 2π
y3 τ( )
2π

------------ ỹ4

2π
y4 τ( )
2π

------------

í‡·ÎËˆ‡

n λ(n)

0 0.0640669998199 –0.8070613821677 –1.0152781354637 0

1 0.0717780885722 –0.5668823068001 –0.8301051607929 –2.243430 × 10–5

2 0.0727549016335 –0.5307588507032 –0.7805242894483 –2.307746 × 10–5

3 0.0728838267248 –0.5268845776521 –0.7773235481717 –2.362579 × 10–5

4 0.0729050272294 –0.5268935961944 –0.7778628866289 –2.356230 × 10–5

5 0.0729093497767 –0.5269400844770 –0.7780115272255 –2.355764 × 10–5

6 0.0729102763652 –0.5269499740912 –0.7780488910936 –2.355154 × 10–5

7 0.0729104749216 –0.5269518367785 –0.7780538643222 –2355597 × 10–5

y1
n( ) 0( ) y2

n( ) 0( ) y3
n( ) 0( )
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ÔÓ ÓÒË y4(τ) Ì‡ Í‚‡‰‡Ú‡ı –π <  < π, –π <  < π (ÒÏ. ÙË„. 2) Ù‡ÁÓ‚ÓÈ ÔÎÓÒÍÓÒÚË (y3(τ), y4(τ)). í‡ÍËÏ
Ó·‡ÁÓÏ, ÒÓ„Î‡ÒÌÓ ÚÂÓÂÏÂ ËÁ [15], Á‡ÏÍÌÛÚÓÈ Ù‡ÁÓ‚ÓÈ Ú‡ÂÍÚÓËË Ì‡ ‡ÒÒÏÓÚÂÌÌ˚ı ÔÎÓÒÍÓÒÚflı
ÒÓÓÚ‚ÂÚÒÚ‚ÛÂÚ Á‡ÏÍÌÛÚ‡fl ÍË‚‡fl Ì‡ ÚÓÂ ‚ �

2
. 

éÚ‚ÂÚ‚ÎÂÌËÂ ‚ ·ËÙÛÍ‡ˆËÓÌÌÓÈ ÚÓ˜ÍÂ (y(0)(0), λ(0)) ÒÛ·„‡ÏÓÌË˜ÂÒÍÓ„Ó Â¯ÂÌËfl Á‡‰‡˜Ë (27)
Û‰‚ÓÂÌÌÓ„Ó ÔÂËÓ‰‡ 2T ÔÓËÒıÓ‰ËÚ Ò Ó‰ÌÓ‚ÂÏÂÌÌÓÈ ÔÓÚÂÂÈ ÛÒÚÓÈ˜Ë‚ÓÒÚË ‚ÂÚ‚Ë ÔÂËÓ‰‡ T. Ñ‡-
ÎÂÂ ËÒıÓ‰Ì‡fl ‚ÂÚ‚¸ ÌÂÛÒÚÓÈ˜Ë‚‡. èÓÒÚÓÂÌËÂ ÓÚ‚ÂÚ‚Îfl˛˘Â„ÓÒfl ÒÛ·„‡ÏÓÌË˜ÂÒÍÓ„Ó Â¯ÂÌËfl ÔÂ-
ËÓ‰‡ 2T ‚ Ï‡ÎÓÈ ÓÍÂÒÚÌÓÒÚË ÚÓ˜ÍË ·ËÙÛÍ‡ˆËË ÔÓ‚Â‰ÂÌÓ Ì‡ ·‡ÁÂ Û‡‚ÌÂÌËÈ ‡Á‚ÂÚ‚ÎÂÌËfl ‚ÚÓ-
Ó„Ó ÔÓfl‰Í‡ (ÒÏ. [2]) Ò Û˜ÂÚÓÏ v = 2, k = 1. á‡ ÔÂ‰ÂÎ‡ÏË ·ËÙÛÍ‡ˆËÓÌÌÓÈ ÓÍÂÒÚÌÓÒÚË ‚ÂÚ‚¸ ÛÍ‡-
Á‡ÌÌÓ„Ó ÔÂËÓ‰‡ ÓÍ‡Á‡Î‡Ò¸ ÛÒÚÓÈ˜Ë‚ÓÈ ‚ÔÎÓÚ¸ ‰Ó ÒÎÂ‰Û˛˘ÂÈ ÚÓ˜ÍË ·ËÙÛÍ‡ˆËË Û‰‚ÓÂÌËfl
ÔÂËÓ‰‡ (y(1)(0), λ(1)) (ÒÏ. Ú‡·ÎËˆÛ). 

Ñ‡Î¸ÌÂÈ¯ÂÂ ËÒÒÎÂ‰Ó‚‡ÌËÂ ˝‚ÓÎ˛ˆËË ÒÛ·„‡ÏÓÌË˜ÂÒÍËı Â¯ÂÌËÈ ÔË ËÁÏÂÌÂÌËË ÛÔ‡‚Îfl˛-
˘Â„Ó Ô‡‡ÏÂÚ‡ Ë ‡Ì‡ÎËÁ ‚ÓÁÌËÍ‡˛˘Ëı ÔË ˝ÚÓÏ ÚÓ˜ÂÍ ·ËÙÛÍ‡ˆËË ÔÓÁ‚ÓÎËÎ ÔÓÒÚÓËÚ¸ ‰Îfl Á‡-
‰‡˜Ë (27) ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚ¸ ÔÂ‚˚ı ‚ÓÒ¸ÏË ·ËÙÛÍ‡ˆËÈ Û‰‚ÓÂÌËfl ÔÂËÓ‰‡. áÌ‡˜ÂÌËfl Ô‡‡ÏÂÚ-
‡ λn Ë Ì‡˜‡Î¸Ì˚ı ÛÒÎÓ‚ËÈ y(n)(0) ‚ ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘Ëı ÚÓ˜Í‡ı ·ËÙÛÍ‡ˆËÈ (n = 0, …, 7) ÔË‚Â‰ÂÌ˚

‚ Ú‡·ÎËˆÂ. éÚÏÂÚËÏ, ˜ÚÓ ‰Îfl ‚ÒÂı Ì‡È‰ÂÌÌ˚ı ÚÓ˜ÂÍ ·ËÙÛÍ‡ˆËË ‚˚ÔÓÎÌflÂÚÒfl (0) = 0. 

Ç ıÓ‰Â ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸Ì˚ı ·ËÙÛÍ‡ˆËÈ Û‰‚ÓÂÌËfl ÔÂËÓ‰‡ ÔÓËÒıÓ‰ËÚ Í‡˜ÂÒÚ‚ÂÌÌÓÂ ÔÂÓ·‡-
ÁÓ‚‡ÌËÂ Ù‡ÁÓ‚˚ı ÔÓÚÂÚÓ‚ ÚÓÎ¸ÍÓ ‚ Ù‡ÁÓ‚ÓÈ ÔÎÓÒÍÓÒÚË (y1(τ), y2(τ)). ç‡ ÙË„. 3 ‚ Ù‡ÁÓ‚ÓÈ ÔÎÓÒ-
ÍÓÒÚË (y1(τ), y2(τ)) ÔÂ‰ÒÚ‡‚ÎÂÌ Ù‡ÁÓ‚˚È ÔÓÚÂÚ 128T-ÔÂËÓ‰Ë˜ÂÒÍÓÈ Ú‡ÂÍÚÓËË. é˜Â‚Ë‰ÌÓ, ̃ ÚÓ
ÓÌ‡ ÒÛ˘ÂÒÚ‚ÂÌÌÓ ÛÒÎÓÊÌflÂÚÒfl ÔÓ Ò‡‚ÌÂÌË˛ Ò T-ÔÂËÓ‰Ë˜ÂÒÍÓÈ Ó·ËÚÓÈ, ËÁÓ·‡ÊÂÌÌÓÈ Ì‡ ÙË„. 1.
Ç Ù‡ÁÓ‚ÓÈ ÔÎÓÒÍÓÒÚË (y3(τ), y4(τ)) ÔÂÓ·‡ÁÓ‚‡ÌËfl Ù‡ÁÓ‚Ó„Ó ÔÓÚÂÚ‡ ‚ ÂÁÛÎ¸Ú‡ÚÂ ÔÓÒÎÂ‰Ó‚‡-
ÚÂÎ¸Ì˚ı ·ËÙÛÍ‡ˆËÈ ÌÂ ÔÓËÒıÓ‰ËÚ Ë ÓÌ ÔÓÎÌÓÒÚ¸˛ ÒÓ‚Ô‡‰‡ÂÚ Ò ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ËÏ ËÁÓ·‡ÊÂÌË-
ÂÏ ‰Îfl T-ÔÂËÓ‰Ë˜ÂÒÍÓÈ Ú‡ÂÍÚÓËË, ÔÂ‰ÒÚ‡‚ÎÂÌÌ˚Ï Ì‡ ÙË„. 2. 

èÓÎÛ˜ÂÌÌ‡fl ·ËÙÛÍ‡ˆËÓÌÌ‡fl ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚ¸ Ó·Î‡‰‡ÂÚ ÛÌË‚ÂÒ‡Î¸Ì˚ÏË Ò‚ÓÈÒÚ‚‡ÏË ÔÓ
îÂÈ„ÂÌ·‡ÛÏÛ, ÔÓÒÍÓÎ¸ÍÛ ÔÓˆÂÒÒ ËÁÏÂÌÂÌËfl Ï‡Ò¯Ú‡·‡ ÛÔ‡‚Îfl˛˘Â„Ó Ô‡‡ÏÂÚ‡ λ ÔË ÔÓÒÎÂ‰Ó-
‚‡ÚÂÎ¸Ì˚ı ·ËÙÛÍ‡ˆËflı ‰Îfl n  ∞ ÔÓ‰˜ËÌflÂÚÒfl ÒÓÓÚÌÓ¯ÂÌË˛

  δ,

„‰Â δ = 4.666623832. ÑÎfl Ò‡‚ÌÂÌËfl ÔË‚Â‰ÂÏ ÍÓÌÒÚ‡ÌÚÛ δ = 4.669201609…, ÔÓÎÛ˜ÂÌÌÛ˛ îÂÈ„ÂÌ-
·‡ÛÏÓÏ ÔÛÚÂÏ ÏÓ‰ÂÎËÓ‚‡ÌËfl Í‚‡‰‡ÚË˜ÌÓ„Ó ÚÓ˜Â˜ÌÓ„Ó ÓÚÓ·‡ÊÂÌËfl. ç‡È‰ÂÌÌ‡fl Ì‡ÏË ‚ ÂÁÛÎ¸-
Ú‡ÚÂ ˜ËÒÎÂÌÌ˚ı ‡Ò˜ÂÚÓ‚ ÍÓÌÒÚ‡ÌÚ‡ δ ÔÓÁ‚ÓÎflÂÚ ÔÓ Á‡ÍÓÌÛ „ÂÓÏÂÚË˜ÂÒÍÓÈ ÔÓ„ÂÒÒËË

ỹ3 ỹ4

y4
n( )

δ n( ) λ n 1+( ) λ n( )
–
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----------------------------------=
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ÔÂ‰ÒÍ‡Á‡Ú¸ ÔÂ‰ÂÎ¸ÌÓÂ ÁÌ‡˜ÂÌËÂ Ô‡‡ÏÂÚ‡ λ∞ Ì‡ ÔÓÓ„Â ı‡ÓÒ‡, Í ÍÓÚÓÓÏÛ ÒÓ ÒÍÓÓÒÚ¸˛ δ ÒıÓ-
‰flÚÒfl ·ËÙÛÍ‡ˆËÓÌÌ˚Â ÁÌ‡˜ÂÌËfl Ô‡‡ÏÂÚ‡ λ(n). Ç Ì‡¯ÂÏ ÒÎÛ˜‡Â ÔÂ‰ÂÎ¸ÌÓÂ ÁÌ‡˜ÂÌËÂ ÛÍ‡Á‡ÌÌÓ-
„Ó Ô‡‡ÏÂÚ‡ ÒÓÒÚ‡‚ÎflÂÚ λ∞ = 0.07291052907400. 

ä‡Í ÒÎÂ‰ÛÂÚ ËÁ ÔÓÎÛ˜ÂÌÌ˚ı Ì‡ÏË ÛÁÛÎ¸Ú‡ÚÓ‚, ‚ ÔÂ‰ÂÎÂ λ = λ∞ ·ÂÒÍÓÌÂ˜ÌÓÈ ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸-
ÌÓÒÚË ·ËÙÛÍ‡ˆËÈ Û‰‚ÓÂÌËfl ÔÂËÓ‰‡ ‚ ÌÂÍÓÚÓÓÈ Ó·Î‡ÒÚË Ù‡ÁÓ‚Ó„Ó ÔÓÒÚ‡ÌÒÚ‚‡ ÒÛ˘ÂÒÚ‚ÛÂÚ ·ÂÒ-
ÍÓÌÂ˜ÌÓÂ ÏÌÓÊÂÒÚ‚Ó ÌÂÛÒÚÓÈ˜Ë‚˚ı ‰‚ËÊÂÌËÈ ÔÂËÓ‰‡ 2nT, n = 0, 1, …, 7, ÔÓÓÊ‰‡˛˘ÂÂ ÔË λ > λ∞
Ú‡Í Ì‡Á˚‚‡ÂÏ˚È ı‡ÓÚË˜ÂÒÍËÈ ‡ÚÚ‡ÍÚÓ îÂÈ„ÂÌ·‡ÛÏ‡ (ÒÏ. [2], [21]). Ö„Ó ËÁÓ·‡ÊÂÌËÂ ‰Îfl Á‡‰‡˜Ë
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(27) ÔÂ‰ÒÚ‡‚ÎÂÌÓ Ì‡ ÙË„. 4. éÌÓ ÔÓÎÛ˜ÂÌÓ ÏÂÚÓ‰ÓÏ ÒÂÍÛ˘ÂÈ „ËÔÂÔÓ‚ÂıÌÓÒÚË èÛ‡ÌÍ‡Â ‚ Â-
ÁÛÎ¸Ú‡ÚÂ ˜ËÒÎÂÌÌÓ„Ó ËÌÚÂ„ËÓ‚‡ÌËfl Û‡‚ÌÂÌËÈ (27) Ë Ó‰ÌÓ‚ÂÏÂÌÌÓ„Ó ‚˚‰ÂÎÂÌËfl ‚ÂÏÂÌÌóÈ
‚˚·ÓÍË τq = qT + τ0, q = 0, 1, …, 20000, Ò ÔÂËÓ‰ÓÏ T Ë τ0 = T/2 (ÒÏ. ÙË„. 4) ÔË ÁÌ‡˜ÂÌËË Ô‡‡ÏÂÚ‡
λ = = 0.102910529. åÌÓ„ÓÍ‡ÚÌÓÂ Û‚ÂÎË˜ÂÌËÂ Î˛·Ó„Ó Ù‡„ÏÂÌÚ‡ Ì‡ ÙË„. 4 ÔÓÁ‚ÓÎflÂÚ Ó·Ì‡ÛÊËÚ¸
‚ÎÓÊÂÌÌÛ˛ ÒÎÓËÒÚÛ˛ ÒÚÛÍÚÛÛ, ÔËÒÛ˘Û˛ “ÒÚ‡ÌÌ˚Ï” ‡ÚÚ‡ÍÚÓ‡Ï. 

ëèàëéä ãàíÖêÄíìêõ
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èÂ‰Î‡„‡ÂÚÒfl ‡Î„ÓËÚÏ ‰ËÙÙÛÁËÓÌÌÓÈ ÙËÎ¸Ú‡ˆËË ËÁÓ·‡ÊÂÌËÈ, ÓÒÌÓ‚‡ÌÌ˚È Ì‡ Â¯ÂÌËË
Ì‡˜‡Î¸ÌÓ-Í‡Â‚ÓÈ Á‡‰‡˜Ë ‰Îfl ‰‚ÛÏÂÌÓ„Ó Û‡‚ÌÂÌËfl ‰ËÙÙÛÁËË ÒÓ ÒÔÂˆË‡Î¸Ì˚Ï ÌÂÎËÌÂÈÌ˚Ï
ËÒÚÓ˜ÌËÍÓÏ. ÅË·Î. 9. îË„. 10.

äÎ˛˜Â‚˚Â ÒÎÓ‚‡: Û‡‚ÌÂÌËÂ ‰ËÙÙÛÁËË, ÌÂÎËÌÂÈÌ˚È ËÒÚÓ˜ÌËÍ, ÙËÎ¸Ú‡ˆËfl ËÁÓ·‡ÊÂÌËÈ.

ÄÎ„ÓËÚÏ˚ Ó·‡·ÓÚÍË ËÁÓ·‡ÊÂÌËÈ, ÓÒÌÓ‚‡ÌÌ˚Â Ì‡ Â¯ÂÌËË ÒÏÂ¯‡ÌÌ˚ı Á‡‰‡˜ ‰Îfl Û‡‚ÌÂ-
ÌËfl ‰ËÙÙÛÁËË, ËÏÂ˛Ú ¯ËÓÍÛ˛ Ó·Î‡ÒÚ¸ ÔËÏÂÌÂÌËfl. éÒÌÓ‚Ì‡fl Ë‰Âfl ÔÓ‰Ó·Ì˚ı ‡Î„ÓËÚÏÓ‚ ÒÓ-
ÒÚÓËÚ ‚ ÚÓÏ, ˜ÚÓ Â¯ÂÌËÂ Á‡‰‡˜Ë äÓ¯Ë ‰Îfl ‰‚ÛÏÂÌÓ„Ó Û‡‚ÌÂÌËfl ‰ËÙÙÛÁËË Ò ÔÓÒÚÓflÌÌ˚Ï ÍÓ-
˝ÙÙËˆËÂÌÚÓÏ ˝Í‚Ë‚‡ÎÂÌÚÌÓ Ò‚ÂÚÍÂ Ì‡˜‡Î¸ÌÓ„Ó ÛÒÎÓ‚Ëfl Ò ÙÛÌÍˆËÂÈ É‡ÛÒÒ‡. í‡ÍËÏ Ó·‡ÁÓÏ, ‚
ÂÁÛÎ¸Ú‡ÚÂ Â¯ÂÌËfl Á‡‰‡˜Ë äÓ¯Ë Ò Ì‡˜‡Î¸Ì˚Ï ÛÒÎÓ‚ËÂÏ f(x, y), ÔÂ‰ÒÚ‡‚Îfl˛˘ËÏ ÒÓ·ÓÈ ËÒıÓ‰ÌÓÂ
ËÁÓ·‡ÊÂÌËÂ, ‚ ÌÂÍÓÚÓ˚È ÏÓÏÂÌÚ T ÔÓÎÛ˜‡ÂÚÒfl Ò„Î‡ÊÂÌÌÓÂ ËÁÓ·‡ÊÂÌËÂ. í‡ÍËÏ ÊÂ ÙËÎ¸ÚÛ-
˛˘ËÏ Ò‚ÓÈÒÚ‚ÓÏ ·Û‰ÂÚ Ó·Î‡‰‡Ú¸ Ë Â¯ÂÌËÂ ÒÏÂ¯‡ÌÌÓÈ Á‡‰‡˜Ë ‚ Ó„‡ÌË˜ÂÌÌÓÈ Ó·Î‡ÒÚË, Ì‡ „‡-
ÌËˆÂ ÍÓÚÓÓÈ Á‡‰‡ÌÓ ÔÓ‰ıÓ‰fl˘ÂÂ Í‡Â‚ÓÂ ÛÒÎÓ‚ËÂ. í‡Í Í‡Í ÔÓˆÂÒÒ ‰ËÙÙÛÁËË ÎÓÍ‡Î¸ÌÓ ÓÔÂ‰Â-
ÎflÂÚÒfl ÁÌ‡˜ÂÌËÂÏ ÍÓ˝ÙÙËˆËÂÌÚ‡ ‰ËÙÙÛÁËË, ÚÓ, ‚˚·Ë‡fl ÚÓÚ ËÎË ËÌÓÈ ‚Ë‰ ˝ÚÓ„Ó ÍÓ˝ÙÙËˆËÂÌÚ‡,
ÏÓÊÌÓ ‰Ó·ËÚ¸Òfl ÔÓfl‚ÎÂÌËfl Û ‡Î„ÓËÚÏ‡ Ò‚ÓÈÒÚ‚, ÔÓÎÂÁÌ˚ı ‰Îfl Â¯ÂÌËfl Á‡‰‡˜, ‚ÓÁÌËÍ‡˛˘Ëı ÔË
Ó·‡·ÓÚÍÂ ËÁÓ·‡ÊÂÌËÈ. Ç Ì‡ÒÚÓfl˘ÂÂ ‚ÂÏfl ÒÛ˘ÂÒÚ‚ÛÂÚ ·ÓÎ¸¯ÓÂ ÍÓÎË˜ÂÒÚ‚Ó ÏÂÚÓ‰Ó‚ ‰ËÙÙÛÁË-
ÓÌÌÓÈ ÙËÎ¸Ú‡ˆËË ËÁÓ·‡ÊÂÌËÈ, ÓÒÌÓ‚‡ÌÌ˚ı Ì‡ ‚˚·ÓÂ ‡ÁÎË˜Ì˚ı ÚËÔÓ‚ ÍÓ˝ÙÙËˆËÂÌÚÓ‚ ‰ËÙ-
ÙÛÁËË (ÒÏ., Ì‡ÔËÏÂ, [1]–[7]).

ñÂÎ¸ ‰‡ÌÌÓÈ ‡·ÓÚ˚ ÒÓÒÚÓËÚ ‚ ÚÓÏ, ˜ÚÓ·˚ ÔÓÍ‡Á‡Ú¸, ˜ÚÓ ‰ËÙÙÛÁËÓÌÌ˚Â ÏÂÚÓ‰˚ Ó·‡·ÓÚÍË
ËÁÓ·‡ÊÂÌËÈ ÏÓ„ÛÚ ·˚Ú¸ ÏÓ‰ËÙËˆËÓ‚‡Ì˚ Ì‡ ÓÒÌÓ‚Â ‚‚Â‰ÂÌËfl ‚ Û‡‚ÌÂÌËÂ ‰ËÙÙÛÁËË ÌÂÎËÌÂÈ-
ÌÓ„Ó ËÒÚÓ˜ÌËÍ‡ ÒÔÂˆË‡Î¸ÌÓ„Ó ‚Ë‰‡.

1. ÑËÙÙÛÁËÓÌÌ˚È ÙËÎ¸Ú Ò ÌÂÎËÌÂÈÌ˚Ï ËÒÚÓ˜ÌËÍÓÏ

èÛÒÚ¸ ‚ ÔflÏÓÛ„ÓÎ¸ÌÓÈ Ó·Î‡ÒÚË , „‰Â Ω = {(x, y), 0 < x < a, 0 < y < b}, Á‡‰‡Ì‡ ÙÛÌÍˆËfl f(x, y),
ÓÔÂ‰ÂÎfl˛˘‡fl ËÒıÓ‰ÌÓÂ ÏÓÌÓıÓÏÌÓÂ ËÁÓ·‡ÊÂÌËÂ. ê‡ÒÒÏÓÚËÏ Á‡‰‡˜Û ‰Îfl Û‡‚ÌÂÌËfl ‰ËÙÙÛÁËË:

(1)

(2)

(3)

„‰Â D2 – ÔÓÒÚÓflÌÌ˚È ÍÓ˝ÙÙËˆËÂÌÚ ‰ËÙÙÛÁËË, ‡ ÙÛÌÍˆËfl Q1(x, y; u) ÓÔËÒ˚‚‡ÂÚ ÌÂÎËÌÂÈÌ˚È ËÒÚÓ˜-
ÌËÍ. ä‡Â‚ÓÂ ÛÒÎÓ‚ËÂ (2) ÒÓÓÚ‚ÂÚÒÚ‚ÛÂÚ ÔÂ‰ÔÓÎÓÊÂÌË˛, ˜ÚÓ ‚·ÎËÁË „‡ÌËˆ˚ Ó·Î‡ÒÚË Ω ÌÂÚ ˝ÎÂ-
ÏÂÌÚÓ‚ ÔÓÎÂÁÌÓ„Ó ËÁÓ·‡ÊÂÌËfl. îÛÌÍˆËfl Q1(x, y; u) ÓÔÂ‰ÂÎflÂÚÒfl ÒÎÂ‰Û˛˘ËÏ Ó·‡ÁÓÏ. èÛÒÚ¸ (x, y) –
ÔÓËÁ‚ÓÎ¸Ì‡fl ÚÓ˜Í‡ Ó·Î‡ÒÚË Ω. é·ÓÁÌ‡˜ËÏ ˜ÂÂÁ O(x, y) ÌÂÍÓÚÓÛ˛ Ï‡ÎÛ˛ ÓÍÂÒÚÌÓÒÚ¸ ÚÓ˜ÍË
(x, y). Ç Í‡˜ÂÒÚ‚Â O(x, y) ÏÓÊÌÓ ‚ÁflÚ¸ ÍÛ„ ÙËÍÒËÓ‚‡ÌÌÓ„Ó ‡‰ËÛÒ‡ Ò ˆÂÌÚÓÏ ‚ ÚÓ˜ÍÂ (x, y) ËÎË
Í‚‡‰‡Ú Ò ÙËÍÒËÓ‚‡ÌÌÓÈ ÒÚÓÓÌÓÈ Ë ÓËÂÌÚ‡ˆËÂÈ Ë ˆÂÌÚÓÏ ‚ (x, y). íÓ„‰‡ ËÏÂÂÏ

(4)

1) ê‡·ÓÚ‡ ‚˚ÔÓÎÌÂÌ‡ ÔË ÙËÌ‡ÌÒÓ‚ÓÈ ÔÓ‰‰ÂÊÍÂ êîîà (ÍÓ‰ ÔÓÂÍÚ‡ 05-01-00232).

Ω

ut D
2∆u Q1 x y; u,( )u, x y,( )– Ω, t 0,>∈=

u Γ 0, t 0, Γ> ∂Ω,= =

u x y 0, ,( ) f x y,( ), x y,( ) Ω,∈=

Q1 x y; u,( ) 1 λ u s p t, ,( ) s pdd

O x y,( )
∫ 

 
 

2

+
 
 
 

1–

, λ 0,>=

ìÑä 519.633
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„‰Â

(5)

Ç Í‡˜ÂÒÚ‚Â ÓÚÙËÎ¸ÚÓ‚‡ÌÌÓ„Ó ËÁÓ·‡ÊÂÌËfl ·ÂÂÚÒfl Â¯ÂÌËÂ u(x, y, T) Á‡‰‡˜Ë (1)–(3) ‚ ÌÂÍÓÚÓ-
˚È ÏÓÏÂÌÚ ‚ÂÏÂÌË T.

éÔË¯ÂÏ Ó·Î‡ÒÚ¸ ‚ÓÁÏÓÊÌÓ„Ó ÔËÏÂÌÂÌËfl ÏÂÚÓ‰‡ ‰ËÙÙÛÁËÓÌÌÓÈ ÙËÎ¸Ú‡ˆËË, ÓÔÂ‰ÂÎflÂÏÓ-
„Ó Ì‡˜‡Î¸ÌÓ-Í‡Â‚ÓÈ Á‡‰‡˜ÂÈ (1)–(3). èÛÒÚ¸ ËÒıÓ‰ÌÓÂ ËÁÓ·‡ÊÂÌËÂ f(x, y) ÔÂ‰ÒÚ‡‚ÎflÂÚ ÒÓ·ÓÈ ÌÂ-
ÍÓÚÓÓÂ ÔÓÎÂÁÌÓÂ ËÁÓ·‡ÊÂÌËÂ, ËÒÍ‡ÊÂÌÌÓÂ ‚˚ÒÓÍÓÍÓÌÚ‡ÒÚÌ˚Ï ¯ÛÏÓÏ. ÖÒÎË ‰Îfl ÙËÎ¸Ú‡ˆËË
ÔÓ‰Ó·ÌÓ„Ó ËÁÓ·‡ÊÂÌËfl ÔËÏÂÌËÚ¸ ÔÓÒÚÓÈ ‰ËÙÙÛÁËÓÌÌ˚È ÏÂÚÓ‰, ÓÔÂ‰ÂÎflÂÏ˚È Á‡‰‡˜ÂÈ (1)–(3)
Ò Q1(x, y; u) ≡ 0, ÚÓ ÛÔ‡‚Îfl˛˘ËÏ Ô‡‡ÏÂÚÓÏ ‡Î„ÓËÚÏ‡ fl‚ÎflÂÚÒfl ÚÓÎ¸ÍÓ ‚ÂÎË˜ËÌ‡ D2T. èË ̋ ÚÓÏ
·ÓÎ¸¯ËÂ ÁÌ‡˜ÂÌËfl D2T, ÔË ÍÓÚÓ˚ı ËÌÚÂÌÒË‚ÌÓÒÚ¸ ¯ÛÏ‡ ·Û‰ÂÚ ÒÛ˘ÂÒÚ‚ÂÌÌÓ ÒÌËÊÂÌ‡, ÔË‚Ó‰flÚ Í
ËÒÍ‡ÊÂÌË˛ ÔÓÎÂÁÌÓÈ ËÌÙÓÏ‡ˆËË Ì‡ ËÁÓ·‡ÊÂÌËË. ÑÂÈÒÚ‚ËÂ ÌÂÎËÌÂÈÌÓ„Ó ËÒÚÓ˜ÌËÍ‡ Q1(x, y; u)u
ÒÓÒÚÓËÚ ‚ ÒÎÂ‰Û˛˘ÂÏ. Ç ÚÂı ÚÓ˜Í‡ı (x, y), ‚ Ï‡ÎÓÈ ÓÍÂÒÚÌÓÒÚË ÍÓÚÓ˚ı ÒÓ‰ÂÊËÚÒfl ÏÌÓ„Ó ÚÓ˜ÂÍ
ÔÓÎÂÁÌÓ„Ó ËÁÓ·‡ÊÂÌËfl, ‚ÂÎË˜ËÌ‡ ËÌÚÂ„‡Î‡ 

(6)

‚ÂÎËÍ‡ Ë ÙÛÌÍˆËfl Q1(x, y; u) ·ÎËÁÍ‡ Í ÌÛÎ˛. ëÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ, ‚ ˝ÚËı ÚÓ˜Í‡ı ‰ÂÈÒÚ‚ËÂ ËÒÚÓ˜ÌËÍ‡
ÌÂÁÌ‡˜ËÚÂÎ¸ÌÓ. Ç ÚÂı ÊÂ ÚÓ˜Í‡ı (x, y), ‚ ÓÍÂÒÚÌÓÒÚË ÍÓÚÓ˚ı Ì‡ıÓ‰ËÚÒfl ÚÓÎ¸ÍÓ ¯ÛÏ, ‚ÂÎË˜ËÌ‡
ËÌÚÂ„‡Î‡ (6) Ï‡Î‡ Ë ÙÛÌÍˆËfl Q1(x, y; u) ÓÍ‡Á˚‚‡ÂÚ ÒÛ˘ÂÒÚ‚ÂÌÌÓÂ ‚ÎËflÌËÂ Ì‡ ÛÏÂÌ¸¯ÂÌËÂ ‚ÂÎË-
˜ËÌ˚ Â¯ÂÌËfl u(x, y, t) ‚ ÚÓ˜ÍÂ (x, y), ‰ÂÈÒÚ‚Ûfl Í‡Í “ÓÚËˆ‡ÚÂÎ¸Ì˚È ËÒÚÓ˜ÌËÍ”. èÓÎÓÊËÚÂÎ¸Ì‡fl
ÔÓÒÚÓflÌÌ‡fl λ fl‚ÎflÂÚÒfl Ô‡‡ÏÂÚÓÏ ÙËÎ¸Ú‡. 

èË‚Â‰ÂÏ ÔËÏÂ, ËÎÎ˛ÒÚËÛ˛˘ËÈ ÂÁÛÎ¸Ú‡Ú ‡·ÓÚ˚ ‡Î„ÓËÚÏ‡, ÓÔÂ‰ÂÎflÂÏÓ„Ó Á‡‰‡˜ÂÈ
(1)–(3). èË ˜ËÒÎÂÌÌÓÈ Â‡ÎËÁ‡ˆËË ‰‡ÌÌÓ„Ó ÏÂÚÓ‰‡ ÒÏÂ¯‡ÌÌ‡fl Á‡‰‡˜‡ Â¯‡ÂÚÒfl Ì‡ ÓÒÌÓ‚Â ÌÂfl‚-
ÌÓÈ ‡ÁÌÓÒÚÌÓÈ ÒıÂÏ˚ ËÁ [8]. áÌ‡˜ÂÌËfl Q1(x, y; u) ‚˚˜ËÒÎfl˛ÚÒfl Ì‡ ÔÂ‰˚‰Û˘ÂÏ ÒÎÓÂ ÔÓ ‚ÂÏÂÌË.
ÑÎfl ‚˚˜ËÒÎÂÌËfl ‰‚ÛÍ‡ÚÌÓ„Ó ËÌÚÂ„‡Î‡ (6) ÒÚÓËÚÒfl ÍÛ·‡ÚÛÌ‡fl ÙÓÏÛÎ‡ ‚ÚÓÓ„Ó ÔÓfl‰Í‡ ‡Ô-
ÔÓÍÒËÏ‡ˆËË Ò ËÒÔÓÎ¸ÁÓ‚‡ÌËÂÏ 9-ÚÓ˜Â˜ÌÓ„Ó ¯‡·ÎÓÌ‡ (ÒÏ. [9]).

ç‡ ÙË„. 1 ÔË‚Â‰ÂÌÓ ËÒıÓ‰ÌÓÂ Á‡¯ÛÏÎÂÌÌÓÂ ËÁÓ·‡ÊÂÌËÂ f(x, y), Ì‡ ÙË„. 2 – ÂÁÛÎ¸Ú‡Ú ÙËÎ¸-
Ú‡ˆËË, ÔÓÎÛ˜ÂÌÌ˚È ÔË Â¯ÂÌËË ÎËÌÂÈÌÓÈ Á‡‰‡˜Ë (1)–(3) Ò Q1(x, y; u) ≡ 0, ‡ Ì‡ ÙË„. 3 – ÂÁÛÎ¸Ú‡Ú
ÙËÎ¸Ú‡ˆËË, ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ËÈ Â¯ÂÌË˛ ÌÂÎËÌÂÈÌÓÈ Á‡‰‡˜Ë (1)–(3) Ò Q1(x, y; u), ÓÔÂ‰ÂÎflÂÏÓÈ ÔÓ
ÙÓÏÛÎÂ (4). 

Ç ‡Ò˜ÂÚ‡ı ÔÂ‰ÔÓÎ‡„‡ÎÓÒ¸, ˜ÚÓ ËÌÚÂÌÒË‚ÌÓÒÚ¸ ËÁÓ·‡ÊÂÌËfl ÏÂÌflÂÚÒfl ÓÚ ÌÛÎfl ‰Ó 255, ÔË˜ÂÏ
ÌÓÎ¸ ÒÓÓÚ‚ÂÚÒÚ‚ÛÂÚ ·ÂÎÓÏÛ ˆ‚ÂÚÛ. ÇÂÎË˜ËÌ‡ D2T ‚ ÎËÌÂÈÌÓÏ Ë ÌÂÎËÌÂÈÌÓÏ ÒÎÛ˜‡flı Ó‰ËÌ‡ÍÓ‚‡.
è‡‡ÏÂÚ ËÏÂÂÚ ÁÌ‡˜ÂÌËÂ λ = 0.01. Ç Í‡˜ÂÒÚ‚Â ÓÍÂÒÚÌÓÒÚË ËÌÚÂ„ËÓ‚‡ÌËfl O(x, y) ‚˚·‡Ì Í‚‡‰-
‡Ú Ò ˆÂÌÚÓÏ ‚ ÚÓ˜ÍÂ (x, y) Ë ÒÓ ÒÚÓÓÌÓÈ ‚ ÚË ÔËÍÒÂÎfl. èË‚Â‰ÂÌÌ˚È ÔËÏÂ ÔÓÍ‡Á˚‚‡ÂÚ, ˜ÚÓ
ÌÂÎËÌÂÈÌ˚È ËÒÚÓ˜ÌËÍ Q1(x, y; u)u ÓÍ‡Á˚‚‡ÂÚ ÒÛ˘ÂÒÚ‚ÂÌÌÓÂ ÔÓÎÓÊËÚÂÎ¸ÌÓÂ ‚ÎËflÌËÂ Ì‡ Û‰‡ÎÂÌËÂ
¯ÛÏ‡.

ê‡ÒÒÏÓÚËÏ ‰Û„ÓÈ ‚‡Ë‡ÌÚ ÌÂÎËÌÂÈÌÓ„Ó ËÒÚÓ˜ÌËÍ‡. ÇÒÎÂ‰ÒÚ‚ËÂ ÚÓ„Ó ˜ÚÓ ‚ ÔË‚Â‰ÂÌÌÓÈ ÔÓ-
ÒÚ‡ÌÓ‚ÍÂ ÍÓ˝ÙÙËˆËÂÌÚ Q1(x, y; u) ‚ÒÂ„‰‡ ·ÓÎ¸¯Â ÌÛÎfl, ÌÂÎËÌÂÈÌ˚È “ÓÚËˆ‡ÚÂÎ¸Ì˚È ËÒÚÓ˜ÌËÍ”
‰ÂÈÒÚ‚ÛÂÚ ‚ Í‡Ê‰ÓÈ ÚÓ˜ÍÂ ËÁÓ·‡ÊÂÌËfl. ëÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ, Ì‡fl‰Û Ò ÛÏÂÌ¸¯ÂÌËÂÏ ËÌÚÂÌÒË‚ÌÓÒÚË
‚˚ÒÓÍÓÍÓÌÚ‡ÒÚÌÓ„Ó ¯ÛÏ‡ ÔÂ‰ÎÓÊÂÌÌ˚È ‰ËÙÙÛÁËÓÌÌ˚È ÙËÎ¸Ú ÛÏÂÌ¸¯‡ÂÚ Ë ËÌÚÂÌÒË‚ÌÓÒÚ¸
ÔÓÎÂÁÌ˚ı Ó·˙ÂÍÚÓ‚. Ç ÌÂÍÓÚÓ˚ı ÒÎÛ˜‡flı ÔË ·ÓÎ¸¯Ëı ÁÌ‡˜ÂÌËflı T ˝ÚÓÚ ˝ÙÙÂÍÚ ÏÓÊÂÚ ÔË‚Ó-
‰ËÚ¸ Í ÒÌËÊÂÌË˛ ÍÓÌÚ‡ÒÚÌÓÒÚË ËÁÓ·‡ÊÂÌËÈ. óÚÓ·˚ ËÁ·ÂÊ‡Ú¸ ÔÓÚÂ¸ ËÌÚÂÌÒË‚ÌÓÒÚË Ó·˙ÂÍÚÓ‚
ÔË ÙËÎ¸Ú‡ˆËË Ë Û‚ÂÎË˜ËÚ¸ ÍÓÌÚ‡ÒÚ, ÏÓ‰ËÙËˆËÛÂÏ ‡Î„ÓËÚÏ, ‚˚·‡‚ ÙÛÌÍˆË˛, ÓÔÂ‰ÂÎfl˛-
˘Û˛ ÌÂÎËÌÂÈÌ˚È ËÒÚÓ˜ÌËÍ, ‚ ÒÎÂ‰Û˛˘ÂÏ ‚Ë‰Â:

(7)

„‰Â (s, p, t) ËÏÂÂÚ ‚Ë‰ (5), ‡ ÙÛÌÍˆËfl R(z) Ú‡ÍÓ‚‡, ˜ÚÓ ‚ÂÌÓ ÒÎÂ‰Û˛˘ÂÂ:

u s p t, ,( )
u s p t, ,( ), s p,( ) Ω,∈

0, s p,( ) Ω.∉



=

u s p t, ,( ) s pdd

O x y,( )
∫

Q2 x y; u,( ) R u s p t, ,( ) s pdd

O x y,( )
∫ 

 
 

2

 
 
 

,=

u

R z( ) 0, z 0 Z0 ), R z( ),[ 0, z Z0 Z1,[ ] , R z( )∈≤∈> 0, z 0 Z1,[ ] .∉=
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ÇÂÎË˜ËÌ‡ Z1 ÓÔÂ‰ÂÎflÂÚÒfl Í‡Í ÁÌ‡˜ÂÌËÂ Í‚‡‰‡Ú‡ ËÌÚÂ„‡Î‡ (6) ÔÓ Ó·Î‡ÒÚË, ‚ ÍÓÚÓÓÈ ‚ÒÂ ÚÓ˜ÍË
ËÏÂ˛Ú Ï‡ÍÒËÏ‡Î¸ÌÛ˛ ËÌÚÂÌÒË‚ÌÓÒÚ¸. ÑÛ„ËÏË ÒÎÓ‚‡ÏË,

ê‡ÒÒÏÓÚËÏ ‰ÂÈÒÚ‚ËÂ ÙÛÌÍˆËË Q2(x, y; u) ‚ ‡Î„ÓËÚÏÂ ‰ËÙÙÛÁËÓÌÌÓÈ ÙËÎ¸Ú‡ˆËË ËÁÓ·‡ÊÂ-

ÌËÈ. Ç ÚÂı ÚÓ˜Í‡ı (x, y) Ó·Î‡ÒÚË Ω, „‰Â 0 ≤  < Z0, ËÏÂÂÏ Q2(x, y; u) > 0. ëÎÂ‰Ó-

‚‡ÚÂÎ¸ÌÓ, ‚ ÌËı ‡ÒÔÓÎ‡„‡˛ÚÒfl “ÓÚËˆ‡ÚÂÎ¸Ì˚Â ËÒÚÓ˜ÌËÍË”. èË ÙËÎ¸Ú‡ˆËË ˜ÎÂÌ Q2(x, y; u)u
·Û‰ÂÚ ÒÛ˘ÂÒÚ‚ÂÌÌÓ ÛÏÂÌ¸¯‡Ú¸ ËÌÚÂÌÒË‚ÌÓÒÚ¸ ‚ Ú‡ÍËı ÚÓ˜Í‡ı. ÇÂÎË˜ËÌ‡ Ô‡‡ÏÂÚ‡ Z0 ÓÔÂ‰ÂÎflÂÚ
ÔÓÓ„ ÓÚÒÂ˜ÂÌËfl ¯ÛÏ‡. Ç‡¸ËÛfl ÁÌ‡˜ÂÌËÂ ˝ÚÓ„Ó Ô‡‡ÏÂÚ‡, ÏÓÊÌÓ ‰ÂÎ‡Ú¸ ‡Î„ÓËÚÏ ·ÓÎÂÂ ËÎË ÏÂ-
ÌÂÂ ˜Û‚ÒÚ‚ËÚÂÎ¸Ì˚Ï Í Á‡¯ÛÏÎÂÌÌÓÒÚË ÙËÎ¸ÚÛÂÏÓ„Ó ËÁÓ·‡ÊÂÌËfl f(x, y). Ç ÚÓ ÊÂ ‚ÂÏfl ÂÒÎË ‚ÂÎË-

˜ËÌ‡ ËÌÚÂ„‡Î‡ ‚ ÓÍÂÒÚÌÓÒÚË ÌÂÍÓÚÓÓÈ ÚÓ˜ÍË ÎÂÊËÚ ‚ ËÌÚÂ‚‡ÎÂ Z0 ≤ , p, t)dsdp)2 ≤ Z1, ÚÓ

Ò˜ËÚ‡ÂÏ, ˜ÚÓ ˝Ú‡ ÚÓ˜Í‡ ÔËÌ‡‰ÎÂÊËÚ ÔÓÎÂÁÌÓÏÛ Ó·˙ÂÍÚÛ. îÛÌÍˆËfl Q2(x, y; u) ‚ ˝ÚÓÏ ÒÎÛ˜‡Â ÌÂÔÓ-
ÎÓÊËÚÂÎ¸Ì‡fl, ‡ ÁÌ‡˜ËÚ, ‚ ‡ÒÒÏ‡ÚË‚‡ÂÏÓÈ ÚÓ˜ÍÂ ÎË·Ó ‡ÒÔÓÎÓÊÂÌ “ÔÓÎÓÊËÚÂÎ¸Ì˚È ËÒÚÓ˜ÌËÍ”,
ÎË·Ó Q2(x, y; u)u = 0. ùÚÓ ÒÓÓÚ‚ÂÚÒÚ‚ÛÂÚ ÚÓÏÛ, ̃ ÚÓ ÔÓÎÂÁÌ˚Â Ó·˙ÂÍÚ˚ Ì‡ ËÁÓ·‡ÊÂÌËË ÛÒËÎË‚‡˛Ú-
Òfl ËÎË ÓÒÚ‡˛ÚÒfl ·ÂÁ ÒÛ˘ÂÒÚ‚ÂÌÌ˚ı ËÁÏÂÌÂÌËÈ. ÇË‰ ÙÛÌÍˆËË R(z) fl‚ÎflÂÚÒfl ÛÔ‡‚Îfl˛˘ËÏ Ô‡‡-
ÏÂÚÓÏ ‰‡ÌÌÓ„Ó ÏÂÚÓ‰‡.

êÂÁÛÎ¸Ú‡Ú˚ ‡·ÓÚ˚ ÙËÎ¸ÚÓ‚ ÏÓÊÌÓ ÔÓËÎÎ˛ÒÚËÓ‚‡Ú¸ Ì‡ ÒÎÂ‰Û˛˘ÂÏ ÔËÏÂÂ. ç‡ ÙË„. 4
ÔÂ‰ÒÚ‡‚ÎÂÌÓ ËÒıÓ‰ÌÓÂ Á‡¯ÛÏÎÂÌÌÓÂ ËÁÓ·‡ÊÂÌËÂ. ç‡ ÙË„. 5 Ë 6 ÔË‚Ó‰flÚÒfl ÂÁÛÎ¸Ú‡Ú˚ ÙËÎ¸-
Ú‡ˆËË ÏÂÚÓ‰‡ÏË, ÓÒÌÓ‚‡ÌÌ˚ÏË Ì‡ Â¯ÂÌËË Á‡‰‡˜Ë (1)–(3), Ò ÙÛÌÍˆËflÏË Q1(x, y; u) Ë Q2(x, y; u),
ÓÔÂ‰ÂÎflÂÏ˚ÏË (4) Ë (7) ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ. 

îÛÌÍˆËfl R(z) ·˚Î‡ ‚˚·‡Ì‡ ‚ ‚Ë‰Â

áÌ‡˜ÂÌËÂ Ô‡‡ÏÂÚ‡ D2T Ó‰ËÌ‡ÍÓ‚Ó. è‡‡ÏÂÚ λ = 0.001 ‰Îfl Ó·ÓËı ÏÂÚÓ‰Ó‚, A = 3, B = 0.009.

2. ÄÌËÁÓÚÓÔÌ˚È ‰ËÙÙÛÁËÓÌÌ˚È ÙËÎ¸Ú 
Ò ÌÂÎËÌÂÈÌ˚Ï ËÒÚÓ˜ÌËÍÓÏ

ãËÌÂÈÌ˚È ÙËÎ¸Ú (1)–(3) Ò Q1(x, y; u) ≡ 0 fl‚ÎflÂÚÒfl Ò‡Ï˚Ï ÔÓÒÚ˚Ï ‰ËÙÙÛÁËÓÌÌ˚Ï ÙËÎ¸ÚÓÏ.
èË ÙËÎ¸Ú‡ˆËË ÓÌ ÌÂ Û˜ËÚ˚‚‡ÂÚ ËÌÙÓÏ‡ˆË˛ ÌË Ó· ËÌÚÂÌÒË‚ÌÓÒÚË Ó·˙ÂÍÚÓ‚, ÌË Ó Ì‡Ô‡‚ÎÂ-
ÌËË ÍÓÌÚÛÓ‚. ëÛ˘ÂÒÚ‚ÛÂÚ ÍÎ‡ÒÒ ËÁÓ·‡ÊÂÌËÈ, Ì‡ ÍÓÚÓ˚ı ÔÓÎÂÁÌ˚ÏË Ó·˙ÂÍÚ‡ÏË fl‚Îfl˛ÚÒfl ‰Ó-
ÒÚ‡ÚÓ˜ÌÓ ÚÓÌÍËÂ Ë ÔÓ‚ÂÊ‰ÂÌÌ˚Â ÎËÌËË. ÑÎfl Ëı ÙËÎ¸Ú‡ˆËË ÌÛÊÌÓ ËÒÔÓÎ¸ÁÓ‚‡Ú¸ ‡Î„ÓËÚÏ˚,
Û˜ËÚ˚‚‡˛˘ËÂ ÎÓÍ‡Î¸Ì˚Â Ì‡Ô‡‚ÎÂÌËfl ÎËÌËÈ. é‰ÌËÏ ËÁ Ì‡Ë·ÓÎÂÂ ˝ÙÙÂÍÚË‚Ì˚ı ‡Î„ÓËÚÏÓ‚ Ó·-
‡·ÓÚÍË Ú‡ÍËı ËÁÓ·‡ÊÂÌËÈ fl‚ÎflÂÚÒfl ‡ÌËÁÓÚÓÔÌ˚È ‰ËÙÙÛÁËÓÌÌ˚È ÙËÎ¸Ú, ÔÂ‰ÎÓÊÂÌÌ˚È ‚
[6]. ùÚÓÚ ÙËÎ¸Ú ÔÓÒÚÓÂÌ Ú‡ÍËÏ Ó·‡ÁÓÏ, ˜ÚÓ·˚ ÛÏÂÌ¸¯‡Ú¸ ‰ËÙÙÛÁË˛ ‚ Ì‡Ô‡‚ÎÂÌËË, ÔÂÔÂÌ-
‰ËÍÛÎflÌÓÏ ÎËÌËflÏ, ÚÂÏ ·ÓÎ¸¯Â, ˜ÂÏ ÒËÎ¸ÌÂÂ ‚˚‡ÊÂÌ‡ Ëı „‡ÌËˆ‡. ë ‰Û„ÓÈ ÒÚÓÓÌ˚, ‰ËÙÙÛ-

u s p t, ,( ) s pdd

O x y,( )
∫ 

 
 

2

Z1 x y,( )∀ Ω .∈≤

u s p t, ,( ) s pdd
O x y,( )∫( )

2

( u(s
O x y,( )∫

R z( ) A Bλ 2
z( ) 1 λ 2

z+( ), zcos 0 2288( )2,[ ] , R z( )∈ 0, z 0 2288( )2,[ ] .∉= =

îË„. 1. îË„. 2. îË„. 3.
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ÅÓËÒÂÌÍÓ, ÑÂÌËÒÓ‚

ÁËfl ‚‰ÓÎ¸ „‡ÌËˆ˚ ÔÓ‰ÓÎÊ‡ÂÚÒfl, ÙËÎ¸ÚÛfl ¯ÛÏ ·ÂÁ ‡ÁÛ¯ÂÌËfl ÍÓÌÚÛ‡. óÚÓ·˚ ËÒÔÓÎ¸ÁÓ‚‡Ú¸
ÔË ÙËÎ¸Ú‡ˆËË ËÌÙÓÏ‡ˆË˛ Ó Ì‡Ô‡‚ÎÂÌËË ÎËÌËÈ, ‚ Í‡˜ÂÒÚ‚Â ÍÓ˝ÙÙËˆËÂÌÚ‡ ‰ËÙÙÛÁËË ‚˚·Ë-
‡˛Ú Ï‡ÚËˆ˚ ÒÔÂˆË‡Î¸ÌÓ„Ó ‚Ë‰‡.

ÄÌËÁÓÚÓÔÌ˚È ‡Î„ÓËÚÏ ‰ËÙÙÛÁËÓÌÌÓÈ ÙËÎ¸Ú‡ˆËË ÓÔËÒ˚‚‡ÂÚÒfl ÒÎÂ‰Û˛˘ÂÈ Á‡‰‡˜ÂÈ:

(8)

äÓ˝ÙÙËˆËÂÌÚ ‰ËÙÙÛÁËË ‚˚·Ë‡˛Ú ‚ ‚Ë‰Â Ï‡ÚËˆ˚, Á‡‚ËÒfl˘ÂÈ ÓÚ Â¯ÂÌËfl

„‰Â 

‡ (s, p, t) ÓÔÂ‰ÂÎflÂÚÒfl ÙÓÏÛÎÓÈ (5).

ùÚÓÚ ÙËÎ¸Ú Ò‡Ï ÔÓ ÒÂ·Â ÛÊÂ fl‚ÎflÂÚÒfl ‰ÓÒÚ‡ÚÓ˜ÌÓ ˝ÙÙÂÍÚË‚Ì˚Ï, Ó‰Ì‡ÍÓ ‰Ó·‡‚ÎÂÌËÂ ‚ ÌÂ„Ó
ÌÂÎËÌÂÈÌÓ„Ó ËÒÚÓ˜ÌËÍ‡ ÔÓÏÓ„‡ÂÚ ‰ÓÔÓÎÌËÚÂÎ¸ÌÓ ÛÎÛ˜¯ËÚ¸ Â„Ó Ò‚ÓÈÒÚ‚‡. çÂÒÏÓÚfl Ì‡ ÚÓ, ˜ÚÓ ‚
‡ÌËÁÓÚÓÔÌÓÏ ÙËÎ¸ÚÂ ‡ÁÏ˚ÚËÂ „‡ÌËˆ Ï‡ÎÓ, ÓÌÓ ‚ÒÂ-Ú‡ÍË ÔÓËÒıÓ‰ËÚ. èË ˝ÚÓÏ Ò Û‚ÂÎË˜ÂÌË-
ÂÏ ‚ÂÏÂÌË ÙËÎ¸Ú‡ˆËË ËÁ-Á‡ ÌÂ˜ÂÚÍÓÒÚË ÍÓÌÚÛ‡ ÒÍÓÓÒÚ¸ ‡ÁÏ˚ÚËfl Û‚ÂÎË˜Ë‚‡ÂÚÒfl. ë ‰Û„ÓÈ
ÒÚÓÓÌ˚, Ò„Î‡ÊË‚‡ÌËÂ ‚‰ÓÎ¸ ÔÓ‚ÂÊ‰ÂÌÌÓ„Ó ÍÓÌÚÛ‡ ÛÒÂ‰ÌflÂÚ ËÌÚÂÌÒË‚ÌÓÒÚ¸ Ì‡ „‡ÌËˆÂ, ‰ÂÎ‡fl
ÚÂÏ Ò‡Ï˚Ï ÂÂ ÏÂÌÂÂ ÍÓÌÚ‡ÒÚÌÓÈ. ÑÓ·‡‚ÎÂÌËÂ ‚ ‡Î„ÓËÚÏ ÌÂÎËÌÂÈÌÓ„Ó ËÒÚÓ˜ÌËÍ‡, ÓÔÂ‰ÂÎflÂÏÓ-
„Ó ÔÓ ÙÓÏÛÎÂ (7), ÔÓÁ‚ÓÎflÂÚ ÛÎÛ˜¯ËÚ¸ Â¯ÂÌËÂ Ó·ÓÁÌ‡˜ÂÌÌ˚ı ÔÓ·ÎÂÏ. çÂÎËÌÂÈÌ˚È ËÒÚÓ˜ÌËÍ,
Ò Ó‰ÌÓÈ ÒÚÓÓÌ˚, ÛÒÍÓflÂÚ Û‰‡ÎÂÌËÂ ̄ ÛÏ‡ Ò ËÁÓ·‡ÊÂÌËfl, ÔÓÏÓ„‡fl ÛÏÂÌ¸¯ËÚ¸ ‰ËÙÙÛÁË˛ ‚ Ì‡Ô‡‚-
ÎÂÌËË, ÔÂÔÂÌ‰ËÍÛÎflÌÓÏ ÎËÌËË. ë ‰Û„ÓÈ ÒÚÓÓÌ˚, ‡ÒÔÓÎÓÊÂÌÌ˚Â Ì‡ Ó·˙ÂÍÚÂ “ÔÓÎÓÊËÚÂÎ¸Ì˚Â
ËÒÚÓ˜ÌËÍË” Û‚ÂÎË˜Ë‚‡˛Ú ËÌÚÂÌÒË‚ÌÓÒÚ¸ ÎËÌËË, ÍÓÏÔÂÌÒËÛfl ÒÌËÊÂÌËÂ ÍÓÌÚ‡ÒÚÌÓÒÚË, ‚˚Á‚‡ÌÌÓÂ
‰ËÙÙÛÁËÂÈ. 

åÓ‰ËÙËˆËÓ‚‡ÌÌ˚È ‡ÌËÁÓÚÓÔÌ˚È ÙËÎ¸Ú Ò ÌÂÎËÌÂÈÌ˚Ï ËÒÚÓ˜ÌËÍÓÏ Á‡‰‡ÂÚÒfl ‚ ‚Ë‰Â

(9)

ut div H u( ) ∇ u×( ), x y,( ) Ω, t 0,>∈=

u Γ 0, t 0, Γ> ∂Ω,= =

u x y 0, ,( ) f x y,( ), x y,( ) Ω.∈=

H u( ) 1

ûx
2 ûy

2+
----------------

g ∇ û
2( )ûx

2 ûy
2+ g ∇ û

2( ) 1–( )ûxûy

g ∇ û
2( ) 1–( )ûxûy ûx

2 g ∇ û
2( )ûy

2+
,=

g s( ) 1
1 s/M+
-------------------, M 0,>=

û x y t, ,( ) 1

πσ2
--------- u s p t, ,( ) x s–( )2

y p–( )2
+

σ2
-------------------------------------------– 

  s p, σddexp∫
R

2

∫ 0,>=

u

ut div H u( ) ∇ u×( ) – Q2 x y; u,( )u, x y,( ) Ω, t 0,>∈=

u Γ 0, t 0, Γ> ∂Ω,= =

u x y 0, ,( ) f x y,( ), x y,( ) Ω.∈=

îË„. 4. îË„. 5. îË„. 6.
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îË„. 7–10 ËÎÎ˛ÒÚËÛ˛Ú ‡·ÓÚÛ ‰ËÙÙÛÁËÓÌÌÓ„Ó ÙËÎ¸Ú‡ (9) ‚ Ò‡‚ÌÂÌËË Ò ÙËÎ¸Ú‡ÏË, ÓÒÌÓ‚‡Ì-
Ì˚ÏË Ì‡ Â¯ÂÌËË Á‡‰‡˜ (1)–(3) Ë (8). ç‡ ÙË„. 7 ÔÂ‰ÒÚ‡‚ÎÂÌÓ ËÒıÓ‰ÌÓÂ ËÁÓ·‡ÊÂÌËÂ. ç‡ ÙË„. 8 – Â-
ÁÛÎ¸Ú‡Ú ÙËÎ¸Ú‡ˆËË ÏÂÚÓ‰ÓÏ, ÓÒÌÓ‚‡ÌÌ˚Ï Ì‡ Â¯ÂÌËË Á‡‰‡˜Ë (1)–(3), Ò ÍÓ˝ÙÙËˆËÂÌÚÓÏ (7). çÂ-
ÒÏÓÚfl Ì‡ ÚÓ, ˜ÚÓ ˝ÚÓÚ ÙËÎ¸Ú ·˚Î ‰ÓÒÚ‡ÚÓ˜ÌÓ ÛÒÔÂ¯ÌÓ ËÒÔÓÎ¸ÁÓ‚‡Ì ‚ ÔÂ‰˚‰Û˘ÂÏ ÔËÏÂÂ, ‚
‰‡ÌÌÓÏ ÒÎÛ˜‡Â Ï‡ÎÓÒÚ¸ ÎËÌËË Ë ÂÂ ÔÓ‚ÂÊ‰ÂÌÌÓÒÚ¸ ÌÂ ÔÓÁ‚ÓÎËÎË ÒÓı‡ÌËÚ¸ ÔÓÎÂÁÌÛ˛ ËÌÙÓÏ‡-
ˆË˛ Ë Û‰‡ÎËÚ¸ ̄ ÛÏ Ó‰ÌÓ‚ÂÏÂÌÌÓ. îË„. 9 ËÎÎ˛ÒÚËÛÂÚ ÂÁÛÎ¸Ú‡Ú ‡·ÓÚ˚ ËÒıÓ‰ÌÓ„Ó ‡ÌËÁÓÚÓÔ-
ÌÓ„Ó ÙËÎ¸Ú‡ (8), ‡ ÙË„. 10 – ËÁÓ·‡ÊÂÌËÂ, ÓÚÙËÎ¸ÚÓ‚‡ÌÌÓÂ ÏÂÚÓ‰ÓÏ, ÔÓÒÚÓÂÌÌ˚Ï Ì‡ ÓÒÌÓ‚Â
Â¯ÂÌËfl Á‡‰‡˜Ë (9).

äÓÎË˜ÂÒÚ‚Ó ¯‡„Ó‚ ÔÓ ‚ÂÏÂÌË ‰Îfl ‚ÒÂı ÚÂı ÓÚÙËÎ¸ÚÓ‚‡ÌÌ˚ı ËÁÓ·‡ÊÂÌËÈ Ó‰ËÌ‡ÍÓ‚Ó.
îÛÌÍˆËfl R(z) ·˚Î‡ ‚˚·‡Ì‡ ‚ ‚Ë‰Â

è‡‡ÏÂÚ λ = 0.001, A = 3, B = 0.009, σ = 0.05, M = 20. Ç Í‡˜ÂÒÚ‚Â ÓÍÂÒÚÌÓÒÚË ËÌÚÂ„ËÓ‚‡ÌËfl O(x, y)
‚˚·‡Ì Í‚‡‰‡Ú Ò ˆÂÌÚÓÏ ‚ ÚÓ˜ÍÂ (x, y) Ë ÒÓ ÒÚÓÓÌÓÈ ‚ ÚË ÔËÍÒÂÎfl.

èÓ‚Â‰ÂÌÌ˚Â ‡Ò˜ÂÚ˚ ÔÓÍ‡Á˚‚‡˛Ú, ˜ÚÓ ËÒÔÓÎ¸ÁÓ‚‡ÌËÂ ÌÂÎËÌÂÈÌÓ„Ó ËÒÚÓ˜ÌËÍ‡ ÔÓÁ‚ÓÎflÂÚ ‚
fl‰Â ÒÎÛ˜‡Â‚ ÛÎÛ˜¯ËÚ¸ ‰ËÙÙÛÁËÓÌÌ˚È ÏÂÚÓ‰ ÙËÎ¸Ú‡ˆËË ËÁÓ·‡ÊÂÌËÈ. 
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R z( ) A Bλ 2
z( ) 1 λ 2

z+( ), zcos 0 2288( )2,[ ] , R z( )∈ 0, z 0 2288( )2,[ ] .∉= =

îË„. 7. îË„. 8.

îË„. 9. îË„. 10.
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ê‡ÒÒÏ‡ÚË‚‡ÂÚÒfl ÒÂÚÓ˜Ì‡fl ‡ÔÔÓÍÒËÏ‡ˆËfl Í‡Â‚ÓÈ Á‡‰‡˜Ë ‰Îfl ÒËÌ„ÛÎflÌÓ ‚ÓÁÏÛ˘ÂÌÌÓ„Ó Ô‡-
‡·ÓÎË˜ÂÒÍÓ„Ó Û‡‚ÌÂÌËfl ÚËÔ‡ Â‡ÍˆËË-‰ËÙÙÛÁËË ‚ Ó·Î‡ÒÚË Ò „‡ÌËˆ‡ÏË, ‰‚ËÊÛ˘ËÏËÒfl ‚
ÒÚÓÓÌÛ ÔÓÎÓÊËÚÂÎ¸ÌÓ„Ó Ì‡Ô‡‚ÎÂÌËfl ÓÒË x. èË Ï‡Î˚ı ÁÌ‡˜ÂÌËflı Ô‡‡ÏÂÚ‡ ε (Ô‡‡ÏÂÚ‡

ÔË ÒÚ‡¯Ëı ÔÓËÁ‚Ó‰Ì˚ı Û‡‚ÌÂÌËfl; ε ∈ (0, 1]) ‚ ÓÍÂÒÚÌÓÒÚË ÎÂ‚ÓÈ ·ÓÍÓ‚ÓÈ „‡ÌËˆ˚  ÔÓ-
fl‚ÎflÂÚÒfl ‰‚ËÊÛ˘ËÈÒfl ÔÓ„‡ÌË˜Ì˚È ÒÎÓÈ. Ç ÒÎÛ˜‡Â ÒÚ‡ˆËÓÌ‡Ì˚ı ÔÓ„‡ÌË˜Ì˚ı ÒÎÓÂ‚ ÍÎ‡ÒÒË-
˜ÂÒÍËÂ ‡ÁÌÓÒÚÌ˚Â ÒıÂÏ˚ Ì‡ ÍÛÒÓ˜ÌÓ-‡‚ÌÓÏÂÌ˚ı ÒÂÚÍ‡ı, Ò„Û˘‡˛˘ËıÒfl ‚ ÒÎÓflı, ÒıÓ‰flÚÒfl
ε-‡‚ÌÓÏÂÌÓ ÒÓ ÒÍÓÓÒÚ¸˛ O(N–1lnN + N0), „‰Â ‚ÂÎË˜ËÌ˚ N Ë N0 ÓÔÂ‰ÂÎfl˛Ú ˜ËÒÎÓ ÛÁÎÓ‚ ÒÂÚ-
ÍË ÔÓ x Ë t. ÑÎfl ‡ÒÒÏ‡ÚË‚‡ÂÏÓÈ Á‡‰‡˜Ë ÍÎ‡ÒÒË˜ÂÒÍËÂ ‡ÁÌÓÒÚÌ˚Â ÒıÂÏ˚ Ì‡ ÓÒÌÓ‚Â ‡‚ÌÓÏÂ-

Ì˚ı ÒÂÚÓÍ ÒıÓ‰flÚÒfl ÎË¯¸ ÔË ÛÒÎÓ‚ËË N–1 +  � ε. éÍ‡Á˚‚‡ÂÚÒfl, ˜ÚÓ ‚ ÍÎ‡ÒÒÂ ‡ÁÌÓÒÚÌ˚ı

ÒıÂÏ Ì‡ ÓÒÌÓ‚Â ÔflÏÓÛ„ÓÎ¸Ì˚ı ÒÂÚÓÍ, Ò„Û˘‡˛˘ËıÒfl ÔÓ x Ë t ‚ ÓÍÂÒÚÌÓÒÚË ÏÌÓÊÂÒÚ‚‡ , ÒıÓ-

‰ËÏÓÒÚ¸ ÔË ÛÒÎÓ‚ËË N–1 +  ≤ ε1/2 ÌÂ‰ÓÒÚËÊËÏ‡. ê‡ÒÒÏÓÚÂÌËÂ ÔÓÔÂÂ˜ÌËÍÓ‚, ‡Ì‡ÎÓ„Ë˜Ì˚ı
ÔÓÔÂÂ˜ÌËÍ‡Ï ÔÓ äÓÎÏÓ„ÓÓ‚Û, ÔÓÁ‚ÓÎËÎÓ ÛÒÚ‡ÌÓ‚ËÚ¸ ÌÂÓ·ıÓ‰ËÏ˚Â Ë ‰ÓÒÚ‡ÚÓ˜Ì˚Â ÛÒÎÓ‚Ëfl
‰Îfl ε-‡‚ÌÓÏÂÌÓÈ ÒıÓ‰ËÏÓÒÚË ‡ÔÔÓÍÒËÏ‡ˆËÈ Â¯ÂÌËfl Í‡Â‚ÓÈ Á‡‰‡˜Ë. ë ËÒÔÓÎ¸ÁÓ‚‡ÌËÂÏ
˝ÚËı ÛÒÎÓ‚ËÈ ÒÚÓËÚÒfl ÒıÂÏ‡, ÒıÓ‰fl˘‡flÒfl ε-‡‚ÌÓÏÂÌÓ ÒÓ ÒÍÓÓÒÚ¸˛ O(N–1lnN + N0).
ÅË·Î. 18.

äÎ˛˜Â‚˚Â ÒÎÓ‚‡: Í‡Â‚‡fl Á‡‰‡˜‡ ‰Îfl Ô‡‡·ÓÎË˜ÂÒÍËı Û‡‚ÌÂÌËÈ, ‚ÓÁÏÛ˘‡˛˘ËÈ Ô‡‡ÏÂÚ ε,
Ô‡‡·ÓÎË˜ÂÒÍÓÂ Û‡‚ÌÂÌËÂ Â‡ÍˆËË-‰ËÙÙÛÁËË, ‡ÁÌÓÒÚÌ‡fl ‡ÔÔÓÍÒËÏ‡ˆËfl, ‰‚ËÊÛ˘ËÈÒfl ÔÓ-
„‡ÌË˜Ì˚È ÒÎÓÈ, ÔÓÔÂÂ˜ÌËÍË ÔÓ äÓÎÏÓ„ÓÓ‚Û, ε-‡‚ÌÓÏÂÌ‡fl ÒıÓ‰ËÏÓÒÚ¸. 

1. Ç‚Â‰ÂÌËÂ

ÑÎfl ÒËÌ„ÛÎflÌÓ ‚ÓÁÏÛ˘ÂÌÌ˚ı Í‡Â‚˚ı Á‡‰‡˜ ıÓÓ¯Ó ËÁ‚ÂÒÚÌ‡ ÔÓ·ÎÂÏ‡ ‡Á‡·ÓÚÍË ÒÔÂˆË-
‡Î¸Ì˚ı ÒÂÚÓ˜Ì˚ı ÏÂÚÓ‰Ó‚, ÔÓ„Â¯ÌÓÒÚ¸ Â¯ÂÌËÈ ÍÓÚÓ˚ı ÒÎ‡·Ó Á‡‚ËÒËÚ ÓÚ ‚ÂÎË˜ËÌ˚ Ô‡‡ÏÂÚ-
‡ ε, ‚ ˜‡ÒÚÌÓÒÚË ÏÂÚÓ‰Ó‚, ÒıÓ‰fl˘ËıÒfl ε-‡‚ÌÓÏÂÌÓ (ÒÏ. [1]–[4]). Ç Ì‡ÒÚÓfl˘ÂÂ ‚ÂÏfl ‰ÓÒÚ‡ÚÓ˜ÌÓ
ıÓÓ¯Ó ‡Á‡·ÓÚ‡Ì ÏÂÚÓ‰ ÔÓÒÚÓÂÌËfl ε-‡‚ÌÓÏÂÌÓ ÒıÓ‰fl˘ËıÒfl ÒıÂÏ Ì‡ ÒÔÂˆË‡Î¸Ì˚ı ÒÂÚÍ‡ı –
ÒÂÚÍ‡ı, ‡ÔËÓÌÓ Ò„Û˘‡˛˘ËıÒfl ‚ ÔÓ„‡ÌË˜Ì˚ı ÒÎÓflı (ÒÏ., Ì‡ÔËÏÂ, [2], [5]–[8] ‚ ÒÎÛ˜‡Â Û‡‚ÌÂ-
ÌËÈ ‚ ˜‡ÒÚÌ˚ı ÔÓËÁ‚Ó‰Ì˚ı Ë Ó·˚ÍÌÓ‚ÂÌÌ˚ı ‰ËÙÙÂÂÌˆË‡Î¸Ì˚ı Û‡‚ÌÂÌËÈ (ÒÏ. [9])). åÂÚÓ‰˚,
ËÒÔÓÎ¸ÁÛ˛˘ËÂ ÍÛÒÓ˜ÌÓ-‡‚ÌÓÏÂÌ˚Â ÒÂÚÍË, Ò„Û˘‡˛˘ËÂÒfl ‚ ÔÓ„‡ÌË˜Ì˚ı ÒÎÓflı, ÔÓÎÛ˜ËÎË ‰Ó-
ÒÚ‡ÚÓ˜ÌÓ ¯ËÓÍÓÂ ‡ÒÔÓÒÚ‡ÌÂÌËÂ ‚‚Ë‰Û Ëı ÔÓÒÚÓÚ˚ Ë Û‰Ó·ÒÚ‚‡ ‚ ËÒÔÓÎ¸ÁÓ‚‡ÌËË (ÒÏ., Ì‡ÔË-
ÏÂ, [5]–[8] Ë ·Ë·ÎËÓ„‡ÙË˛ Ú‡Ï ÊÂ). 

á‡ÏÂÚËÏ, ˜ÚÓ ÒÔÂˆË‡Î¸Ì˚Â ˜ËÒÎÂÌÌ˚Â ÏÂÚÓ‰˚ ‰Îfl ÒËÌ„ÛÎflÌÓ ‚ÓÁÏÛ˘ÂÌÌ˚ı Ô‡‡·ÓÎË˜ÂÒÍËı
Û‡‚ÌÂÌËÈ Ô‡ÍÚË˜ÂÒÍË ‡ÒÒÏ‡ÚË‚‡ÎËÒ¸ ÎË¯¸ ‰Îfl Á‡‰‡˜ ÒÓ ÒÚ‡ˆËÓÌ‡Ì˚ÏË ÔÓ„‡ÌË˜Ì˚ÏË Ë
‚ÌÛÚÂÌÌËÏË ÒÎÓflÏË. éÚÏÂÚËÏ ÒÔÂˆËÙËÍÛ ‚ ÔÓÒÚÓÂÌËË ÒÔÂˆË‡Î¸Ì˚ı ‡ÁÌÓÒÚÌ˚ı ÒıÂÏ ‚ ÒÎÛ˜‡Â
‰‚ËÊÛ˘ËıÒfl ÔÓ„‡ÌË˜Ì˚ı Ë ‚ÌÛÚÂÌÌËı ÒÎÓÂ‚. ÑÎfl Ì‡˜‡Î¸ÌÓÈ ÒËÌ„ÛÎflÌÓ ‚ÓÁÏÛ˘ÂÌÌÓÈ Á‡‰‡˜Ë Ò
‰‚ËÊÛ˘ËÏÒfl ÒÓÒÂ‰ÓÚÓ˜ÂÌÌ˚Ï ËÒÚÓ˜ÌËÍÓÏ, ‚ ÓÍÂÒÚÌÓÒÚË ÍÓÚÓÓ„Ó ÔÓfl‚ÎflÂÚÒfl ‰‚ËÊÛ˘ËÈÒfl
‚ÌÛÚÂÌÌËÈ ÒÎÓÈ, ‚ [10]–[12] ÔÓÒÚÓÂÌ˚ ÒÔÂˆË‡Î¸Ì˚Â ‡ÁÌÓÒÚÌ˚Â ÒıÂÏ˚, ÒıÓ‰fl˘ËÂÒfl ε-‡‚ÌÓ-

1) ê‡·ÓÚ‡ ‚˚ÔÓÎÌÂÌ‡ ÔË ÙËÌ‡ÌÒÓ‚ÓÈ ÔÓ‰‰ÂÊÍÂ êîîà (ÍÓ‰˚ ÔÓÂÍÚÓ‚ 07-01-00729, 04-01-89007-çÇé_a), çË‰ÂÎ‡Ì‰-
ÒÍÓÈ Ó„‡ÌËÁ‡ˆËË Ì‡Û˜Ì˚ı ËÒÒÎÂ‰Ó‚‡ÌËÈ NWO (ÔÓÂÍÚ ‹ 047.016.008), ÅÛÎÂ‚ÒÍÓ„Ó ˆÂÌÚ‡ ËÒÒÎÂ‰Ó‚‡ÌËÈ ÔÓ ËÌÙÓÏ‡-
ÚËÍÂ (BCRI) ç‡ˆËÓÌ‡Î¸ÌÓ„Ó ÛÌË‚ÂÒËÚÂÚ‡ àÎ‡Ì‰ËË „. äÓÍ, ‡ Ú‡ÍÊÂ MACSI – ÄÒÒÓˆË‡ˆËË ÔÓ ÔËÎÓÊÂÌËflÏ Ï‡ÚÂÏ‡-
ÚËÍË ‚ Ì‡ÛÍÂ Ë ÚÂıÌËÍÂ ‚ àÎ‡Ì‰ËË ÔÓ Ï‡ÚÂÏ‡ÚË˜ÂÒÍÓÈ ËÌËˆË‡ÚË‚Â àÎ‡Ì‰ÒÍÓ„Ó Ì‡Û˜ÌÓ„Ó ÙÓÌ‰‡ (Mathematics Applica-
tions Consortium for Science and Industry in Ireland (MACSI) under the Science Foundation Ireland (SFI) mathematics initiative).

S1
L

N0
1–

S1
L

N0
1–

ìÑä 519.633
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ÏÂÌÓ. èË ÔÓÒÚÓÂÌËË ÒıÂÏ ‚ ÓÍÂÒÚÌÓÒÚË Ú‡ÂÍÚÓËË ‰‚ËÊÛ˘Â„ÓÒfl ËÒÚÓ˜ÌËÍ‡ ËÒÔÓÎ¸ÁÓ‚‡ÎËÒ¸
ÒÂÚÍË, Ò„Û˘‡˛˘ËÂÒfl ÔÓ ÓÒË x Ë ÌÂ fl‚Îfl˛˘ËÂÒfl ÔflÏÓÛ„ÓÎ¸Ì˚ÏË. Ç Ò‚flÁË Ò ‰ÓÒÚ‡ÚÓ˜ÌÓÈ ÒÎÓÊÌÓ-
ÒÚ¸˛ Ú‡ÍËı ÒıÂÏ ‚ÓÁÌËÍ‡ÂÚ ËÌÚÂÂÒ Í ÏÂÚÓ‰‡Ï ÔÓÒÚÓÂÌËfl ·ÓÎÂÂ ÔÓÒÚ˚ı ‡ÁÌÓÒÚÌ˚ı ÒıÂÏ, ‡ Ú‡Í-
ÊÂ Í ‡Î¸ÚÂÌ‡ÚË‚Ì˚Ï ˜ËÒÎÂÌÌ˚Ï ÏÂÚÓ‰‡Ï (ÏÂÚÓ‰‡Ï Ì‡ ‡ÔÓÒÚÂËÓÌÓ ‡‰‡ÔÚËÛ˛˘ËıÒfl ÒÂÚÍ‡ı),
ÒıÓ‰fl˘ËÏÒfl ε-‡‚ÌÓÏÂÌÓ. 

Ç ÒÎÛ˜‡Â ÒËÌ„ÛÎflÌÓ ‚ÓÁÏÛ˘ÂÌÌ˚ı Á‡‰‡˜ Ò ‰‚ËÊÛ˘ËÏËÒfl ÔÓ„‡ÌË˜Ì˚ÏË Ë ‚ÌÛÚÂÌÌËÏË ÒÎÓfl-
ÏË ËÒÒÎÂ‰Ó‚‡ÌËÂ ÛÒÎÓ‚ËÈ, fl‚Îfl˛˘ËıÒfl ÌÂÓ·ıÓ‰ËÏ˚ÏË Ë ‰ÓÒÚ‡ÚÓ˜Ì˚ÏË ‰Îfl ε-‡‚ÌÓÏÂÌÓÈ ÒıÓ-
‰ËÏÓÒÚË ˜ËÒÎÂÌÌ˚ı ÏÂÚÓ‰Ó‚, ÔÂ‰ÒÚ‡‚ÎflÂÚÒfl ‡ÍÚÛ‡Î¸ÌÓÈ ÔÓ·ÎÂÏÓÈ. 

Ç Ì‡ÒÚÓfl˘ÂÈ ‡·ÓÚÂ ‡ÒÒÏ‡ÚË‚‡ÂÚÒfl Í‡Â‚‡fl Á‡‰‡˜‡ ‰Îfl ÒËÌ„ÛÎflÌÓ ‚ÓÁÏÛ˘ÂÌÌÓ„Ó Ô‡‡·Ó-
ÎË˜ÂÒÍÓ„Ó Û‡‚ÌÂÌËfl ÚËÔ‡ Â‡ÍˆËË-‰ËÙÙÛÁËË ‚ Ó·Î‡ÒÚË Ò ‰‚ËÊÛ˘ËÏËÒfl „‡ÌËˆ‡ÏË, ÒÍÓÓÒÚ¸
‰‚ËÊÂÌËfl ÍÓÚÓ˚ı Ì‡Ô‡‚ÎÂÌ‡ ‚ ÒÚÓÓÌÛ ÔÓÎÓÊËÚÂÎ¸ÌÓ„Ó Ì‡Ô‡‚ÎÂÌËfl ÓÒË x. èË Ï‡Î˚ı ÁÌ‡˜Â-

ÌËflı Ô‡‡ÏÂÚ‡ ε ‚ ÓÍÂÒÚÌÓÒÚË ÏÌÓÊÂÒÚ‚‡  – ÎÂ‚ÓÈ ˜‡ÒÚË ·ÓÍÓ‚ÓÈ „‡ÌËˆ˚ – ÔÓfl‚ÎflÂÚÒfl ‰‚Ë-
ÊÛ˘ËÈÒfl ÔÓ„‡ÌË˜Ì˚È ÒÎÓÈ. ÑÎfl Í‡Â‚ÓÈ Á‡‰‡˜Ë ÒÚÓËÚÒfl ‡ÁÌÓÒÚÌ‡fl ÒıÂÏ‡, ÒıÓ‰fl˘‡flÒfl ε-‡‚-
ÌÓÏÂÌÓ. 

á‡ÏÂÚËÏ, ˜ÚÓ ÍÎ‡ÒÒË˜ÂÒÍËÂ ‡ÁÌÓÒÚÌ˚Â ÒıÂÏ˚ Ì‡ ÓÒÌÓ‚Â ‡‚ÌÓÏÂÌ˚ı ÒÂÚÓÍ ‰Îfl Á‡‰‡˜ Ú‡ÍÓ„Ó

ÚËÔ‡ ÒıÓ‰flÚÒfl ÎË¯¸ ÔË ÛÒÎÓ‚ËË N–1 +  � ε, „‰Â ‚ÂÎË˜ËÌ˚ N Ë N0 ÓÔÂ‰ÂÎfl˛Ú ˜ËÒÎÓ ÛÁÎÓ‚ ÒÂÚ-
ÍË ÔÓ ÔÂÂÏÂÌÌ˚Ï x Ë t (ÒÏ. ÛÚ‚ÂÊ‰ÂÌËÂ ÚÂÓÂÏ˚ 2). éÍ‡Á˚‚‡ÂÚÒfl, ̃ ÚÓ ‚ ÍÎ‡ÒÒÂ ‡ÁÌÓÒÚÌ˚ı ÒıÂÏ

Ì‡ ÓÒÌÓ‚Â ÔflÏÓÛ„ÓÎ¸Ì˚ı ÒÂÚÓÍ, Ò„Û˘‡˛˘ËıÒfl ÔÓ x Ë t ‚ ÓÍÂÒÚÌÓÒÚË ÏÌÓÊÂÒÚ‚‡ , ÌÂ ÒÛ˘ÂÒÚ‚Û-

ÂÚ ÒıÂÏ, ÒıÓ‰fl˘ËıÒfl ÛÊÂ ÔË ÛÒÎÓ‚ËË  ≈ ε, „‰Â P0 – ˜ËÒÎÓ ÛÁÎÓ‚ ËÒÔÓÎ¸ÁÛÂÏ˚ı ÒÂÚÓÍ, P0 ≈ NN0

(ÒÏ. ÛÚ‚ÂÊ‰ÂÌËÂ ÚÂÓÂÏ˚ 3). 

ÑÎfl ÚÓ„Ó ˜ÚÓ·˚ Ì‡ÈÚË ÛÒÎÓ‚Ëfl, ÌÂÓ·ıÓ‰ËÏ˚Â ‰Îfl ε-‡‚ÌÓÏÂÌÓÈ ÒıÓ‰ËÏÓÒÚË ÒıÂÏ Ì‡ ‡‰‡ÔÚË-
Û˛˘ËıÒfl ÒÂÚÍ‡ı, ËÒÒÎÂ‰Û˛ÚÒfl ÔÓÔÂÂ˜ÌËÍË, ‡Ì‡ÎÓ„Ë˜Ì˚Â ÔÓÔÂÂ˜ÌËÍ‡Ï ÔÓ äÓÎÏÓ„ÓÓ‚Û. ê‡Ò-
ÒÏÓÚÂÌËÂ ÔÓÔÂÂ˜ÌËÍÓ‚ ÔÓÁ‚ÓÎËÎÓ ÛÒÚ‡ÌÓ‚ËÚ¸ ÛÒÎÓ‚Ëfl, Ì‡ÍÎ‡‰˚‚‡ÂÏ˚Â Ì‡ ÚË‡Ì„ÛÎflˆË˛ Ó·-
Î‡ÒÚË, Í‡Í ÌÂÓ·ıÓ‰ËÏ˚Â, Ú‡Í Ë ‰ÓÒÚ‡ÚÓ˜Ì˚Â ‰Îfl ε-‡‚ÌÓÏÂÌÓÈ ÒıÓ‰ËÏÓÒÚË ÓÔÚËÏ‡Î¸Ì˚ı ‡Ô-
ÔÓÍÒËÏ‡ˆËÈ Â¯ÂÌËÈ Í‡Â‚ÓÈ Á‡‰‡˜Ë ÔË P  ∞, „‰Â P – ˜ËÒÎÓ ÛÁÎÓ‚, ËÒÔÓÎ¸ÁÛÂÏ˚ı ‚
ÚË‡Ì„ÛÎflˆËË (ÒÏ. ÛÚ‚ÂÊ‰ÂÌËfl ÚÂÓÂÏ 4–10 Ë Ëı Ó·ÒÛÊ‰ÂÌËfl ‚ ‡Á‰. 6, 7). àÁ ÛÒÎÓ‚ËÈ, ÌÂÓ·ıÓ‰Ë-
Ï˚ı ‰Îfl ε-‡‚ÌÓÏÂÌÓÈ ÒıÓ‰ËÏÓÒÚË ÓÔÚËÏ‡Î¸Ì˚ı ‡ÔÔÓÍÒËÏ‡ˆËÈ Â¯ÂÌËÈ ‚ ÒÎÛ˜‡Â ÍË‚ÓÎËÌÂÈ-

ÌÓÈ „‡ÌËˆ˚  ÒÎÂ‰ÛÂÚ, ˜ÚÓ ‰Îfl ε-‡‚ÌÓÏÂÌÓÈ ÒıÓ‰ËÏÓÒÚË ÒıÂÏ˚ ÌÂÓ·ıÓ‰ËÏÓ ËÒÔÓÎ¸ÁÓ‚‡Ú¸
ÒÂÚÍË, fl‚Îfl˛˘ËÂÒfl ‚ ÓÍÂÒÚÌÓÒÚË ‰‚ËÊÛ˘Â„ÓÒfl ÔÓ„‡ÌË˜ÌÓ„Ó ÒÎÓfl ÒÛ˘ÂÒÚ‚ÂÌÌÓ ‡ÌËÁÓÚÓÔÌ˚-

ÏË, ÒÓ„Î‡ÒÓ‚‡ÌÌ˚ÏË Ò „‡ÌËˆÂÈ  ‚ ÂÂ ÓÍÂÒÚÌÓÒÚË. í‡ÍÓ„Ó ÚËÔ‡ ÒÂÚÍË ÒÓÓÚ‚ÂÚÒÚ‚Û˛Ú ÔflÏÓ-
Û„ÓÎ¸Ì˚Ï ÒÂÚÍ‡Ï, Ò„Û˘‡˛˘ËÏÒfl ‚ ÓÍÂÒÚÌÓÒÚË ÔÓ„‡ÌË˜ÌÓ„Ó ÒÎÓfl ‰Îfl Í‡Â‚ÓÈ Á‡‰‡˜Ë, Á‡ÔËÒ‡Ì-

ÌÓÈ ‚ ÒËÒÚÂÏÂ ÍÓÓ‰ËÌ‡Ú, ‚ ÍÓÚÓÓÈ „‡ÌËˆ‡  ÔÂÂıÓ‰ËÚ ‚ ÓÚÂÁÓÍ ÔflÏÓÈ, Ô‡‡ÎÎÂÎ¸ÌÓÈ ÓÒË t.
ë ËÒÔÓÎ¸ÁÓ‚‡ÌËÂÏ Ú‡ÍËı ÒÔÂˆË‡Î¸Ì˚ı ÒÂÚÓÍ ÒÚÓËÚÒfl ‡ÁÌÓÒÚÌ‡fl ÒıÂÏ‡, ÒıÓ‰fl˘‡flÒfl ε-‡‚ÌÓÏÂ-

ÌÓ ÒÓ ÒÍÓÓÒÚ¸˛ O(N–1lnN + ). 

2. èÓÒÚ‡ÌÓ‚Í‡ Á‡‰‡˜Ë. ñÂÎ¸ ËÒÒÎÂ‰Ó‚‡ÌËfl 

2.1. Ç Ó·Î‡ÒÚË  Ò „‡ÌËˆÂÈ S = \ G, „‰Â 

(2.1)

‡ÒÒÏÓÚËÏ Í‡Â‚Û˛ Á‡‰‡˜Û ‰Îfl ÒËÌ„ÛÎflÌÓ ‚ÓÁÏÛ˘ÂÌÌÓ„Ó Ô‡‡·ÓÎË˜ÂÒÍÓ„Ó Û‡‚ÌÂÌËfl 

(2.2)

á‰ÂÒ¸ f(x, t), (x, t) ∈ , ϕ(x, t), (x, t) ∈ S, βi(t), t ∈ [0, T], i = 1, 2, – ‰ÓÒÚ‡ÚÓ˜ÌÓ „Î‡‰ÍËÂ ÙÛÌÍˆËË, Û‰Ó-

S1
L

N0
1–

S1
L

P0
1–

S1
L

S1
L

S1
L

N0
1–

G G

G x t,( ) : β1 t( ) x β2 t( ) t 0 T ],(∈,< <{ } ,=

Lu x t,( ) ε ∂2

∂x
2

-------- ∂
∂t
-----–

 
 
 

u x t,( )≡ f x t,( ), x t,( ) G,∈=

u x t,( ) ϕ x t,( ), x t,( ) S.∈=

G
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òË¯ÍËÌ

‚ÎÂÚ‚Ófl˛˘ËÂ ÛÒÎÓ‚ËflÏ 

(2.3)

ÔË˜ÂÏ β1(0) = 0, β2(0) = d; ε – Ô‡‡ÏÂÚ, ÔËÌËÏ‡˛˘ËÈ ÔÓËÁ‚ÓÎ¸Ì˚Â ÁÌ‡˜ÂÌËfl ËÁ ÔÓÎÛËÌÚÂ‚‡Î‡
(0, 1]; ÔÓËÁ‚Ó‰Ì˚Â (t) ÓÔÂ‰ÂÎfl˛Ú ÒÍÓÓÒÚ¸ ‰‚ËÊÂÌËfl ·ÓÍÓ‚˚ı „‡ÌËˆ. ë˜ËÚ‡ÂÏ, ˜ÚÓ „‡ÌËˆ‡

S ÒÓÒÚÓËÚ ËÁ ÏÌÓÊÂÒÚ‚ SL Ë S0: S = , „‰Â SL – ·ÓÍÓ‚‡fl „‡ÌËˆ‡, SL = ,  Ë  – ÒÓ-

ÓÚ‚ÂÚÒÚ‚ÂÌÌÓ, ÎÂ‚‡fl Ë Ô‡‚‡fl „‡ÌËˆ˚ ÏÌÓÊÂÒÚ‚‡ G, S0 – ÌËÊÌÂÂ ÓÒÌÓ‚‡ÌËÂ ÏÌÓÊÂÒÚ‚‡ G, S0 = . 

ë˜ËÚ‡ÂÏ, ̃ ÚÓ Ì‡ ÏÌÓÊÂÒÚ‚Â Sc =  – ‚ Û„ÎÓ‚˚ı ÚÓ˜Í‡ı (0, 0) Ë (d, 0) – ‚˚ÔÓÎÌÂÌ˚ ÛÒÎÓ‚Ëfl
ÒÓ„Î‡ÒÓ‚‡ÌËfl, Ó·ÂÒÔÂ˜Ë‚‡˛˘ËÂ ‰ÓÒÚ‡ÚÓ˜ÌÛ˛ „Î‡‰ÍÓÒÚ¸ Â¯ÂÌËfl Á‡‰‡˜Ë ÔË ÙËÍÒËÓ‚‡ÌÌ˚ı
ÁÌ‡˜ÂÌËflı Ô‡‡ÏÂÚ‡ ε (ÒÏ. [13]). 

èË ε  0 ‚ ÓÍÂÒÚÌÓÒÚË ÏÌÓÊÂÒÚ‚‡  ÔÓfl‚ÎflÂÚÒfl ‰‚ËÊÛ˘ËÈÒfl ÔÓ„‡ÌË˜Ì˚È ÒÎÓÈ, ˝ÍÒÔÓ-

ÌÂÌˆË‡Î¸ÌÓ Û·˚‚‡˛˘ËÈ ÔË Û‰‡ÎÂÌËË ÓÚ ÏÌÓÊÂÒÚ‚‡  – Ò ÓÒÚÓÏ x Ë/ËÎË ÛÏÂÌ¸¯ÂÌËÂÏ t (ÒÏ.
ÓˆÂÌÍÛ (3.7)). 

2.2. é¯Ë·ÍË Â¯ÂÌËÈ ‡ÁÌÓÒÚÌ˚ı ÒıÂÏ, ÔÓÒÚÓÂÌÌ˚ı Ì‡ ÓÒÌÓ‚Â ÍÎ‡ÒÒË˜ÂÒÍËı ‡ÁÌÓÒÚÌ˚ı ‡Ô-
ÔÓÍÒËÏ‡ˆËÈ Á‡‰‡˜Ë (2.2), (2.1), Á‡‚ËÒflÚ ÓÚ ‚ÂÎË˜ËÌ˚ Ô‡‡ÏÂÚ‡ ε Ë ÒÚ‡ÌÓ‚flÚÒfl Ï‡Î˚ÏË ÎË¯¸ ÔË
ÁÌ‡˜ÂÌËflı Ô‡‡ÏÂÚ‡ ε, ÒÛ˘ÂÒÚ‚ÂÌÌÓ ÔÂ‚ÓÒıÓ‰fl˘Ëı “˝ÙÙÂÍÚË‚Ì˚Â” ¯‡„Ë ÒÂÚÓÍ ÔÓ x Ë t. í‡Í, ‚
ÒËÎÛ ÓˆÂÌÓÍ (4.7), (4.10), ÍÎ‡ÒÒË˜ÂÒÍ‡fl ‡ÁÌÓÒÚÌ‡fl ÒıÂÏ‡ (4.4), (4.6) (ÒÏ. ‡Á‰. 4) ÒıÓ‰ËÚÒfl ÔË ÛÒÎÓ-

‚ËË (N–1 +  � ε) 

(2.4)

„‰Â ‚ÂÎË˜ËÌ˚ N, N0 ÓÔÂ‰ÂÎfl˛Ú ˜ËÒÎÓ ÛÁÎÓ‚ ÒÂÚÓÍ ÔÓ x Ë ÔÓ t ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ. èË Ì‡Û¯ÂÌËË
˝ÚÓ„Ó ÛÒÎÓ‚Ëfl Â¯ÂÌËfl ‡ÁÌÓÒÚÌÓÈ ÒıÂÏ˚ ÌÂ ÒıÓ‰flÚÒfl Í Â¯ÂÌË˛ Á‡‰‡˜Ë (2.2), (2.1). ìÒÎÓ‚ËÂ (2.4)
fl‚ÎflÂÚÒfl ·ÓÎÂÂ Ó„‡ÌË˜ËÚÂÎ¸Ì˚Ï, ˜ÂÏ ÛÒÎÓ‚ËÂ (N–1 � ε) 

(2.5)

‡ ËÏÂÌÌÓ ÛÒÎÓ‚ËÂ ÒıÓ‰ËÏÓÒÚË ÍÎ‡ÒÒË˜ÂÒÍÓÈ ÒıÂÏ˚ ‰Îfl Á‡‰‡˜ ‚ Ó·Î‡ÒÚflı Ò ÌÂÔÓ‰‚ËÊÌ˚ÏË „‡ÌË-
ˆ‡ÏË; Á‡ÏÂÚËÏ, ˜ÚÓ ‚ ÛÒÎÓ‚ËË (2.5) Ó„‡ÌË˜ÂÌËfl Ì‡ ¯‡„ ÒÂÚÍË ÔÓ t ÌÂ Ì‡ÍÎ‡‰˚‚‡˛ÚÒfl. 

í‡ÍËÏ Ó·‡ÁÓÏ, ‚ Ò‚flÁË Ò ÓÚÏÂ˜ÂÌÌ˚Ï ÔÓ‚Â‰ÂÌËÂÏ ÒÂÚÓ˜Ì˚ı Â¯ÂÌËÈ (‡ÔÔÓÍÒËÏËÛ˛˘Ëı
Â¯ÂÌËÂ ‰ËÙÙÂÂÌˆË‡Î¸ÌÓÈ Á‡‰‡˜Ë Ò ‰‚ËÊÛ˘ËÏÒfl ÔÓ„‡ÌË˜Ì˚Ï ÒÎÓÂÏ) ‚ÓÁÌËÍ‡ÂÚ ËÌÚÂÂÒ Í ÔÓ-
ÒÚÓÂÌË˛ ÒÔÂˆË‡Î¸Ì˚ı ‡ÁÌÓÒÚÌ˚ı ÒıÂÏ, ÔÓ„Â¯ÌÓÒÚ¸ Â¯ÂÌËÈ ÍÓÚÓ˚ı ÌÂ Á‡‚ËÒËÚ ÓÚ ‚ÂÎË˜Ë-
Ì˚ Ô‡‡ÏÂÚ‡ ε. Ç ˜‡ÒÚÌÓÒÚË, ÔÂ‰ÒÚ‡‚Îfl˛Ú ËÌÚÂÂÒ ‡ÁÌÓÒÚÌ˚Â ÒıÂÏ˚, ÒıÓ‰fl˘ËÂÒfl ÔË ·ÓÎÂÂ
ÒÎ‡·ÓÏ ÛÒÎÓ‚ËË, ˜ÂÏ ÛÒÎÓ‚ËÂ (2.4) – ÛÒÎÓ‚ËÂ ÒıÓ‰ËÏÓÒÚË Â¯ÂÌËÈ ‡ÁÌÓÒÚÌÓÈ ÒıÂÏ˚ (4.4), (4.6). 

çÂÒÓÏÌÂÌÌ˚È ËÌÚÂÂÒ ÔÂ‰ÒÚ‡‚Îfl˛Ú ÛÒÎÓ‚Ëfl, Ì‡ÍÎ‡‰˚‚‡ÂÏ˚Â Ì‡ ÒÚÓfl˘ËÂÒfl ÒÂÚÓ˜Ì˚Â ‡Ô-
ÔÓÍÒËÏ‡ˆËË Á‡‰‡˜Ë (2.2), (2.1), ÍÓÚÓ˚Â fl‚Îfl˛ÚÒfl ÌÂÓ·ıÓ‰ËÏ˚ÏË Ë ‰ÓÒÚ‡ÚÓ˜Ì˚ÏË ‰Îfl ε-‡‚ÌÓ-
ÏÂÌÓÈ (ÎË·Ó ·ÎËÁÍÓÈ Í ε-‡‚ÌÓÏÂÌÓÈ) ÒıÓ‰ËÏÓÒÚË ÒÂÚÓ˜Ì˚ı Â¯ÂÌËÈ. 

Ñ‡ÎÂÂ Ì‡Ï ÔÓÌ‡‰Ó·ËÚÒfl fl‰ ÓÔÂ‰ÂÎÂÌËÈ ‚ ÒÎÛ˜‡Â ‡ÁÌÓÒÚÌ˚ı ÒıÂÏ Ì‡ ÒÂÚÍ‡ı Ò ‰ÓÒÚ‡ÚÓ˜ÌÓ
ÔÓËÁ‚ÓÎ¸Ì˚Ï ‡ÒÔÂ‰ÂÎÂÌËÂÏ ÛÁÎÓ‚. 

éÔÂ‰ÂÎÂÌËfl. 1. èÛÒÚ¸ Ì‡ ÏÌÓÊÂÒÚ‚Â  =  × Eε, „‰Â  – ÔÓ‰ÏÌÓÊÂÒÚ‚Ó ËÁ ÏÌÓÊÂÒÚ‚‡ Ô‡
Ì‡ÚÛ‡Î¸Ì˚ı ˜ËÒÂÎ N, N0, Û‰Ó‚ÎÂÚ‚Ófl˛˘Ëı ÛÒÎÓ‚Ë˛ 

ÓÔÂ‰ÂÎÂÌ˚ ÙÛÌÍˆËË 

á‡ÔËÒ¸ 

f x t,( ) M, x t,( ) G; ϕ x t,( ) M, x t,( ) S;∈≤∈≤

0 v 0 d/dt( )βi t( ) v i t( ) v
0
, m1 β2 t( ) β1 t( )– M1,≤ ≤ ≤≡≤<

t 0 T,[ ] , i∈ 1 2,,=

βi'

S0 S
L∪ S1

L
S2

L∪ S1
L

S2
L

S0

S0 S
L∪

S1
L

S1
L

N0
1–

ε 1–
o min N N0,[ ]( ), N N0 ∞,,=

ε 1–
o N( ),=

EN ε, EN EN

N N0 M0, Eε≥, ε : ε 0 1 ],(∈{ } ,=

ψi N
1–

N0
1– ε, ,( ), i 1 2, ψi N

1–
N0

1– ε, ,( ) 0.>,=

ψ1 N
1–

N0
1– ε, ,( ) ô ψ2 N

1–
N0

1– ε, ,( )( ) Ì‡ EN ε,=
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ÓÁÌ‡˜‡ÂÚ, ˜ÚÓ Ì‡È‰ÂÚÒfl Ú‡Í‡fl ÚÓ˜Í‡ ( , , ), ‰Îfl ÍÓÚÓÓÈ ‚˚ÔÓÎÌflÂÚÒfl ÒÓÓÚÌÓ¯ÂÌËÂ 

2. èÛÒÚ¸ ‰Îfl ÒÂÚÓ˜ÌÓÈ ÙÛÌÍˆËË z(x, t), (x, t) ∈ , – Â¯ÂÌËfl ÌÂÍÓÚÓÓÈ ‡ÁÌÓÒÚÌÓÈ ÒıÂÏ˚ –
‚˚ÔÓÎÌflÂÚÒfl ÓˆÂÌÍ‡ 

á‰ÂÒ¸ ÒÂÚÍ‡  – ÔflÏÓÂ ÔÓËÁ‚Â‰ÂÌËÂ ÒÂÚÓÍ ÔÓ x Ë t; N + 1 Ë N + 1 – ˜ËÒÎÓ ÛÁÎÓ‚ ÒÂÚÓÍ ÔÓ x Ë t
ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ. ÅÛ‰ÂÏ „Ó‚ÓËÚ¸, ̃ ÚÓ ̋ Ú‡ ÓˆÂÌÍ‡ ÌÂÛÎÛ˜¯‡ÂÏ‡ ÔÓ ‚ıÓÊ‰ÂÌË˛ ‚ÂÎË˜ËÌ N, N0, ε, ÂÒ-
ÎË ÓˆÂÌÍ‡

‚ÓÓ·˘Â „Ó‚Ófl, ÌÂ‚ÂÌ‡ ‚ ÚÓÏ ÒÎÛ˜‡Â, ÍÓ„‰‡ µ0(N–1, , ε) = (µ(N–1, , ε)) Ì‡ .

3. èÛÒÚ¸ ÔË N, N0  ∞, ε ∈ Eε Â¯ÂÌËÂ ‡ÁÌÓÒÚÌÓÈ ÒıÂÏ˚ ÒıÓ‰ËÚÒfl Í Â¯ÂÌË˛ Í‡Â‚ÓÈ Á‡-

‰‡˜Ë ‚ ÒÎÛ˜‡Â ÛÒÎÓ‚Ëfl N–1,  = o(εν), ε ∈ Eε, Ó‰Ì‡ÍÓ ÒıÓ‰ËÏÓÒÚ¸ ÔË ÛÒÎÓ‚ËË N–1,  = O(εν), ‚Ó-
Ó·˘Â „Ó‚Ófl, ÌÂ ËÏÂÂÚ ÏÂÒÚ‡. Ç ˝ÚÓÏ ÒÎÛ˜‡Â ·Û‰ÂÏ „Ó‚ÓËÚ¸, ˜ÚÓ ‡ÁÌÓÒÚÌ‡fl ÒıÂÏ‡ ÒıÓ‰ËÚÒfl Ò
‰ÂÙÂÍÚÓÏ ν ÓÚÌÓÒËÚÂÎ¸ÌÓ Ô‡‡ÏÂÚ‡ ε ÔË N, N0  ∞ (ËÎË, ÍÓÓ˜Â, ÒıÓ‰ËÚÒfl Ò ‰ÂÙÂÍÚÓÏ ν). èË
ν = 0 ÒıÓ‰ËÏÓÒÚ¸ ÒıÂÏ˚ ε-‡‚ÌÓÏÂÌ‡fl. 

4. èÛÒÚ¸  ÂÒÚ¸ ÌÂÍÓÚÓ‡fl ÒÂÚÍ‡ (‚ÓÓ·˘Â „Ó‚Ófl, ÌÂ ÔflÏÓÛ„ÓÎ¸Ì‡fl) Ì‡ ÏÌÓÊÂÒÚ‚Â  Ë P0 –

˜ËÒÎÓ ÛÁÎÓ‚ ÒÂÚÍË . èÛÒÚ¸ ÒÂÚÓ˜Ì‡fl ÙÛÌÍˆËfl z(x, t), (x, t) ∈ , – Â¯ÂÌËÂ ÌÂÍÓÚÓÓÈ ‡ÁÌÓÒÚ-
ÌÓÈ ÒıÂÏ˚. éˆÂÌÍ‡ 

ÌÂÛÎÛ˜¯‡ÂÏ‡fl ÔÓ ‚ıÓÊ‰ÂÌË˛ ‚ÂÎË˜ËÌ P0, ε, ÓÔÂ‰ÂÎflÂÚÒfl ÔÓ‰Ó·ÌÓ ÌÂÛÎÛ˜¯‡ÂÏÓÈ ÓˆÂÌÍÂ ÔÓ
‚ıÓÊ‰ÂÌË˛ ‚ÂÎË˜ËÌ N, N0, ε. 

Ç ÚÓÏ ÒÎÛ˜‡Â, ÍÓ„‰‡ ÔË P0  ∞, ε ∈ Eε Â¯ÂÌËÂ ‡ÁÌÓÒÚÌÓÈ ÒıÂÏ˚ ÒıÓ‰ËÚÒfl Í Â¯ÂÌË˛ Í‡-

Â‚ÓÈ Á‡‰‡˜Ë ‚ ÒÎÛ˜‡Â ÛÒÎÓ‚Ëfl  = o(εν), ε ∈ Eε, ÌÓ ÒıÓ‰ËÏÓÒÚ¸ ÔË ÛÒÎÓ‚ËË  = O(εν), ‚ÓÓ·˘Â
„Ó‚Ófl, ÌÂ ËÏÂÂÚ ÏÂÒÚ‡, ·Û‰ÂÏ „Ó‚ÓËÚ¸, ˜ÚÓ ÒıÂÏ‡ ÒıÓ‰ËÚÒfl Ò ‰ÂÙÂÍÚÓÏ ν (ÔË P0  ∞). 

Ç ÚÓÏ ÒÎÛ˜‡Â, ÍÓ„‰‡ ‚ÂÎË˜ËÌ‡ ν ÏÓÊÂÚ ·˚Ú¸ ‚˚·‡Ì‡ ÒÍÓÎ¸ Û„Ó‰ÌÓ Ï‡ÎÓÈ, ·Û‰ÂÏ „Ó‚ÓËÚ¸, ̃ ÚÓ
‡ÁÌÓÒÚÌ‡fl ÒıÂÏ‡, ÍÓÌÚÓÎËÛÂÏ‡fl ‚ÂÎË˜ËÌÓÈ ν, ÒıÓ‰ËÚÒfl ÔÓ˜ÚË ε-‡‚ÌÓÏÂÌÓ Ò ‰ÂÙÂÍÚÓÏ ν
(ËÎË, ÍÓÓ˜Â, ÔÓ˜ÚË ε-‡‚ÌÓÏÂÌÓ). 

í‡ÍËÏ Ó·‡ÁÓÏ, ‰ÂÙÂÍÚ (ε-‡‚ÌÓÏÂÌÓÈ ÒıÓ‰ËÏÓÒÚË) ÍÎ‡ÒÒË˜ÂÒÍÓÈ ÒıÂÏ˚ (4.4), (4.6) (ÓÚÌÓÒË-
ÚÂÎ¸ÌÓ ‚ÂÎË˜ËÌ N, N0, ε) ‡‚ÂÌ Â‰ËÌËˆÂ. 

ç‡¯‡ ˆÂÎ¸ – ‰Îfl Í‡Â‚ÓÈ Á‡‰‡˜Ë (2.2), (2.1) ÔÓÒÚÓËÚ¸ ‡ÁÌÓÒÚÌÛ˛ ÒıÂÏÛ, ÒıÓ‰fl˘Û˛Òfl ε-‡‚ÌÓ-
ÏÂÌÓ, Ë, ÍÓÏÂ ÚÓ„Ó, Ì‡ÈÚË ÛÒÎÓ‚Ëfl, fl‚Îfl˛˘ËÂÒfl ÌÂÓ·ıÓ‰ËÏ˚ÏË ‰Îfl ε-‡‚ÌÓÏÂÌÓÈ Ë ÔÓ˜ÚË ε-‡‚-
ÌÓÏÂÌÓÈ ÒıÓ‰ËÏÓÒÚË Â¯ÂÌËÈ ‡ÁÌÓÒÚÌ˚ı ÒıÂÏ, ÒÚÓfl˘ËıÒfl Ì‡ ÓÒÌÓ‚Â ÍÎ‡ÒÒË˜ÂÒÍËı ‡ÔÔÓÍÒË-
Ï‡ˆËÈ ‰ËÙÙÂÂÌˆË‡Î¸ÌÓ„Ó Û‡‚ÌÂÌËfl. 

ÄÔËÓÌ˚Â ÓˆÂÌÍË Â¯ÂÌËfl Á‡‰‡˜Ë (2.2), (2.1) ÔË‚Ó‰flÚÒfl ‚ ‡Á‰. 3. äÎ‡ÒÒË˜ÂÒÍ‡fl ‡ÁÌÓÒÚÌ‡fl
ÒıÂÏ‡ Ì‡ ÓÒÌÓ‚Â ÒÂÚÓÍ, fl‚Îfl˛˘ËıÒfl ÔflÏ˚Ï ÔÓËÁ‚Â‰ÂÌËÂÏ ÒÂÚÓÍ ÔÓ x Ë t, ÒÚÓËÚÒfl ‚ ‡Á‰. 4; ‚
‡Á‰. 5 Ó·ÒÛÊ‰‡˛ÚÒfl ÚÛ‰ÌÓÒÚË, ‚ÓÁÌËÍ‡˛˘ËÂ ÔË ÔÓÒÚÓÂÌËË ‡ÁÌÓÒÚÌ˚ı ÒıÂÏ, ÒıÓ‰fl˘ËıÒfl ε-‡‚-
ÌÓÏÂÌÓ ÎË·Ó Ò ‰ÓÒÚ‡ÚÓ˜ÌÓ Ï‡Î˚Ï ‰ÂÙÂÍÚÓÏ, ÔË ËÒÔÓÎ¸ÁÓ‚‡ÌËË ÔflÏÓÛ„ÓÎ¸Ì˚ı ÒÂÚÓÍ – Ôfl-
Ï˚ı ÔÓËÁ‚Â‰ÂÌËÈ ÒÂÚÓÍ ÔÓ x Ë t. èÓÒÚÓÂÌËÂ ‡ÔÔÓÍÒËÏ‡ˆËÈ Â¯ÂÌËÈ Í‡Â‚ÓÈ Á‡‰‡˜Ë (2.2), (2.1)
Ì‡ ÓÒÌÓ‚Â ËÌÚÂÔÓÎflÌÚÓ‚ Ì‡ ÚË‡Ì„ÛÎflˆËflı ÏÌÓÊÂÒÚ‚‡  – ‡ÔÔÓÍÒËÏ‡ˆËÈ, ÒıÓ‰fl˘ËıÒfl Ò Ï‡Î˚Ï
‰ÂÙÂÍÚÓÏ ν, ‚ ˜‡ÒÚÌÓÒÚË ÒıÓ‰fl˘ËıÒfl ε-‡‚ÌÓÏÂÌÓ, – Ó·ÒÛÊ‰‡ÂÚÒfl ‚ ‡Á‰. 6, 7. êÂÁÛÎ¸Ú‡Ú˚ ‡Á‰Â-
ÎÓ‚ 6, 7 ËÒÔÓÎ¸ÁÛ˛ÚÒfl ‚ ‡Á‰. 8 ÔË ÔÓÒÚÓÂÌËË ÒıÂÏ˚, ÒıÓ‰fl˘ÂÈÒfl ε-‡‚ÌÓÏÂÌÓ. á‡ÏÂ˜‡ÌËfl Ë
Ó·Ó·˘ÂÌËfl ÔË‚Ó‰flÚÒfl ‚ ‡Á‰. 9. 

Ñ1
1–

Ñ2
1– ε̃

ψ1 N
1–

N0
1– ε, ,( ) ψ2 N

1–
N0

1– ε, ,( )[ ]
1–

0 ÔË N
1–

N0
1– ε, ,( ) Ñ

1–
Ñ0

1– ε̃, ,( ),

N
1–

N0
1– ε, ,( ), Ñ

1–
Ñ0

1– ε̃, ,( ) EN ε, .∈

Gh

u x t,( ) z x t,( )– Mµ N 1– N0
1– ε, ,( ), x t,( ) Gh.∈≤

Gh

u x t,( ) z x t,( )– Mµ0 N 1– N0
1– ε, ,( ), x t,( ) Gh,∈≤

N0
1–

ô N0
1–

EN ε,

N0
1–

N0
1–

Gh G

Gh Gh

u x t,( ) z x t,( )– Mµ P0
1– ε,( ), x t,( ) Gh,∈≤

P0
1/2–

P0
1/2–

G
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òË¯ÍËÌ

3. ÄÔËÓÌ˚Â ÓˆÂÌÍË 

èË‚Â‰ÂÏ ‡ÔËÓÌ˚Â ÓˆÂÌÍË Â¯ÂÌËfl Í‡Â‚ÓÈ Á‡‰‡˜Ë (2.2), (2.1), ËÒÔÓÎ¸ÁÛÂÏ˚Â ÔË ÔÓÒÚÓÂ-
ÌËflı.

ç‡ ÏÌÓÊÂÒÚ‚Â  Â¯ÂÌËÂ Á‡‰‡˜Ë ÔÂ‰ÒÚ‡‚ËÏ ‚ ‚Ë‰Â Â„ÛÎflÌÓÈ Ë ÒËÌ„ÛÎflÌÓÈ ÍÓÏÔÓÌÂÌÚ 

(3.1)

Ç Á‡‰‡˜Â (2.2), (2.1) ÔÂÂÈ‰ÂÏ Í ÔÂÂÏÂÌÌ˚Ï ξ, t, ‚ ÍÓÚÓ˚ı ·ÓÍÓ‚˚Â „‡ÌËˆ˚ fl‚Îfl˛ÚÒfl ÌÂÔÓ-
‰‚ËÊÌ˚ÏË. 

ÅÛ‰ÂÚ Û‰Ó·ÌÓ ‚ÏÂÒÚÓ ÔÂÂÏÂÌÌÓÈ x ‚‚ÂÒÚË ÔÂÂÏÂÌÌÛ˛ ξ = ξ(x, t), ÔÓÎ‡„‡fl

(3.2‡)

˜ÂÂÁ ξ–1(ξ, t) ≡ x(ξ, t) Ó·ÓÁÌ‡˜ËÏ ÓÚÓ·‡ÊÂÌËÂ, Ó·‡ÚÌÓÂ ξ(x, t). ÑÎfl ÙÛÌÍˆËÈ v(x, t) Ë Z(ξ, t) Ë ÔÓ‰-
Ó·Î‡ÒÚÂÈ G0 ⊆  ·Û‰ÂÏ ËÒÔÓÎ¸ÁÓ‚‡Ú¸ Ó·ÓÁÌ‡˜ÂÌËfl 

(3.2·)

(3.2‚)

èÓÎ‡„‡ÂÏ 

„‰Â  – ÌÂÍÓÚÓÓÂ ÔÓ‰ÏÌÓÊÂÒÚ‚Ó ËÁ ÏÌÓÊÂÒÚ‚‡ ;  =  = { }ξ. 

á‡‰‡˜‡ (2.2), (2.1) ‚ ÔÂÂÏÂÌÌ˚ı ξ, t ÔÂÂıÓ‰ËÚ ‚ Í‡Â‚Û˛ Á‡‰‡˜Û 

(3.3)

á‰ÂÒ¸

Ç ÒËÎÛ ÛÒÎÓ‚Ëfl (2.3),

á‡‰‡˜‡ (3.3) Ì‡ ÏÌÓÊÂÒÚ‚Â 

(3.4)

ÂÒÚ¸ Í‡Â‚‡fl Á‡‰‡˜‡ ‰Îfl ÒËÌ„ÛÎflÌÓ ‚ÓÁÏÛ˘ÂÌÌÓ„Ó Ô‡‡·ÓÎË˜ÂÒÍÓ„Ó Û‡‚ÌÂÌËfl ÍÓÌ‚ÂÍˆËË-‰ËÙÙÛ-
ÁËË ‚ Ó·Î‡ÒÚË Ò ÌÂÔÓ‰‚ËÊÌÓÈ ·ÓÍÓ‚ÓÈ „‡ÌËˆÂÈ. èÓ„‡ÌË˜Ì˚È ÒÎÓÈ ÔÓfl‚ÎflÂÚÒfl ‚ ÓÍÂÒÚÌÓÒÚË ÏÌÓ-

ÊÂÒÚ‚‡  – ÎÂ‚ÓÈ ̃ ‡ÒÚË ·ÓÍÓ‚ÓÈ „‡ÌËˆ˚ , Ì‡ ÍÓÚÓÛ˛ Ì‡Ô‡‚ÎÂÌ ÍÓÌ‚ÂÍÚË‚Ì˚È ÔÓÚÓÍ. Ç˚ÔÓÎ-
ÌËÏ ÓˆÂÌÍË Â„ÛÎflÌÓÈ Ë ÒËÌ„ÛÎflÌÓÈ ÍÓÏÔÓÌÂÌÚ ‚ ÔÂÂÏÂÌÌ˚ı ξ, t (ÒÏ., Ì‡ÔËÏÂ, [14], [15]). 

Ç ÔÂÂÏÂÌÌ˚ı ξ, t ‰Îfl ÒËÌ„ÛÎflÌÓÈ ÍÓÏÔÓÌÂÌÚ˚ ‚˚ÔÓÎÌflÂÚÒfl ÓˆÂÌÍ‡ 

(3.5)

„‰Â m – ÔÓËÁ‚ÓÎ¸ÌÓÂ ˜ËÒÎÓ ËÁ ËÌÚÂ‚‡Î‡ (0, m0), m0 = d–1m1(2.3)v0(2.3). 

G

u x t,( ) U x t,( ) W x t,( ), x t,( ) G.∈+=

ξ ξ x t,( ) d x β1 t( )–[ ] β 2 t( ) β1 t( )–[ ] 1–
, x t,( ) G;∈= =

G

v x ξ t,( ) t,( ) v ξ ξ t,( ) v x t,( ){ } ξ ṽ ξ t,( ),= = =

Z ξ x t,( ) t,( ) Z
ξ 1– x t,( ) Z ξ t,( ){ }

ξ 1– ,= =

Gξ
0

G
0{ } ξ ξ G

0( ) ξ t,( ): x ξ t,( ) t,( ) G
0∈{ } .= = =

G̃ξ 1–
0

G̃
0{ } ξ 1– ξ 1–

G̃
0( ) x t,( ): ξ x t,( ) t,( ) G̃

0∈{ } ,= = =

G̃
0

G̃ G̃ Gξ G

L̃ũ ξ t,( ) εA ξ t,( ) ∂2

∂ξ2
-------- B ξ t,( ) ∂

∂ξ
------ ∂

∂t
-----–+

 
 
 

ũ ξ t,( )≡ f̃ ξ t,( ), ξ t,( ) G̃,∈=

ũ ξ t,( ) ϕ̃ ξ t,( ), ξ t,( ) S̃.∈=

A ξ t,( ) ∂
∂x
------ξ x t,( )

2

 
 
 

ξ

, B ξ t,( )  
∂
∂t
-----ξ x t,( )

 
 
 

ξ

, ξ t,( )– G̃.∈= =

B ξ t,( ) B0 0, ξ t,( ) G̃.∈>≥

G̃ G̃ S̃, G̃∪ D̃ 0 T ] , D̃,(× ξ: 0 ξ d< <{ } ,= = =

S̃1
L

S̃
L

∂
k k0+

∂ξ k∂t
k0

-----------------W̃ ξ t,( ) Mε k–
mε 1– ξ–( ), ξ t,( )exp G̃; k 2k0 4,≤+∈≤



ÜìêçÄã ÇõóàëãàíÖãúçéâ åÄíÖåÄíàäà à åÄíÖåÄíàóÖëäéâ îàáàäà      ÚÓÏ 47      ‹ 10      2007

 çÖéÅïéÑàåõÖ ìëãéÇàü Ñãü ε-êÄÇçéåÖêçéâ ëïéÑàåéëíà… 1711

ÇÓÁ‚‡˘‡flÒ¸ Í ÔÂÂÏÂÌÌ˚Ï x, t, ÔÓÎÛ˜‡ÂÏ ÓˆÂÌÍË 

(3.6)

„‰Â m1 – ÔÓËÁ‚ÓÎ¸ÌÓÂ ˜ËÒÎÓ ËÁ ËÌÚÂ‚‡Î‡ (0, m0):

ÑÎfl ÙÛÌÍˆËË W(x, t) ‚˚ÔÓÎÌflÂÚÒfl Ú‡ÍÊÂ ÓˆÂÌÍ‡

(3.7‡)

„‰Â r((x, t), ) – ‡ÒÒÚÓflÌËÂ ÓÚ ÚÓ˜ÍË (x, t) ‰Ó ÏÌÓÊÂÒÚ‚‡ , m – ÔÓËÁ‚ÓÎ¸ÌÓÂ ̃ ËÒÎÓ ËÁ ËÌÚÂ‚‡Î‡
(0, m0):

(3.7·)

í‡ÍËÏ Ó·‡ÁÓÏ, ‚ ÓÚÎË˜ËÂ ÓÚ Á‡‰‡˜ ‚ Ó·Î‡ÒÚflı ÒÓ ÒÚ‡ˆËÓÌ‡Ì˚ÏË „‡ÌËˆ‡ÏË, ÔÓËÁ‚Ó‰Ì˚Â ÔÓ
Ó·ÂËÏ ÔÂÂÏÂÌÌ˚Ï x Ë t ÒËÌ„ÛÎflÌÓÈ ÍÓÏÔÓÌÂÌÚ˚ W(x, t) ‚ ÓÍÂÒÚÌÓÒÚË ‰‚ËÊÛ˘Â„ÓÒfl ÔÓ„‡ÌË˜-
ÌÓ„Ó ÒÎÓfl ÌÂÓ„‡ÌË˜ÂÌÌÓ ‡ÒÚÛÚ ÔË ε  ∞. ëËÌ„ÛÎflÌ‡fl ÍÓÏÔÓÌÂÌÚ‡ W(x, t) Ë ÂÂ ÔÓËÁ‚Ó‰Ì˚Â

ÔÓ x Ë t ˝ÍÒÔÓÌÂÌˆË‡Î¸ÌÓ Û·˚‚‡˛Ú Ò ÓÒÚÓÏ ε–1r((x, t), ). 

îÛÌÍˆËfl 

(3.8)

ÂÒÚ¸ „Î‡‚Ì˚È ˜ÎÂÌ ÒËÌ„ÛÎflÌÓÈ ÍÓÏÔÓÌÂÌÚ˚ W(x, t): 

(3.9)

„‰Â m = m(3.7). 

èË ‚˚‚Ó‰Â ÓˆÂÌÓÍ ‰Îfl ÔÓÒÚÓÚ˚ ÔÂ‰ÔÓÎ‡„‡ÎÓÒ¸ ‚˚ÔÓÎÌÂÌÌ˚Ï ÛÒÎÓ‚ËÂ 

(3.10)

„‰Â l ≥ 6, Ó·ÂÒÔÂ˜Ë‚‡˛˘ÂÂ ÛÒÎÓ‚ËÂ ÒÓ„Î‡ÒÓ‚‡ÌËfl Ì‡ ÏÌÓÊÂÒÚ‚Â Sc (ÒÏ. [13]). 

íÂÓÂÏ‡ 1. èÛÒÚ¸ ‰Îfl ‰‡ÌÌ˚ı Í‡Â‚ÓÈ Á‡‰‡˜Ë (2.2), (2.1) ‚˚ÔÓÎÌflÂÚÒfl ÛÒÎÓ‚ËÂ f ∈ Cl + α( ),

ϕ ∈ Cl + α(S0) ∩ C(l + α)/2( ), βi ∈ Cl + α([0, T]), l = K + 4, K ≥ 2, α ∈ (0, 1), Ë ÔÛÒÚ¸ ‚˚ÔÓÎÌfl˛ÚÒfl ÛÒÎÓ-
‚Ëfl (2.3), (3.10). íÓ„‰‡ ‰Îfl ÍÓÏÔÓÌÂÌÚ ËÁ ÔÂ‰ÒÚ‡‚ÎÂÌËfl (3.1) Â¯ÂÌËfl Í‡Â‚ÓÈ Á‡‰‡˜Ë (2.2), (2.1)
ÒÔ‡‚Â‰ÎË‚˚ ÓˆÂÌÍË (3.6), (3.7), (3.9); ‚ ÔÂÂÏÂÌÌ˚ı ξ, t ‰Îfl ÒËÌ„ÛÎflÌÓÈ ÍÓÏÔÓÌÂÌÚ˚ ‚˚ÔÓÎÌflÂÚ-
Òfl ÓˆÂÌÍ‡ (3.5). 

4. äÎ‡ÒÒË˜ÂÒÍËÂ ‡ÁÌÓÒÚÌ˚Â ÒıÂÏ˚ 

Ç˚ÔË¯ÂÏ ÍÎ‡ÒÒË˜ÂÒÍÛ˛ ‡ÁÌÓÒÚÌÛ˛ ÒıÂÏÛ ‰Îfl Á‡‰‡˜Ë (2.2), (2.1) Ë ÛÍ‡ÊÂÏ ÌÂÍÓÚÓ˚Â ÚÛ‰ÌÓ-
ÒÚË, ‚ÓÁÌËÍ‡˛˘ËÂ ÔË ˜ËÒÎÂÌÌÓÏ Â¯ÂÌËË Á‡‰‡˜ ÔË Ï‡Î˚ı ÁÌ‡˜ÂÌËflı Ô‡‡ÏÂÚ‡ ε. 

∂
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∂x
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k0
------------------U x t,( ) M,≤

∂
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∂x
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òË¯ÍËÌ

ç‡ ÔÓÎÓÒÂ 

‚‚Â‰ÂÏ ÔflÏÓÛ„ÓÎ¸Ì˚Â ·‡ÁÓ‚˚Â ÒÂÚÍË, Ì‡ ÓÒÌÓ‚Â ÍÓÚÓ˚ı ·Û‰ÂÏ ÒÚÓËÚ¸ ÚÂ·ÛÂÏ˚Â ÒÂÚÓ˜Ì˚Â
ÏÌÓÊÂÒÚ‚‡. èÛÒÚ¸ 

(4.1)

„‰Â ω1 Ë  – ÒÂÚÍË Ì‡ ÓÒË x Ë ÓÚÂÁÍÂ [0, T] ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ; ω1 Ë  – ÒÂÚÍË Ò ÔÓËÁ‚ÓÎ¸Ì˚Ï ‡ÒÔÂ-

‰ÂÎÂÌËÂÏ ÛÁÎÓ‚, Û‰Ó‚ÎÂÚ‚Ófl˛˘ËÏ ÎË¯¸ ÛÒÎÓ‚Ë˛ h ≤ MN–1, ht ≤ , „‰Â h = maxihi, hi = xi + 1 – xi,

xi, xi + 1 ∈ ω 1, ht = maxj ,  = t j + 1 – t j, t j, t j + 1 ∈ . á‰ÂÒ¸ N + 1 Ë N0 + 1 – Ï‡ÍÒËÏ‡Î¸ÌÓÂ ̃ ËÒÎÓ ÛÁÎÓ‚

Ì‡ ÓÚÂÁÍÂ Â‰ËÌË˜ÌÓÈ ‰ÎËÌ˚ Ì‡ ÓÒË x Ë ˜ËÒÎÓ ÛÁÎÓ‚ ÒÂÚÍË  ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ. ç‡Ë·ÓÎ¸¯ËÈ ËÌ-
ÚÂÂÒ ‰Îfl Ì‡Ò ·Û‰ÛÚ ÔÂ‰ÒÚ‡‚ÎflÚ¸ ÒÂÚÍË, ‡‚ÌÓÏÂÌ˚Â ÔÓ x Ë t:

(4.2)

Ú.Â. ÒÂÚÍË , „‰Â ω1 Ë  – ‡‚ÌÓÏÂÌ˚Â ÒÂÚÍË Ò ¯‡„‡ÏË h = N–1 Ë ht = . 

ç‡ ÏÌÓÊÂÒÚ‚Â  ÒÚÓËÏ ÒÂÚÍÛ (ÔÓÓÊ‰‡ÂÏÛ˛ ÒÂÚÍÓÈ ) 

(4.3)

åÌÓÊÂÒÚ‚Ó Gh ÂÒÚ¸ ÏÌÓÊÂÒÚ‚Ó ÛÁÎÓ‚ (xi, t j) ËÁ G ∩ , ‰Îfl ÍÓÚÓ˚ı ÒÂ„ÏÂÌÚ xi × (t j – 1, t j] ˆÂÎËÍÓÏ
ÔËÌ‡‰ÎÂÊËÚ G. åÌÓÊÂÒÚ‚Ó Sh Ó·‡ÁÓ‚‡ÌÓ ÔÂÂÒÂ˜ÂÌËflÏË ÔflÏ˚ı t = t j, t j ∈ ω 0, ÒÓ ÒÚÓÓÌ‡ÏË SL

(˝ÚÓ ÏÌÓÊÂÒÚ‚Ó Ó·ÓÁÌ‡˜ËÏ ˜ÂÂÁ ), ‡ Ú‡ÍÊÂ ÛÁÎ‡ÏË (xi, t0), ÔËÌ‡‰ÎÂÊ‡˘ËÏË S0, ‰Îfl ÍÓÚÓ˚ı
ÒÂ„ÏÂÌÚ xi × [t0, t1) ˆÂÎËÍÓÏ ÔËÌ‡‰ÎÂÊËÚ G ∪ S 0 (˝ÚÓ ÏÌÓÊÂÒÚ‚Ó Ó·ÓÁÌ‡˜ËÏ ˜ÂÂÁ S0h); ÛÁÎ˚ (0, 0),

(d, 0) Ò˜ËÚ‡ÂÏ ÔËÌ‡‰ÎÂÊ‡˘ËÏË ÏÌÓÊÂÒÚ‚Û S0h; ÔÓÎ‡„‡ÂÏ Sh = S0h ∪ . 

á‡‰‡˜Û (2.2), (2.1) ‡ÔÔÓÍÒËÏËÛÂÏ ÌÂfl‚ÌÓÈ ‡ÁÌÓÒÚÌÓÈ ÒıÂÏÓÈ 

(4.4)

á‰ÂÒ¸ (x, t), (x, t) – ‚ÚÓ‡fl Ë ÔÂ‚‡fl ‡ÁÌÓÒÚÌ˚Â ÔÓËÁ‚Ó‰Ì˚Â;

x = xi, hi – 1 Ë hi – ÎÂ‚ÓÂ Ë Ô‡‚ÓÂ ''ÔÎÂ˜Ë" ÚÂıÚÓ˜Â˜ÌÓ„Ó ¯‡·ÎÓÌ‡ Ì‡ Gh (ÓÔÂ‡ÚÓ‡ ) Ò ˆÂÌÚÓÏ
‚ ÛÁÎÂ (xi, t j) ∈ G h. 

ÑÎfl ‡ÁÌÓÒÚÌÓÈ ÒıÂÏ˚ (4.4), (4.3) ÒÔ‡‚Â‰ÎË‚ ÔËÌˆËÔ Ï‡ÍÒËÏÛÏ‡ (ÒÏ. [16]). 
ÑÎfl Â¯ÂÌËfl ‡ÁÌÓÒÚÌÓÈ ÒıÂÏ˚ (4.4), (4.3) ËÏÂÂÏ ÓˆÂÌÍÛ 

(4.5)

„‰Â  = . ç‡ ÒÂÚÍÂ (ÔÓÓÊ‰‡ÂÏÓÈ ÒÂÚÍÓÈ ) 

(4.6)

Ú.Â. Ì‡ ÒÂÚÍÂ ( ), „‰Â  ÂÒÚ¸ , ÔÓÎÛ˜‡ÂÚÒfl ÓˆÂÌÍ‡ 

(4.7)

ÌÂÛÎÛ˜¯‡ÂÏ‡fl ÔÓ ‚ıÓÊ‰ÂÌË˛ ‚ÂÎË˜ËÌ N, N0, ε. 
ëıÂÏ˚ (4.4), (4.3) Ë (4.4), (4.6) ÒıÓ‰flÚÒfl ÔË ÌÂÛÎÛ˜¯‡ÂÏÓÏ ÛÒÎÓ‚ËË (N–1,  � ε) 

(4.8)

‰ÂÙÂÍÚ ÒıÓ‰ËÏÓÒÚË ÒıÂÏ˚ (4.4) Ì‡ ÒÂÚÍ‡ı (4.3), (4.6) ‡‚ÂÌ Â‰ËÌËˆÂ. 

G
∞
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ç‡ ÓÒÌÓ‚Â ÒÂÚÍË  ÔÓÒÚÓËÏ ÚË‡Ì„ÛÎflˆË˛ Ó·Î‡ÒÚË  Ë ÔÓ ÁÌ‡˜ÂÌËflÏ z(x, t), (x, t) ∈  ÔÓ-

ÒÚÓËÏ ËÌÚÂÔÓÎflÌÚ (x, t), (x, t) ∈ . é·Î‡ÒÚ¸  ÔÓÍÓÂÏ ˝ÎÂÏÂÌÚ‡Ì˚ÏË ÔflÏÓÛ„ÓÎ¸ÌËÍ‡ÏË,
ÌÂÔ‡‚ËÎ¸Ì˚ÏË ˜ÂÚ˚ÂıÛ„ÓÎ¸ÌËÍ‡ÏË (ËÏÂ˛˘ËÏË ÒÚÓÓÌ˚, ÌÂ Ô‡‡ÎÎÂÎ¸Ì˚Â ÓÒflÏ ÍÓÓ‰ËÌ‡Ú) Ë
ÚÂÛ„ÓÎ¸ÌËÍ‡ÏË; ÌÂÔ‡‚ËÎ¸Ì˚Â ˜ÂÚ˚ÂıÛ„ÓÎ¸ÌËÍË Ë ÚÂÛ„ÓÎ¸ÌËÍË ËÏÂ˛Ú ÌÂÍÓÚÓ˚ÏË ‚Â¯Ë-
Ì‡ÏË ÛÁÎ˚, ÔËÌ‡‰ÎÂÊ‡˘ËÂ ÏÌÓÊÂÒÚ‚Û Sh, ÔË˜ÂÏ Ó‰Ì‡ ËÁ ÒÚÓÓÌ ÔËÌ‡‰ÎÂÊËÚ ÏÌÓÊÂÒÚ‚Û SL.
çÂÔ‡‚ËÎ¸Ì˚Â ˜ÂÚ˚ÂıÛ„ÓÎ¸ÌËÍË ‡ÁÓ·¸ÂÏ Ì‡ ÔflÏÓÛ„ÓÎ¸ÌËÍË Ë ÌÂÔ‡‚ËÎ¸Ì˚Â ÚÂÛ„ÓÎ¸ÌËÍË.
ç‡ ÔflÏ˚ı t = t j, t j ∈ , ÔÓ ÁÌ‡˜ÂÌËflÏ z(x, t), (x, t) ∈ , ÔÓÒÚÓËÏ ÎËÌÂÈÌ˚Â (ÔÓ x) ËÌÚÂÔÓÎflÌÚ˚

(x, t), (x, t) ∈ , t ∈ . ÇÒÂ ÔflÏÓÛ„ÓÎ¸ÌËÍË ‡ÁÓ·¸ÂÏ ‰Ë‡„ÓÌ‡Î¸˛ Ì‡ ÚÂÛ„ÓÎ¸Ì˚Â ˝ÎÂÏÂÌÚ˚.

ùÚË Ô‡‚ËÎ¸Ì˚Â Ë ÌÂÔ‡‚ËÎ¸Ì˚Â ÚÂÛ„ÓÎ¸Ì˚Â ̋ ÎÂÏÂÌÚ˚ Ó·‡ÁÛ˛Ú ÚË‡Ì„ÛÎflˆË˛ ÏÌÓÊÂÒÚ‚‡ .
ç‡ ÚÂÛ„ÓÎ¸Ì˚ı ˝ÎÂÏÂÌÚ‡ı ÔÓÒÚÓËÏ ÎËÌÂÈÌ˚Â ËÌÚÂÔÓÎflÌÚ˚ ÔÓ ÁÌ‡˜ÂÌËflÏ (x, t) ‚ ‚Â¯ËÌ‡ı

ÚÂÛ„ÓÎ¸Ì˚ı ˝ÎÂÏÂÌÚÓ‚ Ì‡ ÏÌÓÊÂÒÚ‚‡ı t = t j, t j ∈ . àÌÚÂÔÓÎflÌÚ (x, t), (x, t) ∈ , ÔÓÒÚÓÂÌ
(ÒÏ., Ì‡ÔËÏÂ, [17]). 

Ç ÒÎÛ˜‡Â ‡ÁÌÓÒÚÌÓÈ ÒıÂÏ˚ (4.4), (4.3) ‰Îfl ÙÛÌÍˆËË (x, t), (x, t) ∈ , ‚˚ÔÓÎÌflÂÚÒfl ÓˆÂÌÍ‡ 

(4.9)

Ç ÒÎÛ˜‡Â ÒıÂÏ˚ (4.4), (4.6) ËÏÂÂÏ ÓˆÂÌÍÛ 

(4.10)

ÌÂÛÎÛ˜¯‡ÂÏÛ˛ ÔÓ ‚ıÓÊ‰ÂÌË˛ ‚ÂÎË˜ËÌ N, N0, ε. 

éÔÚËÏ‡Î¸Ì‡fl ÔÓ ÔÓfl‰ÍÛ ÓÚÌÓÒËÚÂÎ¸ÌÓ ˜ËÒÎ‡ ÛÁÎÓ‚ ÒÂÚÍË  ÒÍÓÓÒÚ¸ ÒıÓ‰ËÏÓÒÚË ÒıÂÏ˚ Ì‡
ÒÂÚÍÂ (4.6) ÔÓÎÛ˜‡ÂÚÒfl ÔË ÛÒÎÓ‚ËË N2 ≈ ε–1N0; ËÏÂÂÏ ÌÂÛÎÛ˜¯‡ÂÏÛ˛ ÓˆÂÌÍÛ 

(4.11)

„‰Â P0 – ˜ËÒÎÓ ÛÁÎÓ‚ ÒÂÚÍË ; P0 ≈ NN0. 
éÔÚËÏ‡Î¸Ì‡fl ÔÓ ÔÓfl‰ÍÛ ÒÍÓÓÒÚ¸ ÒıÓ‰ËÏÓÒÚË ÒıÂÏ˚ (4.3) ÔÓÎÛ˜‡ÂÚÒfl ÔË ÛÒÎÓ‚ËË N ≈ N0; ‰Îfl

Ú‡ÍÓÈ ÒıÂÏ˚ ‚˚ÔÓÎÌflÂÚÒfl ÌÂÛÎÛ˜¯‡ÂÏ‡fl ÓˆÂÌÍ‡ 

(4.12)

·ÓÎÂÂ ÒÎ‡·‡fl ÔÓ Ò‡‚ÌÂÌË˛ Ò ÓˆÂÌÍÓÈ (4.11). 

ìÒÎÓ‚ËÂ (  � ε)

(4.13)

fl‚ÎflÂÚÒfl ÌÂÓ·ıÓ‰ËÏ˚Ï Ë ‰ÓÒÚ‡ÚÓ˜Ì˚Ï ‰Îfl ÒıÓ‰ËÏÓÒÚË ‡ÁÌÓÒÚÌÓÈ ÒıÂÏ˚ (4.4) Ì‡ ÒÂÚÍ‡ı (4.3),
(4.6) ÔË ÓÔÚËÏ‡Î¸ÌÓÈ ÔÓ ÔÓfl‰ÍÛ ÒÍÓÓÒÚË ÒıÓ‰ËÏÓÒÚË ÒıÂÏ˚; ‰ÂÙÂÍÚ ÒıÓ‰ËÏÓÒÚË ˝ÚËı ÒıÂÏ ‡-
‚ÂÌ Â‰ËÌËˆÂ. 

íÂÓÂÏ‡ 2. èÛÒÚ¸ ‰Îfl Â¯ÂÌËfl Í‡Â‚ÓÈ Á‡‰‡˜Ë (2.2), (2.1) ‚˚ÔÓÎÌfl˛ÚÒfl ‡ÔËÓÌ˚Â ÓˆÂÌÍË
(3.6), (3.7) ÔË K = 4. íÓ„‰‡ ÛÒÎÓ‚ËÂ (4.8) (ÛÒÎÓ‚ËÂ (4.13)) fl‚ÎflÂÚÒfl ÌÂÓ·ıÓ‰ËÏ˚Ï Ë ‰ÓÒÚ‡ÚÓ˜Ì˚Ï
‰Îfl ÒıÓ‰ËÏÓÒÚË ‡ÁÌÓÒÚÌÓÈ ÒıÂÏ˚ (4.4) Ì‡ ÒÂÚÍ‡ı (4.3), (4.6) (Ì‡ ÒÂÚÍ‡ı (4.3), (4.6) ÔË ÓÔÚË-
Ï‡Î¸ÌÓÈ ÔÓ ÔÓfl‰ÍÛ ÒÍÓÓÒÚË ÒıÓ‰ËÏÓÒÚË ÒıÂÏ˚). ÑÎfl ÒÂÚÓ˜Ì˚ı Â¯ÂÌËÈ ÒÔ‡‚Â‰ÎË‚˚ ÓˆÂÌÍË
(4.5), (4.7), (4.9)–(4.12). 

5. é ÔÓÒÚÓÂÌËË ÔÓ˜ÚË ε-‡‚ÌÓÏÂÌÓ ÒıÓ‰fl˘ËıÒfl ÒıÂÏ
Ì‡ ÎÓÍ‡Î¸ÌÓ Ò„Û˘‡˛˘ËıÒfl ÒÂÚÍ‡ı 

á‡ÏÂÚËÏ, ̃ ÚÓ ÓÒÓ·ÂÌÌÓÒÚ¸ Â¯ÂÌËfl Í‡Â‚ÓÈ Á‡‰‡˜Ë (2.2), (2.1) – ‰‚ËÊÛ˘ËÈÒfl ÔÓ„‡ÌË˜Ì˚È ÒÎÓÈ,

˝ÍÒÔÓÌÂÌˆË‡Î¸ÌÓ Û·˚‚‡˛˘ËÈ ÔË Û‰‡ÎÂÌËË ÓÚ ÏÌÓÊÂÒÚ‚‡  (ÒÏ. ÓˆÂÌÍÛ (3.7)). ëËÌ„ÛÎflÌ‡fl ÍÓÏ-

ÔÓÌÂÌÚ‡ ÔË ÛÒÎÓ‚ËË r((x, t), ) ≥ σ, „‰Â r((x, t), ) – ‡ÒÒÚÓflÌËÂ ÓÚ ÚÓ˜ÍË (x, t) ‰Ó ÏÌÓÊÂÒÚ‚‡ , ÌÂ

ÔÂ‚ÓÒıÓ‰ËÚ ‚ÂÎË˜ËÌ˚ Mδ, „‰Â δ – ‰ÓÒÚ‡ÚÓ˜ÌÓ Ï‡ÎÓÂ ˜ËÒÎÓ, ‚ ÚÓÏ ÒÎÛ˜‡Â, ÍÓ„‰‡ σ = , m1 –

Gh G Gh

z G G

ω0 Gh

z̃ G ω0

G
z̃

ω0 z G

z G

u x t,( ) z x t,( )– M ε N
1–

N0
1–

+ +( )
1–

N
1–

N0
1–

+[ ] , x t,( ) G.∈≤

u x t,( ) z x t,( )– M ε N
1–

+( )
2–
N

2– ε N0
1–

+( )
1–
N0

1–
+[ ] , x t,( ) G,∈≤

Gh

u x t,( ) z x t,( )– M ε4/3
P0

2/3–
+( )

1–
P0

2/3–
, x t,( ) G,∈≤

Gh

u x t,( ) z x t,( )– M ε P0
1/2–

+( )
1–
P0

1/2–
, x t,( ) G,∈≤

P0
1/2–

ε 1–
o P0

1/2( ), P0 ∞,=

S1
L

S1
L

S1
L

S1
L

m1
1– ε δ 1–

ln

5
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òË¯ÍËÌ

ÔÓËÁ‚ÓÎ¸ÌÓÂ ˜ËÒÎÓ ËÁ ËÌÚÂ‚‡Î‡ (0, m0), m0 = . çÂ‚flÁÍ‡ ‡ÁÌÓÒÚÌÓÈ ÒıÂÏ˚ Ì‡ Â¯ÂÌËË Í‡-

Â‚ÓÈ Á‡‰‡˜Ë ‚ÂÎËÍ‡, Ó‰Ì‡ÍÓ ÎË¯¸ Ì‡ ˝ÚÓÈ σ-ÓÍÂÒÚÌÓÒÚË ÏÌÓÊÂÒÚ‚‡ , fl‚Îfl˛˘ÂÈÒfl ‰ÓÒÚ‡ÚÓ˜ÌÓ
ÛÁÍÓÈ ÔË Ï‡Î˚ı ÁÌ‡˜ÂÌËflı Ô‡‡ÏÂÚ‡ ε. 

5.1. àÏÂfl ‚ ‚Ë‰Û, ˜ÚÓ ÔË ‡ÔÔÓÍÒËÏ‡ˆËË Í‡Â‚ÓÈ Á‡‰‡˜Ë ‚ÓÁÏÓÊÌÓ ËÒÔÓÎ¸ÁÓ‚‡ÌËÂ ÒıÂÏ Ì‡ ‰Ó-
ÒÚ‡ÚÓ˜ÌÓ ÔÓËÁ‚ÓÎ¸Ì˚ı ÎÓÍ‡Î¸ÌÓ Ò„Û˘‡˛˘ËıÒfl ÒÂÚÍ‡ı, ·Û‰ÂÚ Û‰Ó·ÌÓ ‚‚ÂÒÚË Ò·‡Î‡ÌÒËÓ‚‡ÌÌ˚Â
ÒÂÚÍË – ÒÂÚÍË Ò ÔÓËÁ‚ÓÎ¸Ì˚Ï ‡ÒÔÂ‰ÂÎÂÌËÂÏ ÛÁÎÓ‚, ÓÔÂ‰ÂÎflÂÏ˚Â ÎË¯¸ ‚ÂÎË˜ËÌÓÈ P0 – ˜ËÒ-

ÎÓÏ ÛÁÎÓ‚ ÒÂÚÍË Ì‡ ÏÌÓÊÂÒÚ‚Â . Ç ÒÎÛ˜‡Â ÒÂÚÓÍ (4.3), (4.6) ˜ËÒÎÓ P0 ÔÓfl‰Í‡ NN0. ë·‡Î‡ÌÒËÓ-

‚‡ÌÌ˚Â ÒÂÚÍË Ì‡ , ‚ÓÓ·˘Â „Ó‚Ófl, ÌÂ fl‚Îfl˛ÚÒfl ÔflÏ˚Ï ÔÓËÁ‚Â‰ÂÌËÂÏ ÒÂÚÓÍ ÔÓ x Ë t. ÑÎfl Ò·‡-
Î‡ÌÒËÓ‚‡ÌÌ˚ı ÒÂÚÓÍ ÔÓ‰ÒÚ‡Ë‚‡ÌËÂ ÓËÂÌÚ‡ˆËË ¯‡·ÎÓÌÓ‚ (ÔÓÎÓÊÂÌËfl ÛÁÎÓ‚ ¯‡·ÎÓÌÓ‚) ÒÂÚÓ˜-

Ì˚ı Û‡‚ÌÂÌËÈ Í „‡ÌËˆÂ , ‚ÓÓ·˘Â „Ó‚Ófl, ÌÂ ÔÂ‰ÔÓÎ‡„‡ÂÚÒfl. 

ÇÂÎË˜ËÌ‡ P0 ÓÔÂ‰ÂÎflÂÚ Ó·˙ÂÏ ‚˚˜ËÒÎËÚÂÎ¸ÌÓÈ ‡·ÓÚ˚ ‰Îfl Â¯ÂÌËfl Í‡Â‚ÓÈ Á‡‰‡˜Ë ‚ ÒÎÛ˜‡Â
˝ÍÓÌÓÏË˜Ì˚ı ‡ÁÌÓÒÚÌ˚ı ÒıÂÏ (ÒıÂÏ, ‰Îfl ÍÓÚÓ˚ı ˜ËÒÎÓ ‚˚˜ËÒÎËÚÂÎ¸Ì˚ı ÓÔÂ‡ˆËÈ, ÚÂ·Û˛-

˘ËıÒfl ‰Îfl Â¯ÂÌËfl, ÔÓfl‰Í‡ ÛÁÎÓ‚ ÒÂÚÍË, (ÒÏ. [16])). ÇÂÎË˜ËÌ‡  ÂÒÚ¸ ı‡‡ÍÚÂÌ˚È ‡ÁÏÂ

‰Ë‡ÏÂÚÓ‚ ˝ÎÂÏÂÌÚÓ‚ ‡Á·ËÂÌËfl ÔË ËÁÓÚÓÔÌÓÈ ÚË‡Ì„ÛÎflˆËË ÏÌÓÊÂÒÚ‚‡ . 

5.2. ê‡ÒÒÏÓÚËÏ ÍÎ‡ÒÒ ‡ÁÌÓÒÚÌ˚ı ÒıÂÏ Ì‡ ÓÒÌÓ‚Â ÍÎ‡ÒÒË˜ÂÒÍËı ‡ÔÔÓÍÒËÏ‡ˆËÈ Í‡Â‚ÓÈ Á‡‰‡-
˜Ë (2.2), (2.1) ‚ ÒÎÛ˜‡Â ÎÓÍ‡Î¸ÌÓ ‡‚ÌÓÏÂÌ˚ı ÒÂÚÓÍ, Ú.Â. ÒÂÚÓÍ, fl‚Îfl˛˘ËıÒfl ÔflÏ˚Ï ÔÓËÁ‚Â‰Â-
ÌËÂÏ ÒÂÚÓÍ, ‡‚ÌÓÏÂÌ˚ı ÔÓ x Ë t, Ì‡ ÔÓ‰Ó·Î‡ÒÚflı ËÁ . 

ê‡ÒÒÏ‡ÚË‚‡ÂÏ ÒÂÚÍË, Ò„Û˘‡˛˘ËÂÒfl ‚ ÓÍÂÒÚÌÓÒÚË „‡ÌËˆ˚ , fl‚Îfl˛˘ËÂÒfl ÔflÏ˚Ï ÔÓËÁ-

‚Â‰ÂÌËÂÏ ‡‚ÌÓÏÂÌ˚ı ÒÂÚÓÍ ÔÓ x Ë t Í‡Í ‚ ·ÎËÊ‡È¯ÂÈ ÓÍÂÒÚÌÓÒÚË „‡ÌËˆ˚ , Ú‡Í Ë ‚ÌÂ ÌÂ-
ÒÍÓÎ¸ÍÓ ·ÓÎ¸¯ÂÈ ÂÂ ÓÍÂÒÚÌÓÒÚË. 

5.2.1. ÑÎfl ÔÓÒÚÓÚ˚ ÔÓÎ‡„‡ÂÏ β1(t) = t, β2(t) = d + t. èÛÒÚ¸ Ì‡  Í‡ÍËÏ-ÚÓ Ó·‡ÁÓÏ ÔÓÒÚÓÂÌ‡
ÒÂÚÍ‡

(5.1‡)

„‰Â ρ1 > 0 – Ô‡‡ÏÂÚ, ı‡‡ÍÚÂËÁÛ˛˘ËÈ ‡ÒÔÂ‰ÂÎÂÌËÂ ÛÁÎÓ‚ ÒÂÚÍË (5.1); ˝ÚÓÚ Ô‡‡ÏÂÚ ‚˚·Ë‡-

ÂÚÒfl ÌËÊÂ; ÔÛÒÚ¸ P0 – ˜ËÒÎÓ ÛÁÎÓ‚ ÒÂÚÍË . ùÚ‡ ÒÂÚÍ‡ fl‚ÎflÂÚÒfl ÔflÏ˚Ï ÔÓËÁ‚Â‰ÂÌËÂÏ ‡‚ÌÓ-
ÏÂÌ˚ı ÒÂÚÓÍ ÔÓ x Ë t Ì‡ ÏÌÓÊÂÒÚ‚‡ı 

(5.1·)

„‰Â 

ÂÒÚ¸ Ô‡‚‡fl ρ1-ÓÍÂÒÚÌÓÒÚ¸ ÏÌÓÊÂÒÚ‚‡ ; Mρ1 ≤ 2–1d. èÛÒÚ¸ ÒÂÚÍË 

(5.1‚)

ËÏÂ˛Ú ¯‡„Ë hi Ë hit ÔÓ x Ë t ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ, i = 1, 2. ë˜ËÚ‡ÂÏ ‰Îfl ÔÓÒÚÓÚ˚, ˜ÚÓ ¯‡·ÎÓÌ˚ ˜ÂÚ˚-
ÂıÚÓ˜Â˜Ì˚ı ÌÂfl‚Ì˚ı ÒıÂÏ, ËÏÂ˛˘ËÂ ˆÂÌÚÓÏ ÛÁÎ˚ ËÁ Gih, Ô‡‚ËÎ¸Ì˚Â, Ú.Â. Ëı ÎÂ‚˚Â, Ô‡‚˚Â Ë
“ÌËÊÌËÂ” ÔÎÂ˜Ë ‡‚Ì˚ hi Ë hit ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ. 

ê‡ÒÒÏÓÚËÏ Ù‡„ÏÂÌÚ˚ ÒÂÚÓ˜ÌÓÈ Á‡‰‡˜Ë ËÁ ÍÎ‡ÒÒ‡ ‡ÁÌÓÒÚÌ˚ı ÒıÂÏ Ì‡ ÒÂÚÍ‡ı (5.1), ‡ÔÔÓÍÒË-
ÏËÛ˛˘Ëı Í‡Â‚Û˛ Á‡‰‡˜Û (2.2), (2.1), ‡ ËÏÂÌÌÓ Ù‡„ÏÂÌÚ˚ Ì‡ ÏÌÓÊÂÒÚ‚‡ı  Ë . èÛÒÚ¸ zi(x, t),

(x, t) ∈ , – Â¯ÂÌËÂ ÒÂÚÓ˜ÌÓÈ Á‡‰‡˜Ë 

(5.2)

„‰Â u(x, t), (x, t) ∈ , – Â¯ÂÌËÂ Á‡‰‡˜Ë (2.2), (2.1). 

m 3.7( )
0

S1
L

G

G

S1
L

P0
1/2–

G

G

S1
L

S1
L

G

Gh* Gh* ρ1( ),=

Gh*

G1 G1 ρ1( ), G2 G\G1 Mρ1( ),= =

G1 ρ1( ) x t,( ): x β1 t( ) β1 t( ) ρ1+,( ) t 0 T ],(∈,∈{ }=

S1
L

Gih Gi Gh 5.1( )* , i∩ 1 2,,= =

G1h G2h

Gih
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ÑÎfl ÙÛÌÍˆËÈ zi(x, t), (x, t) ∈  (‚ ÒËÎÛ ÓˆÂÌÓÍ ÚÂÓÂÏ˚ 1), ËÏÂÂÏ ÓˆÂÌÍË 

(5.3‡)

(5.3·)

„‰Â W(x, t) – ÒËÌ„ÛÎflÌ‡fl ÍÓÏÔÓÌÂÌÚ‡ Â¯ÂÌËfl Í‡Â‚ÓÈ Á‡‰‡˜Ë ËÁ ÔÂ‰ÒÚ‡‚ÎÂÌËfl (3.1); „Î‡‚Ì˚È
˜ÎÂÌ ÍÓÏÔÓÌÂÌÚ˚ W(x, t) ÂÒÚ¸ ÙÛÌÍˆËfl W0(3.8)(x, t). éˆÂÌÍË (5.3‡) Ë (5.3·) ÌÂÛÎÛ˜¯‡ÂÏ˚ ÔÓ ‚ıÓÊ-
‰ÂÌË˛ ‚ÂÎË˜ËÌ h1, h1t, ε Ë h2, h2t, ε ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ. 

ÑÎfl ÚÓ„Ó ˜ÚÓ·˚ ÙÛÌÍˆËfl z2(x, t) ÒıÓ‰ËÎ‡Ò¸ ε-‡‚ÌÓÏÂÌÓ, ÌÂÓ·ıÓ‰ËÏÓ, ˜ÚÓ·˚ ‰Îfl ‚ÂÎË˜ËÌ˚ ρ1
‚˚ÔÓÎÌflÎÓÒ¸ ÛÒÎÓ‚ËÂ (ρ1 � ε)

(5.4)

éˆÂÌÍ‡ ‰Îfl ÙÛÌÍˆËË z1(x, t), ÔÓ ÔÓfl‰ÍÛ ÒÍÓÓÒÚË ÒıÓ‰ËÏÓÒÚË Ó‰ËÌ‡ÍÓ‚‡fl Ò ÓÔÚËÏ‡Î¸ÌÓÈ ÓÚÌÓÒË-

ÚÂÎ¸ÌÓ h1, h1t ÔË ÙËÍÒËÓ‚‡ÌÌÓÏ Ë ‡‚ÌÓÏ P1 ̃ ËÒÎÂ ÛÁÎÓ‚ ÒÂÚÍË , ÔÓÎÛ˜‡ÂÚÒfl ÔË ÛÒÎÓ‚ËË (ε +
+ h1t)–1h1t ≈ (ε + h1)–2 : 

(5.5)

ÓˆÂÌÍ‡ ÌÂÛÎÛ˜¯‡ÂÏ‡ ÔÓ ‚ıÓÊ‰ÂÌË˛ ‚ÂÎË˜ËÌ ρ1, P1, ε. àÁ ÓˆÂÌÍË (5.5) ÔË ÛÒÎÓ‚ËË (5.4) ÒÎÂ‰ÛÂÚ,
˜ÚÓ ÙÛÌÍˆËfl z1(x, t) ÌÂ ÒıÓ‰ËÚÒfl ε-‡‚ÌÓÏÂÌÓ ÔË P1  ∞. 

í‡ÍËÏ Ó·‡ÁÓÏ, ÌÂ ÒÛ˘ÂÒÚ‚ÛÂÚ ÎÓÍ‡Î¸ÌÓ ‡‚ÌÓÏÂÌ˚ı ÒÂÚÓÍ , Ì‡ ÍÓÚÓ˚ı Â¯ÂÌËfl Á‡-
‰‡˜ (5.2) ÔË i = 1, 2 ÒıÓ‰flÚÒfl ε-‡‚ÌÓÏÂÌÓ, Í‡Í Ë ÔÓ˜ÚË ε-‡‚ÌÓÏÂÌÓ, Í Â¯ÂÌË˛ Á‡‰‡˜Ë (2.2),
(2.1) ÔË P0  ∞. ê‡ÒÒÏ‡ÚË‚‡fl Ù‡„ÏÂÌÚ˚ Á‡‰‡˜ (5.2) Ì‡ ÒÂÚÍ‡ı (5.1), ÔÓ‰Ó·Ì˚Ï Ó·‡ÁÓÏ Û·ÂÊ-
‰‡ÂÏÒfl, ˜ÚÓ ÌÂ ÒÛ˘ÂÒÚ‚ÛÂÚ ÒÂÚÓÍ, Ì‡ ÍÓÚÓ˚ı Â¯ÂÌËfl Á‡‰‡˜ (5.2) ÒıÓ‰flÚÒfl ÛÊÂ ÔË ÛÒÎÓ‚ËË 

(5.6)

5.2.2. éÚÒ˛‰‡ ‚˚ÚÂÍ‡ÂÚ, ˜ÚÓ ‚ ÒÎÛ˜‡Â ÒÂÏÂÈÒÚ‚‡ ÒÂÚÓÍ (5.1), Í‡Í Ë ÒÂÏÂÈÒÚ‚‡ ÎÓÍ‡Î¸ÌÓ ‡‚ÌÓ-
ÏÂÌ˚ı ÒÂÚÓÍ 

(5.7)

fl‚Îfl˛˘ËıÒfl ‡‚ÌÓÏÂÌ˚ÏË (ÔflÏ˚Ï ÔÓËÁ‚Â‰ÂÌËÂÏ ‡‚ÌÓÏÂÌ˚ı ÒÂÚÓÍ ÔÓ x Ë t) ‚ Ô‡‚ÓÈ

ρ-ÓÍÂÒÚÌÓÒÚË ÏÌÓÊÂÒÚ‚‡ , „‰Â mε ≤ ρ ≤ Mε, Ë ÒÂÚÓ˜Ì˚ı ‡ÔÔÓÍÒËÏ‡ˆËÈ Á‡‰‡˜Ë, fl‚Îfl˛˘ËıÒfl

ÍÎ‡ÒÒË˜ÂÒÍËÏË ‚ ρ-ÓÍÂÒÚÌÓÒÚË ÏÌÓÊÂÒÚ‚‡ , ÌÂ ÒÛ˘ÂÒÚ‚ÛÂÚ ÒıÂÏ, ÒıÓ‰fl˘ËıÒfl ÔË ÛÒÎÓ‚ËË (5.6). 

íÂÓÂÏ‡ 3. ÑÎfl Í‡Â‚ÓÈ Á‡‰‡˜Ë (2.2), (2.1) ‚ ÍÎ‡ÒÒÂ ‡ÁÌÓÒÚÌ˚ı ÒıÂÏ Ì‡ ÎÓÍ‡Î¸ÌÓ ‡‚ÌÓÏÂÌ˚ı
Ò·‡Î‡ÌÒËÓ‚‡ÌÌ˚ı ÒÂÚÍ‡ı (5.7) ‚ ÚÓÏ ÒÎÛ˜‡Â, ÍÓ„‰‡ ÒÂÚÓ˜Ì˚Â ‡ÔÔÓÍÒËÏ‡ˆËË Í‡Â‚ÓÈ Á‡‰‡˜Ë
fl‚Îfl˛ÚÒfl ÍÎ‡ÒÒË˜ÂÒÍËÏË Ì‡ ÚÂı ÔÓ‰Ó·Î‡ÒÚflı, Ì‡ ÍÓÚÓ˚ı ÒÂÚÍË (5.7) ‡‚ÌÓÏÂÌ˚, ÌÂ ÒÛ˘Â-
ÒÚ‚ÛÂÚ ÒıÂÏ, ÒıÓ‰fl˘ËıÒfl ÔË ÛÒÎÓ‚ËË (5.6). 

á‡ÏÂ˜‡ÌËÂ 1. Ç ÒËÎÛ ÒÓÓÚÌÓ¯ÂÌËfl (4.8), ‰ÂÙÂÍÚ ÒıÓ‰ËÏÓÒÚË ‡ÁÌÓÒÚÌÓÈ ÒıÂÏ˚ (4.4) Ì‡ ÒÂÚÍ‡ı (4.3), (4.6)
‡‚ÂÌ Â‰ËÌËˆÂ. àÁ ÒÓÓÚÌÓ¯ÂÌËfl (5.6) ÒÎÂ‰ÛÂÚ, ˜ÚÓ ‰ÂÙÂÍÚ ÒıÓ‰ËÏÓÒÚË ÒıÂÏ˚ (ÓÚÌÓÒËÚÂÎ¸ÌÓ ‚ÂÎË˜ËÌ P0, ε)
‚ ÚÓÏ ÒÎÛ˜‡Â, ÍÓ„‰‡ ÒÂÚÓ˜Ì˚Â ‡ÔÔÓÍÒËÏ‡ˆËË fl‚Îfl˛ÚÒfl ÍÎ‡ÒÒË˜ÂÒÍËÏË Ì‡ ÚÂı ÔÓ‰Ó·Î‡ÒÚflı, Ì‡ ÍÓÚÓ˚ı
ÒÂÚÍË ‡‚ÌÓÏÂÌ˚, ÌÂ ÌËÊÂ, ˜ÂÏ 2–1. àÁ ÔË‚Â‰ÂÌÌ˚ı ÔÓÒÚÓÂÌËÈ ‚˚ÚÂÍ‡ÂÚ, ˜ÚÓ ‚ ÒÎÛ˜‡Â Á‡‰‡˜Ë (2.2), (2.1)
ËÒÔÓÎ¸ÁÓ‚‡ÌËÂ ÎÓÍ‡Î¸ÌÓ Ò„Û˘‡˛˘ËıÒfl ÒÂÚÓÍ (ÔÓÎÛ˜‡ÂÏ˚ı, Ì‡ÔËÏÂ, ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸Ì˚Ï ËÁÏÂÎ¸˜ÂÌËÂÏ
¯‡„Ó‚ ÒÂÚÓÍ ÔÓ x Ë t ‚ ÔÓ‰Ó·Î‡ÒÚflı, „‰Â Ó¯Ë·ÍË Â¯ÂÌËfl ‰ÓÒÚ‡ÚÓ˜ÌÓ ·ÓÎ¸¯ËÂ) ÌÂ ÔÓÁ‚ÓÎflÂÚ ÒÛ˘ÂÒÚ‚ÂÌÌÓ
ÓÒÎ‡·ËÚ¸ ÛÒÎÓ‚ËÂ (4.8) – ÛÒÎÓ‚ËÂ ÒıÓ‰ËÏÓÒÚË ÍÎ‡ÒÒË˜ÂÒÍËı ‡ÁÌÓÒÚÌ˚ı ÒıÂÏ. ç‡ ‰ÓÒÚ‡ÚÓ˜ÌÓ Ó·˘Ëı ÎÓÍ‡Î¸-
ÌÓ Ò„Û˘‡˛˘ËıÒfl ÒÂÚÍ‡ı ÌÂ‚ÓÁÏÓÊÌÓ ÔÓÌËÁËÚ¸ ‰ÂÙÂÍÚ ÒıÓ‰ËÏÓÒÚË (ÓÚÌÓÒËÚÂÎ¸ÌÓ ‚ÂÎË˜ËÌ N, N0, ε) ‚ ÛÒÎÓ-
‚ËË (4.8) ·ÓÎ¸¯Â, ˜ÂÏ ‚ 2 ‡Á‡. ùÚÓ ÛÚ‚ÂÊ‰ÂÌËÂ ÒÓ„Î‡ÒÛÂÚÒfl Ò ÂÁÛÎ¸Ú‡Ú‡ÏË Ô. 6.3 (ËÏÂfl ‚ ‚Ë‰Û ÒÓÓÚÌÓ¯Â-
ÌËÂ P(6.5) = NN0). çÂÔÓÒÂ‰ÒÚ‚ÂÌÌÓÂ ËÒÔÓÎ¸ÁÓ‚‡ÌËÂ ÚÂıÌËÍË ‡ÔËÓÌÓ, ÎË·Ó ‡ÔÓÒÚÂËÓÌÓ ‡‰‡ÔÚËÛ˛˘Ëı-
Òfl ÒÂÚÓÍ, ÌÂ Û˜ËÚ˚‚‡˛˘ÂÈ ÓËÂÌÚ‡ˆË˛ ‰‚ËÊÛ˘Â„ÓÒfl ÔÓ„‡ÌË˜ÌÓ„Ó ÒÎÓfl, ÌÂ ÔÓÁ‚ÓÎflÂÚ ÒÛ˘ÂÒÚ‚ÂÌÌÓ
ÛÎÛ˜¯ËÚ¸ ‰ÂÙÂÍÚ ÒıÓ‰ËÏÓÒÚË ‡‰‡ÔÚËÛ˛˘ÂÈÒfl ÒıÂÏ˚ ÔÓ Ò‡‚ÌÂÌË˛ Ò ÍÎ‡ÒÒË˜ÂÒÍÓÈ ÒıÂÏÓÈ (4.4) Ì‡ ÒÂÚÍ‡ı
(4.3) (4.6). 
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òË¯ÍËÌ

6. é ÔÓÒÚÓÂÌËË ε-‡‚ÌÓÏÂÌ˚ı Ë ÔÓ˜ÚË ε-‡‚ÌÓÏÂÌ˚ı 
‡ÔÔÓÍÒËÏ‡ˆËÈ Â¯ÂÌËÈ Á‡‰‡˜Ë (2.2), (2.1)

ê‡ÒÒÏÓÚËÏ ÌÂÍÓÚÓ˚Â ÒÔÂˆËÙË˜ÂÒÍËÂ ÓÒÓ·ÂÌÌÓÒÚË, Ò‚flÁ‡ÌÌ˚Â Ò ÚË‡Ì„ÛÎflˆËÂÈ Ó·Î‡ÒÚË ,
ÍÓÚÓ˚Â ‚ÓÁÌËÍ‡˛Ú ÔË ÔÓÒÚÓÂÌËË ε-‡‚ÌÓÏÂÌ˚ı ‡ÔÔÓÍÒËÏ‡ˆËÈ Â¯ÂÌËÈ ÒËÌ„ÛÎflÌÓ ‚ÓÁÏÛ-
˘ÂÌÌÓÈ Á‡‰‡˜Ë (2.2), (2.1). èË ‡ÒÒÏÓÚÂÌËflı ‡ÔÔÓÍÒËÏ‡ˆËÈ Â¯ÂÌËÈ ËÒÔÓÎ¸ÁÛÂÏ ‡Ì‡ÎÓ„ ÔÓÔÂ-
Â˜ÌËÍÓ‚ ÔÓ äÓÎÏÓ„ÓÓ‚Û (ÒÏ., Ì‡ÔËÏÂ, [2], [18] Ë ·Ë·ÎËÓ„‡ÙË˛ Ú‡Ï). 

6.1. ç‡Ò ËÌÚÂÂÒÛÂÚ ‡ÔÔÓÍÒËÏ‡ˆËfl ÏÌÓÊÂÒÚ‚‡ � – ÏÌÓÊÂÒÚ‚‡ Â¯ÂÌËÈ ÍÎ‡ÒÒ‡ Í‡Â‚˚ı Á‡‰‡˜
(2.2), (2.1) (ÓÔÂ‰ÂÎflÂÏÓ„Ó ÛÒÎÓ‚ËflÏË (2.3)) ‚ ÔÓÒÚ‡ÌÒÚ‚Â X – ÏÌÓÊÂÒÚ‚‡ ÌÂÔÂ˚‚Ì˚ı ÙÛÌÍˆËÈ
Ò ‡‚ÌÓÏÂÌÓÈ ÌÓÏÓÈ. êÂ¯ÂÌËfl Á‡‰‡˜ Ò˜ËÚ‡ÂÏ ‰ÓÒÚ‡ÚÓ˜ÌÓ „Î‡‰ÍËÏË Ì‡  ÔË ÙËÍÒËÓ‚‡ÌÌ˚ı
ÁÌ‡˜ÂÌËflı Ô‡‡ÏÂÚ‡ ε; ‰Îfl Â¯ÂÌËÈ Ë Ëı ÍÓÏÔÓÌÂÌÚ ËÁ ÔÂ‰ÒÚ‡‚ÎÂÌËfl (3.1) ‚˚ÔÓÎÌfl˛ÚÒfl ÓˆÂÌÍË
(3.6), (3.7). 

éÔË¯ÂÏ ‡ÔÔÓÍÒËÏ‡ˆËË Â¯ÂÌËÈ. èÛÒÚ¸  – ÏÌÓÊÂÒÚ‚Ó ÚÓ˜ÂÍ (·Û‰ÂÏ „Ó‚ÓËÚ¸ – ÒÂÚÍ‡) Ì‡

. ëÂÚÍË  ÏÓ„ÛÚ ·˚Ú¸ Í‡Í ÒÚÛÍÚÛÌ˚ÏË (ÔÓÓÊ‰‡ÂÏ˚ÏË ÌÂÍÓÚÓ˚Ï Â„ÛÎflÌ˚Ï ÒÂÏÂÈ-

ÒÚ‚ÓÏ ÎËÌËÈ), Ú‡Í Ë ÌÂÒÚÛÍÚÛÌ˚ÏË. óËÒÎÓ ÛÁÎÓ‚ ÒÂÚÍË  Ì‡  Ó·ÓÁÌ‡˜ËÏ ̃ ÂÂÁ P;  = (P).

èÛÒÚ¸ TP ÂÒÚ¸ ÚË‡Ì„ÛÎflˆËfl (‡Á·ËÂÌËÂ) ÏÌÓÊÂÒÚ‚‡ , ÔÓÓÊ‰‡ÂÏ‡fl ÒÂÚÍÓÈ  (ÒÏ., Ì‡ÔËÏÂ,

[17]); Ò˜ËÚ‡ÂÏ, ˜ÚÓ ÛÁÎ˚ ÒÂÚÍË  fl‚Îfl˛ÚÒfl ‚Â¯ËÌ‡ÏË ÚÂÛ„ÓÎ¸Ì˚ı ˝ÎÂÏÂÌÚÓ‚, ÔË˜ÂÏ ÚÂ-

Û„ÓÎ¸Ì˚Â ˝ÎÂÏÂÌÚ˚ Ó·‡ÁÓ‚‡Ì˚ ÓÚÂÁÍ‡ÏË ÔflÏ˚ı, ÔÓıÓ‰fl˘Ëı ˜ÂÂÁ ÛÁÎ˚ , ÂÒÎË ıÓÚfl ·˚
Ó‰ËÌ ËÁ ÍÓÌˆÓ‚ ÒÚÓÓÌ˚ ÚÂÛ„ÓÎ¸ÌËÍ‡ ÔËÌ‡‰ÎÂÊËÚ Gh, ÎË·Ó ÓÚÂÁÍ‡ÏË ÍË‚˚ı, ÂÒÎË Ó·‡ ÍÓÌˆ‡

ÒÚÓÓÌ˚ ÔËÌ‡‰ÎÂÊ‡Ú „‡ÌËˆÂ ; Gh =  ∩ G. ç‡ ÏÌÓÊÂÒÚ‚Â  ÔÛÒÚ¸ ÓÔÂ‰ÂÎÂÌ‡ ÌÂÍÓÚÓ‡fl

ÒÂÚÓ˜Ì‡fl ÙÛÌÍˆËfl uh(x, t), (x, t) ∈ ; ˜ÂÂÁ (x, t), (x, t) ∈ , Ó·ÓÁÌ‡˜ËÏ ÂÂ ÎËÌÂÈÌ˚È ËÌÚÂÔÓ-
ÎflÌÚ, ÒÚÓfl˘ËÈÒfl ÔÓ ÁÌ‡˜ÂÌËflÏ ÙÛÌÍˆËË uh(x, t) ‚ ‚Â¯ËÌ‡ı ÚÂÛ„ÓÎ¸Ì˚ı ˝ÎÂÏÂÌÚÓ‚. ëÓ‚ÓÍÛÔ-

ÌÓÒÚ¸ Ú‡ÍËı ËÌÚÂÔÓÎflÌÚÓ‚ ÔË ÙËÍÒËÓ‚‡ÌÌÓÈ ÚË‡Ì„ÛÎflˆËË TP Ó·ÓÁÌ‡˜ËÏ ˜ÂÂÁ ; ÒÓ‚ÓÍÛÔ-

ÌÓÒÚ¸ ‚ÒÂ‚ÓÁÏÓÊÌ˚ı ‰ÓÔÛÒÚËÏ˚ı ÒÂÚÓ˜Ì˚ı ÏÌÓÊÂÒÚ‚  (Ó‰Ì‡ÍÓ Ò ˜ËÒÎÓÏ ÛÁÎÓ‚, ‡‚Ì˚Ï P Ì‡ )
Ë ÚË‡Ì„ÛÎflˆËÈ TP Ì‡ Ëı ÓÒÌÓ‚Â Ó·ÓÁÌ‡˜ËÏ ˜ÂÂÁ �P (·Û‰ÂÏ „Ó‚ÓËÚ¸, ˜ÚÓ �P ÂÒÚ¸ ÏÌÓÊÂÒÚ‚Ó ‡Á-

·ËÂÌËÈ Ó·Î‡ÒÚË ). äÎ‡ÒÒ˚ ‰ÓÔÛÒÚËÏ˚ı ÒÂÚÓ˜Ì˚ı ÏÌÓÊÂÒÚ‚ Ë ÚË‡Ì„ÛÎflˆËÈ Ì‡ ÌËı ÛÚÓ˜Ìfl˛ÚÒfl

ÌËÊÂ. ùÚÓ ÏÌÓÊÂÒÚ‚Ó ‡Á·ËÂÌËÈ �P Ë ÒÓ‚ÓÍÛÔÌÓÒÚ¸ ËÌÚÂÔÓÎflÌÚÓ‚  (‰Îfl Í‡Ê‰ÓÈ ÚË‡Ì„ÛÎflˆËË
ËÁ �P) ÓÔÂ‰ÂÎfl˛Ú ÔÓÒÚ‡ÌÒÚ‚Ó X. éÔÂ‰ÂÎËÏ ‚ÂÎË˜ËÌÛ dP(�, X) (ÔÓÔÂÂ˜ÌËÍ) ÒÓÓÚÌÓ¯ÂÌËÂÏ 

(6.1)

„‰Â ||·|| – ÌÓÏ‡ ‚ C (ÓÔÂ‰ÂÎÂÌËÂ ÔÓÔÂÂ˜ÌËÍ‡ ÔÓ äÓÎÏÓ„ÓÓ‚Û ÒÏ., Ì‡ÔËÏÂ, ‚ [18, „Î. 3]). ÇÂÎË-
˜ËÌ‡ dP(�, X) ÂÒÚ¸ ÔÓ„Â¯ÌÓÒÚ¸ ÔË ÓÔÚËÏ‡Î¸ÌÓÈ ÚÓ˜ÌÓÒÚË ÔË·ÎËÊÂÌËfl ÏÌÓÊÂÒÚ‚‡ � ‚ ÔÓ-
ÒÚ‡ÌÒÚ‚Â X (Ì‡ ÒÂÚÍÂ Ò P ÛÁÎ‡ÏË), ËÎË, ÍÓÓ˜Â, ÔÓ„Â¯ÌÓÒÚ¸ ÓÔÚËÏ‡Î¸ÌÓÈ ‡ÔÔÓÍÒËÏ‡ˆËË. 

éÔÂ‰ÂÎÂÌËfl. 5. èÛÒÚ¸

ÒÛÚ¸ ÔÓÔÂÂ˜ÌËÍË, ÔÓÓÊ‰‡ÂÏ˚Â ‰‚ÛÏfl ÒÂÏÂÈÒÚ‚‡ÏË ÒÂÚÓÍ  = (P), i = 1, 2. Ç ÚÓÏ ÒÎÛ˜‡Â, ÍÓ-

„‰‡ ‰Îfl ÔÓÔÂÂ˜ÌËÍÓ‚ (�, X) ‚˚ÔÓÎÌflÂÚÒfl ÓˆÂÌÍ‡ ‡‚ÌÓÏÂÌÓ ÓÚÌÓÒËÚÂÎ¸ÌÓ P

„‰Â M1 ÏÓÊÂÚ ·˚Ú¸ ‰ÓÒÚ‡ÚÓ˜ÌÓ ·ÓÎ¸¯ËÏ, ·Û‰ÂÏ „Ó‚ÓËÚ¸, ˜ÚÓ ÔÓÔÂÂ˜ÌËÍË (�, X) Ë (�, X)
˝Í‚Ë‚‡ÎÂÌÚÌ˚. 

6. óÂÂÁ ρ1( ) Ë ρ2( ), „‰Â  – ÚÂÛ„ÓÎ¸Ì˚È ˝ÎÂÏÂÌÚ ËÁ ‡Á·ËÂÌËfl TP, Ó·ÓÁÌ‡˜ËÏ ‡‰ËÛÒ˚

‚ÔËÒ‡ÌÌÓÈ Ë ÓÔËÒ‡ÌÌÓÈ ÓÍÛÊÌÓÒÚÂÈ ‰Îfl ˝ÎÂÏÂÌÚ‡ , j = 1, 2, …, J, J = J(P) – ˜ËÒÎÓ ÚÂÛ„ÓÎ¸Ì˚ı
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˝ÎÂÏÂÌÚÓ‚ ‡Á·ËÂÌËfl TP (Ò˜ËÚ‡ÂÏ ‚˚ÔÓÎÌÂÌÌ˚Ï ÛÒÎÓ‚ËÂ J ≈ P). íË‡Ì„ÛÎflˆË˛ TP Ì‡ÁÓ‚ÂÏ ËÁÓ-
ÚÓÔÌÓÈ, ÂÒÎË ‚˚ÔÓÎÌflÂÚÒfl ÛÒÎÓ‚ËÂ

Ó‰Ì‡ÍÓ ‚ÂÎË˜ËÌ˚ , ρ2( ) Ë ‚ÂÎË˜ËÌ‡ η( ) = ρ2( ) – ÍÓ˝ÙÙËˆËÂÌÚ ‡ÌËÁÓÚÓ-

ÔËË ‰Îfl ˝ÎÂÏÂÌÚ‡  – ÏÓ„ÛÚ ÒËÎ¸ÌÓ ÓÚÎË˜‡Ú¸Òfl ÓÚ ˝ÎÂÏÂÌÚ‡ Í ˝ÎÂÏÂÌÚÛ. íË‡Ì„ÛÎflˆË˛ TP Ì‡ÁÓ-
‚ÂÏ ‡ÌËÁÓÚÓÔÌÓÈ (Ò ÍÓ˝ÙÙËˆËÂÌÚÓÏ ‡ÌËÁÓÚÓÔËË ‡Á·ËÂÌËfl η ≥ M0, „‰Â M0 ÏÓÊÂÚ ·˚Ú¸ ‰ÓÒÚ‡-
ÚÓ˜ÌÓ ·ÓÎ¸¯ËÏ), ÂÒÎË ‚˚ÔÓÎÌflÂÚÒfl ÛÒÎÓ‚ËÂ

ÔÓÒÚÓflÌÌ‡fl M0 ÌÂ Á‡‚ËÒËÚ ÓÚ Ô‡‡ÏÂÚÓ‚ ε, P. ë˜ËÚ‡ÂÏ, ˜ÚÓ ÒÓ‚ÓÍÛÔÌÓÒÚ¸ �P ÓÔÂ‰ÂÎflÂÚÒfl ‚ÂÎË-
˜ËÌÓÈ η; Ú‡ÍËÏ Ó·‡ÁÓÏ, TP = TP(η), �P = �P(η), dP(�, X) = dP(�, X; η). 

7. èÓ‰Ó·Ì˚Ï Ó·‡ÁÓÏ ‚‚Ó‰ËÚÒfl ËÁÓÚÓÔÌ‡fl Ë ‡ÌËÁÓÚÓÔÌ‡fl ÚË‡Ì„ÛÎflˆËË Ì‡ ÔÓ‰ÏÌÓÊÂÒÚ‚‡ı

ËÁ . Ç ÚÓÏ ÒÎÛ˜‡Â, ÍÓ„‰‡ ÔÓÔÂÂ˜ÌËÍË ‡ÒÒÏ‡ÚË‚‡˛ÚÒfl Ì‡ ÔÓ‰ÏÌÓÊÂÒÚ‚Â  ⊂  (‚ ˝ÚÓÏ ÒÎÛ-

˜‡Â ÔÓÔÂÂ˜ÌËÍ Ó·ÓÁÌ‡˜‡ÂÏ ˜ÂÂÁ dP(�, X; )), ‚ÂÎË˜ËÌ‡ ||u – || ‚ (6.1) ‚˚˜ËÒÎflÂÚÒfl ÎË¯¸ ÔÓ

ÚÂÛ„ÓÎ¸Ì˚Ï ˝ÎÂÏÂÌÚ‡Ï, ˆÂÎËÍÓÏ ÔËÌ‡‰ÎÂÊ‡˘ËÏ . 
8. ùÎÂÏÂÌÚ˚ ÚË‡Ì„ÛÎflˆËË, ‰Îfl ÍÓÚÓ˚ı ‚˚ÔÓÎÌflÂÚÒfl ÛÒÎÓ‚ËÂ

Ì‡ÁÓ‚ÂÏ ÒÛ˘ÂÒÚ‚ÂÌÌÓ ‡ÌËÁÓÚÓÔÌ˚ÏË; ÚË‡Ì„ÛÎflˆË˛ TP, ËÏÂ˛˘Û˛ Ú‡ÍËÂ ˝ÎÂÏÂÌÚ˚, Ì‡ÁÓ‚ÂÏ
ÒÛ˘ÂÒÚ‚ÂÌÌÓ ‡ÌËÁÓÚÓÔÌÓÈ. 

ÇÂÎË˜ËÌ‡ dP(�, X) ÒÚÂÏËÚÒfl Í ÌÛÎ˛ ÔË P  ∞, Ó‰Ì‡ÍÓ ˝Ú‡ ÒıÓ‰ËÏÓÒÚ¸ Í ÌÛÎ˛ ÌÂ fl‚ÎflÂÚÒfl
ε-‡‚ÌÓÏÂÌÓÈ. ÇÓÓ·˘Â „Ó‚Ófl, ÔË·ÎËÊÂÌËfl ÒıÓ‰flÚÒfl ÔË P  ∞ ÎË¯¸ ÔË ÌÂÍÓÚÓ˚ı ÒÓÓÚ-
ÌÓ¯ÂÌËflı ÏÂÊ‰Û ‚ÂÎË˜ËÌ‡ÏË P Ë ε. 

9. èÛÒÚ¸ ‰Îfl ÔÓÔÂÂ˜ÌËÍ‡ dP(�, X) ‚˚ÔÓÎÌflÂÚÒfl ÓˆÂÌÍ‡ 

(6.2)

λ(ξ)  0 ÔË ξ  0 ‡‚ÌÓÏÂÌÓ ÓÚÌÓÒËÚÂÎ¸ÌÓ Ô‡‡ÏÂÚ‡ ε, ν ≥ 0; ÔÓÒÚÓflÌÌ‡fl M, ‚ÓÓ·˘Â „Ó‚Ó-
fl, Á‡‚ËÒËÚ ÓÚ ν. èË ν = 0 ·Û‰ÂÏ „Ó‚ÓËÚ¸, ˜ÚÓ ÔÓÔÂÂ˜ÌËÍ (ÔÓ„Â¯ÌÓÒÚ¸ ÓÔÚËÏ‡Î¸ÌÓÈ ‡ÔÔÓÍ-
ÒËÏ‡ˆËË) ÒıÓ‰ËÚÒfl ε-‡‚ÌÓÏÂÌÓ. èË ν > 0 ·Û‰ÂÏ „Ó‚ÓËÚ¸, ˜ÚÓ ÔÓÔÂÂ˜ÌËÍ (ÔÓ„Â¯ÌÓÒÚ¸ ÓÔÚË-
Ï‡Î¸ÌÓÈ ‡ÔÔÓÍÒËÏ‡ˆËË) ÒıÓ‰ËÚÒfl Ò ‰ÂÙÂÍÚÓÏ (ε-‡‚ÌÓÏÂÌÓÈ ÒıÓ‰ËÏÓÒÚË) ν (ÓÚÌÓÒËÚÂÎ¸ÌÓ ‚Â-
ÎË˜ËÌ P, ε). Ç ÚÓÏ ÒÎÛ˜‡Â, ÍÓ„‰‡ ‚ÂÎË˜ËÌ‡ ν > 0 ÏÓÊÂÚ ·˚Ú¸ ‚˚·‡Ì‡ ÒÍÓÎ¸ Û„Ó‰ÌÓ Ï‡ÎÓÈ, ÔË˜ÂÏ
‰Îfl ÔÓÔÂÂ˜ÌËÍ‡ Ì‡ ÚË‡Ì„ÛÎflˆËflı TP, ÍÓÌÚÓÎËÛÂÏ˚ı ‚ÂÎË˜ËÌÓÈ ν, ‚˚ÔÓÎÌflÂÚÒfl ÓˆÂÌÍ‡ (6.2), ·Û-
‰ÂÏ „Ó‚ÓËÚ¸, ˜ÚÓ ÔÓÔÂÂ˜ÌËÍ (ÔÓ„Â¯ÌÓÒÚ¸ ÓÔÚËÏ‡Î¸ÌÓÈ ‡ÔÔÓÍÒËÏ‡ˆËË) ÒıÓ‰ËÚÒfl ÔÓ˜ÚË ε-‡‚-
ÌÓÏÂÌÓ Ò ‰ÂÙÂÍÚÓÏ ν (ËÎË, ÍÓÓ˜Â, ÒıÓ‰ËÚÒfl ÔÓ˜ÚË ε-‡‚ÌÓÏÂÌÓ). 

ç‡Ë·ÓÎ¸¯ËÈ ËÌÚÂÂÒ ÔÂ‰ÒÚ‡‚Îfl˛Ú ÔË·ÎËÊÂÌËfl ÏÌÓÊÂÒÚ‚‡ �, ÒıÓ‰fl˘ËÂÒfl Ò ‚ÓÁÏÓÊÌÓ
ÏÂÌ¸¯ËÏ ‰ÂÙÂÍÚÓÏ Ë, ‚ ˜‡ÒÚÌÓÒÚË, ÒıÓ‰fl˘ËÂÒfl ε-‡‚ÌÓÏÂÌÓ. 

6.2. ê‡ÒÒÏÓÚËÏ ÓˆÂÌÍÛ ÔÓÔÂÂ˜ÌËÍ‡ ‚ ÚÓÏ ÒÎÛ˜‡Â, ÍÓ„‰‡ ‰‚ËÊÛ˘‡flÒfl „‡ÌËˆ‡  fl‚ÎflÂÚÒfl ÓÚ-
ÂÁÍÓÏ ÔflÏÓÈ 

(6.3)

„‰Â v0 = v0(2.3), v 0 = . 

ê‡ÒÒÏÓÚÂÌËÂ ÏÓ‰ÂÎ¸Ì˚ı Á‡‰‡˜, ÔÓ‰Ó·ÌÓÂ ÔË‚Â‰ÂÌÌÓÏÛ ‚ ‡Á‰. 5, ÔÓÍ‡Á˚‚‡ÂÚ, ˜ÚÓ ‚ ÒÎÛ˜‡Â
ËÁÓÚÓÔÌ˚ı ‡Á·ËÂÌËÈ Ó·Î‡ÒÚË  ‰Îfl ÔÓÔÂÂ˜ÌËÍ‡ ‚˚ÔÓÎÌflÂÚÒfl ÓˆÂÌÍ‡ ÒÌËÁÛ 

(6.4)

ç‡ ÏÌÓÊÂÒÚ‚Â 

(6.5)

ρ1
1–

TP
j( )ρ2 TP

j( ) M, j≤ 1 2 … J ,, , ,=

ρ1
1–

TP
j( ) TP

j
TP

j ρ1
1–

TP
j( ) TP

j

TP
j

η η TP
j( )

j
sup M0, j≥≡ 1 2 … J ,, , ,=

G G
0

G

G
0

u
h

G
0

η TP
j( ) ∞, Ì‡ÔËÏÂ ÔË P ∞ Ë/ËÎË ε 0,

dP � X,( ) Mλ ε ν–
P

1/2–( ), P ∞, ε 0 1 ] ;,(∈≤

S1
L

β1 t( ) v 1t, t 0 T,[ ] , v 1 v 0 v
0,[ ] ,∈ ∈=

v 2.3( )
0

G

dP � X,( ) m 1 εP+( ) 1–
.≥

G
0

G1 5.1( ) ρ1( ), ρ1 Mε,= =
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òË¯ÍËÌ

‡ ËÏÂÌÌÓ Ì‡ Ô‡‚ÓÈ ρ1-ÓÍÂÒÚÌÓÒÚË ÏÌÓÊÂÒÚ‚‡ , ÔÓÎÛ˜‡ÂÚÒfl ÓˆÂÌÍ‡ 

(6.6)

ÌÂÛÎÛ˜¯‡ÂÏ‡fl ÔÓ ‚ıÓÊ‰ÂÌË˛ ‚ÂÎË˜ËÌ P, ε. 

Ç ÒÎÛ˜‡Â ‡ÌËÁÓÚÓÔÌ˚ı ‡Á·ËÂÌËÈ Ò Û˜ÂÚÓÏ fl‚ÌÓ„Ó ‚Ë‰‡ ÙÛÌÍˆËË W0(3.8)(x, t), „‰Â (t) = v1, Ì‡-
ıÓ‰ËÏ ÓˆÂÌÍÛ 

(6.7)

ç‡ ÏÌÓÊÂÒÚ‚Â  ËÏÂÂÏ ÓˆÂÌÍÛ 

(6.8)

ÓˆÂÌÍ‡ ÌÂÛÎÛ˜¯‡ÂÏ‡ ÔÓ ‚ıÓÊ‰ÂÌË˛ ‚ÂÎË˜ËÌ P, ε, η. 
íÂÓÂÏ‡ 4. èÛÒÚ¸ ‰Îfl ÍÓÏÔÓÌÂÌÚ Â¯ÂÌËfl Í‡Â‚ÓÈ Á‡‰‡˜Ë (2.2), (2.1) ËÁ ÔÂ‰ÒÚ‡‚ÎÂÌËfl (3.1)

‚˚ÔÓÎÌfl˛ÚÒfl ÓˆÂÌÍË (3.6), (3.7), (3.9), „‰Â K = 2. íÓ„‰‡ ‚ ÒÎÛ˜‡Â ÛÒÎÓ‚Ëfl (6.3) ‰Îfl ÔÓÔÂÂ˜ÌËÍÓ‚

dP(�, X), dP(�, X; ) Ì‡ ËÁÓÚÓÔÌÓÈ ÚË‡Ì„ÛÎflˆËË TP (‡ÌËÁÓÚÓÔÌÓÈ ÚË‡Ì„ÛÎflˆËË TP) ‚˚ÔÓÎ-
Ìfl˛ÚÒfl ÓˆÂÌÍË (6.4), (6.6) (ÓˆÂÌÍË (6.7), (6.8)); ÓˆÂÌÍË (6.6) Ë (6.8) ÌÂÛÎÛ˜¯‡ÂÏ˚ ÔÓ ‚ıÓÊ‰ÂÌË˛
‚ÂÎË˜ËÌ P, ε Ë P, ε, η ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ. 

6.3. èÛÒÚ¸ ‚˚ÔÓÎÌflÂÚÒfl ÛÒÎÓ‚ËÂ (6.3). Ç ÒËÎÛ ÓˆÂÌÍË (6.6), ‡ Ú‡ÍÊÂ ÓˆÂÌÍË (6.8) ÔË ÛÒÎÓ‚ËË 

(6.9)

‰ÂÙÂÍÚ ÒıÓ‰ËÏÓÒÚË ÔÓ„Â¯ÌÓÒÚË ÓÔÚËÏ‡Î¸ÌÓÈ ‡ÔÔÓÍÒËÏ‡ˆËË Ì‡ ÏÌÓÊÂÒÚ‚Â  ‡‚ÂÌ 2–1. í‡-
ÍËÏ Ó·‡ÁÓÏ, ‰ÂÙÂÍÚ ÒıÓ‰ËÏÓÒÚË ÔÓÔÂÂ˜ÌËÍÓ‚ dP(�, X) Ì‡ ËÁÓÚÓÔÌÓÈ ÚË‡Ì„ÛÎflˆËË, ‡ Ú‡ÍÊÂ
‡ÌËÁÓÚÓÔÌÓÈ ÚË‡Ì„ÛÎflˆËË ÔË ÛÒÎÓ‚ËË (6.9) ÌÂ ÏÂÌ¸¯Â, ˜ÂÏ 2–1. 

ìÒÎÓ‚ËÂ 

(6.10)

fl‚ÎflÂÚÒfl ÌÂÓ·ıÓ‰ËÏ˚Ï ‰Îfl ÚÓ„Ó, ˜ÚÓ·˚ ‰ÂÙÂÍÚ ÒıÓ‰ËÏÓÒÚË ÔÓÔÂÂ˜ÌËÍ‡ Ì‡ ‡ÌËÁÓÚÓÔÌÓÈ ÚË-
‡Ì„ÛÎflˆËË TP ·˚Î ÏÂÌ¸¯Â, ˜ÂÏ 2–1.

íÂÓÂÏ‡ 5. èÛÒÚ¸ ‚˚ÔÓÎÌflÂÚÒfl ÛÒÎÓ‚ËÂ ÚÂÓÂÏ˚ 4. Ç ÒÎÛ˜‡Â ÛÒÎÓ‚Ëfl (6.3) ËÒÔÓÎ¸ÁÓ‚‡ÌËÂ ÒÛ-
˘ÂÒÚ‚ÂÌÌÓ ‡ÌËÁÓÚÓÔÌ˚ı ÚË‡Ì„ÛÎflˆËÈ, Û‰Ó‚ÎÂÚ‚Ófl˛˘Ëı ÛÒÎÓ‚Ë˛ (6.10), fl‚ÎflÂÚÒfl ÌÂÓ·ıÓ-
‰ËÏ˚Ï ‰Îfl ÒıÓ‰ËÏÓÒÚË ÔÓÔÂÂ˜ÌËÍ‡ dP(�, X) Ò ‰ÂÙÂÍÚÓÏ ÏÂÌ¸¯Â ˜ÂÏ 2–1, ‡ Ú‡ÍÊÂ ‰Îfl ε-‡‚ÌÓ-
ÏÂÌÓÈ ÎË·Ó ÔÓ˜ÚË ε-‡‚ÌÓÏÂÌÓÈ ÒıÓ‰ËÏÓÒÚË. 

àÁ ÛÒÎÓ‚Ëfl (6.10) ÒÎÂ‰ÛÂÚ, ˜ÚÓ ÔË 

(6.11)

‰ÓÔÓÎÌËÚÂÎ¸ÌÓÂ ÛÒÎÓ‚ËÂ (η0(P)P, (P)P � 1)

(6.12)

fl‚ÎflÂÚÒfl ÌÂÓ·ıÓ‰ËÏ˚Ï ‰Îfl ε-‡‚ÌÓÏÂÌÓÈ ÒıÓ‰ËÏÓÒÚË ÔÓÔÂÂ˜ÌËÍ‡ dP(�, X; ) Ì‡ ÔÓ‰ÏÌÓÊÂ-

ÒÚ‚Â  = ; ÔË ÛÒÎÓ‚ËË (6.11) Ò Û˜ÂÚÓÏ ‡ÔËÓÌ˚ı ÓˆÂÌÓÍ ÚÂÓÂÏ˚ 1 ÔÓÎÛ˜‡ÂÏ ε-‡‚ÌÓÏÂ-
ÌÛ˛ ÓˆÂÌÍÛ Ò‚ÂıÛ 

(6.13)

ÓˆÂÌÍ‡ ÌÂÛÎÛ˜¯‡ÂÏ‡ ÔÓ ‚ıÓÊ‰ÂÌË˛ ‚ÂÎË˜ËÌ˚ P. 
ÑÎfl ÔÓÔÂÂ˜ÌËÍ‡ dP(�, X) ÔË ÛÒÎÓ‚ËË (6.11) ÔÓÎÛ˜‡ÂÚÒfl ε-‡‚ÌÓÏÂÌ‡fl ÓˆÂÌÍ‡ 

(6.14)

S1
L

dP � X; G 6.5( )
0,( ) m 1 εP+( ) 1–

,≥

β1'

dP � X,( ) m min εη εη( ) 1–
+( )P

1–
; 1[ ] .≥

G 6.5( )
0

dP � X; G
0,( ) m min εη εη( ) 1–

+( )P
1–
; 1[ ] ;≥

G
0

η M, ‚ÂÎË˜ËÌ‡ η  ÌÂ Á‡‚ËÒËÚ ÓÚ P Ë ε≥

G 6.5( )
0

η η ε P,( ), η o ε 1–
P( ), η 1–

o εP( ) ÔË P ∞, ε 0 1 ] ,,(∈= = =

η η ε P,( ) ε 1– η0 P( )≡=

η0
1–

η0 P( ), η0
1–

P( ) o P( ), P ∞,=

G
0

G
0

G 6.5( )
0

dP � X; G
0,( ) MP

1– η0 P( ) η0
1–

P( )+[ ] ;≤

dP � X,( ) M min P
1–

P η0 P( ) η0
1–

P( )+[ ] ; 1ln{ } ,≤
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ÔË ‰ÓÔÓÎÌËÚÂÎ¸ÌÓÏ ÛÒÎÓ‚ËË (P–1lnP[η0(P) + (P)] � 1)

(6.15)

ÌÂÒÍÓÎ¸ÍÓ ·ÓÎÂÂ ÒËÎ¸ÌÓÏ, ˜ÂÏ ÛÒÎÓ‚ËÂ (6.12), ÔÓÔÂÂ˜ÌËÍ dP(�, X) ÒıÓ‰ËÚÒfl ε-‡‚ÌÓÏÂÌÓ. 
íÂÓÂÏ‡ 6. èÛÒÚ¸ ‚˚ÔÓÎÌflÂÚÒfl ÛÒÎÓ‚ËÂ ÚÂÓÂÏ˚ 4. Ç ÒÎÛ˜‡Â ÛÒÎÓ‚Ëfl (6.3) ÛÒÎÓ‚ËÂ {(6.11),

(6.12)} fl‚ÎflÂÚÒfl ÌÂÓ·ıÓ‰ËÏ˚Ï, ‡ ÛÒÎÓ‚ËÂ {(6.11), (6.15)} – ‰ÓÒÚ‡ÚÓ˜Ì˚Ï ‰Îfl ε-‡‚ÌÓÏÂÌÓÈ ÒıÓ-
‰ËÏÓÒÚË (ÔË P  ∞) ÔÓÔÂÂ˜ÌËÍ‡ dP(�, X) ÔË ‡ÌËÁÓÚÓÔÌÓÏ ‡Á·ËÂÌËË (6.11). ÑÎfl ÔÓÔÂÂ˜-

ÌËÍÓ‚ dP(�, X; ) Ë dP(�, X) ‚ ÒÎÛ˜‡Â ÛÒÎÓ‚Ëfl (6.11) ‚˚ÔÓÎÌfl˛ÚÒfl ÓˆÂÌÍË (6.13) (ÌÂÛÎÛ˜¯‡ÂÏ‡fl
ÔÓ P) Ë (6.14) ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ. 

àÁ ÌÂÛÎÛ˜¯‡ÂÏÓÈ ÓˆÂÌÍË (6.13) Ë ÔÂ‰ÒÚ‡‚ÎÂÌËfl (6.11) ‰Îfl ‚ÂÎË˜ËÌ˚ ν ‚˚ÚÂÍ‡ÂÚ, ˜ÚÓ ‚ ÚÓÏ

ÒÎÛ˜‡Â, ÍÓ„‰‡ ÔÓÔÂÂ˜ÌËÍ Ì‡  ÒıÓ‰ËÚÒfl Ò ‰ÂÙÂÍÚÓÏ ν < 2–1, ˝ÎÂÏÂÌÚ˚ ÚË‡Ì„ÛÎflˆËË Ì‡ ÏÌÓÊÂ-

ÒÚ‚Â  fl‚Îfl˛ÚÒfl ÒÛ˘ÂÒÚ‚ÂÌÌÓ ‡ÌËÁÓÚÓÔÌ˚ÏË. 
6.4. ÅÛ‰ÂÏ ÔÂ‰ÔÓÎ‡„‡Ú¸ ‚˚ÔÓÎÌÂÌÌ˚Ï ÛÒÎÓ‚ËÂ 

ÏÌÓÊÂÒÚ‚Ó  fl‚ÎflÂÚÒfl ÓÚÂÁÍÓÏ „Î‡‰ÍÓÈ ÍË‚ÓÈ (6.16)

Ò Ó„‡ÌË˜ÂÌÌÓÈ ÌÂÌÛÎÂ‚ÓÈ ÍË‚ËÁÌÓÈ, Ë ÔÛÒÚ¸ ÚË‡Ì„ÛÎflˆËfl TP fl‚ÎflÂÚÒfl ‡ÌËÁÓÚÓÔÌÓÈ, Û‰Ó‚ÎÂ-
Ú‚Ófl˛˘ÂÈ ÛÒÎÓ‚Ë˛ 

ÒÚÓÓÌ˚ ÚÂÛ„ÓÎ¸Ì˚ı ˝ÎÂÏÂÌÚÓ‚ ÚË‡Ì„ÛÎflˆËË – ÓÚÂÁÍË ÔflÏ˚ı. (6.17)

ç‡ ÚË‡Ì„ÛÎflˆËflı TP = TP(η) Ò ‡ÌËÁÓÚÓÔËÂÈ η ÓÔÂ‰ÂÎËÏ ÔÓÔÂÂ˜ÌËÍ (�, X) ÒÓÓÚÌÓ¯ÂÌËÂÏ 

(6.18)

ÅÛ‰ÂÏ „Ó‚ÓËÚ¸, ˜ÚÓ ÔÓÔÂÂ˜ÌËÍ (�, X) fl‚ÎflÂÚÒfl ÓÔÚËÏ‡Î¸Ì˚Ï ÓÚÌÓÒËÚÂÎ¸ÌÓ ‡ÌËÁÓÚÓÔËË Ì‡
ÚË‡Ì„ÛÎflˆËflı TP(η), ËÎË, ÍÓÓ˜Â, ÓÔÚËÏ‡Î¸Ì˚Ï ÔÓÔÂÂ˜ÌËÍÓÏ. 

Ç ÒÎÛ˜‡Â ÛÒÎÓ‚ËÈ (6.16), (6.17) ‰Îfl ÔÓÔÂÂ˜ÌËÍ‡ (�, X), ‡ÒÒÏ‡ÚË‚‡ÂÏÓ„Ó Ì‡ , Ò Û˜ÂÚÓÏ
fl‚ÌÓ„Ó ‚Ë‰‡ ÙÛÌÍˆËË W0(3.8)(x, t) ÔÓÎÛ˜‡ÂÚÒfl ÌÂÛÎÛ˜¯‡ÂÏ‡fl ÓˆÂÌÍ‡ 

(6.19)

íÂÓÂÏ‡ 7. èÛÒÚ¸ ‚˚ÔÓÎÌflÂÚÒfl ÛÒÎÓ‚ËÂ ÚÂÓÂÏ˚ 4. íÓ„‰‡ ‚ ÒÎÛ˜‡Â ÛÒÎÓ‚ËÈ (6.16), (6.17) ‰Îfl

ÔÓÔÂÂ˜ÌËÍ‡ (�, X; ) ‚˚ÔÓÎÌflÂÚÒfl ÓˆÂÌÍ‡ (6.19), ÌÂÛÎÛ˜¯‡ÂÏ‡fl ÔÓ ‚ıÓÊ‰ÂÌË˛ ‚ÂÎË˜ËÌ
P, ε. 

á‡ÏÂ˜‡ÌËÂ 2. Ç ÒËÎÛ (6.19), ‰ÂÙÂÍÚ ÒıÓ‰ËÏÓÒÚË ÔÓÔÂÂ˜ÌËÍ‡ (�, X; ) ‚ ÒÎÛ˜‡Â ÍË‚ÓÎËÌÂÈÌÓÈ

„‡ÌËˆ˚  ÂÒÚ¸ 4–1. í‡ÍËÏ Ó·‡ÁÓÏ, ‰Îfl ÔÓÔÂÂ˜ÌËÍ‡ (�, X) ‚ ÒÎÛ˜‡Â ÚË‡Ì„ÛÎflˆËÈ, ÔÓÓÊ‰‡ÂÏ˚ı

ÚÂÛ„ÓÎ¸Ì˚ÏË ˝ÎÂÏÂÌÚ‡ÏË, Û‰Ó‚ÎÂÚ‚Ófl˛˘ËÏË ÛÒÎÓ‚Ë˛ (6.17), Ë ËÌÚÂÔÓÎflÌÚÓ‚ (x, t), ÎËÌÂÈÌ˚ı Ì‡

˝ÎÂÏÂÌÚ‡ı , ‰ÂÙÂÍÚ ÒıÓ‰ËÏÓÒÚË ÏÂÌ¸¯Â, ˜ÂÏ 4–1 ‡ ‚ ÒÎÛ˜‡Â ÛÒÎÓ‚Ëfl (6.16) ÌÂ‰ÓÒÚËÊËÏ. 

àÁ ÔË‚Â‰ÂÌÌ˚ı ‡ÒÒÏÓÚÂÌËÈ ‚˚ÚÂÍ‡ÂÚ, ˜ÚÓ ‰Îfl ÔÓÒÚÓÂÌËfl ÓÔÚËÏ‡Î¸Ì˚ı ‡ÔÔÓÍÒËÏ‡ˆËÈ,
‰Îfl ÔÓÔÂÂ˜ÌËÍÓ‚ ÍÓÚÓ˚ı ‰ÂÙÂÍÚ ÒıÓ‰ËÏÓÒÚË ÏÂÌ¸¯Â, ˜ÂÏ 4–1, ÌÂÓ·ıÓ‰ËÏÓ ËÒÔÓÎ¸ÁÓ‚‡Ú¸ ÚË-

‡Ì„ÛÎflˆËË TP Ò ÍË‚ÓÎËÌÂÈÌ˚ÏË ÚÂÛ„ÓÎ¸Ì˚ÏË ˝ÎÂÏÂÌÚ‡ÏË  Ë/ËÎË ËÌÚÂÔÓÎflÌÚ˚, ÒÚÓfl˘ËÂ-

Òfl Ì‡  ÔÓ ÁÌ‡˜ÂÌËflÏ ÙÛÌÍˆËË uh(x, t), ÓÚÎË˜Ì˚Â ÓÚ ÎËÌÂÈÌ˚ı. 

éÔÂ‰ÂÎÂÌËfl. 10. íÂÛ„ÓÎ¸Ì˚Â ˝ÎÂÏÂÌÚ˚ ÚË‡Ì„ÛÎflˆËË TP Ì‡ÁÓ‚ÂÏ Ô‡‚ËÎ¸Ì˚ÏË ‚ ÚÓÏ ÒÎÛ˜‡Â,
ÍÓ„‰‡ ÒÚÓÓÌ˚ ÚÂÛ„ÓÎ¸Ì˚ı ˝ÎÂÏÂÌÚÓ‚ fl‚Îfl˛ÚÒfl ÓÚÂÁÍ‡ÏË ÔflÏ˚ı, ÒÓÂ‰ËÌfl˛˘Ëı ‚Â¯ËÌ˚ ÚÂ-

Û„ÓÎ¸ÌËÍ‡, ÂÒÎË ıÓÚfl ·˚ Ó‰Ì‡ ‚Â¯ËÌ‡ ÌÂ ÔËÌ‡‰ÎÂÊËÚ „‡ÌËˆÂ , ËÎË ÓÚÂÁÍÓÏ „‡ÌËˆ˚ , ÂÒ-

ÎË Ó·Â ‚Â¯ËÌ˚ ÔËÌ‡‰ÎÂÊ‡Ú . íË‡Ì„ÛÎflˆË˛  Ì‡ÁÓ‚ÂÏ ÚË‡Ì„ÛÎflˆËÂÈ Ì‡ Ô‡‚ËÎ¸Ì˚ı ˝ÎÂ-
ÏÂÌÚ‡ı, ÂÒÎË ‚ÒÂ Â„Ó ÚÂÛ„ÓÎ¸Ì˚Â ̋ ÎÂÏÂÌÚ˚ Ô‡‚ËÎ¸Ì˚Â. Ç ̋ ÚÓÈ ÚË‡Ì„ÛÎflˆËË ÒÚÓÓÌ˚ ÚÂÛ„ÓÎ¸-

η0
1–

η0 P( ), η0
1–

P( ) o P Pln
1–( ), P ∞,=

G
0

G
0

G
0

S1
L

dP*

dP* � X,( ) dP � X; η,( ).
η

inf=

dP*

dP* G 6.5( )
0

dP* � X; G
0,( ) m 1 ε1/2

P+( )
1–
.≥

dP 6.18( )* G
0

dP* G
0

S1
L

dP*

uh

TP
j

TP
j

TP
j

S1
L

S1
L

S1
L

G
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Ì˚ı ˝ÎÂÏÂÌÚÓ‚ “ÍË‚ÓÎËÌÂÈÌ˚” (ÓÚÂÁÍË „‡ÌËˆ˚ ), ÎË¯¸ ÂÒÎË Ó·‡ ÍÓÌˆ‡ ÒÚÓÓÌ˚ ÔËÌ‡‰-

ÎÂÊ‡Ú „‡ÌËˆÂ . 

11. íÂÛ„ÓÎ¸Ì˚Â ˝ÎÂÏÂÌÚ˚, Û ÍÓÚÓ˚ı ÒÚÓÓÌ˚ ÏÓ„ÛÚ ·˚Ú¸ ÓÚÂÁÍ‡ÏË ÍË‚˚ı ·ÂÁÓÚÌÓÒË-

ÚÂÎ¸ÌÓ Í ‚Á‡ËÏÌÓÏÛ ‡ÒÔÓÎÓÊÂÌË˛ ‚Â¯ËÌ ÚÂÛ„ÓÎ¸ÌËÍ‡ Ë ÏÌÓÊÂÒÚ‚‡ , ÓÚÌÂÒÂÏ Í ˝ÎÂÏÂÌÚ‡Ï
Ò ÍË‚ÓÎËÌÂÈÌ˚ÏË ÒÚÓÓÌ‡ÏË (ËÎË, ÍÓÓ˜Â, Í ÍË‚ÓÎËÌÂÈÌ˚Ï ÚÂÛ„ÓÎ¸Ì˚Ï ̋ ÎÂÏÂÌÚ‡Ï). íË‡Ì-
„ÛÎflˆË˛ TP Ì‡ÁÓ‚ÂÏ ÚË‡Ì„ÛÎflˆËÂÈ Ì‡ ÍË‚ÓÎËÌÂÈÌ˚ı ˝ÎÂÏÂÌÚ‡ı, ÂÒÎË ÒÂ‰Ë ÚÂÛ„ÓÎ¸Ì˚ı ˝ÎÂ-
ÏÂÌÚÓ‚ ÂÒÚ¸ ÍË‚ÓÎËÌÂÈÌ˚Â ÚÂÛ„ÓÎ¸Ì˚Â ˝ÎÂÏÂÌÚ˚. 

éˆÂÌÍ‡ (6.19) ÒÓı‡ÌflÂÚÒfl Ë ‚ ÒÎÛ˜‡Â ÚË‡Ì„ÛÎflˆËÈ Ì‡ Ô‡‚ËÎ¸Ì˚ı ˝ÎÂÏÂÌÚ‡ı. 
íÂÓÂÏ‡ 8. èÛÒÚ¸ ‚˚ÔÓÎÌflÂÚÒfl ÛÒÎÓ‚ËÂ ÚÂÓÂÏ˚ 4. Ç ÒÎÛ˜‡Â ÛÒÎÓ‚Ëfl (6.6) Ë ÚË‡Ì„ÛÎflˆËÈ

TP Ì‡ Ô‡‚ËÎ¸Ì˚ı ̋ ÎÂÏÂÌÚ‡ı ÒÍÓÓÒÚ¸ ÒıÓ‰ËÏÓÒÚË ÔÓÔÂÂ˜ÌËÍ‡ (�, X) Ò ‰ÂÙÂÍÚÓÏ ÒıÓ‰ËÏÓ-
ÒÚË ÏÂÌ¸¯Â, ˜ÂÏ 4–1, ÌÂ‰ÓÒÚËÊËÏ‡. 

á‡ÏÂ˜‡ÌËÂ 3. ê‡ÒÒÏÓÚÂÌËÂ ÏÓ‰ÂÎ¸Ì˚ı ÔËÏÂÓ‚ ÔÓÍ‡Á˚‚‡ÂÚ, ˜ÚÓ ‚ ÒÎÛ˜‡Â ÛÒÎÓ‚Ëfl (6.16) ‰Îfl ÒıÓ‰ËÏÓ-

ÒÚË ÔÓÔÂÂ˜ÌËÍ‡  (ÔÓ„Â¯ÌÓÒÚË ÓÔÚËÏ‡Î¸ÌÓÈ ‡ÔÔÓÍÒËÏ‡ˆËË) Ò ‰ÂÙÂÍÚÓÏ ÒıÓ‰ËÏÓÒÚË ÏÂÌ¸¯Â, ̃ ÂÏ 4−1,
ÌÂÓ·ıÓ‰ËÏÓ ËÒÔÓÎ¸ÁÓ‚‡Ú¸ ÚË‡Ì„ÛÎflˆËË Ì‡ ÍË‚ÓÎËÌÂÈÌ˚ı ˝ÎÂÏÂÌÚ‡ı, Í‡Í Ë ËÌÚÂÔÓÎflÌÚ˚, ÒÚÓfl˘ËÂÒfl
ÔÓ uh(x, t), ÓÚÎË˜Ì˚Â ÓÚ ÎËÌÂÈÌ˚ı ÔÓ x Ë t. 

7. ÄÔÔÓÍÒËÏ‡ˆËË Â¯ÂÌËÈ Á‡‰‡˜Ë (2.2), (2.1)

‚ ÒÎÛ˜‡Â ÍË‚ÓÎËÌÂÈÌÓÈ „‡ÌËˆ˚ 

7.1. é·ÒÛ‰ËÏ ÔÓÒÚÓÂÌËÂ ÚË‡Ì„ÛÎflˆËÈ Ë ËÌÚÂÔÓÎflÌÚÓ‚, ‰Îfl ÍÓÚÓ˚ı ÔÓÔÂÂ˜ÌËÍ ‚ ÒÎÛ˜‡Â

ÍË‚ÓÎËÌÂÈÌÓÈ „‡ÌËˆ˚  ÔË P  ∞ ÒıÓ‰ËÚÒfl ε-‡‚ÌÓÏÂÌÓ. 

èË ÔÓÒÚÓÂÌËË ε-‡‚ÌÓÏÂÌÓ ÒıÓ‰fl˘ËıÒfl ÔÓÔÂÂ˜ÌËÍÓ‚ ÏÓÊÌÓ ‚ m-ÓÍÂÒÚÌÓÒÚË „‡ÌËˆ˚ 
ÔÂÂÈÚË Í ÌÓ‚ÓÈ ÒËÒÚÂÏÂ ÍÓÓ‰ËÌ‡Ú, ‚ ÍÓÚÓÓÈ „‡ÌËˆ‡ ÒÚ‡ÌÓ‚ËÚÒfl ÓÚÂÁÍÓÏ ÔflÏÓÈ, ÔË˜ÂÏ ‰Îfl
„‡ÌËˆ˚ ‚˚ÔÓÎÌflÂÚÒfl ÛÒÎÓ‚ËÂ, ÔÓ‰Ó·ÌÓÂ (6.3), Ë ‚ÓÒÔÓÎ¸ÁÓ‚‡Ú¸Òfl ÂÁÛÎ¸Ú‡Ú‡ÏË Ô. 6.3 (ÒÏ. ÚÂÓÂ-
ÏÛ 6). 

èË ÔÓÒÚÓÂÌËË ÚË‡Ì„ÛÎflˆËÈ TP Ì‡ ÍË‚ÓÎËÌÂÈÌ˚ı ˝ÎÂÏÂÌÚ‡ı  Ë ÔÓ‰ıÓ‰fl˘Ëı ËÌÚÂÔÓ-

ÎflÌÚÓ‚, ÒÚÓfl˘ËıÒfl Ì‡  ÔÓ ÁÌ‡˜ÂÌËflÏ uh(x, t), Û‰Ó·ÌÓ ËÒÔÓÎ¸ÁÓ‚‡Ú¸ Ú‡ÍÓÈ ÔÓ‰ıÓ‰, Ò‚flÁ‡ÌÌ˚È Ò
Á‡ÏÂÌÓÈ ÍÓÓ‰ËÌ‡Ú ‚ Á‡‰‡˜Â (2.2), (2.1). èÛÒÚ¸ ‚ ÌÓ‚ÓÈ ÒËÒÚÂÏÂ ÍÓÓ‰ËÌ‡Ú ξ, t, ξ = ξ(x, t) „‡ÌËˆ‡

 ÒÚ‡ÌÓ‚ËÚÒfl ÓÚÂÁÍÓÏ ÔflÏÓÈ  = { }ξ, Ô‡‡ÎÎÂÎ¸ÌÓÈ ÓÒË t (ÒÏ., Ì‡ÔËÏÂ, Á‡ÏÂÌÛ ÍÓÓ‰Ë-

Ì‡Ú (3.2) ‚ ‡Á‰. 3); ÏÌÓÊÂÒÚ‚Ó  Ë Â¯ÂÌËÂ u(x, t) ÔÂÂıÓ‰flÚ ‚ ÏÌÓÊÂÒÚ‚Ó  Ë ÙÛÌÍˆË˛ u∧ (ξ, t)

ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ;  = { }ξ = , u∧ (ξ, t) = {u(x, t)}ξ = (ξ, t). 
èÛÒÚ¸ 

(7.1‡)

ÂÒÚ¸ ÔÓÔÂÂ˜ÌËÍ, ÓÔÂ‰ÂÎflÂÏ˚È (ÔÓ‰Ó·ÌÓ ÔÓÔÂÂ˜ÌËÍÛ (6.1)) ÏÌÓÊÂÒÚ‚ÓÏ �
∧
 Â¯ÂÌËÈ Í‡Â‚ÓÈ

Á‡‰‡˜Ë (3.3), (3.4) Ë Ú‡ÍËÏË ÍÓÏÔÓÌÂÌÚ‡ÏË: ÒÂÚÓ˜Ì˚ÏË ÏÌÓÊÂÒÚ‚‡ÏË  ⊂ , ÚË‡Ì„ÛÎflˆËflÏË

, ÒÚÓfl˘ËÏËÒfl Ì‡ ÓÒÌÓ‚Â ˝ÚËı ÏÌÓÊÂÒÚ‚, Ë ËÌÚÂÔÓÎflÌÚ‡ÏË (ξ, t), (ξ, t) ∈ , ÎËÌÂÈÌ˚ÏË

ÔÓ ξ, t Ì‡ ˝ÎÂÏÂÌÚ‡ı ÚË‡Ì„ÛÎflˆËË. ùÚË ÍÓÏÔÓÌÂÌÚ˚ ÓÔÂ‰ÂÎfl˛Ú ÏÌÓÊÂÒÚ‚Ó ‡Á·ËÂÌËÈ  Ë

ÔÓÒÚ‡ÌÒÚ‚Ó X∧ . èÓÔÂÂ˜ÌËÍ (�
∧
, X∧ ), „‰Â 

(7.1·)

ÒıÓ‰ËÚÒfl ε-‡‚ÌÓÏÂÌÓ. 
èÛÒÚ¸ ÔÓÔÂÂ˜ÌËÍ 

(7.2)

S1
L

S1
L
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L
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∧
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∧
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∧

dP*

dP �
∧

X
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∧
X

∧
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∧
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inf≡=
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ξ 1–{ }

∧,( ) dP* � X
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ÓÔÂ‰ÂÎflÂÚÒfl ÏÌÓÊÂÒÚ‚ÓÏ � = �(6.1) Â¯ÂÌËÈ Í‡Â‚ÓÈ Á‡‰‡˜Ë (2.2), (2.1) Ë Ú‡ÍËÏË ÍÓÏÔÓÌÂÌÚ‡ÏË:

ÒÂÚÓ˜Ì˚ÏË ÏÌÓÊÂÒÚ‚‡ÏË  ⊂ , ÚË‡Ì„ÛÎflˆËflÏË Ì‡ ÍË‚ÓÎËÌÂÈÌ˚ı ˝ÎÂÏÂÌÚ‡ı  Ë

ËÌÚÂÔÓÎflÌÚ‡ÏË  Ì‡ ˝ÎÂÏÂÌÚ‡ı ÚË‡Ì„ÛÎflˆËË  (‚ÓÓ·˘Â „Ó‚Ófl, ÌÂ fl‚Îfl˛˘Ë-

ÏËÒfl ÎËÌÂÈÌ˚ÏË ÔÓ x, t). ùÚË ÍÓÏÔÓÌÂÌÚ˚ ÓÔÂ‰ÂÎfl˛Ú ÏÌÓÊÂÒÚ‚Ó ‡Á·ËÂÌËÈ  Ë ÔÓÒÚ‡Ì-

ÒÚ‚Ó . èÓÔÂÂ˜ÌËÍ (�, ) ÒıÓ‰ËÚÒfl ε-‡‚ÌÓÏÂÌÓ. 

èÛÒÚ¸ ÔÓÔÂÂ˜ÌËÍ 

(7.3‡)

ÂÒÚ¸ ÔÓÔÂÂ˜ÌËÍ (7.1·), „‰Â ÏÌÓÊÂÒÚ‚Ó  – ÒÂÚÍ‡ ËÁ :

(7.3·)

Ú.Â. ÔflÏÓÛ„ÓÎ¸Ì‡fl ÒÂÚÍ‡ Ì‡  Ò ÔÓËÁ‚ÓÎ¸Ì˚Ï ‡ÒÔÂ‰ÂÎÂÌËÂÏ ÛÁÎÓ‚ ÒÂÚÓÍ  Ë  ÔÓ ξ Ë t
ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ. 

èÛÒÚ¸

(7.4‡)

ÂÒÚ¸ ÔÓÔÂÂ˜ÌËÍ (7.2), „‰Â ÏÌÓÊÂÒÚ‚Ó  – ÒÂÚÍ‡ ËÁ :

(7.4·)

íÂÓÂÏ‡ 9. èÛÒÚ¸ ‚˚ÔÓÎÌflÂÚÒfl ÛÒÎÓ‚ËÂ ÚÂÓÂÏ˚ 4. íÓ„‰‡ ÔÓÔÂÂ˜ÌËÍË (�
∧
, X∧ ) Ë

(�, ) ̋ Í‚Ë‚‡ÎÂÌÚÌ˚ ÔÓÔÂÂ˜ÌËÍ‡Ï (�
∧
, X∧ ) Ë (�, ) ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ. 

á‡ÏÂ˜‡ÌËÂ 4. ê‡ÒÒÏÓÚÂÌÌ˚È ÔÓ‰ıÓ‰ ÔÓÁ‚ÓÎflÂÚ Ì‡ ÓÒÌÓ‚Â ÔÓÔÂÂ˜ÌËÍÓ‚ (�
∧
, X∧ ), ÒÚÓfl˘ËıÒfl Ì‡

ÓÒÌÓ‚Â ÔflÏÓÛ„ÓÎ¸Ì˚ı ÒÂÚÓÍ ‰Îfl Í‡Â‚ÓÈ Á‡‰‡˜Ë (3.3), (3.4), ÔÓÒÚÓËÚ¸ ÔÓÔÂÂ˜ÌËÍË (�, ) ‰Îfl

Í‡Â‚ÓÈ Á‡‰‡˜Ë (2.2), (2.1), ÒıÓ‰fl˘ËÂÒfl ε-‡‚ÌÓÏÂÌÓ. ê‡‚ÌÓÏÂÌ‡fl ÔÓ Ô‡‡ÏÂÚÛ ε ÒıÓ‰ËÏÓÒÚ¸ ÔÓÔÂÂ˜ÌË-

ÍÓ‚ (�
∧
, X∧ ; , (·)) Ë (�, ; , ) fl‚ÎflÂÚÒfl ÌÂÓ·ıÓ‰ËÏÓÈ ‰Îfl ÒıÓ-

‰ËÏÓÒÚË Â¯ÂÌËÈ ÍÎ‡ÒÒË˜ÂÒÍËı ‡ÁÌÓÒÚÌ˚ı ÒıÂÏ, ÒÚÓfl˘ËıÒfl ‚ ÔÂÂÏÂÌÌ˚ı ξ, t, ‡ Ú‡ÍÊÂ Â¯ÂÌËÈ ˝ÚËı
ÒıÂÏ, Á‡ÔËÒ‡ÌÌ˚ı ‚ ÔÂÂÏÂÌÌ˚ı x, t, Í Â¯ÂÌËflÏ Á‡‰‡˜ (3.3), (3.4) Ë (2.2), (2.1) ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ. 

7.2. ê‡ÒÒÏÓÚËÏ ÔÓÔÂÂ˜ÌËÍ  ‚ ÒÎÛ˜‡Â ÒÂÚÓÍ , fl‚Îfl˛˘ËıÒfl ÍÛÒÓ˜ÌÓ-‡‚ÌÓÏÂÌ˚ÏË
ÔÓ ξ: 

(7.5)

„‰Â  – ÍÛÒÓ˜ÌÓ-‡‚ÌÓÏÂÌ‡fl ÒÂÚÍ‡, ‡‚ÌÓÏÂÌ‡fl Ì‡ ÏÌÓÊÂÒÚ‚‡ı [0, σ∧ ] Ë [σ∧ , d]. Ç ˝ÚÓÏ ÒÎÛ˜‡Â
‰Îfl ÔÓÔÂÂ˜ÌËÍÓ‚ ÔÓÎÛ˜‡ÂÚÒfl ÓˆÂÌÍ‡ 

(7.6‡)

ÌÂÛÎÛ˜¯‡ÂÏ‡fl ÔÓ P, ε, Ë ε-‡‚ÌÓÏÂÌ‡fl (ÌÂÛÎÛ˜¯‡ÂÏ‡fl) ÓˆÂÌÍ‡ 

(7.6·)

Ú.Â. ÔÓÔÂÂ˜ÌËÍ ÒıÓ‰ËÚÒfl ε-‡‚ÌÓÏÂÌÓ. 

G
∧ h{ } ξ 1– G TP
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∧
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ÑÎfl Ô‡‡ÏÂÚÓ‚ ÒÂÚÍË (7.5), Ì‡ ÍÓÚÓÓÈ Â‡ÎËÁÛÂÚÒfl ÔÓÔÂÂ˜ÌËÍ (·Û‰ÂÏ „Ó‚ÓËÚ¸: ÓÔÚËÏ‡Î¸-
ÌÓÈ ÒÂÚÍË), ‚˚ÔÓÎÌfl˛ÚÒfl ÓˆÂÌÍË 

(7.7‡)

„‰Â N∧  + 1 Ë  + 1 – ˜ËÒÎÓ ÛÁÎÓ‚ ÒÂÚÓÍ  Ë  ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ. ÑÎfl ‚ÂÎË˜ËÌ˚ , „‰Â  + 1 –
˜ËÒÎÓ ÛÁÎÓ‚ Ì‡ ÏÌÓÊÂÒÚ‚Â [σ∧ , d], ‚˚ÔÓÎÌflÂÚÒfl ÓˆÂÌÍ‡ 

(7.7·)

ÔË˜ÂÏ 

(7.7‚)

éˆÂÌÍË (7.7‡, ·) ÌÂÛÎÛ˜¯‡ÂÏ˚ ÔÓ P, ε. 

ÑÎfl ÔÓÔÂÂ˜ÌËÍ‡  ‚ ÒÎÛ˜‡Â ÒÂÚÓÍ 

(7.8)

„‰Â  – ‡‚ÌÓÏÂÌ‡fl ÒÂÚÍ‡, ÔÓÎÛ˜‡ÂÚÒfl ÓˆÂÌÍ‡ 

(7.9)

ÑÎfl Ô‡‡ÏÂÚÓ‚ ÓÔÚËÏ‡Î¸ÌÓÈ ÒÂÚÍË ‚˚ÔÓÎÌfl˛ÚÒfl ÓˆÂÌÍË 

(7.10)

éˆÂÌÍË (7.9), (7.10) ÌÂÛÎÛ˜¯‡ÂÏ˚. 

íÂÓÂÏ‡ 10. èÛÒÚ¸ ‚˚ÔÓÎÌflÂÚÒfl ÛÒÎÓ‚ËÂ ÚÂÓÂÏ˚ 4. íÓ„‰‡ ‰Îfl ÔÓÔÂÂ˜ÌËÍÓ‚ (�
∧
, X∧ ) Ì‡

ÒÂÚÍ‡ı (7.5) Ë (7.8) ‚˚ÔÓÎÌfl˛ÚÒfl ÓˆÂÌÍË (7.6) Ë (7.9) ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ; ‰Îfl Ô‡‡ÏÂÚÓ‚ ÓÔÚË-
Ï‡Î¸Ì˚ı ÒÂÚÓÍ ‚˚ÔÓÎÌfl˛ÚÒfl ÓˆÂÌÍË (7.7), (7.10). 

8. ê‡ÁÌÓÒÚÌ‡fl ÒıÂÏ‡ Ì‡ ÒÂÚÍÂ, ‡‰‡ÔÚËÛ˛˘ÂÈÒfl
‚ ‰‚ËÊÛ˘ÂÏÒfl ÔÓ„‡ÌË˜ÌÓÏ ÒÎÓÂ 

ç‡Ò ËÌÚÂÂÒÛ˛Ú ‡ÁÌÓÒÚÌ˚Â ÒıÂÏ˚, ‰Îfl ÍÓÚÓ˚ı ËÌÚÂÔÓÎflÌÚ˚ ÒÂÚÓ˜Ì˚ı Â¯ÂÌËÈ, ÒÚÓfl˘Ë-
ÂÒfl Ì‡ ̋ ÎÂÏÂÌÚ‡ı ÚË‡Ì„ÛÎflˆËË, ÔÓÓÊ‰‡ÂÏ˚ı ÒÂÚÓ˜Ì˚ÏË ÛÁÎ‡ÏË, ÒıÓ‰flÚÒfl ε-‡‚ÌÓÏÂÌÓ. àÁ Â-
ÁÛÎ¸Ú‡ÚÓ‚ ‡Á‰. 6 ‚˚ÚÂÍ‡ÂÚ, ˜ÚÓ ÓÔÚËÏ‡Î¸Ì˚Â ‡ÔÔÓÍÒËÏ‡ˆËË Í‡Â‚ÓÈ Á‡‰‡˜Ë (2.2), (2.1), ÒÚÓfl-
˘ËÂÒfl Ì‡ ÓÒÌÓ‚Â Ô‡‚ËÎ¸Ì˚ı ‡ÌËÁÓÚÓÔÌ˚ı ÚË‡Ì„ÛÎflˆËÈ Ë ÎËÌÂÈÌ˚ı ËÌÚÂÔÓÎflÌÚÓ‚, ÒıÓ‰flÚÒfl

Ò ‰ÂÙÂÍÚÓÏ ÌÂ ÌËÊÂ, ˜ÂÏ 4–1, ‚ ÒÎÛ˜‡Â ÍË‚ÓÎËÌÂÈÌÓÈ „‡ÌËˆ˚ . éÚÒ˛‰‡ ÒÎÂ‰ÛÂÚ, ˜ÚÓ ‰Îfl Â-
¯ÂÌËÈ ‡ÁÌÓÒÚÌÓÈ ÒıÂÏ˚ (4.4) Ì‡ ÒÂÚÍ‡ı, ÔÓÓÊ‰‡ÂÏ˚ı ÔflÏÓÛ„ÓÎ¸Ì˚ÏË (·‡ÁÓ‚˚ÏË) ÒÂÚÍ‡ÏË,
‰ÂÙÂÍÚ ÒıÓ‰ËÏÓÒÚË ËÌÚÂÔÓÎflÌÚÓ‚ ÒÂÚÓ˜Ì˚ı Â¯ÂÌËÈ ÌËÊÂ, ˜ÂÏ 4–1, ÓÍ‡Á˚‚‡ÂÚÒfl ÌÂ‰ÓÒÚËÊË-

Ï˚Ï. í‡ÍËÏ Ó·‡ÁÓÏ, ‚ ÒÎÛ˜‡Â ÍË‚ÓÎËÌÂÈÌÓÈ „‡ÌËˆ˚  ‰Îfl ÒıÓ‰ËÏÓÒÚË ËÌÚÂÔÓÎflÌÚÓ‚ ÒÂÚÓ˜-
Ì˚ı Â¯ÂÌËÈ Ò ‰ÂÙÂÍÚÓÏ ÌËÊÂ, ̃ ÂÏ 4–1 (ÎË·Ó ε-‡‚ÌÓÏÂÌÓ), ÌÂÓ·ıÓ‰ËÏÓ ËÒÔÓÎ¸ÁÓ‚‡Ú¸ ÒÂÚÍË, fl‚-

Îfl˛˘ËÂÒfl ÒÓ„Î‡ÒÓ‚‡ÌÌ˚ÏË Ò „‡ÌËˆÂÈ , ÔÓÓÊ‰‡˛˘ËÂ ÒÛ˘ÂÒÚ‚ÂÌÌÓ ‡ÌËÁÓÚÓÔÌ˚Â ˝ÎÂÏÂÌÚ˚
ÚË‡Ì„ÛÎflˆËË. 
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èË ÔÓÒÚÓÂÌËË ÒÔÂˆË‡Î¸ÌÓÈ ÒıÂÏ˚, ÒıÓ‰fl˘ÂÈÒfl ε-‡‚ÌÓÏÂÌÓ, ‚ÓÒÔÓÎ¸ÁÛÂÏÒfl ÔÓ‰ıÓ‰ÓÏ,
ÔË‚Â‰ÂÌÌ˚Ï ‚˚¯Â. èË ÔÂÂıÓ‰Â Í ÔÂÂÏÂÌÌ˚Ï ξ, t, ξ = ξ(x, t), Á‡‰‡˜‡ (2.2), (2.1) ÔÂÂıÓ‰ËÚ ‚ Á‡-
‰‡˜Û (3.3), (3.4) ‚ Ó·Î‡ÒÚË Ò ÌÂÔÓ‰‚ËÊÌ˚ÏË ·ÓÍÓ‚˚ÏË „‡ÌËˆ‡ÏË. ÑÎfl ˝ÚÓÈ Á‡‰‡˜Ë ÓÔÚËÏ‡Î¸Ì˚Â
‡ÔÔÓÍÒËÏ‡ˆËË ÂÂ Â¯ÂÌËfl ‚ ÒÎÛ˜‡Â ÚË‡Ì„ÛÎflˆËÈ, ÒÚÓfl˘ËıÒfl Ì‡ ÓÒÌÓ‚Â ÍÛÒÓ˜ÌÓ-‡‚ÌÓÏÂÌ˚ı
ÒÂÚÓÍ ÔÓ ξ Ë ‡‚ÌÓÏÂÌ˚ı ÔÓ t, Ë ËÌÚÂÔÓÎflÌÚÓ‚, ÎËÌÂÈÌ˚ı Ì‡ ˝ÎÂÏÂÌÚ‡ı ÚË‡Ì„ÛÎflˆËË, ÒıÓ‰flÚÒfl
ε-‡‚ÌÓÏÂÌÓ. èÓÒÚÓË‚ ε-‡‚ÌÓÏÂÌÓ ÒıÓ‰fl˘Û˛Òfl ÒıÂÏÛ ‰Îfl Á‡‰‡˜Ë (3.3), (3.4) (‚ Ú‡ÍÓÈ “ÒÚ‡Ì-
‰‡ÚÌÓÈ” ‡ÁÌÓÒÚÌÓÈ ÒıÂÏÂ ÎËÌÂÈÌ˚È ËÌÚÂÔÓÎflÌÚ Ì‡ ÓÒÌÓ‚Â ÂÂ ÒÂÚÓ˜Ì˚ı Â¯ÂÌËÈ ÒıÓ‰ËÚÒfl
ε-‡‚ÌÓÏÂÌÓ) Ë ‚ÂÌÛ‚¯ËÒ¸ Í ËÒıÓ‰Ì˚Ï ÔÂÂÏÂÌÌ˚Ï, ÔÓÎÛ˜ËÏ ε-‡‚ÌÓÏÂÌÓ ÒıÓ‰fl˘Û˛Òfl ÒıÂÏÛ
‰Îfl Á‡‰‡˜Ë (2.2), (2.1), ËÌÚÂÔÓÎflÌÚ ÍÓÚÓÓÈ ‚˚ÔËÒ˚‚‡ÂÚÒfl ˜ÂÂÁ ÒÂÚÓ˜Ì˚Â Â¯ÂÌËfl, ÌÓ ÛÊÂ ÌÂ
fl‚ÎflÂÚÒfl ÎËÌÂÈÌ˚Ï ‚ ÔÂÂÏÂÌÌ˚ı x, t Ì‡ ˝ÎÂÏÂÌÚ‡ı ÚË‡Ì„ÛÎflˆËË. 

Ç ËÒıÓ‰Ì˚ı ÔÂÂÏÂÌÌ˚ı ÔÓÎÛ˜‡˛˘ËÂÒfl ÒÂÚÍË ÛÊÂ ÌÂ ·Û‰ÛÚ ÔflÏÓÛ„ÓÎ¸Ì˚ÏË (‡ÒÔÂ‰ÂÎÂÌËÂ

ÛÁÎÓ‚ ÒÂÚÍË ÒÓ„Î‡ÒÓ‚‡ÌÓ Ò ‰‚ËÊÂÌËÂÏ „‡ÌËˆ˚ ), ˜ÚÓ, ‚ÓÓ·˘Â „Ó‚Ófl, ‚ÎÂ˜ÂÚ ÌÂÍÓÚÓ˚Â ÌÂ-
Û‰Ó·ÒÚ‚‡ ÔË ÔÓÒÚÓÂÌËË ÒÂÚÓ˜Ì˚ı Ó·Î‡ÒÚÂÈ Ë ˜ËÒÎÂÌÌÓÏ Â¯ÂÌËË Á‡‰‡˜Ë. é‰Ì‡ÍÓ ÔÓ‰Ó·ÌÓ„Ó

ÚËÔ‡ ÒıÂÏÛ ÏÓÊÌÓ ÒÚÓËÚ¸ ÎË¯¸ ‚ ‰ÓÒÚ‡ÚÓ˜ÌÓ Ï‡ÎÓÈ ÓÍÂÒÚÌÓÒÚË „‡ÌËˆ˚ ; ‚ÌÂ ˝ÚÓÈ ÓÍÂÒÚ-
ÌÓÒÚË ÏÓÊÌÓ ËÒÔÓÎ¸ÁÓ‚‡Ú¸ ÔflÏÓÛ„ÓÎ¸Ì˚Â ÒÂÚÍË (‚ ËÒıÓ‰Ì˚ı ÔÂÂÏÂÌÌ˚ı) Ë ÍÎ‡ÒÒË˜ÂÒÍËÂ ÒÂ-
ÚÓ˜Ì˚Â ‡ÔÔÓÍÒËÏ‡ˆËË Á‡‰‡˜Ë. 

ëÎÂ‰Ûfl ÛÍ‡Á‡ÌÌÓÏÛ ÔÓ‰ıÓ‰Û, ÓÚ Á‡‰‡˜Ë (2.2), (2.1) ÔÂÂÈ‰ÂÏ Í Á‡‰‡˜Â (3.3), (3.4), ‰Îfl ÍÓÚÓÓÈ ÔÓ-

ÒÚÓËÏ ÒıÂÏÛ Ì‡ ‡ÔËÓÌÓ Ò„Û˘‡˛˘ËıÒfl ÒÂÚÍ‡ı. ç‡ ÏÌÓÊÂÒÚ‚Â  ‚‚Â‰ÂÏ ÔflÏÓÛ„ÓÎ¸ÌÛ˛ ÒÂÚÍÛ 

(8.1)

„‰Â  Ë  – ÒÂÚÍË Ì‡ ÓÚÂÁÍ‡ı  = [0, d] Ë [0, T] ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ;  = ,  – ÒÂÚÍ‡ Ò ÔÓ-

ËÁ‚ÓÎ¸Ì˚Ï ‡ÒÔÂ‰ÂÎÂÌËÂÏ ÛÁÎÓ‚, Û‰Ó‚ÎÂÚ‚Ófl˛˘ËÏ ÛÒÎÓ‚Ë˛ hξ ≤ MN–1, „‰Â hξ = maxi ,  =

= ξi + 1 – ξi, ξi, ξi + 1 ∈ ; N + 1 – ˜ËÒÎÓ ÛÁÎÓ‚ ÒÂÚÍË . 
ÑÎfl Â¯ÂÌËfl Á‡‰‡˜Ë (3.3), (3.4) ËÒÔÓÎ¸ÁÛÂÏ ‡ÁÌÓÒÚÌÛ˛ ÒıÂÏÛ 

(8.2)

„‰Â  =  ∩ ,  =  ∩ , (ξ, t) Ë δξZ(ξ, t), (ξ, t) – ‚ÚÓ‡fl Ë ÔÂ‚˚Â ‡ÁÌÓÒÚÌ˚Â ÔÓ-

ËÁ‚Ó‰Ì˚Â. 

ç‡ ÏÌÓÊÂÒÚ‚Â  ‚‚Â‰ÂÏ ÒÂÚÍÛ, Ò„Û˘‡˛˘Û˛Òfl ‚ ÓÍÂÒÚÌÓÒÚË ÔÓ„‡ÌË˜ÌÓ„Ó ÒÎÓfl: 

(8.3)

„‰Â  = ,  = (σ) – ÍÛÒÓ˜ÌÓ-‡‚ÌÓÏÂÌ‡fl ÒÂÚÍ‡. ò‡„Ë ÒÂÚÍË  ÔÓÒÚÓflÌÌ˚ Ì‡ ÏÌÓÊÂ-
ÒÚ‚‡ı [0, σ] Ë [σ, d] Ë ‡‚Ì˚ h(1) = 2σN–1, h(2) = 2[d – σ]N–1 ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ; ‚ÂÎË˜ËÌ‡ σ ‚˚·Ë‡ÂÚÒfl
Û‰Ó‚ÎÂÚ‚Ófl˛˘ÂÈ ÛÒÎÓ‚Ë˛

„‰Â M = . 

ëıÂÏ‡ (8.2), (8.3) ÒıÓ‰ËÚÒfl ε-‡‚ÌÓÏÂÌÓ Ò ÓˆÂÌÍÓÈ

ÑÎfl ËÌÚÂÔÓÎflÌÚ‡ (ξ, t), (ξ, t) ∈ , ÎËÌÂÈÌÓ„Ó (ÔÓ ξ, t) Ì‡ ÚÂÛ„ÓÎ¸Ì˚ı ̋ ÎÂÏÂÌÚ‡ı ‡Á·ËÂÌËfl, ÔÓ-

ÓÊ‰‡ÂÏ˚ı ÒÂÚÍÓÈ , ‚˚ÔÓÎÌflÂÚÒfl ÓˆÂÌÍ‡

S1
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òË¯ÍËÌ

Ç ÔÂÂÏÂÌÌ˚ı x, t ÒÂÚÍ‡ 

(8.4)

ÌÂ fl‚ÎflÂÚÒfl ÔflÏ˚Ï ÔÓËÁ‚Â‰ÂÌËÂÏ ÒÂÚÓÍ ÔÓ x Ë t. ùÚ‡ ÒÂÚÍ‡ ‡‚ÌÓÏÂÌ‡ ÔÓ t Ë ÔË t = t j, t j ∈ ,
ÍÛÒÓ˜ÌÓ-‡‚ÌÓÏÂÌ‡ ÔÓ x. èÂÂıÓ‰fl Í ÔÂÂÏÂÌÌ˚Ï x, t ‚ ÒıÂÏÂ (8.2), ÔËıÓ‰ËÏ Í ÒıÂÏÂ 

(8.5)

ÑÎfl ÙÛÌÍˆËË Z*(x, t) = (x, t), (x, t) ∈ , „‰Â  = , – Â¯ÂÌËfl ‡ÁÌÓÒÚÌÓÈ ÒıÂÏ˚ (8.5),

(8.4), ‚˚ÔÓÎÌflÂÚÒfl ÓˆÂÌÍ‡

(8.6‡)

‰Îfl ËÌÚÂÔÓÎflÌÚ‡ (x, t) = { (ξ, t) , (x, t) ∈ , ÔÓÎÛ˜‡˛˘Â„ÓÒfl ËÁ ÙÛÌÍˆËË (ξ, t) ÔÂÂıÓ‰ÓÏ

Í ÔÂÂÏÂÌÌ˚Ï x, t, ËÏÂÂÏ ÔÓ‰Ó·ÌÛ˛ ÓˆÂÌÍÛ:

(8.6·)

íÂÓÂÏ‡ 11. èÛÒÚ¸ ‚˚ÔÓÎÌflÂÚÒfl ÛÒÎÓ‚ËÂ ÚÂÓÂÏ˚ 2. íÓ„‰‡ ‡ÁÌÓÒÚÌ‡fl ÒıÂÏ‡ (8.5), (8.4), ‡Ô-
ÔÓÍÒËÏËÛ˛˘‡fl Í‡Â‚Û˛ Á‡‰‡˜Û (2.2), (2.1), ÒıÓ‰ËÚÒfl ε-‡‚ÌÓÏÂÌÓ. ÑÎfl ÒÂÚÓ˜ÌÓ„Ó Â¯ÂÌËfl

Z*(x, t), (x, t) ∈ , Ë ËÌÚÂÔÓÎflÌÚ‡ (x, t), (x, t) ∈ , ÒÔ‡‚Â‰ÎË‚˚ ÓˆÂÌÍË (8.6). 

9. á‡ÏÂ˜‡ÌËfl Ë Ó·Ó·˘ÂÌËfl 

9.1. èÓ‰Ó·Ì˚Ï Ó·‡ÁÓÏ ÒÚÓflÚÒfl ε-‡‚ÌÓÏÂÌÓ ÒıÓ‰fl˘ËÂÒfl ‡ÁÌÓÒÚÌ˚Â ÒıÂÏ˚ ‰Îfl Á‡‰‡˜ Ò ‰‚Ë-
ÊÛ˘ËÏËÒfl ÔÓ„‡ÌË˜Ì˚ÏË ÒÎÓflÏË ‚ ÒÎÛ˜‡Â Ô‡‡·ÓÎË˜ÂÒÍËı Û‡‚ÌÂÌËÈ Â‡ÍˆËË-‰ËÙÙÛÁËË Ò ÔÂÂ-
ÏÂÌÌ˚ÏË ÍÓ˝ÙÙËˆËÂÌÚ‡ÏË. 

9.2. èÓ‰ıÓ‰ Í ÔÓÒÚÓÂÌË˛ ÒÔÂˆË‡Î¸Ì˚ı ÒıÂÏ Ì‡ Ó·Î‡ÒÚflı Ò ÔÓ‰‚ËÊÌ˚ÏË „‡ÌËˆ‡ÏË ÔËÏÂÌËÏ
Ë ‚ ÒÎÛ˜‡Â Í‚‡ÁËÎËÌÂÈÌ˚ı Ô‡‡·ÓÎË˜ÂÒÍËı Û‡‚ÌÂÌËÈ. ç‡ ÏÌÓÊÂÒÚ‚Â  ‡ÒÒÏÓÚËÏ Í‡Â‚Û˛
Á‡‰‡˜Û ‰Îfl Í‚‡ÁËÎËÌÂÈÌÓ„Ó Ô‡‡·ÓÎË˜ÂÒÍÓ„Ó Û‡‚ÌÂÌËfl:

(9.1)

îÛÌÍˆËfl g(x, t, u) ‰ÓÒÚ‡ÚÓ˜ÌÓ „Î‡‰Í‡fl Ì‡ ÏÌÓÊÂÒÚ‚Â  × R, ÔË˜ÂÏ 

ÍÓ˝ÙÙËˆËÂÌÚ˚ Û‡‚ÌÂÌËfl Ë ÙÛÌÍˆËfl ϕ(x, t) Û‰Ó‚ÎÂÚ‚Ófl˛Ú ÛÒÎÓ‚ËflÏ, ÛÍ‡Á‡ÌÌ˚Ï ‚ ÔÓÒÚ‡ÌÓ‚ÍÂ
Á‡‰‡˜Ë (2.2), (2.1). 

ÑÎfl Â¯ÂÌËfl Á‡‰‡˜Ë (9.1) ÒÔ‡‚Â‰ÎË‚˚ ‡ÔËÓÌ˚Â ÓˆÂÌÍË, ÔÓ‰Ó·Ì˚Â ÓˆÂÌÍ‡Ï ‚ ÒÎÛ˜‡Â Á‡‰‡˜Ë
(2.2), (2.1). á‡‰‡˜Â (9.1) ÒÓÔÓÒÚ‡‚ËÏ ‡ÁÌÓÒÚÌÛ˛ ÒıÂÏÛ 

(9.2)

êÂ¯ÂÌËÂ ‡ÁÌÓÒÚÌÓÈ ÒıÂÏ˚ (9.2), (8.4) ÒıÓ‰ËÚÒfl Í Â¯ÂÌË˛ Í‡Â‚ÓÈ Á‡‰‡˜Ë (9.1), (2.1) ε-‡‚ÌÓ-
ÏÂÌÓ. ÑÎfl Â¯ÂÌËÈ ˝ÚÓÈ ÒıÂÏ˚ ÒÔ‡‚Â‰ÎË‚Ó ÛÚ‚ÂÊ‰ÂÌËÂ, ÔÓ‰Ó·ÌÓÂ ÛÚ‚ÂÊ‰ÂÌË˛ ÚÂÓÂÏ˚ 11. 

9.3. ÑÎfl Â¯ÂÌËfl ‡ÁÌÓÒÚÌÓÈ ÒıÂÏ˚ (8.5), (8.4) ËÏÂÂÏ ÓˆÂÌÍÛ (ÒÏ. (8.6)) 
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„‰Â P = NN0. èË ÛÒÎÓ‚ËË 

(9.3)

ÔÓÎÛ˜‡ÂÚÒfl ÌÂÛÎÛ˜¯‡ÂÏ‡fl ε-‡‚ÌÓÏÂÌ‡fl ÓˆÂÌÍ‡ 

(9.4)

9.4. ê‡ÒÒÏÓÚËÏ ‡ÁÌÓÒÚÌÛ˛ ÒıÂÏÛ (8.5) Ì‡ ÒÂÚÍÂ, ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ÂÈ ÓÔÚËÏ‡Î¸ÌÓÈ ÒÂÚÍÂ (7.7) ‰Îfl

ÔÓÔÂÂ˜ÌËÍ‡ (7.3), (7.5). ç‡ ÏÌÓÊÂÒÚ‚Â  ÒÚÓËÏ ÒÂÚÍÛ, fl‚Îfl˛˘Û˛Òfl ÍÛÒÓ˜ÌÓ-‡‚ÌÓÏÂÌÓÈ ÔÓ ξ:

(9.5‡)

„‰Â  Ë  – ÍÛÒÓ˜ÌÓ-‡‚ÌÓÏÂÌ‡fl Ë ‡‚ÌÓÏÂÌ‡fl ÒÂÚÍË; N∧  + 1 Ë  + 1 – ˜ËÒÎÓ ÛÁÎÓ‚ ÒÂÚÓÍ

 Ë  ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ, ÔË˜ÂÏ  = P. ÇÂÎË˜ËÌ˚ N∧  Ë  ÓÔÂ‰ÂÎfl˛ÚÒfl ÒÓÓÚÌÓ¯ÂÌËflÏË
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[σ, d], σ ∈ (0, d]; h (2) ≈ ( )–1, ÔË˜ÂÏ N(1) = N∧  ÔË σ = d. 
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ÑÎfl Â¯ÂÌËfl ‡ÁÌÓÒÚÌÓÈ ÒıÂÏ˚ (8.5) Ì‡ ÒÂÚÍÂ 
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àÁ Ò‡‚ÌÂÌËfl ÓˆÂÌÓÍ (9.4) Ë (9.7) ÒÎÂ‰ÛÂÚ, ˜ÚÓ ÒıÂÏ‡ (8.5), (9.6) – ÒıÂÏ‡ Ì‡ ÓÒÌÓ‚Â ÒÂÚÍË (9.5),
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ËÏÂÂÚ ÌÂÒÍÓÎ¸ÍÓ ÎÛ˜¯Û˛ ÒıÓ‰ËÏÓÒÚ¸ ÔÓ Ò‡‚ÌÂÌË˛ ÒÓ ÒıÂÏÓÈ (8.5), (8.4), (9.3) – ÒıÂÏÓÈ Ì‡ ÓÒÌÓ‚Â
ÍÛÒÓ˜ÌÓ-‡‚ÌÓÏÂÌÓÈ (ÒÚ‡Ì‰‡ÚÌÓÈ) ÒÂÚÍË (8.3) ÔË ÛÒÎÓ‚ËË (9.3). 
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CÔÂÍÚ‡Î¸Ì‡fl ‰ËÒÍÂÚËÁ‡ˆËfl 3-ÏÂÌ˚ı ˝ÎÎËÔÚË˜ÂÒÍËı Á‡‰‡˜ Ë ·˚ÒÚ˚Â ÏÂÚÓ‰˚ ‰ÂÍÓÏÔÓÁË-
ˆËË Ó·Î‡ÒÚË. Ç‡ÊÌ˚È ‰Îfl ÔËÎÓÊÂÌËÈ ÍÎ‡ÒÒ hp-‰ËÒÍÂÚËÁ‡ˆËÈ ̋ ÎÎËÔÚË˜ÂÒÍËı Û‡‚ÌÂÌËÈ 2-„Ó
ÔÓfl‰Í‡ ÒÓÒÚ‡‚Îfl˛Ú ‰ËÒÍÂÚËÁ‡ˆËË ÔÓÒÂ‰ÒÚ‚ÓÏ ÒÔÂÍÚ‡Î¸Ì˚ı ÍÓÌÂ˜Ì˚ı ˝ÎÂÏÂÌÚÓ‚. èÓÎÛ-
˜ÂÌËÂ ‰Îfl ÌËı ·˚ÒÚ˚ı ‡Î„ÓËÚÏÓ‚ ÏÂÚÓ‰‡ ‰ÂÍÓÏÔÓÁËˆËË Ó·Î‡ÒÚË Ò‰ÂÊË‚‡ÎÓÒ¸ ÓÚÒÛÚÒÚ‚ËÂÏ
·˚ÒÚ˚ı ÒÓÎ‚ÂÓ‚ ‰Îfl ÓÒÌÓ‚Ì˚ı ÍÓÏÔÓÌÂÌÚ ÏÂÚÓ‰‡ – ÎÓÍ‡Î¸Ì˚ı ‚ÌÛÚÂÌÌËı Á‡‰‡˜ Ì‡ ÔÓ‰Ó·Î‡-
ÒÚflı ‰ÂÍÓÏÔÓÁËˆËË Ë Ëı „‡Ìflı. ä‡Í ·˚ÎÓ ÌÂ‰‡‚ÌÓ ÛÒÚ‡ÌÓ‚ÎÂÌÓ ‡‚ÚÓ‡ÏË, Ú‡ÍËÂ ÒÓÎ‚Â˚ ÏÓ„ÛÚ
·˚Ú¸ ÔÓÎÛ˜ÂÌ˚ ÔÓÒÂ‰ÒÚ‚ÓÏ ÒÔÂˆË‡Î¸Ì˚ı Ù‡ÍÚÓËÁÓ‚‡ÌÌ˚ı ÔÂ‰Ó·ÛÒÎÓ‚ÎË‚‡ÚÂÎÂÈ. î‡ÍÚÓË-
ÁÓ‚‡ÌÌ˚Â ÔÂ‰Ó·ÛÒÎÓ‚ÎË‚‡ÚÂÎË ÒÚÓflÚÒfl, ‚ Ò‚Ó˛ Ó˜ÂÂ‰¸, Ò ËÒÔÓÎ¸ÁÓ‚‡ÌËÂÏ ÌÂÍÓÚÓÓÈ ÒÛ˘Â-
ÒÚ‚ÂÌÌÓÈ ‡Ì‡ÎÓ„ËË ÏÂÊ‰Û Ï‡ÚËˆ‡ÏË ÊÂÒÚÍÓÒÚË ÒÔÂÍÚ‡Î¸Ì˚ı Ë ËÂ‡ıË˜ÂÒÍËı ·‡ÁËÒÌ˚ı hp-
˝ÎÂÏÂÌÚÓ‚ (ÍÓÓ‰ËÌ‡ÚÌ˚Â ÙÛÌÍˆËË ÔÓÒÎÂ‰ÌËı ÓÔÂ‰ÂÎfl˛ÚÒfl Í‡Í ÚÂÌÁÓÌ˚Â ÔÓËÁ‚Â‰ÂÌËfl ËÌÚÂ-
„ËÓ‚‡ÌÌ˚ı ÔÓÎËÌÓÏÓ‚ ãÂÊ‡Ì‰‡). ùÚ‡ ‡Ì‡ÎÓ„Ëfl ÔÓÁ‚ÓÎflÂÚ ÔÓÎÛ˜ËÚ¸ ‰Îfl Ï‡ÚËˆ ÒÔÂÍÚ‡Î¸-
Ì˚ı ˝ÎÂÏÂÌÚÓ‚ ·˚ÒÚ˚Â ÏÂÚÓ‰˚ Â¯ÂÌËfl, ÍÓÚÓ˚Â ÒıÓÊË Ò ·˚ÒÚ˚ÏË ÏÂÚÓ‰‡ÏË Â¯ÂÌËfl ‰Îfl
Ï‡ÚËˆ ËÂ‡ıË˜ÂÒÍËı ̋ ÎÂÏÂÌÚÓ‚. éÔË‡flÒ¸ Ì‡ ̋ ÚË Ù‡ÍÚ˚ Ë ÔÂ‰˚‰Û˘ËÂ ÂÁÛÎ¸Ú‡Ú˚ ÔÓ ÔÂ‰Ó-
·ÛÒÎÓ‚ÎË‚‡ÌË˛ ‰Û„Ëı ÍÓÏÔÓÌÂÌÚ, Ï˚ ÔÓÎÛ˜‡ÂÏ ·˚ÒÚ˚Â ‡Î„ÓËÚÏ˚ Â¯ÂÌËfl ÏÂÚÓ‰ÓÏ ‰ÂÍÓÏ-
ÔÓÁËˆËË Ó·Î‡ÒÚË ‰Îfl ‰ËÒÍÂÚËÁ‡ˆËÈ ÒÔÂÍÚ‡Î¸Ì˚ÏË ˝ÎÂÏÂÌÚ‡ÏË. ÅË·Î. 39.

äÎ˛˜Â‚˚Â ÒÎÓ‚‡: ÏÂÚÓ‰ ‰ÂÍÓÏÔÓÁËˆËË Ó·Î‡ÒÚË, ‰ËÒÍÂÚËÁ‡ˆËË ÒÔÂÍÚ‡Î¸Ì˚ÏË ˝ÎÂÏÂÌÚ‡ÏË,
·˚ÒÚ˚Â ‡Î„ÓËÚÏ˚, ÔÂ‰Ó·ÛÒÎÓ‚ÎË‚‡ÌËÂ.

1. INTRODUCTION

In DD (domain decomposition) methods, the main contribution to the computational work arises from
two major components. They are related to the solution of local Dirichlet problems on subdomains of de-
composition and problems related to their faces. In the case of hp methods, a good choice for subdomains
of decomposition is the domains occupied by finite elements of the discretization. For this reason, under the
conditions of the shape regularity of finite elements of a FE (finite element) assemblage, optimization of
these components with respect to the computational work is reduced to obtaining fast preconditioners-solv-
ers for the stiffness matrix of the p reference element and the Schur complement related to its boundary.

For some period, analysis of the DD preconditioning for hp discretizations was primarily concerned with
different substructuring techniques providing almost optimal relative condition numbers and parallelization
of computations. In relation to the DD of Dirichlet-Dirichlet type, we refer to the papers [1]–[8] and to the
recent book [9] in which a much more complete bibliography is found. In spite of the well developed general
theory, the very possibility of optimization, especially in the 3-d case, of main components of DD solvers
with respect to the total computational work was confirmed only recently. Starting points for deriving such
optimized components for the two major types of hp discretizations were primarily the finite-difference pre-
conditioners, suggested in [4], see also [5], and [10] for hierarchical and spectral reference elements stiff-
ness matrices, respectively. In this paper, we term hierarchical the reference element with the form func-
tions, produced by tensor products of integrated Legendre’s polynomials. For hierarchical reference ele-
ments, especially in 2-d, a number of fast preconditioners-solvers for internal stiffness matrices have been
justified theoretically and tested numerically. For instance, the DD type solver (secondary to the primal DD
for the EE discretization) of [11], [12], the multilevel solver of [13] and the multilevel solver of [14], which
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is based on multiresolution wavelet decompositions and is also optimal for 3-d. Fast solvers for faces were
derived in [15], [16] by application of the multiresolution wavelet solver to mass matrices of 2-d elements and
by the method of K-interpolation. The results of computer testing some of these solvers and other compo-
nents of DD algorithms can be found in [17]–[20] for a wide range of p, reaching as a rule several hundreds.
The situation with spectral elements is different, and to the best of the authors' knowledge, until recently
only the multilevel solver [21] was known for spectral discretizations. It demonstrated high efficiency in
numerical testing, but its theoretical justification has been done only for the 1-d case.

At first glance hierarchical and spectral elements seem rather different. However, lately in [22], [23] it
was established the interrelation between the three most popular types of the cubic p reference elements,
including the mentioned two, showing that in computations they can be treated with a great extent of simi-
larity. On one hand, it has been established by a diagonal transformation of the known basic finite-differ-
ence preconditioners, neglecting some minor terms and easy estimates, and as a consequence its use is com-
putationally cheap. On the other hand, it allows to adapt all solvers, known for reference elements of one
type, into the solvers for stiffness matrices of other types reference elements. It is important that solvers ob-
tained by such an adaptation have computational cost the same in the order of p as their initial prototypes.
For one of the instances, the fast multilevel solver for spectral elements was justified in [22], which is of the
same type as the one suggested in [13] for 2-d hierarchical p elements. In this paper, first of all we obtain
fast solvers for internal finite element and face subproblems, arising in DD algorithms for 3-d discretiza-
tions by spectral elements. For internal Dirichlet problems on spectral elements, the fast preconditioner-
solver is based on multiresolution wavelet preconditioners-solvers for 1-d stiffness and mass matrices, which
are similar to those used in [14] in the case of hierarchical reference elements. The set of admissible wavelets
satisfies even easier conditions in comparison with the conditions arising for hierarchical elements. The fast
preconditioner-solver for a typical face is basically designed by means of the K-interpolation.

Inefficient prolongations from the interface boundary can also compromise optimality of the DD algo-
rithm. In the paper, we present prolongations that are almost optimal in terms of the computational cost.
Such prolongations are constructed by means of an inexact iterative solver for inner problems with the mul-
tiresolution wavelet preconditioner mentioned above. With these three main fast DD components in hands,
it remains only to look for a good preconditioner for the wire basket subproblem, which has though a rela-
tively small dimension O(�p), where � is the number of finite elements. We use exactly the one studied
for h discretizations in [24] and in [25] and expanded to spectral discretizations in [3] and [6]. The wire bas-
ket solver is described in these papers up to the solver for some O(�) × O(�) subsystem. Without study of
special algorithms, we make a mild assumption on the existence of such algorithm for solving this small
subsystem which do not compromise the optimality of DD algorithm in a whole. The concluding result of
the paper is that the DD preconditioner-solver, based on the described above components, provides the rel-
ative condition number O((1 + )2), while solving the system of algebraic equations with the DD pre-
conditioner for the matrix requires O(N(1 + )) arithmetic operations, where N = O(�p3) is the order
of the system of the FE algebraic equations.

The proofs of these bounds require analysis of efficiency of all the suggested components. Apart from
this, we naturally attract the results on the wire basket preconditioning of the papers cited above. Among
them the most important is the reduction of the face subproblem preconditioning to good matrix represen-
tations of the norms  for separate faces Fi . In this and other relations, we should also refer to [26]–
[29], where some basic ideas were developed. Also, as it was noted in [6], a number of bounds and tech-
niques related to DD preconditioning for h-version can be almost directly used in the analysis of DD pre-
conditioners-solvers for the discretizations by spectral elements.

The functional space on cubic reference elements of all types, considered in the paper, is the space �p, x
of polynomials of order p ≥ 1 in each variable of x = (x1, x2, …, xd). For the reason of their similarity in our
context, the Lagrange elements with the GLL and GLC nodes are included in the paper in one type and
termed spectral for convenience. By GLL and GLC nodes are implied the nodes of the Gauss–Lobatto–Leg-
endre and Gauss–Lobatto–Chebyshev quadrature formulas, respectively. In the literature the term spectral
is commonly applied only to the elements of the latter subtype. Elements of the other type, referred to as
hierarchical, have tensor products of the integrated Legendre polynomials for coordinate polynomials. DD
solvers similar to presented in this paper, but derived for the 3-d discretizations by means of the latter ele-
ments, can be found in [15], [16]. In this paper, they play a subsidiary role providing guidelines and better
understanding of common features of the two types of hp discretizations.

The paper is organized as follows. In Section 2, we briefly describe the reference elements under con-
sideration and the preconditioners of finite-difference and the first-order finite element types for their stiff-
ness matrices. Although this material is well presented in the literature, we repeat some definitions crucial

plog
plog

·00 1/2 Fi,
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for the main content of the paper. Factored preconditioners of a new type for spectral elements are derived
in Section 3. In the same section, this result is used to design a fast multiresolution wavelet 3-d solver and
a face solver for spectral elements. Section 4 presents a fast DD solver for discretizations of 3-d elliptic
equations by spectral elements and results of the analysis of its relative condition and numerical complexity.

Let us list some notations. Sings �, �, � are used for inequalities and equivalence held up to positive
absolute constants: A+ – pseudo-inverse of a matrix A; A � B with nonnegative matrices A, B implies vÚAv �
� vÚBv for any vector v and similarly for signs �, �, <, >; for a symmetric nonnegative matrix A and ∀v it

is assumed  := vÚAv; τ0 = (–1, 1)d is the reference cube of dimension d. Notations |·|k, Ω, ||·||k, Ω stand for
the semi-norm and the norm in the Sobolev space Hk(Ω), i.e.,

where

(Ω) := {v ∈ H1(Ω) : v |∂Ω = 0} is the subspace of functions from H1(Ω) vanishing on the boundary ∂Ω.
Pk(x) is the Legendre’s polynomial of degree k ≥ 1 for the interval (–1, 1). Relationship v  v implies
that v is the vector representation of a finite element function v in a chosen basis.

2. SPECTRAL AND HIERARCHICAL p ELEMENTS AND PRECONDITIONERS
FOR STIFFNESS AND MASS MATRICES

2.1. Preconditioners for spectral elements

For the reference elements introduced in this section, we use notation �sp. Coordinates ηi of the GLL

nodes on the segment [–1, 1] are defined as roots of the polynomial (1 – s2) (s), i.e.,

(2.1)

Coordinates of the GLC nodes are extremal points of the Chebyshev polynomials

(2.2)

Orthogonal meshes with the nodes

having coordinates (2.1) or (2.2), will be termed Gaussian for brevity. For coordinate polynomials of the
spectral reference elements, we use notation Ja(x) = (x1) (x2)… (xd), where �i(s) is the 1-d poly-
nomial of order p, satisfying equalities �i(ηj) = δi, j , 0 ≤ j ≤ p, where δi, j – Kronecker’s delta.

Without loss of generality, it is convenient to assume here p = 2N. For i ≤ N, the steps �i := ηi – ηi – 1 of
both Gaussian meshes have the same asymptotic behavior �i � i/p2. One can define a more general class of
meshes, which on the segment [–1, 0] satisfy the relationships

(2.3)

with some fixed ck > 0 and γ ≥ 0 and are reproduced on [0, 1] by symmetry. For γ = 0, we have a quasiuni-
form mesh with � = N and for γ = 1 – the mesh, which will be termed pseudospectral, with � = N(N + 1)/2.
In the particular case of c1 = c2 = 1, one has �i = i/� = 2i/(N2 + N) = βi/p2 for the steps of the pseudospectral

v A
2

v k Ω,
2

Dx
q
v( )

2
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d

Ω
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l 1=

k

∑+= =
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q
v  := ∂ q

v /∂x1

q1∂x2

q2 …∂xd
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mesh, where β ∈ [4, 8]. For stiffness matrices of the reference elements with the Gaussian and pseudospec-
tral nodes, induced by the Dirichlet integral

we introduce notations Asp Ap/s, respectively.

Consider an orthogonal mesh specified by the coordinates ηi on the cube τ0. Let �(τ0) be the space of
functions continuous on  and belonging tol �1, x on each cell. The introduced stiffness matrices can be

efficiently preconditioned by the FE matrices �sp, �p/s, generated by the quadratic form  on the spaces

�(τ0) corresponding to the Gaussian and the pseudospectral meshes, respectively. For another precondi-
tioner, it can be considered the simpler matrix

(2.4)

constructed in terms of matrices ∆�, �� defined for the 1-d case as follows. Namely, �� is the diagonal matrix

(2.5)

and ∆� is the FE matrix, induced by the bilinear form (v ', w')(–1, 1) on the space �(–1, 1) of continuous and
piece-wise linear on the mesh ηi:

(2.6)

Lemma 1. For the same p, let the matrices �sp and �p/s be obtained on the Gaussian mesh and on the
pseudospectral mesh at γ = 1, respectively, whereas �� be obtained on either of these meshes. Then they
are spectrally equivalent to the stiffness matrix Asp of the reference element �sp uniformly in p, i.e.,

��, �p/s, �sp � Asp � �sp, �p/s, ��. (2.7)

Under the same conditions similar inequalities

��, �p/s, �sp � Msp � �sp, �p/s, �� (2.8)

hold for the mass matrix Msp of the spectral element, its FE preconditioners, �p/s, �sp obtained with the
use of the space �(τ0), and �� = �� ⊗ �� ⊗ ��.

Proof. As it is well known, the inequalities (2.7) for �sp, in 1-d belong to the authors of [30], [31], who
analyzed L2(–1, 1)- and H1(–1, 1)-stability of the Lagrange interpolation over the set of Gaussian nodes. The
step to a greater dimension may be found in [32] and [6]. The spectral equivalence inequalities for �p/s are
a consequence of the identical asymptotic behavior of the Gaussian and the pseudospectral meshes, see for
the proof Lemma 6.1 in [17] or [18]. In order to get the inequalities with ��, it is sufficient to take addition-
ally into account the spectral equivalence of the mass matrix of the 1-d linear element to its diagonal. Similar
facts for mass matrices of the spectral and pseudospectral elements result in (2.8).

2.2. Preconditioners for hierarchical p elements

We introduce the set �1, p = {	i(s), i = 0, 1, …, p} of polynomials on the interval (–1, 1)

(2.9)

aτ0
u v,( ) ∇ u ∇ v x,d⋅

τ0

∫=

τ0

aτ0

�� ∆� �� �� ��+ ∆� �� ��+ �� ∆�,⊗ ⊗ ⊗ ⊗ ⊗ ⊗=

�� diag h̃i = 
1
2
--- �i �i 1++( )

i 0=

p

, h̃i 0 for i 0 p 1,+,= = =

∆�u( ) i 0=
1
�1
----- u1 u0–( ), ∆�u( ) i p=–

1
�p

----- up up 1––( ),= =

∆�u( ) i

1
�i

----ui 1–– 1
�i

---- 1
�i 1+
----------+ 

  ui
1

�i 1+
----------ui 1+ , i–+ 1 2 … p 1.–, , ,= =

	0 s( ) 1
2
--- 1 s+( ), 	1 s( ) 1

2
--- 1 s–( ),= =

	i s( ) := βi Pi 1– t( ) td

1–

s

∫ γi Pi s( ) Pi 2– s( )–[ ] , i 2,≥=
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where Pi are Legendre’s polynomials and

Hence, 	i for i = 0, 1 are “nodal” linear coordinate functions and for i ≥ 2 are integrated Legendre’s poly-
nomials with βi providing equalities ||	i(s)||0, (–1, 1) = 1 for the norms in the space L2(–1, 1). The choice of
such factors was made in Korneev/Jensen [5] with the purpose to obtain the finite-difference like precondi-
tioner (2.12) described below.

The hierarchical reference element �hi is cube τ0 with coordinate polynomials forming the set

which is the basis in �p, x. The reference element stiffness matrix A is induced by the set �d, p and the Di-
richlet integral ( , ), whereas by AI we understand the internal stiffness matrix, corresponding to the sub-

set  = {La, 2 ≤ αk ≤ p, k = 1, 2, …, d} of coordinate polynomials vanishing on ∂τ0. If the set  is
reordered in a specific way, see [5], the matrix AI and the reference element internal mass matrix MI take
the block diagonal forms, which for d = 3 are

(2.10)

In the case p = 2N + 1, each of the 8 independent blocks in AI and MI is a N3 × N3 matrix. Entries of the
block Aeee are integrals (La, Lk) for a = (α1, α2, α3) and k = (κ1, κ2, κ3) with even αi , κj , i, j = 1, 2, 3;
entries of the block Aeoe correspond to even α1, α3, κ1, κ3 and odd α2, κ2 etc. In other words, e or o at k-th
place correspond to even and odd powers αk, κk, respectively, of polynomials (xk), (xk) entering co-

ordinate functions La, Lk in the integrals aa, k := (La, Lk). Clearly, these integrals define entries aa, k of ma-
trix AI ordered with the use of multiple indices a, k according to tensor product structure of AI. For what fol-
lows, it is important that blocks of matrices (2.10) are represented by the sums of the Kronecker’s products

(2.11)

of the N × N matrices �1, a and �0, b, which, respectively, may be preconditioned by the simple matrices

The diagonal matrices �1, a and tridiagonal matrices �0, b are even/odd blocks of the stiffness and mass ma-
trices

respectively, of the 1-d reference element, i.e., generated by bilinear forms (v ', w')(–1, 1) and (v, w)(–1, 1).
Lemma 2. For the preconditioners 
, ∆ and

(2.12)

there hold the inequalities

(2.13)

with Aabc and Mabc defined in (2.11).
Proof. Inequalities for Aabc, Mabc follow from the inequalities for �0, a and �1, a, representing the case

of 1-d, and (2.11), (2.12). The inequalities for �0, a, with ∆ replaced by the preconditioner ∆ + 
–1 close to

βi
1
2
--- 2 j 3–( ) 2 j 1–( ) 2 j 1+( ), γi 0.5 2i 3–( ) 2i 1+( )/ 2i 1–( ).= =

�d p, La x( ) = 	α1
x1( )	α2

x2( )…	αd
xd( ) a ω∈,{ } ,=

aτ0

�d p,
°

�d p,
°

AI diag Aeee Aeeo … Aooe Aooo, , , ,[ ] , MI diag Meee Meeo … Mooe Mooo, , , ,[ ] .= =

aτ0

	αk
	κk

aτ0

Aabc �1 a, �0 b, �0 c, �0 a, �1 b, �0 c, �0 a, �0 b, �1 c, ,⊗ ⊗+⊗ ⊗+⊗ ⊗=

Mabc �0 a, �0 b, �0 c, , a b c, ,⊗ ⊗ e o,,= =


 diag 4i
2[ ] i 1=

N
, ∆ 1

2
---

2 1–      

1– 2 1–   0  

  … …    

 0   1– 2 1–

     1– 2 
 
 
 
 
 
 
 

.= =

�1 diag �1 e, �1 o,[ ] , �0 diag �0 e, �0 o,[ ] ,= =

Λe 
 ∆ ∆ ∆ 
 ∆ ∆ ∆ 
, �⊗ ⊗+⊗ ⊗+⊗ ⊗ ∆ ∆ ∆ ,⊗ ⊗= =

∆ � �0 a,  � ∆, 
 � �1 a,  � 
, Λe � Aabc � Λe, � � Mabc � �,
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it, and the inequalities for �1, a were proved in [4], see also [5]. In the form (2.13) the first pair of the ine-
qualities was obtained in [16], see there (4.10).

Derivation of fast preconditioners-solvers for hierarchical and spectral p elements is motivated, firstly,
by the relatively simple finite-difference interpretation of the preconditioners, introduced above, and, sec-
ondly, by the properties of the corresponding differential operators. For this reason, it is useful to present
these differential operators. Let π1 = (0, 1)d. In the case of d = 2 the preconditioner

is the finite-difference approximation of the differential operator

(2.14)

on the uniform square mesh of size � = 1/(N + 1). The form and even the order of the differential operator
depends on d, and, e.g., for d = 3 the matrix �–2Λe is the finite-difference approximation of the 4-th order
differential operator

(2.15)

on the uniform square mesh of size � = 1/(N + 1). Here, e.g., u,1, 1, 2, 2 = ∂4u/ .

The finite element preconditioners, introduced by the first order elements, are more adapted to the anal-
ysis of fast solving procedures. They are easily derived, if one takes into account the form of the finite-dif-

ference preconditioners and the corresponding differential operators. Let d = 3 and (π1) be the space of con-
tinuous on  and trilinear on each cubic cell of the mesh functions, vanishing on ∂π1. Consider bilinear form

(2.16)

and define matrix Λe, fem as the matrix of this bilinear form on the space (π1) with the nodal basis.

Lemma 3. The matrix Λe, fem is spectrally equivalent to the matrices Aabc, Λe uniformly in p.

Proof. In view of Lemma 2, it is sufficient to establish the spectral equivalence Λe, fem � Λe. Let (0, 1)

be the space of piece-wise linear on the uniform mesh of size � continuous functions, which vanish at the
ends of the interval (0, 1). By 
fem we denote the matrix generated by the bilinear form b(0, 1)(v, u) =

=  on the space (0, 1). Direct calculation results in the expression

Comparing with (2.12), we conclude that the proof is reduced to the proof of the equivalence  � 
,

which is easily done and omitted.

In 2-d, one can use the FE space (π1) of continuous and vanishing on ∂π1 piece-wise linear functions
on the triangulation, which is obtained by the subdivision of each square cell of the mesh in two triangles.
The preconditioner Λe, fem is defined ad the matrix of the bilinear form

(2.17)

on the space (π1). We have Λe, fem � �2Aabc, �2Λe.

Λe 
 ∆ ∆ 
⊗+⊗=

Lu 2 x1
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The finite element preconditioner may be simplified in particular by the replacement of coefficients in
(2.14)–(2.16) by piece-wise constant coefficients. Such coefficients may be defined by the constants differ-
ent for each cell of the mesh or for each cell of the specially designed coarse (decomposition) mesh, see [12].

It is worth emphasizing one essential difference between preconditioners for the spectral and hierarchi-
cal p elements. In the preconditioner Λe (2.12), matrices ∆ and 
 are preconditioners for the “even” blocks
�0, e and �1, e of the mass and the stiffness matrices, respectively, of 1-d reference element �hi. On the con-
trary, in �� similar matrices ∆� and �� are preconditioners for the stiffness and the mass matrices of 1-d
reference element �sp.

3. FAST PRECONDITIONERS-SOLVERS FOR SPECTRAL ELEMENTS

The preconditioners introduced so far will be termed source preconditioners for the two reasons. Firstly,
they allow simple finite-difference/FE interpretations (Section 2.2) or are finite-difference/FE by definition
(Section 2.1) and, secondly, they have been serving as a starting point for deriving modified precondition-
ers, more adapted to specific fast solvers. Presently, there are several fast multilevel algorithms applicable
to the systems with the matrix Λe, such as, e.g., presented in [13] and [14], which are not applicable to the
systems with the preconditioners for the spectral elements, appearing in Lemma 1. In this Section, we es-
tablish a rather important fact. The matrix �I, � can be transformed into a matrix, from which another matrix
ΛI, sp can be obtained by neglecting some secondary terms. The latter matrix, though being quite different
from Λe, has some basic properties with it in common, which allow to adapt to ΛI, sp fast solvers known for
Λe. It is important that the transformation is cheap and indeed is defined by a diagonal matrix. Below, for a
simplification of notations, we sometimes omit index I in the notations of matrices related to the internal
unknowns. For instance, we imply by ��, ∆� the blocks, which are obtained from matrices (2.5), (2.6) by
deleting the first and the last rows and columns.

3.1. Factored preconditioners for Dirichlet problems on spectral elements

The change of variables  = Cv by means of the diagonal matrix C = p–4  ⊗  ⊗   (for 2-d

C = p–2  ⊗ ) transforms �I, � (2.4) as the matrix of a quadratic form into the matrix

(3.1)

Let us introduce also matrices

(3.2)

from which two first have the dimension (p – 1) × (p – 1) and two others (p – 1)3 × (p – 1)3.

Theorem 1. Let the matrices , ΛI, sp,  be obtained on the Gaussian mesh or the pseudospectral
mesh at �i � i/p2 for 1 ≤ i ≤ N. Then these matrices are spectrally equivalent uniformly in p.

Proof. It is sufficient to consider the case of the pseudospectral mesh with the steps �i = βi/p2 and to prove

the spectral equivalence of the matrix  to (∆sp + ), the matrix  to 
sp and the matrix (∆sp + )
to ∆sp. In the proof we can use �i = i/p2, since 4 ≤ β ≤ 8 and we do not pay attention to absolute constants in

asymptotic bounds. Taking this and the relation  = (�i + �i + 1) = (2i + 1) into account, we immedi-

ṽ ��

1/2–
��

1/2–
��

1/2–

��

1/2–
��

1/2–

�̃I �,  := C
1–
��C

1–
p

8
��

1/2
��

1/2
��

1/2
����

1/2
��

1/2
��

1/2
 =⊗ ⊗ ⊗ ⊗=

=  p
8 ∆̃� ��

2
��

2
��

2 ∆̃� ��

2
��

2
��

2 ∆̃�⊗ ⊗+⊗ ⊗+⊗ ⊗( ),

∆̃� ��

1/2∆���

1/2
.=

∆sp tridiag 1– 2 1–, ,[ ] , 
sp diag 1 4 … N
2

N 1–( )2
N 2–( )2 … 4 1, , , , , , , ,[ ] ,= =

Λ̃ I sp, ∆sp 
sp
1–

+( ) 
sp 
sp 
sp ∆sp 
sp
1–

+( ) 
sp 
sp 
sp ∆sp 
sp
1–

+( ),⊗ ⊗+⊗ ⊗+⊗ ⊗=

Λ I sp, ∆sp 
sp 
sp 
sp ∆sp 
sp 
sp 
sp ∆sp,⊗ ⊗+⊗ ⊗+⊗ ⊗=

�̃I �, Λ̃ I sp,

∆̃� 
sp
1–

p
4
��

2

sp

1–

h̃i
1
2
--- 1

2 p
2

---------
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ately conclude that

and we get the equivalence 
sp � . The matrix  = tridiag[ki, i – 1, ki, i , ki, i + 1] is tridiagonal. Taking
into account explicit expressions for ki, j for i = 1, 2, …, N, we obtain

It is easy to see that the matrix  is represented by the sum

where

From the bounds for ki, j obtained above, we have

by means of which one comes to the inequalities

(3.3)

For completing the proof of Theorem, we have only to establish the spectral equivalence (∆sp + ) � ∆sp,
which, in turn, requires the proof of the inequality

(3.4)

It may be completed with the use of Hardy’s inequality. Indeed, for k = 1, 2, …, ∞, s ≠ k, and 
, defined by

according to Hardy’s inequality we have

For any v ∈ (–1, 1), the inequalities

are a direct consequence of Hardy’s inequality. From them, we conclude that for the weight function

i
2

2 p
4

--------- h̃i
2 5i

2

2 p
4

---------, i≤ ≤ 1 2 … N ,, , ,=

p
4
��

2 ∆̃�

ki i,
1
2
--- �i �i 1++( ) 1

�i

---- 1
�i 1+
----------+ 

  2
1

2i i 1+( )
---------------------,+= =

1 ki i 1–,≥ 1
2�i

------- �i 1– �i+( ) �i �i 1++( ) 1
2i
----- 4i

2
1– 1 1

4i
2

-------– 1
1

4i
2

-------,–≥= = =

1 ki i 1+, 1
1

4 i 1+( )2
---------------------.–≥ ≥

∆̃�

∆̃� K1 I, D,+=

K1 I, tridiag ki i 1–, ki i 1–, ki i 1+,+( ) ki i 1+,, ,[ ] , D diag ki i, ki i 1–,– ki i 1+,–[ ] .= =

3
4
---∆sp K̃1 I, ∆sp,

1
4
---
sp

1–
D 
sp

1–
,≤ ≤ ≤ ≤

1
4
---Λ̃ I sp, �̃I �, Λ̃ I sp, .≤ ≤


sp
1–


sp
1– ∆sp.≤


 x( )

f t( ), s

0

x

∫ 1/k,>

f t( ), s

x

∞

∫ 1/k,<











=

x
s– 
 Lk 0 ∞,( )

1
s 1/k–
------------------- x

1 s–
f Lk 0 ∞,( ).≤

H0
1

1 x+( ) 1–
v 0 1– 1,( ),

2
8 v 1 1– 1,( ),

2
, 1 x–( ) 1–

v 0 1– 1,( ),
2

8 v 1 1– 1,( ),
2≤ ≤

φ x( )
1 x, x 1– 0,[ ] ,∈+

1 x, x– 0 1,[ ] ,∈



=
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it holds

(3.5)

Let �(–1, 1) be the space of functions continuous on [–1, 1] which are piece-wise linear on the uniform grid
of size � = 1/N. In (3.5), we can substitute any v ∈ �(–1, 1) vanishing at the ends of the interval (–1, 1).

Then (3.5) becomes the “matrix” inequality  � ∆φ, in which 
φ and ∆φ are the matrices of the quadratic
forms in the left and the right parts of (3.5). By comparison of 
φ with 
sp and ∆φ with ∆sp, we come to
(3.4). The comparison can be produced similarly to [16] by means of the auxiliary matrices defined like 
φ,

∆φ, but for a piece wise constant functions  and , which are majorant on [0, 1] and minorant on (η1, ηp – 1)
functions for φ, see in [16] the proof of (4.10).

The following consequence of Theorem 1 is obvious.

Corollary 1. The matrices ΛI, C := CΛI, spC and  := C C, defined on the pseudospectral at γ = 1
and the Gaussian meshes, are equivalent in the spectrum to the internal stiffness matrix AI, sp of the spectral
reference element �sp uniformly in p, i.e.,

(3.6)

The matrix C is diagonal, and thus the arithmetical costs of solving systems with the preconditioners ΛI, C ,

 coincides in the order of p with the arithmetical costs of solving systems with the preconditioners ΛI, sp,

, respectively.
The matrix ΛI, sp can be viewed as the matrix of 7-point finite difference approximation of the differential

operator on τ0

(3.7)

Indeed, let us introduce the uniform cubic mesh of size � = 2/p = 1/N and notations φi = φ(–1 + i�) and u =

= , assuming the vector u expanded by zero in all boundary nodes.

Then one can write

(3.8)

where i = (i1, i2, i3), all numbers k, l, j ∈ (1, 2, 3) are different, e k =  is the unit vector, which com-
ponents are the Kronecker’s symbols. For d = 2 expressions (3.7), (3.8) simplify:

(3.9)

Now we can look for common features of the matrices Λe, ΛI, sp. At d = 2, they and the related differential
operators L, Lsp are similar. Namely, in each quarter of the square τ0, the differential expression of the op-
erator Lsp is the same as of the operator L up to a constant factor and rotation and translation of the axes.
The same is true for finite-difference operators Λe, ΛI, sp and FE matrices Λe, fem, BI, sp, see the definition of
the last ones below. At d = 3, the differential and finite-difference operators, related to the preconditioners
for hierarchical and spectral elements, are different even in the order: L is the differential operator of the 4-th
order, whereas Lsp of the 2-nd. However, factors ∆, 
 and respectively 
sp, ∆sp in the representations (2.12),
(3.2) of the matrices Λe, ΛI, sp by sums of Kronecker’s products are similar. Due to this, all known fast solv-
ers for the systems with the matrices Λe (see, e.g., [11], [12], [17], [13], [14]) can be adapted to the systems
with the matrices ΛI, sp with the same asymptotic arithmetic cost.

As it was noted earlier, the analysis of fast algorithms simplifies, if the preconditioner is a FE matrix.

Instead of ΛI, sp, , it is possible to use spectrally equivalent FE matrices, generated with the use of the

φ 1–
v 0 1– 1,( ),

2
8 v 1 1– 1,( ),

2
v∀ H0

1
1– 1,( ).∈≤


φ
1–

φ̂ φ̆

Λ̃ I C, Λ̃ I sp,

Λ I C, Λ̃ I C,  � AI sp,  � Λ I C, Λ̃ I C, ., ,

Λ̃ I C,

Λ̃ I sp,

Lspu φ2
x2( )φ2

x3( )u 1, 1, φ2
x1( )φ2

x3( )u 2, 2, φ2
x1( )φ2

x2( )u 3, 3,+ +[ ] , u ∂τ0
– 0.= =

ui( )i1 i2 i3, , 1=
p 1–

Λ I sp, u i
1

�
2

----- φil

2φi j

2
ui ek– 2ui– ui ek++[ ] , 1

k 1 2 3, ,=

∑– i1 i2 i3 p 1–( ),≤, ,≤=

δk l,( )l 1=
3

Lspu φ2
x2( )u 1, 1, φ2

x1( )u 2, 2,+[ ] , u ∂τ0
– 0,= =

Λ I sp, u i φi3 k–

2
ui ek– 2ui– ui ek++[ ] , i

k 1 2,=

∑– i1 i2,( ).= =

Λ̃ I sp,
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1-st order elements. Let d = 2. We divide each square cell of size � on τ0 in two triangles. On such a trian-

gulation of τ0, we introduce the space (τ0) of continuous piece-wise linear functions vanishing on ∂τ0.
The FE preconditioner BI, sp may be defined as the matrix of the bilinear form

(3.10)

on the space (τ0). At d = 3, the operator Lsp (3.7) is associated with the bilinear form

(3.11)

with indices k + 1, k + 2 understood modulo 3. This form is defined on the space (τ0) of continuous func-
tions, which are trilinear on each cubic cell of the mesh and vanish on ∂τ0. Then BI, sp can be defined as the
matrix of the bilinear form (3.11) on this space. In a way similar to that used in Lemma 3, it may be shown that

(3.12)

Let us note that instead of functions ϕ(x) = x2, x ∈ [0, 1], and φ(x) = min(x + 1, x – 1), s ∈ [–1, 1], func-
tions ϕ(x) = max(�2, x2) and δ(x) = max(�, min(x + 1, x – 1)) may be used.

3.2. Multiresolution wavelet solver for Dirichlet problems on 3-d spectral elements

According to Section 3.1, in order to obtain fast preconditioners-solvers for the internal stiffness matrices
AI, sp of spectral elements, it is sufficient to design fast preconditioners-solvers for the preconditioner ΛI, sp or

. In this section, we consider a multilevel preconditioner-solver for the matrix ΛI, sp, based on the multi-
resolution wavelet analysis. This solver is similar to the solver, designed by Beuchler/Schneider/Schwab [14]
for the preconditioners Λe, fem of the internal stiffness matrices of the hierarchical p elements.

Taking into account the interpretation of AI, sp as the finite-difference operator (3.8), we consider cube
τ0 subdivided by the cubic mesh of size � = 1/p. Only for convenience and without loss of generality, it is

assumed that p = 2N, N = . For each l = 1, 2, …., �0, one can introduce the uniform mesh , i = 0,

1, …, 2Nl , Nl = 2l – 1, x0 = –1,  = 1 of size �l = 21 – l and the space �l(–1, 1) of continuous on (–1, 1)

piece-wise linear functions, vanishing at the ends of this interval. The dimension of �l(–1, 1) is �l = pl – 1 =

= 2l – 1 with  = p. Let  ∈ �l(–1, 1) be the nodal basis function for the node , so that ( ) = δi, j and

�l(–1, 1) = span . This basis induces the Gramm matrices

(3.13)

where

and φ is the function introduced in Section 3.1. Obviously,

(3.14)

The representation of each �l by the direct sum �l = �l – 1 ⊕ �l results in the decomposition

� = �1 ⊕ �2 ⊕ … ⊕ 

�∆
°

bτ0
u v,( ) φ3 k–

2
u k, v k, xd

τ0

∫
k 1=

3

∑=

�∆
°

bτ0
u v,( ) φk 1+

2 φk 2+
2

u k, v k, xd

τ0

∫
k 1=

3

∑=

�
°

BI sp,  � �
4 d– Λ I sp, .

Λ̃ I sp,

2
�0 1–

xi
l

x2Nl

p�0
φi

l
xi

l φi
l

x j
l

φi
l{ } i 1=

pl 1–

∆l �l φi
l( )' φj

l( )',〈 〉 ω 1=( )i j, 1=

pl 1–
, �l �l

1– φi
l φj

l,〈 〉 ω φ=( )i j, 1=

pl 1–
= =

v u,〈 〉 ω := ω2
vu x,d

1–

1

∫

∆�0
∆sp, � := ��0

 � 
sp.=

��0
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with the notations � =  and �1 = �1. Let  denote the multiscale wavelet basis, composed

of some single scale bases  in the spaces �l , so that �l = span . The multiscale wavelet
basis in �, if it is stable in the norms induced by the scalar products (3.13), allows to define 1-d multilevel
preconditioners, which in turn lead to the multidimentional tensor product multilevel preconditioner. Before

formulating the result, we introduce additional notations. The basis  induces the matrices

(3.15)

where, obviously, �1 and �0 are the diagonal matrices having the same main diagonals with ∆wlet and �wlet,
respectively. By Q is denoted the transformation matrix from the multiscale wavelet basis to the finite ele-

ment basis . If vwlet and v are the vectors of coefficients of a function from �(0, 1) in these two
bases, respectively, then v = QÚvwlet.

Theorem 2. There exist such multiscale wavelet bases  that the matrices  and  are

simultaneously spectrally equivalent to the matrices QÚ Q and QÚ Q, respectively, uniformly in p.
Besides, matrix-vector multiplications Qvwlet and QÚv require O(p) arithmetic operations.

Proof. Note that the equivalences of Theorem follow from the equivalences ∆wlet � �1 and �wlet � �0

and the definitions of these matrices and the matrices , , Q. The proof of Theorem is simpler than
the proof of corresponding results of Beuchler/Schneider/Schwab [14], see there, e.g., Theorem 3.3, be-
cause in our case the weight φ is symmetric on the interval (–1, 1) under consideration. The cited authors
justified existence of multiscale wavelet bases with the required properties in the more difficult case of the
space �(0, 1) := {v ∈ �(–1, 1)|v(x) = 0 at x ∉ (–1, 0)} and the same weight φ, which is not symmetric on
a half of (–1, 1). Practically the same types of wavelets, reproduced on (0, 1) by the symmetry and easily
adjusted in the vicinity of the regular point x = 0, can be used.

Theorem 3. Let �I, sp = C�I, spC and

(3.16)

then �I, sp � AI, sp and therefore

(3.17)

The arithmetical cost of the operation  for any v ∈ U I is O(pd).

Proof. In view of Lemma 1 and Theorem 1, it is sufficient to prove the equivalence

The proof of this bound is the consequence of (3.14), Theorem 2 and properties of the Kronecker product.

3.3. Multiresolution wavelet solver for faces

Another important problem in optimization of DD algorithms for spectral discretizations is the develop-
ment of fast solvers for the internal problems on faces. As it is known (see e.g. [3] and [16]), in the wire

basket algorithms it is reduced to the preconditioning of the matrix of the quadratic form  on the

subspace of polynomials  of two variables x = (x1, x2), vanishing on the boundary of F0. This quadratic

��0
ψk

l{ } k l, 1=

pl 1– �0,

ψk
l{ } k 1=

pl 1– ψk
l{ } k 1=

pl 1–

ψk
l{ } k l, 1=

pl 1– �0,

∆wlet ψi
k( )' ψ j

l( )',〈 〉 1( )i j, 1; k l, 1= =

pl 1– ; �0
, �wlet ψi

k ψ j
l,〈 〉 φ( )i j, 1; k l, 1= =

pl 1– ; �0
,= =

�1 diag ψi
l( )' ψi

l( )',〈 〉 1[ ] i l, 1=

pl 1– �0,
, �0 diag ψi

l ψi
l,〈 〉 φ[ ] i l, 1=

pl 1– �0,
,= =

φk

l0{ } k 1=

p 1–

ψk
l{ } k l, 1=

pl 1– �0,
∆�0

1– ��0

1–

�1
1–

�0
1–

∆�0
��0

�I sp,
1–

Q
Ú

Q
Ú⊗( ) �0 �1 �1 �0⊗+⊗[ ] 1–

Q Q⊗( ), d 2,=

Q
Ú

Q
Ú

Q
Ú⊗ ⊗( )[�0 �0 �1 �0 �1 �0⊗ ⊗+⊗ ⊗  +

�0 �0 �1]⊗ ⊗ 1–
Q Q Q⊗ ⊗( ),  d 3,=






=

cond �I sp,
1–

AI sp,[ ]  � 1.

�I sp,
1–

v

cond �I sp,
1– Λ I sp,[ ]  � 1.

· 2
00 1/2 F0,

�p x,
°
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form is the square of the norm in the space (F0), whereas F0 = (–1, 1) × (–1, 1) represents a typical face
of the 3-d reference cube. As shown in [33] and [34], one of the characterizations of this norm is

Theorem 4. Let d0, i , d1, i be the diagonal entries of matrices �0, �1, respectively, and �1/2 be the diag-
onal (p – 1)2 × (p – 1)2 matrix with the entries on the main diagonal

Let also

Then for all v ∈  and vectors v, representing v in the basis , the norms  and  are

equivalent uniformly in p.
Proof. The proof is alike that of a similar statement for the case of the hierarchical p element �hi (see

[16, Theorem 4.4]). First of all, we note that another characterization of the norm  can be obtained

by the Peetre’s K-method of interpolation between the norms in spaces L2(F0) and (F0) (see, e.g., [34,
p. 66–69, 98–99]). At the same time from Theorem 2 and considerations preceding it, it follows that the ma-
trices

are spectrally equivalent to the internal mass and stiffness matrices of the 2-d spectral reference element in
a special basis. It is the multiscale wavelet basis modified according to the transformation matrix C. Indeed,
if we introduce matrices

then by the chain of equivalences reflected in Lemma 1, Theorems 1, 2, and (3.14), we have

Mwlet � D0, Awlet � D1.

Let v ∈ �p, x, v be the vector representation of v in the basis polinomials of the reference element, and v =
= �vwlet. The above relationships may be also rewritten in the form

(3.18)

and by the Peetre’s K-method of interpolation we have

(3.19)

In view of the relation between v and vwlet this completes the proof, i.e.,

(3.20)

where now vectors vF  v represent 2-d polynomials v ∈  in the basis La(x), a = (α1, α2), 2 ≤ α1,
α2 ≤ p, on the representative face F0 of the spectral reference element.

The presented in Sections 3.2 and 3.3 fast solvers for internal and face problems can be easily generalized
on “orthotropic” spectral elements with shape polynomials, having different orders along different axes.

4. DOMAIN DECOMPOSITION ALGORITHM FOR DISCRETIZATIONS
BY SPECTRAL ELEMENTS

Now we describe main components of the DD algorithm and formulate the result on its arithmetic cost.

H00
1/2

v
2

00 1/2 F0, v 1/2 F0,
2 v x( ) 2

dist x ∂F0,[ ]
----------------------------- x.d

F0

∫+=

di j,
1/2( )

d0 i, d0 j,
d1 i,

d0 i,
--------

d1 j,

d0 j,
--------+ .=

�0 C�0C, �0
1–

Q
Ú

Q
Ú⊗( )�1/2

1–
Q Q⊗( ).= =

�p x,
°

�2 p,
°

v00 1/2 F0, v �0

·00 1/2 F0,

H
1°

D0 �0 �0, D1⊗ �1 �1 �0 �0⊗+⊗= =

� C
1–

Q
Ú

Q
Ú×( ), Mwlet �

Ú
Msp�, Awlet �

Ú
Asp�,= = =

vwlet D0
 � v 0 τ0, , vwlet D1

 � v 1 τ0, , τ0 1– 1,( ) 1– 1,( ),×=

vwlet D1/2
 � v00 1/2 τ0, .

vF �0
 � v00 1/2 F0, ,

     �p x,
°
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As a model, we consider the Dirichlet problem: find 

 

u

 

 

 

∈

 

 (

 

Ω

 

) satisfying the identity

 

(4.1)

 

where (

 

Ω

 

) is the subspace of functions from 

 

H

 

1

 

(

 

Ω

 

), vanishing on the boundary 

 

∂Ω

 

. For simplicity, it is
assumed that 

 

Ω

 

 coincides with the computational domain, i.e., it is the domain of an assemblage of compat-
ible and in general curvilinear finite elements occupying domains 

 

τ

 

r

 

, i.e.,

Finite elements and their domains 

 

τ

 

r

 

 are specified by nondegenerate mappings 

 

x

 

 = 

 

	

 

(

 

r

 

)

 

(

 

y

 

) :    with
positive Jacobian’s, and it is required that these mappings satisfy the conditions, called the 

 

generalized con-
ditions of the angular (shape) quasiuniformity

 

. If the mappings are trilinear, i.e., elements have straight edg-
es, these conditions are equivalent to the well known conditions of shape regularity (see, e.g., [35]). In a
more general case, they are equivalent to the following ones, see [36]. Suppose, each mapping is represented

as a superposition of two nondegenerate mappings 

 

	

 

(

 

r

 

)

 

(

 

y

 

) = (

 

�

 

(

 

r

 

)

 

(

 

y

 

)), where 

 

x

 

 = (

 

z

 

) :   

is a nonlinear and 

 

z

 

 = 

 

�

 

(

 

r

 

)

 

(

 

y

 

) :    is an affine or trilinear mapping (e.g., with the vertices of  co-

inciding with those of 

 

τ

 

r

 

). Then  must be shape regular, and for the nonlinear mappings and their inverses
the Jacobians and their components must be uniformly bounded.

The positive coefficient  is accepted to be piece-wise constant and namely such that (

 

x

 

) = 

 

r

 

 = const
for 

 

x

 

 

 

∈ τ

 

r

 

.

The assemblage of spectral finite elements, associated with a single reference element 

 

�

 

sp

 

 by mappings

 

	

 

(

 

r

 

)

 

, defines the FE space

and its subspace (

 

Ω

 

) = 

 




 

(

 

Ω

 

)

 

 ∩ 

 

(

 

Ω

 

). We write the system of FE algebraic equations for the problem

(4.1), obtained by means of the subspace (

 

Ω

 

), in the form

K

 

u

 

 = 

 

f

 

. (4.2)

At designing the DD solver for (4.2), each 

 

p

 

-element is treated as a subdomain of decomposition, typically
for many other papers as well.

It is natural to distinguish 

 

internal

 

, 

 

face

 

, 

 

edge

 

 and 

 

vertex

 

 degrees of freedom in the FE assemblage and
decompose the vector space 

 

V

 

 of the unknowns into the direct sum of the corresponding subspaces

DD solvers or their parts are also often based on the decompositions

where 
 

V
 

B
 

 = 
 

V
 

F
 

 
 

⊕
 

 
 

V
 

E
 

 
 

⊕
 

 
 

V
 

V
 

 and 
 

V
 

W
 

 = 
 

V
 

E
 

 
 

⊕
 

 
 

V
 

V
 

 are the subspaces of the 
 

interelement boundary
 

 and 
 

wire basket
 degrees of freedom. According to these subspaces, the finite element stiffness matrix may be represented in

the block forms
 

(4.3)

H
1°

aΩ u v,( ) := x( )∇ u

Ω
∫ ∇ v xd⋅ f v,( )Ω v∀ H

1 Ω( ),∈=ζρ
°

H
1°

Ω τ r.
r 1=

�

∪=

τ0 τ r

	̃
r( )

	̃
r( )

τ r' τ r

τ0 τ r' τ r'

τ r'

ζρ ζρ ζρ


 Ω( ) v  : v C Ω( )∈ v 	
r( )

y( )( ) y τ0∈ �p x,  for r = 1 2 … �, , ,∈,{ } , 
 Ω( ) H
1 Ω( ),⊂=



°

H
1°



°

V VI VF VE VV .⊕ ⊕ ⊕=

V VI VF VW , V⊕ ⊕ VI V B,⊕= =

K
KI KIB

KBI KB 
 
  KI KIF KIW

KFI KF KFW
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For the corresponding spaces of the FE functions, we use similar notations with V replaced by 
. Restric-
tions of the introduced above spaces to finite elements τr are supplied with the additional upper index r, e.g.,

 denotes the subspace spanned by boundary coordinate functions of a finite element τr with r = 0 reserved

for the reference cube. Similarly,  is the block of the stiffness matrix of an element τr, generated by face

coordinate functions. The spaces V(r) and 

(r)

 for the reference element will be denoted U and � = �p, x, re-
spectively, with the same indexation for subspaces.

For the FE matrix K, we will design a DD preconditioner-solver � of the Dirichlet–Ditichlet type, hav-
ing the form

(4.4)

and defined by means of three preconditioners-solvers and two prolongation matrices. First we describe the
former three.

(i) The block diagonal preconditioner-solver for the internal Dirichlet problems on finite elements has
the form

and �I, sp is the multiresolution wavelet preconditioner-solver, appearing in Theorem 3. The value hr is the
characteristic size of an element, entering the generalized conditions of angular quasiuniformity. It can be
set equal to the arithmetic mean of the inscribed and circumscribed spheres for . Each block hr r�I, sp

corresponds to one block  in the block KI for internal unknowns

of the FE stiffness matrix K.
(ii) The block diagonal preconditioner-solver for the internal problems on faces of finite elements

(4.5)

Q is the number of different faces Fk ⊂ Ω of the FE discretization, κk are factors,  is the multiresolution
wavelet preconditioner-solver for one face, appearing in Theorem 4. For a face Fk of the discretization, let
r1(k) and r2(k) be the numbers of two elements  and , sharing the face Fk. Then

(4.6)

The matrix �F is the preconditioner for the Q(p – 1)2 × Q(p – 1)2 block SF of the Schur complement

which for the reference element is denoted by �B. Although SF is not a block diagonal matrix, obviously, it
can be represented in the block form with each (p – 1)2 × (p – 1)2 block on the diagonal related to one face.
Such a representation is assumed in (4.5).

(iii) The preconditioner-solver  related to the wire basket subproblem. It can be interpreted as an ef-

ficient preconditioner for the second stage Schur complement  = SW – SWF SFW (see [15, Section 3]).

Below, we briefly describe , as well as the prolongation matrix , following [3] and [6].


B
r( )
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The prolongation operations include:

(iv) the prolongation  from the interelement boundary onto the whole computational domain .

(v) the prolongation  from the wire basket onto the interelement boundary.

Since (i) and (ii) have been completely defined, it remains to define (iii)–(v), among which the prolon-
gation  brings usually the major contribution to the computational cost. For the reason that we have
an efficient preconditioner-solver for internal problems on finite elements, this prolongation can be efficiently
completed by means of inexact iterative procedures applied element wise in parallel. We present the simplest
variant of such procedure, resulting in the extra factor  in the estimate of the computational work.

The prolongation matrix  is defined in such a way, that its restriction to each element is  =

= , and  is a master prolongation matrix, which is used for the prolongation inside any finite
element of the discretization. The master prolongation matrix is obtained for the reference element in the fol-
lowing way. Let � = �sp or � = �p/s, �I is another preconditioner for the internal block AI of the reference
element stiffness matrix, and �I possess a fast solver. To any vB ∈  UB, one can relate vectors ,  ∈  UB,

such that  +  = vB and entries of  are equal to the mean value of the corresponding finite element

function vB  vB on the boundary ∂τ0. The prolongation of  by the constant is denoted by  ∈ U. The

prolongation u =  is found as the sum of two vectors

in which subvector  =  is produced for some fixed number k0 of the iterations

(4.7)

with Chebyshev iteration parameters σk. Obviously, the order of the sufficient number k0 of iterations will
not increase, if �I , �IB are replaced by the respective blocks of the reference element stiffness matrix A or
any other preconditioner �� spectrally equivalent to A. However, in general, multiplications by AI , AIB can
be much more expensive, than by �I , �IB. Note, that  can be calculated by means of the quadratures,
related to the reference element.

Lemma 4. Suppose  ≤ �I ≤  with positive γk. Then at k0 ≥ c(1 + )/( ), where ρ =

= (1 – θ)/(1 + θ), θ = , the inequality

(4.8)

holds with the constant c� independent of p and �B = AB – AB, I AI, B.

Let us note that the inequality (4.8) is equivalent to

(4.9)

where u  u and vB  vB. If vB is a constant vector, then  = 0, AIB  = 0, and, therefore,  = 0

for k ≥ 1,  = 0, and  = .

Proof. Since inequalities (4.8), (4.9) do not change for all vB =  +  with the same , it is sufficient

to prove lemma for the vectors vB = . Under this condition, the proof follows the lines of the proof of
Proposition 5.1 in [16]. Let vector jI be the solution of the system �IjI = �IBvB, and j has jI and vB for
the internal and boundary subvectors. We have the convergence estimate

(4.10)
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ũ �UB U→ vB v

vB ṽB ṽB
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whence for 

 

u

 

k

 

 =  + 

 

v

 

B

 

 it follows

 

(4.11)

 

if we take into account the spectral equivalence of the matrices 

 

�

 

 and A, see Lemma 1, and the triangular
inequality. In (4.11), the vector 

 

v

 

B

 

 is considered as an element of 

 

U

 

 with zero entries for the internal degrees
of freedom. In order to estimate second summand in the right part, we introduce the polynomial 

 

v

 

B

 

 

 

∈ 

 

�

 

B

 

(

 

τ

 

0

 

),

 

v

 

B

 

  

 

v

 

B

 

, and the piece-wise bilinear function  

 

∈ 

 

�

 

(

 

τ

 

0

 

) coinciding with 

 

v

 

B

 

 at the nodes. Below, the

squares of the norms , , 

 

k

 

 = 1, 2, are understood as the sums of squares of the same norms for

faces. Equivalence of these norms for the functions 

 

v

 

B

 

 and , as follows from Lemma 1, and direct esti-

mation of  lead to the estimates

 

(4.12)

 

Then Markov’s inequality applied face wise, the definition of the norm , and the factor space ar-

gument allow us to obtain

 

(4.13)

 

Finally, by means of the trace and continuation theorems in polynomial spaces equipped with Sobolev’s
norms, see [37], [38], and the definition of 

 

�

 

B

 

, we come to

 

(4.14)

 

and

 

(4.15)

 

Combining (4.11), (4.14) and (4.15), we get

hence the statement of Lemma immediately follows.
According to Lemma 1 and Theorem 3, the value of 

 

ρ

 

 is an absolute constant. Therefore, Lemma 4 and
the conditions of the shape quasiuniformity, allow to make the following conclusion.

 

Corollary 2.

 

 If 

 

�

 

I

 

 = 

 

�

 

I

 

, sp

 

, and 

 

k

 

0

 

 

 

�

 

 (1 + ). Then

 

(4.16)

 

with the constant 

 

c

 

, depending only on the conditions of the shape regularity.

The wire basket preconditioner  and the prolongation matrix , appearing in (iii) and (v), re-
spectively, were discussed in many papers (see, e.g., [24], [25], [6], [3]), where the choice of these compo-
nents has been thoroughly analyzed. In their definition, we follow [6] more closely.

Matrices ,  are assembled of the scaled standard matrices defined for the reference element.
For more definiteness, we assume that the nodes  h  a   of the reference element are the GLL nodes. We denote
by 

 
ω

 

W

 
 

 
∈ ω 

 
the subset of 

 
a

 
, corresponding to the nodes on the wire basket 

 
W

 

0

 
 of 

 
τ

 

0

 
, by 

 
χ

 

a

 
 – the weights of

the quadrature, which is assembled of GLL quadratures applied to each edge, and by  – the matrix of
the quadratic form

 

(4.17)

 

where 

 

v

 

a

 

 are the entries of 

 

v

 

W

 

. If D

 

0

 

 is the diagonal matrix of the quadrature in (4.17) and 
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for all entries, then

 

(4.18)

 

and  is assembled of the matrices

 (4.19)  

For details of the solving procedure for the systems with the preconditioner  of the dimension 

 

O

 

(

 

�

 

p

 

) 

 

×
× 

 

O

 

(

 

�

 

p), we refer to [3] and [6], where it is described up to the solver for the O(�) × O(�) subsystem
According to (4.17), (4.19), each unknown in this subsystem is the constant c = cr corresponding to one el-
ement and is coupled only with the next neighboring elements. If the number of elements � is not fixed, it
is sufficient for our purposes to assume that the arithmetical cost of the pointed out procedure does not ex-
ceed O(�p3).

Let F0 be the representative face for the reference element and  be the vector with entries related to

the nodes on ∂F0. By definition, the vector  contains 1-s for all internal nodes of F0 and 0-s for all nodes

of its boundary ∂F0, whereas the vector  with entries for all nodes of  is the result of the continuation

of  by zero entries to all internal nodes of the face. Let also  be the mean value on ∂F0 of the finite

element function   , which, e.g., can be calculated by quadratures. Then the standard matrix

 for the prolongation from the boundary ∂F0 on the whole face  is defined as

(4.20)

A slightly different prolongation is obtained, if  is the mean value over ∂F0 of the piece-wise linear func-
tion with the entries of  for the nodal values. The prolongation matrix  is uniquely defined by

the condition that its restriction to each face Fk ⊂ Ω is .

We have completely defined the DD preconditioner-solver (4.4).
Theorem 5. Under the stated assumptions, the DD preconditioner-solver � provides the condition num-

ber cond[�–1K] ≤ c(1 + )2, whereas the arithmetical cost of the operation �–1f for any f is O(p3(1 +
+ )�).

Proof. By Theorem 3 and conditions of the generalized shape regularity,

(4.21)

with positive constants , , depending only on the mentioned conditions. Therefore, taking into account
Corollary 2 and general results on relative condition numbers of DD preconditioners, we reduce the estimate
of cond[�–1K] to deriving the bounds for ,  > 0 in the inequalities

(4.22)

Indeed, according to (4.21), (4.22), Corollary 2 and, e.g., Theorem 8 of [39], we obtain

with

(4.23)
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The proof of the bound for the relative condition number is completed by the use of the bounds for , 
given in Theorem 6 below, which allow us to write

 

(4.24)

 

The operation 

 

�

 

–1

 

f

 

 involves operations with the preconditioners and prolongations i)–v) with the fol-
lowing arithmetic costs:

(i) – 

 

O

 

(

 

p

 

3

 

�

 

) according to Theorem 3 and the definition of 

 

�

 

I

 

,
(ii) – 

 

O

 

(

 

p

 

2

 

�

 

) according to Theorem 4 and (4.5),
(iii) – 

 

O

 

(

 

p

 

3

 

�

 

) according to the above assumption on the cost of the wire basket preconditioner,

(iv) – 

 

O

 

(

 

p

 

3

 

(1 + )

 

�) according to Theorem 3 and Corollary 2,

(v) – O(p2�) according to the definition of the prolongation  by means of (4.20).

Taking into account these contributions, we conclude that the estimate of theorem for the arithmetic cost
of solving the system �v = f with any f, holds as well.

Theorem 6. Let the preconditioner-solver �B be defined according to (4.4)–(4.6) with �0 defined as in
Theorem 4. Then

(4.25)

with positive constants ,  depending only on the generalized shape regularity conditions.

Proof. Bounds (4.25) remain true for any Schur complement preconditioner �B, defined as in (4.4)–
(4.6), if in (4.5) �0 is any matrix for which (3.2) holds uniformly in p. This result is found in [3], [6]. There-
fore, the proof follows from Theorem 4 of this paper and, e.g., from [6, Theorem 2].

Compared to hierarchical elements, spectral elements are less flexible for adaptive computations. With
the help of the subproblem solvers presented in the paper, DD preconditioners-solvers can be designed with-
out losses of efficiency for a range of admissible adaptive spectral discretizations. The adjustment of the
analysis of their condition numbers and computational cost can be completed along the lines of [16].
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ÇÇÖÑÖçàÖ

Ç ‰‡ÌÌÓÈ ÒÚ‡Ú¸Â ÒÚÓËÚÒfl Â„ÛÎflËÁÓ‚‡ÌÌ‡fl ‡ÒËÏÔÚÓÚËÍ‡ Â¯ÂÌËfl ÔÂ‚ÓÈ Í‡Â‚ÓÈ Á‡‰‡˜Ë ‰Îfl
‚ÂÏÂÌÌó„Ó Û‡‚ÌÂÌËfl òfi‰ËÌ„Â‡: 

(1)

„‰Â i – ÏÌËÏ‡fl Â‰ËÌËˆ‡, ‚ Ì‡¯Ëı Ó·ÓÁÌ‡˜ÂÌËflı ε > 0 – ‰ÓÒÚ‡ÚÓ˜ÌÓ Ï‡Î‡fl ÔÓÒÚÓflÌÌ‡fl èÎ‡ÌÍ‡,
u(x, t, ε) – ‚ÓÎÌÓ‚‡fl ÙÛÌÍˆËfl, ÍÓÚÓ‡fl ÓÔÂ‰ÂÎflÂÚ ÒÓÒÚÓflÌËÂ ÌÂÂÎflÚË‚ËÒÚÒÍÓÈ ÒËÒÚÂÏ˚ ‚ ÏÓÏÂÌÚ
‚ÂÏÂÌË t ‚ ‰‚ÛÏÂÌÓÏ ÔÓÒÚ‡ÌÒÚ‚Â-‚ÂÏÂÌË ÔË Í‚‡ÌÚÓ‚Ó-ÏÂı‡ÌË˜ÂÒÍÓÏ ËÁÛ˜ÂÌËË (ÒÏ. [1]):

∂t = ,  = , Ω = {(x, t) : x ∈ (0, 1), t ∈ (0, T]}.

ÇÂÏÂÌÌóÂ Û‡‚ÌÂÌËÂ òfi‰ËÌ„Â‡ Ò Ï‡Î˚Ï Ô‡‡ÏÂÚÓÏ ÔË ‚ÒÂı ÔÓËÁ‚Ó‰Ì˚ı ËÁÛ˜ÂÌÓ ‚ [2],
„‰Â ÔÓÒÚÓÂÌ‡ ‡ÒËÏÔÚÓÚËÍ‡ Â¯ÂÌËfl Á‡‰‡˜Ë äÓ¯Ë Ò ·˚ÒÚÓ ÓÒˆËÎÎËÛ˛˘ËÏË Ì‡˜‡Î¸Ì˚ÏË ‰‡Ì-
Ì˚ÏË ‰Îfl Ú‡ÍÓ„Ó Û‡‚ÌÂÌËfl. çÂ ‚ÌËÍ‡fl ‚ ÙËÁË˜ÂÒÍËÈ ÒÏ˚ÒÎ, Ï˚ ‡ÒÒÏ‡ÚË‚‡ÂÏ ÒÎÛ˜‡È, ÍÓ„‰‡ Ï‡-
Î˚È Ô‡‡ÏÂÚ ÓÚÒÛÚÒÚ‚ÛÂÚ ÔË ‚ÂÏÂÌÌóÈ ÔÓËÁ‚Ó‰ÌÓÈ. ë‰ÂÎ‡ÌÌÓÂ ÛÔÓ˘ÂÌËÂ ÔÓÁ‚ÓÎËÎÓ ÔÓ-
ÒÚÓËÚ¸ Â„ÛÎflËÁÓ‚‡ÌÌÛ˛ ‡ÒËÏÔÚÓÚËÍÛ Â¯ÂÌËfl (ÒÏ. [3]) ÔÓÒÚ‡‚ÎÂÌÌÓÈ Á‡‰‡˜Ë (1). 

éÚÌÓÒËÚÂÎ¸ÌÓ Á‡‰‡ÌÌ˚ı ÙÛÌÍˆËÈ ÔÂ‰ÔÓÎ‡„‡ÂÚÒfl, ˜ÚÓ ÓÌË fl‚Îfl˛ÚÒfl ‰ÓÒÚ‡ÚÓ˜ÌÓ „Î‡‰ÍËÏË Ë
ÙÛÌÍˆËfl a(x) > 0 ∀x ∈ [0, 1], ‡ Ú‡ÍÊÂ ‚˚ÔÓÎÌÂÌ˚ h(0) = h(1) = 0.

1. êÖÉìãüêàáÄñàü áÄÑÄóà 

ÑÎfl Â„ÛÎflËÁ‡ˆËË Á‡‰‡˜Ë ‚‚Â‰ÂÏ Â„ÛÎflËÁÛ˛˘ËÂ ÔÂÂÏÂÌÌ˚Â (ÒÏ. [3]) ÔÓ ÙÓÏÛÎ‡Ï 

(2)

Ë ‚ÏÂÒÚÓ ËÒÍÓÏÓÈ ÙÛÌÍˆËË u(x, t, ε) ·Û‰ÂÏ ËÁÛ˜‡Ú¸ ‡Ò¯ËÂÌÌÛ˛ ÙÛÌÍˆË˛ (x, t, ξ, ε), ξ = (ξ1, ξ2),
Ú‡ÍÛ˛, ˜ÚÓ·˚ ÒÛÊÂÌËÂ ÔÓÒÂ‰ÒÚ‚ÓÏ Â„ÛÎflËÁÛ˛˘Ëı ÙÛÌÍˆËÈ ÒÓ‚Ô‡‰‡ÎÓ Ò ËÒÍÓÏÓÈ ÙÛÌÍˆËÂÈ 

(3)

Lεu x t ε, ,( ) i∂tu x t ε, ,( ) ε2
a x( )∂x

2
u x t ε, ,( ) b x t,( )u x t ε, ,( )–+≡ f x t,( ),=

x t,( ) Ω, u x t ε, ,( ) t 0=∈ h x( ), u x t ε, ,( ) x 0= u x t ε, ,( ) x 1= 0,= = =

∂
∂t
----- ∂x

2 ∂2

∂x
2

--------

ξ j

ϕ j x( )
ε

------------- 1–( ) j 1–

ε
------------------ sd

a s( )
--------------, j

j 1–

x

∫≡ 1 2,,= =

ũ

ũ x t ξ ε, , ,( ) ξ ϕ x( )/ε= u x t ε, ,( ), ϕ x( )≡ ϕ1 x( ) ϕ2 x( ),( ).=

ìÑä 519.634
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éÚÒ˛‰‡ c Û˜ÂÚÓÏ (2) Ì‡È‰ÂÏ ÔÓËÁ‚Ó‰Ì˚Â ÔÓ t Ë x, ÚÓ„‰‡ ‰Îfl ‡Ò¯ËÂÌÌÓÈ ÙÛÌÍˆËË (x, t, ξ, ε),
Ì‡ ÓÒÌÓ‚‡ÌËË (1), (3), ÂÒÚÂÒÚ‚ÂÌÌÓ ÔÓÒÚ‡‚ËÚ¸ ‡Ò¯ËÂÌÌÛ˛ Á‡‰‡˜Û 

(4)

„‰Â

êÂ¯ÂÌËÂ ‡Ò¯ËÂÌÌÓÈ Á‡‰‡˜Ë (4) ·Û‰ÂÏ ËÒÍ‡Ú¸ ‚ ‚Ë‰Â fl‰‡ 

(5)

ÚÓ„‰‡ ‰Îfl ÍÓ˝ÙÙËˆËÂÌÚÓ‚ ˝ÚÓ„Ó fl‰‡ ÔÓÎÛ˜ËÏ ÒÎÂ‰Û˛˘ËÂ ËÚÂ‡ˆËÓÌÌ˚Â Á‡‰‡˜Ë: 

(6)

2. êÖòÖçàÖ àíÖêÄñàéççõï áÄÑÄó 

àÚÂ‡ˆËÓÌÌ˚Â Á‡‰‡˜Ë (6) ·Û‰ÂÏ Â¯‡Ú¸ ‚ ÍÎ‡ÒÒÂ ÙÛÌÍˆËÈ 

Ç ÒËÎÛ Ó‰ÌÓÓ‰ÌÓÒÚË, Û‡‚ÌÂÌËÂ (6) ÔË k = 0 ‡ÁÂ¯ËÏÓ ‚ ÍÎ‡ÒÒÂ U Ë Â„Ó Â¯ÂÌËÂ ÔÂ‰ÒÚ‡‚Ë-
ÏÓ ‚ ‚Ë‰Â 

ÂÒÎË ÙÛÌÍˆËË v0(x, t), c0, j(x, t) ·Û‰ÛÚ ‚˚·‡Ì˚ Í‡Í Â¯ÂÌËfl Û‡‚ÌÂÌËÈ 

(7)

ũ

L̃εũ x t ξ ε, , ,( ) i∂tũ x t ξ ε, , ,( ) Dξ ũ x t ξ ε, , ,( ) εLξ ũ x t ξ ε, , ,( ) ε2
Lxũ x t ξ ε, , ,( )+ + +≡ f x t,( ),=

x t ξ, ,( ) Q,∈
ũ x t ξ ε, , ,( ) t 0= h x( ), ũ x t ξ ε, , ,( ) x 0= ξ1, 0= 0, ũ x t ξ ε, , ,( ) x 1 ξ2, 0= = 0,= = =

Q x t ξ, ,( ) : x t,( ) Ω ξ 0 ∞,( )2∈,∈{ } , Dξ ∂ξ j

2
b x t,( ),–

j 1=

2

∑≡=

Lξ a x( ) Lξ j, , Lx

j 1=

2

∑ a x( )∂x
2
, Lξ j, 2ϕ j' x( )∂x ξ j,

2 ϕ j'' x( )∂ξ j
.+≡ ≡ ≡

ũ x t ξ ε, , ,( ) εk
uk x t ξ, ,( );

k 0=

∞

∑=

Tu0 x t ξ, ,( ) f x t,( ), u0 x t ξ, ,( ) t 0= h x( ),= =

u0 x t ξ, ,( ) x 0 ξ1, 0= = 0, u0 x t ξ, ,( ) x 1 ξ2, 0= = 0,= =

Tuk x t ξ, ,( ) Lξuk 1– x t ξ, ,( )– Lxuk 2– x t ξ, ,( ),–=

Tu i∂tu Dξu,+≡
uk t 0= uk x 0 ξ1, 0= = uk x 1 ξ2, 0= = 0, k 1.≥= = =

U u x t ξ, ,( ) : u v x t,( ) c j x t,( )erfc
ξ j

2 it
----------- 

  ,

-----

∫
j 1=

2

∑+=







=

v x t,( ) c j x t,( ) C
∞ Ω( ) erfc

ξ j

2 it
----------- 

 ,∈, 2

π
------- s

2
–( ) sdexp

ξ j

2 it
-----------

∞

∫=







.

u0 x t ξ, ,( ) v 0 x t,( ) c0 j, x t,( )erfc
ξ j

2 it
----------- 

  ,
j 1=

2

∑+=

i∂tv 0 x t,( ) b x t,( )v 0 x t,( ) f x t,( ),+=

i∂tc0 j, x t,( ) b x t,( )c0 j, x t,( ).=

7*
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éÏÛ‡ÎËÂ‚

ç‡˜‡Î¸Ì˚Â ÛÒÎÓ‚Ëfl ‰Îfl ˝ÚËı Û‡‚ÌÂÌËÈ ÓÔÂ‰ÂÎfl˛ÚÒfl ËÁ ÒÎÂ‰Û˛˘Ëı ÒÓÓÚÌÓ¯ÂÌËÈ: 

(8)

í‡Í Í‡Í 

ÚÓ ‰Îfl ÙÛÌÍˆËÈ c0, j(x, t), j = 1, 2, Ì‡˜‡Î¸Ì˚Â ÛÒÎÓ‚Ëfl ÔË t = 0 ÏÓÊÌÓ Á‡‰‡Ú¸ ÔÓËÁ‚ÓÎ¸ÌÓ, Ú.Â. ‚

‚Ë‰Â c0, j(x, t)|t = 0 = (x), „‰Â (x), j = 1, 2, – ÔÓËÁ‚ÓÎ¸Ì˚Â ÙÛÌÍˆËË. ùÚË ÔÓËÁ‚ÓÎ¸Ì˚Â ÙÛÌÍ-
ˆËË Ó·ÂÒÔÂ˜‡Ú Ì‡Ï ‡ÁÂ¯ËÏÓÒÚ¸ ÒÎÂ‰Û˛˘Â„Ó (k = 1) ËÚÂ‡ˆËÓÌÌÓ„Ó Û‡‚ÌÂÌËfl ‚ ÍÎ‡ÒÒÂ U. é·ÂÒ-
ÔÂ˜Ë‚‡fl ‡ÁÂ¯ËÏÓÒÚ¸, Ï˚ ÔÓÎ‡„‡ÂÏ 

(9)

ùÚÓÚ ̃ ÎÂÌ, ‚ıÓ‰fl˘ËÈ ‚ Ô‡‚Û˛ ̃ ‡ÒÚ¸ ÒÎÂ‰Û˛˘Â„Ó ËÚÂ‡ˆËÓÌÌÓ„Ó Û‡‚ÌÂÌËfl, ÒÓ‰ÂÊËÚ ÔÓËÁ‚Ó‰-

ÌÛ˛ , ÍÓÚÓ‡fl ÔË‚Â‰ÂÚ Í ÔÓfl‚ÎÂÌË˛ ‚ Â¯ÂÌËË ÒÂÍÛÎflÌ˚ı ˜ÎÂÌÓ‚, ÓÒÓ·ÂÌÌÓÒÚË

ÍÓÚÓ˚ı ·Û‰ÛÚ ‡ÒÚË Ò ÓÒÚÓÏ ÌÓÏÂ‡ ËÚÂ‡ˆËË.

êÂ¯Ë‚ Û‡‚ÌÂÌËfl (7) ÔË ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘Ëı Ì‡˜‡Î¸Ì˚ı ÛÒÎÓ‚Ëflı ËÁ (8), Ì‡È‰ÂÏ c0, j(x, t) Ë ÔÓ‰-
ÒÚ‡‚ËÏ Â„Ó ‚ ÒÓÓÚÌÓ¯ÂÌËÂ (9). Ç˚ÔÓÎÌÂÌËÂ ÒÓÓÚÌÓ¯ÂÌËfl (9) ÏÓÊÌÓ Ó·ÂÒÔÂ˜ËÚ¸ Á‡ Ò˜ÂÚ ‚˚·Ó‡

ÔÓËÁ‚ÓÎ¸ÌÓÈ Ì‡˜‡Î¸ÌÓÈ ÙÛÌÍˆËË (x), ÍÓÚÓÛ˛ ‚˚·ÂÂÏ Í‡Í Â¯ÂÌËÂ Û‡‚ÌÂÌËfl 

„‰Â t – Ô‡‡ÏÂÚ. 

êÂ¯‡fl ˝ÚÓ Û‡‚ÌÂÌËÂ ÔË Ì‡˜‡Î¸ÌÓÏ ÛÒÎÓ‚ËË 

Ì‡ıÓ‰ËÏ

Ë ‰Îfl ÙÛÌÍˆËË c0, j(x, t) ÔÓÎÛ˜‡ÂÏ ‚˚‡ÊÂÌËÂ 

Ñ‡ÎÂÂ Ì‡È‰ÂÌÌ˚Â ÁÌ‡˜ÂÌËfl c0, j(x, t) Ë v0(x, t) ÔÓ‰ÒÚ‡‚ÎflÂÏ ‚Ó ‚ÚÓÓÂ Ë ‚ ÚÂÚ¸Â Û‡‚ÌÂÌËfl ËÁ (8),

v 0 x t,( ) t 0= h x( ), c0 j, x t,( ) t 0= c0 j,
0

x( ), j 1 2,,= = =

c0 1, x t,( ) x 0= c0 2, x t,( ) x 0= erfc
ϕ2 0( )

2 it
---------------

 
 
 

v 0 0 t,( )+ + 0,=

c0 1, x t,( ) x 1= erfc
ϕ1 1( )
2ε it
-------------- 

  c0 2, x t,( ) x 1= v 0 1 t,( )+ + 0.=

erfc
ξ j

2 it
----------- 

 
t 0→
lim 0,=

c0 j,
0

c0 j,
0

Lξ j, c0 j, x t,( )erfc
ξ j

2 it
----------- 

  0, j 1 2.,= =

∂ξ j
erfc

ξ j

2 it
----------- 

 

c0 j,
0

q j
1

x( )
dc0 j,

0
x( )

dx
-------------------- q j

1
x( )∂B x t,( )

∂x
------------------- q j

2
x( )+ c0 j,

2
x( )+ 0, j 1 2,,= =

B x t,( ) 1
i
--- b x s,( ) s, q j

1
x( )d

0

t

∫ 2ϕ j' x( ), q j
2

x( ) ϕ j'' x( ),= = =

c0 j,
0

x( ) x j 1–= p0 j 1–( ),=

c0 j,
0

x( ) p0 j 1–( ) B1 j, x t,( )–[ ] ,exp=

B1 j, x t,( ) ∂B s t,( )
∂s

-------------------
q j

2
s( )

q j
1

s( )
------------+ sd

0

x

∫=

c0 j, x t,( ) p0 j 1–( ) B x t,( ) B1 j, x t,( )–[ ] , jexp 1 2.,= =
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Á‡ÚÂÏ, ÒÓÍ‡˘‡fl ÔÂ‚ÓÂ ÒÓÓÚÌÓ¯ÂÌËÂ Ì‡ exp[B(0, t)], ‡ ‚ÚÓÓÂ Ì‡ exp[B(1, t)], ÔÓÎÛ˜‡ÂÏ

(10)

„‰Â

éÔÂ‰ÂÎËÚÂÎ¸ ˝ÚÓÈ ÒËÒÚÂÏ˚ 

ÓÚÎË˜ÂÌ ÓÚ ÌÛÎfl ÔË ‰ÓÒÚ‡ÚÓ˜ÌÓ Ï‡Î˚ı ε > 0 Ë ∀t ∈ [0, T], ÔÓ˝ÚÓÏÛ ÒËÒÚÂÏ‡ Ó‰ÌÓÁÌ‡˜ÌÓ ‡ÁÂ¯ËÏ‡
ÓÚÌÓÒËÚÂÎ¸ÌÓ p0(0), p0(1). í‡ÍËÏ Ó·‡ÁÓÏ, Ï˚ Ó‰ÌÓÁÌ‡˜Ì˚Ï Ó·‡ÁÓÏ ÓÔÂ‰ÂÎËÎË „Î‡‚Ì˚È ˜ÎÂÌ
‡ÒËÏÔÚÓÚËÍË. 

àÁ ‡ÒËÏÔÚÓÚË˜ÂÒÍÓ„Ó ÔÂ‰ÒÚ‡‚ÎÂÌËfl ÙÛÌÍˆËË (ÒÏ. [4, Ò. 443]) 

ÍÓÚÓ‡fl ÓÔËÒ˚‚‡ÂÚ ÔÓ„‡ÌË˜Ì˚È ÒÎÓÈ, Á‡ÍÎ˛˜‡ÂÏ, ˜ÚÓ ÓÌ fl‚ÎflÂÚÒfl ÔÓËÁ‚Â‰ÂÌËÂÏ ‰‚Ûı ÚËÔÓ‚
ÙÛÌÍˆËÈ. é‰Ì‡ ËÁ ÌËı ËÏÂÂÚ ·˚ÒÚÓ ÓÒˆËÎÎËÛ˛˘ËÈ, ‡ ‚ÚÓ‡fl – ÒÚÂÔÂÌÌÓÈ ı‡‡ÍÚÂ ËÁÏÂÌÂÌËfl
ÔË ξj  ∞. 

ê‡ÒÒÏÓÚËÏ ÚÂÔÂ¸ ËÚÂ‡ˆËÓÌÌÓÂ Û‡‚ÌÂÌËÂ (6) ÔË k = 1; Ì‡ ÓÒÌÓ‚‡ÌËË (9) ˝ÚÓ Û‡‚ÌÂÌËÂ Á‡-
ÔË¯ÂÚÒfl ‚ ‚Ë‰Â

Ç ÒËÎÛ Ó‰ÌÓÓ‰ÌÓÒÚË, ÓÌÓ ‡ÁÂ¯ËÏÓ ‚ U, Ë Â„Ó Â¯ÂÌËÂ ÔÂ‰ÒÚ‡‚ËÏÓ ‚ ‚Ë‰Â 

ÂÒÎË ÙÛÌÍˆËË v1(x, t), c1, j(x, t) ·Û‰ÛÚ Â¯ÂÌËflÏË Û‡‚ÌÂÌËÈ 

ÔË Ì‡˜‡Î¸Ì˚ı ÛÒÎÓ‚Ëflı 

èÂ‚ÓÂ Û‡‚ÌÂÌËÂ ËÏÂÂÚ ÚË‚Ë‡Î¸ÌÓÂ Â¯ÂÌËÂ v1(x, t) = 0, ‡ Â¯ÂÌËÂ ‚ÚÓÓ„Ó Û‡‚ÌÂÌËfl Á‡ÔË-
¯ÂÚÒfl ‚ ‚Ë‰Â

(11)

β1 1, 0 t,( ) p0 0( ) β1 2, 0 t,( ) p0 1( )erfc
ϕ2 0( )
2ε it
-------------- 

 + H1 0 t,( ),=

β1 1, 1 t,( ) p0 0( )erfc
ϕ1 1( )
2ε it
-------------- 

  β1 2, 1 t,( ) p0 1( )+ H1 1 t,( ),=

β1 j, x t,( ) B1 j, x t,( )–[ ] ,exp=

H1 x t,( ) h x( ) 1
i
--- f x s,( ) B x s,( )–[ ] s.dexp

0

t

∫+=

D
β1 1, 0 t,( ) β1 2, 0 t,( )erfc

ϕ2 0( )
2ε it
-------------- 

 

β1 1, 1 t,( )erfc
ϕ1 1( )
2ε it
-------------- 

  β1 2, 1 t,( )

=

erfc
ξ j

2 it
----------- 

  ξ j
2

4t
-----cos i

ξ j
2

4t
-----sin+ 

  a1

ξ j/ t
------------

a2

ξ j/ t
------------ …+ + 

  ,≅

Tu1 x t ξ, ,( ) 0.=

u1 x t ξ, ,( ) v 1 x t,( ) c1 j, x t,( )erfc
ξ j

2 it
----------- 

  ,
j 1=

2

∑+=

i∂tv 1 x t,( ) b x t,( )v 1 x t,( ),=

i∂tc1 j, x t,( ) b x t,( )c1 j, x t,( ), j 1 2,,= =

v 1 x t,( ) t 0= 0, c1 j, x t,( ) t 0= c1 j,
0

x( ), j 1 2.,= = =

c1 j, x t,( ) c1 j,
0

x( ) B x t,( )[ ] .exp=
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éÏÛ‡ÎËÂ‚

é·ÂÒÔÂ˜Ë‚‡fl ‡ÁÂ¯ËÏÓÒÚ¸ ÒÎÂ‰Û˛˘Â„Ó ËÚÂ‡ˆËÓÌÌÓ„Ó Û‡‚ÌÂÌËfl ËÁ (6) ÔË k = 2, ËÁ ÚÂı ÊÂ

ÒÓÓ·‡ÊÂÌËÈ, ˜ÚÓ Ë ÔË ÔÓÎÛ˜ÂÌËË Û‡‚ÌÂÌËfl (9), ÓÚÌÓÒËÚÂÎ¸ÌÓ (x) ÔÓÎÛ˜‡ÂÏ Û‡‚ÌÂÌËÂ 

êÂ¯Ë‚ ˝ÚÓ Û‡‚ÌÂÌËÂ ÔË Ì‡˜‡Î¸ÌÓÏ ÛÒÎÓ‚ËË 

Ì‡È‰ÂÏ ÙÛÌÍˆË˛ (x), Á‡ÚÂÏ ÂÂ ÔÓ‰ÒÚ‡‚ËÏ ‚ (11). Ñ‡ÎÂÂ ÔÓÎÛ˜ÂÌÌÓÂ ÔË ˝ÚÓÏ ÁÌ‡˜ÂÌËÂ ÙÛÌÍ-
ˆËË c1, j(x, t) ÔÓ‰ÒÚ‡‚ËÏ ‚ ÒËÒÚÂÏÛ, ÍÓÚÓ‡fl ÔÓÎÛ˜‡ÂÚÒfl Û‰Ó‚ÎÂÚ‚ÓÂÌËÂÏ ÙÛÌÍˆËË u1(x, t, ξ) „‡-
ÌË˜Ì˚Ï ÛÒÎÓ‚ËflÏ. ùÚ‡ ÒËÒÚÂÏ‡ (10) fl‚ÎflÂÚÒfl Ó‰ÌÓÓ‰ÌÓÈ ÓÚÌÓÒËÚÂÎ¸ÌÓ {p1(0), p1(1)}. Ç ÒËÎÛ ÚÓ„Ó,
˜ÚÓ ÓÔÂ‰ÂÎËÚÂÎ¸ ˝ÚÓÈ ÒËÒÚÂÏ˚ ÓÚÎË˜ÂÌ ÓÚ ÌÛÎfl, ÓÌ‡ ËÏÂÂÚ ÌÛÎÂ‚ÓÂ Â¯ÂÌËÂ p1(0) = 0, p1(1) = 0,

ÚÓ„‰‡ Ë ÙÛÌÍˆËfl (x) Ó·‡ÚËÚÒfl ‚ ÌÛÎ¸, ‡ ÔÓÚÓÏÛ Ë c1, j(x, t) = 0, j = 1, 2. Ç ÂÁÛÎ¸Ú‡ÚÂ ÔÓÎÛ˜‡ÂÏ,
˜ÚÓ u1(x, t, ξ) = 0.

Ñ‡ÎÂÂ, ÔÓ‚ÚÓflfl ÓÔËÒ‡ÌÌ˚È ‚˚¯Â ÔÓˆÂÒÒ, ÏÓÊÌÓ ÓÔÂ‰ÂÎËÚ¸ ‚ÒÂ ÍÓ˝ÙÙËˆËÂÌÚ˚ ˜‡ÒÚË˜ÌÓÈ
ÒÛÏÏ˚ fl‰‡ (5), ÔË˜ÂÏ ÍÓ˝ÙÙËˆËÂÌÚ˚ Ò ÌÂ˜ÂÚÌ˚ÏË ËÌ‰ÂÍÒ‡ÏË Ó·‡ÚflÚÒfl ‚ ÌÛÎ¸. 

3. éñÖçäÄ éëíÄíéóçéÉé óãÖçÄ 

óÚÓ·˚ ÔÓÎÛ˜ËÚ¸ Â¯ÂÌËÂ ËÒıÓ‰ÌÓÈ Á‡‰‡˜Ë, ‚ ÔÓÎÛ˜ÂÌÌÓÈ ˜‡ÒÚË˜ÌÓÈ ÒÛÏÏÂ fl‰‡ (5) ÔÓËÁ‚Â-
‰ÂÏ ÒÛÊÂÌËÂ ÔÓÒÂ‰ÒÚ‚ÓÏ Â„ÛÎflËÁÛ˛˘Ëı ÙÛÌÍˆËÈ: 

èÓËÁ‚Ó‰fl ÒÛÊÂÌËÂ ‚ ‡Ò¯ËÂÌÌÓÈ Á‡‰‡˜Â (4) Ë Û˜ËÚ˚‚‡fl, ˜ÚÓ 

ÓÚÌÓÒËÚÂÎ¸ÌÓ ÓÒÚ‡ÚÓ˜ÌÓ„Ó ˜ÎÂÌ‡ 

ÔÓÎÛ˜‡ÂÏ Á‡‰‡˜Û 

ç‡ ÓÒÌÓ‚‡ÌËË ÔË‚Â‰ÂÌÌ˚ı ÔÓÒÚÓÂÌËÈ Á‡ÍÎ˛˜‡ÂÏ, ˜ÚÓ ËÁ‚ÂÒÚÌ‡fl ÙÛÌÍˆËfl gn(x, t, ε) ‡‚ÌÓÏÂÌÓ

Ó„‡ÌË˜ÂÌ‡ ÔÓ ε Ë ÌÂÔÂ˚‚Ì‡ ‚ Ó·Î‡ÒÚË  ‰Îfl Î˛·Ó„Ó ÌÓÏÂ‡ n = 0, 1, …. ëÔ‡‚Â‰ÎË‚‡

íÂÓÂÏ‡. èÛÒÚ¸ Á‡‰‡ÌÌ˚Â ÙÛÌÍˆËË ‰ÓÒÚ‡ÚÓ˜ÌÓ „Î‡‰ÍËÂ Ë a(x) > 0 ∀x ∈ [0, 1], h(0) = h(1) = 0.
íÓ„‰‡ uε, n(x, t, ϕ(x)/ε) fl‚ÎflÂÚÒfl ‡ÒËÏÔÚÓÚË˜ÂÒÍËÏ Â¯ÂÌËÂÏ ËÒıÓ‰ÌÓÈ Á‡‰‡˜Ë, Ú.Â. ‰Îfl ‰ÓÒÚ‡-

c1 j,
0

q j
1

x( )
dc1 j,

0
x( )

dx
-------------------- q j

1
x( )∂x B x t,( )( ) q j

2
x( )+[ ] c1 j,

0
x( )+ 0, j 1 2.,= =

c1 j,
0

x( ) x j 1–= p1 j 1–( ),=

c1 j,
0

c1 j,
0

uε n, x t
ϕ x( )

ε
-----------, , 

  ε2k
v 2k x t,( ) c2k j, x t,( )erfc

ϕ j x( )
2ε it
-------------- 

 
j 1=

2

∑+  =
k 0=

n

∑=

=  ε2k
v 2k x t,( ) 2

π
------- c2k j, x t,( ) s

2
–( ) sdexp

ϕ j x( )

2ε it
--------------

∞

∫
j 1=

2

∑+ .
k 0=

n

∑

L̃εũ x t ξ ε, , ,( )( ) ξ ϕ x( )/ε= Lεu x t ε, ,( ),≡

Rε x t,( ) u x t ε, ,( ) uε n, x t
ϕ x( )

ε
-----------, , 

 –=

LεRε x t,( ) ε2n 2+
gn x t ε, ,( ), x t,( ) Ω,∈=

Rε x t,( ) t 0= Rε x t,( ) x 0= Rε x t,( ) x 1= 0.= = =

Ω
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ÚÓ˜ÌÓ Ï‡Î˚ı ε > 0 ∀(x, t) ∈ , n = 0, 1, …, ÒÔ‡‚Â‰ÎË‚‡ ÓˆÂÌÍ‡ 

ÑÓÍ‡Á‡ÚÂÎ¸ÒÚ‚Ó ‰‡ÌÌÓÈ ÚÂÓÂÏ˚ ÓÒÌÓ‚‡ÌÓ Ì‡ ÔËÌˆËÔÂ Ï‡ÍÒËÏÛÏ‡, ‰ÓÍ‡Á‡ÌÌÓ„Ó ‚ [5], Ë ÔÓ-
‚Ó‰ËÚÒfl ÒÓ‚Â¯ÂÌÌÓ ‡Ì‡ÎÓ„Ë˜ÌÓ ÚÂÓÂÏÂ Ó· ÓˆÂÌÍÂ ÓÒÚ‡ÚÓ˜ÌÓ„Ó ˜ÎÂÌ‡ ËÁ [6]. 
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u x t ε, ,( ) uε n, x t ϕ x( )/ε, ,( )– cε2n 2+
.<
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èÓÒÚÓÂÌ˚ ÍÓÌÒÂ‚‡ÚË‚Ì˚Â ‡ÁÌÓÒÚÌ˚Â ÒıÂÏ˚ ‰Îfl Á‡‰‡˜Ë ‡ÒÔÓÒÚ‡ÌÂÌËfl ÙÂÏÚÓÒÂÍÛÌ‰ÌÓ-
„Ó Î‡ÁÂÌÓ„Ó ËÏÔÛÎ¸Ò‡ ‚ ÍÛ·Ë˜ÌÓ-ÌÂÎËÌÂÈÌÓÈ ÒÂ‰Â ‚ ‡ÍÒË‡Î¸ÌÓ-ÒËÏÏÂÚË˜ÌÓÏ ÒÎÛ˜‡Â Ò Û˜Â-
ÚÓÏ ‚ÂÏÂÌÌóÈ ‰ËÒÔÂÒËË ÌÂÎËÌÂÈÌÓ„Ó ÓÚÍÎËÍ‡ ÒÂ‰˚. Ñ‡ÌÌ˚È ÔÓˆÂÒÒ ÓÔËÒ˚‚‡ÂÚÒfl ÌÂÎË-
ÌÂÈÌ˚Ï Û‡‚ÌÂÌËÂÏ òfi‰ËÌ„Â‡, ÒÓ‰ÂÊ‡˘ËÏ ÔÓËÁ‚Ó‰ÌÛ˛ ÔÓ ‚ÂÏÂÌË ÓÚ ÌÂÎËÌÂÈÌÓ„Ó ÒÎ‡-
„‡ÂÏÓ„Ó. á‡ÔËÒ‡Ì˚ ËÌ‚‡Ë‡ÌÚ˚ ‰ËÙÙÂÂÌˆË‡Î¸ÌÓÈ Á‡‰‡˜Ë. èÓÍ‡Á‡ÌÓ, ˜ÚÓ ‡ÁÌÓÒÚÌ˚Â
‡Ì‡ÎÓ„Ë ˝ÚËı ËÌ‚‡Ë‡ÌÚÓ‚ ÒÓı‡Ìfl˛ÚÒfl Ì‡ Â¯ÂÌËË ÔÂ‰ÎÓÊÂÌÌ˚ı ÒıÂÏ ‡ÁÌÓÒÚÌÓÈ Á‡‰‡˜Ë.
Ç Í‡˜ÂÒÚ‚Â ÔËÏÂ‡ ÔË‚Â‰ÂÌ˚ ÂÁÛÎ¸Ú‡Ú˚ ÍÓÏÔ¸˛ÚÂÌÓ„Ó ÏÓ‰ÂÎËÓ‚‡ÌËfl Ò‡ÏÓÙÓÍÛÒËÓ‚-
ÍË Ò‚ÂÚÓ‚Ó„Ó ÔÛ˜Í‡ ÙÂÏÚÓÒÂÍÛÌ‰ÌÓÈ ‰ÎËÚÂÎ¸ÌÓÒÚË. ÅË·Î. 24. îË„. 1.

äÎ˛˜Â‚˚Â ÒÎÓ‚‡: ÙÂÏÚÓÒÂÍÛÌ‰Ì˚È Î‡ÁÂÌ˚È ËÏÔÛÎ¸Ò, ÍÓÏ·ËÌËÓ‚‡ÌÌÓÂ ÌÂÎËÌÂÈÌÓÂ Û‡‚ÌÂ-
ÌËÂ òfi‰ËÌ„Â‡, ‡ÍÒË‡Î¸ÌÓ-ÒËÏÏÂÚË˜Ì˚È ÒÎÛ˜‡È, Ò‡ÏÓÙÓÍÛÒËÓ‚Í‡, ÍÛ·Ë˜Ì‡fl ÌÂÎËÌÂÈÌÓÒÚ¸.

1. ÇÇÖÑÖçàÖ

ä‡Í ËÁ‚ÂÒÚÌÓ, ‚ Ì‡ÒÚÓfl˘ÂÂ ‚ÂÏfl ‚ÒÂ ·ÓÎ¸¯ÂÂ ÔËÏÂÌÂÌËÂ ‚ ‡ÁÎË˜Ì˚ı Ó·Î‡ÒÚflı Ì‡ÛÍË Ì‡ıÓ-
‰flÚ ÙÂÏÚÓÒÂÍÛÌ‰Ì˚Â Î‡ÁÂÌ˚Â ËÏÔÛÎ¸Ò˚ (ÒÏ. [1]–[5]). ùÚÓ Ó·ÛÒÎÓ‚ÎÂÌÓ Ëı Ò‚ÓÈÒÚ‚‡ÏË: Ò‚ÂıÍÓ-
ÓÚÍÓÈ ‰ÎËÚÂÎ¸ÌÓÒÚ¸˛, ÔÓÁ‚ÓÎfl˛˘ÂÈ ËÒÒÎÂ‰Ó‚‡Ú¸ ·˚ÒÚÓ ÔÓÚÂÍ‡˛˘ËÂ ÔÓˆÂÒÒ˚, Ë ‚˚ÒÓÍÓÈ
ËÌÚÂÌÒË‚ÌÓÒÚ¸˛, ÍÓÚÓ‡fl ÏÓÊÂÚ ÒÛ˘ÂÒÚ‚ÂÌÌÓ ÔÂ‚ÓÒıÓ‰ËÚ¸ ËÌÚÂÌÒË‚ÌÓÒÚ¸ ‚ÌÛÚË‡ÚÓÏÌÓ„Ó ÔÓ-
Îfl. òËÓÍÓÂ ÔËÏÂÌÂÌËÂ Ú‡ÍËÂ ËÏÔÛÎ¸Ò˚ Ì‡ıÓ‰flÚ Ë ‚ Á‡‰‡˜‡ı ÔÂÂ‰‡˜Ë ËÌÙÓÏ‡ˆËË ÔÓ ÓÔÚË˜Â-
ÒÍËÏ ‚ÓÎÓÍÌ‡Ï (ÒÏ. [5]).

èË Ï‡ÚÂÏ‡ÚË˜ÂÒÍÓÏ ÏÓ‰ÂÎËÓ‚‡ÌËË ‡ÒÔÓÒÚ‡ÌÂÌËÂ ÙÂÏÚÓÒÂÍÛÌ‰Ì˚ı ËÏÔÛÎ¸ÒÓ‚ ‚ ÌÂÎËÌÂÈ-
ÌÓÈ ÒÂ‰Â ÓÔËÒ˚‚‡ÂÚÒfl Ú‡Í Ì‡Á˚‚‡ÂÏ˚Ï ÍÓÏ·ËÌËÓ‚‡ÌÌ˚Ï ÌÂÎËÌÂÈÌ˚Ï Û‡‚ÌÂÌËÂÏ òfi‰ËÌ„Â‡
(äçìò, ÒÏ. [5]), ÍÓÚÓÓÂ ÓÚÎË˜‡ÂÚÒfl ÓÚ Ó·˚˜ÌÓ„Ó ÌÂÎËÌÂÈÌÓ„Ó Û‡‚ÌÂÌËfl òfi‰ËÌ„Â‡ Ì‡ÎË˜ËÂÏ
ÔÓËÁ‚Ó‰ÌÓÈ ÔÓ ‚ÂÏÂÌË ÓÚ ÌÂÎËÌÂÈÌÓ„Ó ÓÚÍÎËÍ‡ ÒÂ‰˚, ÂÒÎË ËÌÚÂÌÒË‚ÌÓÒÚ¸ ËÏÔÛÎ¸Ò‡ ÌÂ ÔÂ‚ÓÒ-
ıÓ‰ËÚ ÌÂÍÓÚÓÓÈ ‚ÂÎË˜ËÌ˚, ÍÓÚÓ‡fl ÒÓÓÚ‚ÂÚÒÚ‚ÛÂÚ ÔÓ·Ó˛ ‚Â˘ÂÒÚ‚‡, Ú.Â. Â„Ó ËÓÌËÁ‡ˆËË. çÂÒÏÓÚ-
fl Ì‡ ¯ËÓÍÓÂ ÔËÏÂÌÂÌËÂ ‰‡ÌÌÓ„Ó Û‡‚ÌÂÌËfl ‚ ÎËÚÂ‡ÚÛÂ, ‡ÁÌÓÒÚÌ˚Â ÒıÂÏ˚ ‰Îfl Â„Ó Â¯ÂÌËfl
¯ËÓÍÓ ÌÂ Ó·ÒÛÊ‰‡ÎËÒ¸. ëÎÂ‰ÛÂÚ ÓÚÏÂÚËÚ¸, ˜ÚÓ ‡ÌÂÂ (ÒÏ. [6]) ÔÂ‰ÎÓÊÂÌ‡ ÍÓÌÒÂ‚‡ÚË‚Ì‡fl ‡Á-
ÌÓÒÚÌ‡fl ÒıÂÏ‡ ‰Îfl ÒÎÛ˜‡fl ‡ÒÔÓÒÚ‡ÌÂÌËfl Ò‚ÂÚÓ‚Ó„Ó ËÏÔÛÎ¸Ò‡ ‚ ÓÔÚË˜ÂÒÍËı ‚ÓÎÓÍÌ‡ı (ÍÓÓ‰ËÌ‡-
Ú˚ (z, t)). ç‡ ÂÂ Â¯ÂÌËË ÒÓı‡Ìfl˛ÚÒfl ‡ÁÌÓÒÚÌ˚Â ‡Ì‡ÎÓ„Ë ËÏÂ˛˘ËıÒfl ËÌ‚‡Ë‡ÌÚÓ‚ (ÒÏ. [7]–[9]).
á‡ÏÂÚËÏ, ̃ ÚÓ ‰Îfl ÂÂ ÔÓÒÚÓÂÌËfl ËÒÔÓÎ¸ÁÓ‚‡ÎÓÒ¸ ÔÂ‰ÎÓÊÂÌÌÓÂ ‚ [9] ÔÂÓ·‡ÁÓ‚‡ÌËÂ. èÓ‚Â‰ÂÌÌÓÂ
‚ [10] Ò‡‚ÌÂÌËÂ ÍÓÌÒÂ‚‡ÚË‚ÌÓÈ ‡ÁÌÓÒÚÌÓÈ ÒıÂÏ˚ Ë ¯ËÓÍÓ ËÒÔÓÎ¸ÁÛÂÏÓ„Ó ‚ ÎËÚÂ‡ÚÛÂ ÏÂÚÓ‰‡
‡Ò˘ÂÔÎÂÌËfl ÔÓ‰ÂÏÓÌÒÚËÓ‚‡ÎÓ ÂÂ ÔÂËÏÛ˘ÂÒÚ‚‡. Ç ÓÚÎË˜ËÂ ÓÚ ÔÂÂ˜ËÒÎÂÌÌ˚ı ‚˚¯Â ‡·ÓÚ ‚
Ì‡ÒÚÓfl˘ÂÈ ÒÚ‡Ú¸Â ‡ÒÒÏ‡ÚË‚‡ÂÚÒfl Á‡‰‡˜‡ ‡ÒÔÓÒÚ‡ÌÂÌËfl ÙÂÏÚÓÒÂÍÛÌ‰ÌÓ„Ó ËÏÔÛÎ¸Ò‡ Ò Û˜ÂÚÓÏ
Â„Ó ÔÓÒÚ‡ÌÒÚ‚ÂÌÌÓ„Ó ‡ÒÔÂ‰ÂÎÂÌËfl (ÍÓÓ‰ËÌ‡Ú˚ (z, r, t)) ‚ ÒÂ‰Â, Ó·Î‡‰‡˛˘ÂÈ ÔÂÂ˜ËÒÎÂÌÌ˚ÏË
‚˚¯Â ÌÂÎËÌÂÈÌ˚ÏË Ò‚ÓÈÒÚ‚‡ÏË. ÑÎfl äçìò Á‡ÔËÒ‡Ì˚ Ë ‰ÓÍ‡Á‡Ì˚ ËÌ‚‡Ë‡ÌÚ˚ ‰ËÙÙÂÂÌˆË‡Î¸-
ÌÓÈ Á‡‰‡˜Ë, ‡ Ú‡ÍÊÂ Ëı ‡ÁÌÓÒÚÌ˚Â ‡Ì‡ÎÓ„Ë. èÓÒÚÓÂÌÌ‡fl ‡ÁÌÓÒÚÌ‡fl ÒıÂÏ‡ Ó·Î‡‰‡ÂÚ Ò‚ÓÈÒÚ‚ÓÏ
ÍÓÌÒÂ‚‡ÚË‚ÌÓÒÚË, ˜ÚÓ ÔÓÍ‡Á‡ÌÓ ÌËÊÂ.

ê‡ÁÌÓÒÚÌ‡fl ÒıÂÏ‡ Â‡ÎËÁÓ‚‡Ì‡ ‚ ‚Ë‰Â ÔÓ„‡ÏÏ˚, Ò ÔÓÏÓ˘¸˛ ÍÓÚÓÓÈ ‚˚ÔÓÎÌÂÌÓ ÍÓÏÔ¸˛-
ÚÂÌÓÂ ÏÓ‰ÂÎËÓ‚‡ÌËÂ ÌÂÒÚ‡ˆËÓÌ‡ÌÓÈ Ò‡ÏÓÙÓÍÛÒËÓ‚ÍË ‡ÍÒË‡Î¸ÌÓ-ÒËÏÏÂÚË˜ÌÓ„Ó „‡ÛÒÒÓ‚‡
ÔÛ˜Í‡. ä‡Í ËÁ‚ÂÒÚÌÓ (ÒÏ. [11]–[21]), ÓÌ‡ ÔÓfl‚ÎflÂÚÒfl ‚Ó ÏÌÓ„Ëı Á‡‰‡˜‡ı ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl Î‡ÁÂÌÓ-
„Ó ËÁÎÛ˜ÂÌËfl Ò ‚Â˘ÂÒÚ‚ÓÏ Ë fl‚ÎflÂÚÒfl ÓÒÌÓ‚Ì˚Ï ÔÂÔflÚÒÚ‚ËÂÏ, ‚ ˜‡ÒÚÌÓÒÚË, ‰Îfl ÔÓ‚˚¯ÂÌËfl ˝Ù-
ÙÂÍÚË‚ÌÓÒÚË ÔÂÓ·‡ÁÓ‚‡ÌËfl Ò‚ÂÚÓ‚ÓÈ ˝ÌÂ„ËË ÏÓ˘Ì˚ı ÓÔÚË˜ÂÒÍËı ÔÛ˜ÍÓ‚. ï‡‡ÍÚÂÌÓÈ ÓÒÓ-

1) ê‡·ÓÚ‡ ‚˚ÔÓÎÌÂÌ‡ ÔË ˜‡ÒÚË˜ÌÓÈ ÙËÌ‡ÌÒÓ‚ÓÈ ÔÓ‰‰ÂÊÍÂ êîîà (ÍÓ‰ ÔÓÂÍÚ‡ 05-01-00507).

ìÑä 519.634
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·ÂÌÌÓÒÚ¸˛ ̋ ÚÓÈ Á‡‰‡˜Ë fl‚ÎflÂÚÒfl ÌÂÓ„‡ÌË˜ÂÌÌ˚È ÓÒÚ ËÌÚÂÌÒË‚ÌÓÒÚË ‚ ÌÂÎËÌÂÈÌÓÏ ÙÓÍÛÒÂ. ÑÎfl
Â„Ó Ó„‡ÌË˜ÂÌËfl ‚ ÎËÚÂ‡ÚÛÂ ÔÂ‰ÎÓÊÂÌÓ Û˜ËÚ˚‚‡Ú¸ ÌÂÔ‡‡ÍÒË‡Î¸Ì˚È ÔÓ‰ıÓ‰ (ÒÏ. [15]), Ì‡Ò˚-
˘ÂÌËÂ ÌÂÎËÌÂÈÌÓÒÚË ÎË·Ó ÌÂÎËÌÂÈÌÓÂ ÔÓ„ÎÓ˘ÂÌËÂ (ÒÏ. [13]), ÒÔÂˆË‡Î¸Ì˚Ï Ó·‡ÁÓÏ ‚˚ÔÓÎÌÂÌ-
ÌÓÂ ÔÓÒÚ‡ÌÒÚ‚ÂÌÌÓÂ ‡ÒÔÂ‰ÂÎÂÌËÂ ÔÓÍ‡Á‡ÚÂÎfl ÔÂÎÓÏÎÂÌËfl (ÒÏ. [21]), „ÂÌÂ‡ˆË˛ ‚ÒÚÂ˜ÌÓÈ
‚ÓÎÌ˚ ‚·ÎËÁË ÌÂÎËÌÂÈÌÓ„Ó ÙÓÍÛÒ‡ (ÒÏ. [19]). Ç Ì‡ÒÚÓfl˘ÂÈ ‡·ÓÚÂ ËÁÛ˜ÂÌÓ ‚ÎËflÌËÂ ‰ËÒÔÂÒËË ÌÂ-
ÎËÌÂÈÌÓ„Ó ÓÚÍÎËÍ‡ ÒÂ‰˚ Ì‡ Ò‡ÏÓÙÓÍÛÒËÓ‚ÍÛ ÓÔÚË˜ÂÒÍÓ„Ó ËÁÎÛ˜ÂÌËfl. èÓÍ‡Á‡ÌÓ, ˜ÚÓ ÔË ÓÔÂ-
‰ÂÎÂÌÌ˚ı ÛÒÎÓ‚Ëflı ËÏÂÂÚ ÏÂÒÚÓ Ó„‡ÌË˜ÂÌËÂ ËÌÚÂÌÒË‚ÌÓÒÚË ‚ ÌÂÎËÌÂÈÌÓÏ ÙÓÍÛÒÂ ÎË·Ó ËÁÏÂÌÂ-
ÌËË ÔÓ‰ÓÎ¸ÌÓÈ ÍÓÓ‰ËÌ‡Ú˚ Â„Ó ÙÓÏËÓ‚‡ÌËfl.

2. éëçéÇçõÖ ìêÄÇçÖçàü à àçÇÄêàÄçíõ

ê‡ÒÔÓÒÚ‡ÌÂÌËÂ ÓÔÚË˜ÂÒÍÓ„Ó ËÁÎÛ˜ÂÌËfl ÙÂÏÚÓÒÂÍÛÌ‰ÌÓÈ ‰ÎËÚÂÎ¸ÌÓÒÚË Ò Û˜ÂÚÓÏ Â„Ó ÔÓ-
ÒÚ‡ÌÒÚ‚ÂÌÌÓ„Ó ‡ÒÔÂ‰ÂÎÂÌËfl ‚ ‡ÍÒË‡Î¸ÌÓ-ÒËÏÏÂÚË˜ÌÓÏ ÒÎÛ˜‡Â ÓÔËÒ˚‚‡ÂÚÒfl ÒÎÂ‰Û˛˘ËÏ ·ÂÁ-
‡ÁÏÂÌ˚Ï ÍÓÏ·ËÌËÓ‚‡ÌÌ˚Ï Û‡‚ÌÂÌËÂÏ òfi‰ËÌ„Â‡:

(1)

Ò Ì‡˜‡Î¸Ì˚Ï Ë „‡ÌË˜Ì˚ÏË ÛÒÎÓ‚ËflÏË

(2)

á‰ÂÒ¸ Í.Ò. – ÍÓÏÔÎÂÍÒÌÓÂ ÒÓÔflÊÂÌËÂ, � – ·ÂÁ‡ÁÏÂÌ‡fl Ì‡ÔflÊÂÌÌÓÒÚ¸ ˝ÎÂÍÚË˜ÂÒÍÓ„Ó ÔÓÎfl, ω Ë
k – ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ, ·ÂÁ‡ÁÏÂÌ‡fl ˜‡ÒÚÓÚ‡ Ë ‚ÓÎÌÓ‚ÓÂ ˜ËÒÎÓ Ò‚ÂÚÓ‚Ó„Ó ËÏÔÛÎ¸Ò‡, A(z, r, t) – ÌÓÏË-

Ó‚‡ÌÌ‡fl Ì‡ ÍÓÂÌ¸ ËÁ Ï‡ÍÒËÏ‡Î¸ÌÓÈ ËÌÚÂÌÒË‚ÌÓÒÚË Ò‚ÂÚÓ‚Ó„Ó ËÏÔÛÎ¸Ò‡ A0m =  Ì‡ ‚ıÓ‰Â ‚ ÌÂ-
ÎËÌÂÈÌÛ˛ ÒÂ‰Û ÍÓÏÔÎÂÍÒÌ‡fl ‡ÏÔÎËÚÛ‰‡ ËÏÔÛÎ¸Ò‡, ‡ÒÔÓÒÚ‡Ìfl˛˘Â„ÓÒfl ‚‰ÓÎ¸ ÍÓÓ‰ËÌ‡Ú˚ z, ÍÓ-
ÚÓ‡fl ËÁÏÂflÂÚÒfl ‚ Â‰ËÌËˆ‡ı ‰ËÙ‡ÍˆËÓÌÌÓÈ ‰ÎËÌ˚ ldif = 2ka2, r – ÔÓÔÂÂ˜Ì‡fl ÍÓÓ‰ËÌ‡Ú‡, ÌÓÏË-
Ó‚‡ÌÌ‡fl Ì‡ ı‡‡ÍÚÂÌ˚È ‡‰ËÛÒ a Ì‡˜‡Î¸ÌÓ„Ó ÔÓÙËÎfl ÔÛ˜Í‡ Ì‡ ‚ıÓ‰Â ‚ ÌÂÎËÌÂÈÌÛ˛ ÒÂ‰Û, R – ÂÂ

Ï‡ÍÒËÏ‡Î¸ÌÓÂ ÁÌ‡˜ÂÌËÂ, ∆r =  – ÔÓÔÂÂ˜Ì˚È ÓÔÂ‡ÚÓ ã‡ÔÎ‡Ò‡, Á‡ÔËÒ‡ÌÌ˚È ‚ ÔÓÎflÌ˚ı

ÍÓÓ‰ËÌ‡Ú‡ı ‚ ‡ÍÒË‡Î¸ÌÓ-ÒËÏÏÂÚË˜ÌÓÏ ÒÎÛ˜‡Â, t – ÌÓÏËÓ‚‡ÌÌÓÂ Ì‡ ‰ÎËÚÂÎ¸ÌÓÒÚ¸ τp Ô‡‰‡˛˘Â„Ó
Ì‡ ÌÂÎËÌÂÈÌÛ˛ ÒÂ‰Û ËÏÔÛÎ¸Ò‡ ‚ÂÏfl ‚ ÒÓÔÓ‚ÓÊ‰‡˛˘ÂÈ Â„Ó ÒËÒÚÂÏÂ ÍÓÓ‰ËÌ‡Ú, Lt – ·ÂÁ‡ÁÏÂ-
Ì˚È ‚ÂÏÂÌÌóÈ ËÌÚÂ‚‡Î, ‚ ÔÂ‰ÂÎ‡ı ÍÓÚÓÓ„Ó ‡Ì‡ÎËÁËÛÂÚÒfl ÔÓˆÂÒÒ ‡ÒÔÓÒÚ‡ÌÂÌËfl ËÏÔÛÎ¸Ò‡. 

á‡ÏÂÚËÏ, ˜ÚÓ ‚ ‚˚·‡ÌÌÓÈ ÌÓÏËÓ‚ÍÂ ÍÓ˝ÙÙËˆËÂÌÚ Dr ‡‚ÂÌ Â‰ËÌËˆÂ. é‰Ì‡ÍÓ ÓÌ ÓÒÚ‡‚ÎÂÌ ‚
Û‡‚ÌÂÌËË (1) ‰Îfl Û‰Ó·ÒÚ‚‡ ‰‡Î¸ÌÂÈ¯Â„Ó ‡Ì‡ÎËÁ‡. äÓ˝ÙÙËˆËÂÌÚ D ‡‚ÂÌ ÓÚÌÓ¯ÂÌË˛ ‰ËÙ‡ÍˆËÓÌ-

ÌÓÈ ‰ÎËÌ˚ Í ldis = 2 , Ú.Â. Í ‰ËÒÔÂÒËÓÌÌÓÈ ‰ÎËÌÂ: D = ldif/ldis. è‡‡ÏÂÚ ÌÂÎËÌÂÈÌÓÒÚË

ÓÔÂ‰ÂÎflÂÚÒfl ÔÓ ÙÓÏÛÎÂ

Í‡Í ÓÚÌÓ¯ÂÌËÂ ‰ËÙ‡ÍˆËÓÌÌÓÈ ‰ÎËÌ˚ Í ı‡‡ÍÚÂÌÓÈ ÌÂÎËÌÂÈÌÓÈ ‰ÎËÌÂ, χ(3) – ÍÓ˝ÙÙËˆËÂÌÚ, ÓÔË-

Ò˚‚‡˛˘ËÈ ÍÛ·Ë˜ÂÒÍÛ˛ ‚ÓÒÔËËÏ˜Ë‚ÓÒÚ¸ ÒÂ‰˚, n – ÂÂ ÔÓÍ‡Á‡ÚÂÎ¸ ÔÂÎÓÏÎÂÌËfl, γ =  – Ô‡‡-

ÏÂÚ, Ó·‡ÚÌÓ ÔÓÔÓˆËÓÌ‡Î¸Ì˚È ÔÓËÁ‚Â‰ÂÌË˛ ‰ÎËÚÂÎ¸ÌÓÒÚË ËÏÔÛÎ¸Ò‡ Ì‡ Â„Ó ˜‡ÒÚÓÚÛ. ä‡Í ÒÎÂ-
‰ÛÂÚ ËÁ (1), ÔË Â„Ó Á‡ÔËÒË ÔÂÌÂ·Â„‡ÎÓÒ¸ ˝ÙÙÂÍÚ‡ÏË ÛÒÚ‡ÌÓ‚ÎÂÌËfl ÌÂÎËÌÂÈÌÓ„Ó ÓÚÍÎËÍ‡, ËÁÛ˜Â-
ÌËÂ ÍÓÚÓ˚ı ‚˚ıÓ‰ËÚ Á‡ ‡ÏÍË ‰‡ÌÌÓÈ ‡·ÓÚ˚.

àÁ-Á‡ ÙËÌËÚÌÓÒÚË ‡ÒÔÂ‰ÂÎÂÌËfl ÔÓ ‚ÂÏÂÌË Ë ÔÓÒÚ‡ÌÒÚ‚Û Ì‡ „‡ÌËˆ‡ı t = 0, t = Lt Ë r = R
ÏÓÊÌÓ ‚‚ÂÒÚË ‰ÓÔÓÎÌËÚÂÎ¸Ì˚Â ÛÒÎÓ‚Ëfl Ì‡ ÁÌ‡˜ÂÌËÂ ÔÓËÁ‚Ó‰ÌÓÈ ÔÓ ‚ÂÏÂÌË ÓÚ ÙÛÌÍˆËË A ‚Ë‰‡

(3)

� A iωt ikz–( ) )exp Í.Ò.+[ ] /2,=

∂A
∂z
------ iDr∆r A iD

∂2
A

∂t
2

--------- iα A
2
A αγ ∂

∂t
----- A

2
A( )+ + + + 0, z 0, 0 t Lt, 0 r R,< < < <>=

A z 0= A0 r t,( ), r
∂A
∂r
------

r 0→
A r R= A t 0 Lt,= 0.= = = =

I0

1
r
--- ∂

∂r
----- r

∂
∂r
----- 

 

τ p
2 ∂2

k

∂ω2
---------

1–

ω ω0=

α
3πk

2
a

2χ 3( )
I0

n
2

------------------------------- ldif/lnl= =

2
ω0τ p

-----------

∂A
∂t
------

t 0 Lt,=

0, ∂A
∂r
------

r R=

0.= =
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ÇÓÎÍÓ‚, íÓÙËÏÓ‚

éÌË ÌÂÓ·ıÓ‰ËÏ˚ ÌËÊÂ ‰Îfl Á‡ÔËÒË ÌÂÍÓÚÓ˚ı ËÌ‚‡Ë‡ÌÚÓ‚ ‡ÒÔÓÒÚ‡ÌÂÌËfl Ò‚ÂÚÓ‚Ó„Ó ËÏÔÛÎ¸Ò‡. 
èÂÊ‰Â ‚ÒÂ„Ó ÓÚÏÂÚËÏ, ˜ÚÓ ‚ ÔÓˆÂÒÒÂ ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl Î‡ÁÂÌÓ„Ó ËÏÔÛÎ¸Ò‡ Ò ‚Â˘ÂÒÚ‚ÓÏ ÒÓ-

ı‡ÌflÂÚÒfl Â„Ó ˝ÌÂ„Ëfl:

(4)

ÑÎfl Á‡ÔËÒË ‰Û„Ëı ËÌ‚‡Ë‡ÌÚÓ‚ ÌÂÎËÌÂÈÌÓ„Ó ‡ÒÔÓÒÚ‡ÌÂÌËfl Î‡ÁÂÌÓ„Ó ËÏÔÛÎ¸Ò‡ ‚‚Â‰ÂÏ ÌÓ-
‚Û˛ ÙÛÌÍˆË˛

(5)

ÍÓÚÓ‡fl Û‰Ó‚ÎÂÚ‚ÓflÂÚ ÂÎ‡ÍÒ‡ˆËÓÌÌÓÏÛ Û‡‚ÌÂÌË˛ 

(6)

Ç ÌÓ‚˚ı ÔÂÂÏÂÌÌ˚ı Û‡‚ÌÂÌËÂ (1) ÔÂÓ·‡ÁÛÂÚÒfl Í ‚Ë‰Û

(7)

ç‡ ‚ıÓ‰Â ‚ ÌÂÎËÌÂÈÌÛ˛ ÒÂ‰Û ‚ÏÂÒÚÓ Ì‡˜‡Î¸ÌÓ„Ó ‡ÒÔÂ‰ÂÎÂÌËfl ÓÚÌÓÒËÚÂÎ¸ÌÓ ÙÛÌÍˆËË A(z, r, t)
Á‡‰‡ÂÚÒfl ÛÒÎÓ‚ËÂ

(8)

àÁ ÒÔÓÒÓ·‡ ‚‚Â‰ÂÌËfl ÙÛÌÍˆËÈ E(z, r, t) (ÒÏ. (5)) ÒÎÂ‰ÛÂÚ, ̃ ÚÓ ‰Îfl ÌÂÂ ËÏÂ˛Ú ÏÂÒÚÓ Í‡Â‚˚Â ÛÒÎÓ‚Ëfl

(9‡)

àÁ Û‡‚ÌÂÌËfl (7) ‚ ÚÓ˜ÍÂ t = Lt, ÒÎÂ‰ÛÂÚ Â˘Â Ó‰ÌÓ ÛÒÎÓ‚ËÂ:

(9·)

éÌÓ ËÒÔÓÎ¸ÁÛÂÚÒfl ‰Îfl ÔÓÒÚÓÂÌËfl ÍÓÌÒÂ‚‡ÚË‚ÌÓÈ ‡ÁÌÓÒÚÌÓÈ ÒıÂÏ˚. àÒÔÓÎ¸ÁÛfl (6), Ú‡ÍÊÂ ÏÓÊ-
ÌÓ Á‡ÔËÒ‡Ú¸ ÛÒÎÓ‚Ëfl

(9‚)

‡ ÛÒÎÓ‚ËflÏ (3) ÒÓÓÚ‚ÂÚÒÚ‚Û˛Ú ÛÒÎÓ‚Ëfl

(9„)

Ç ÂÁÛÎ¸Ú‡ÚÂ ÔÓˆÂÒÒ ‡ÒÔÓÒÚ‡ÌÂÌËfl ÙÂÏÚÓÒÂÍÛÌ‰ÌÓ„Ó ËÏÔÛÎ¸Ò‡ ÓÔËÒ˚‚‡ÂÚÒfl Û‡‚ÌÂÌËflÏË
(6), (7) Ò Ì‡˜‡Î¸Ì˚Ï Ë „‡ÌË˜Ì˚ÏË ÛÒÎÓ‚ËflÏË (8), (9‡). 

ì‡‚ÌÂÌËÂ (7), ‡, ÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ, Ë (1) Ó·Î‡‰‡˛Ú ÒÎÂ‰Û˛˘ËÏË ËÌ‚‡Ë‡ÌÚ‡ÏË:

(10)

IA z( ) A z r t, ,( ) 2
td

0

Lt

∫
0

R

∫ r rd⋅ const.= =

E z r t, ,( ) A z r η, ,( )e
i η t–( )

γ
------------------

η ,d

0

t

∫=

∂E
∂t
------

i
γ
--E+ A.=

∂E
∂z
------ iDr∆rE iD

∂2
E

∂t
2

--------- αγ A
2
A+ + + 0, z 0, 0 t Lt, 0 r R.< < < <>=

E 0 r t, ,( ) = E0 r t,( ) A0 r η,( )e
i η t–( )

γ
------------------

η .d

0

t

∫=

r
∂E
∂r
------

r 0→
E r R= 0, E t 0=

∂E
∂t
------

t 0=

∂E
∂t
------

i
γ
--E+ 

 
t Lt=

0.= = = = =

∂E
∂z
------

iD

γ2
------E– iDr∆rE+ 

 
t Lt=

0.=

∂A
∂r
------

r R=

∂
∂r
----- ∂E

∂t
------

i
γ
--E+ 

 
r R=

0,= =

∂E
∂r
------

r R=

0,
∂
∂t
----- ∂E

∂t
------

i
γ
--E+ 

 
0 Lt,

0.= =

I1 z( ) E
2 γ Im E

∂E*
∂t

---------- 
 – 

  td

0

Lt

∫
0

R

∫ r rd⋅ const,= =
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(11)

(12)

(13)

àÏÂÂÚ ÏÂÒÚÓ Ú‡ÍÊÂ ÒÔÂÍÚ‡Î¸Ì˚È ËÌ‚‡Ë‡ÌÚ:

(14)

ÍÓÚÓ˚È ‚ ÚÂÏËÌ‡ı ÙÛÌÍˆËË E(z, r, t) Á‡ÔË¯ÂÚÒfl ‚ ‚Ë‰Â

(15)

èÓÍ‡ÊÂÏ ÒÛ˘ÂÒÚ‚Ó‚‡ÌËÂ Ú‡ÍËı ËÌ‚‡Ë‡ÌÚÓ‚.

ÑÓÍ‡Á‡ÚÂÎ¸ÒÚ‚Ó ÒÛ˘ÂÒÚ‚Ó‚‡ÌËfl ËÌ‚‡Ë‡ÌÚ‡ (4). ìÏÌÓÊËÏ Û‡‚ÌÂÌËÂ (1) Ì‡ rA*, ‡ ÒÓÔflÊÂÌÌÓÂ
Í ÌÂÏÛ – Ì‡ rA, ÒÎÓÊËÏ ‰‚‡ ÔÓÎÛ˜ÂÌÌ˚ı Û‡‚ÌÂÌËfl Ë ÔÓËÌÚÂ„ËÛÂÏ ÔÓ t ÓÚ 0 ‰Ó Lt Ë ÔÓ r ÓÚ 0 ‰Ó R.
Ç ÂÁÛÎ¸Ú‡ÚÂ ÔÓÎÛ˜ËÏ

(16)

àÌÚÂ„ËÛfl ‚ (16) ÔÓ ˜‡ÒÚflÏ ‚˚‡ÊÂÌËfl, ÒÓ‰ÂÊ‡˘ËÂ ‚ÚÓ˚Â ÔÓËÁ‚Ó‰Ì˚Â, Ë Û˜ËÚ˚‚‡fl „‡ÌË˜-
Ì˚Â ÛÒÎÓ‚Ëfl (2), ÔÓÎÛ˜‡ÂÏ ÒÓÓÚÌÓ¯ÂÌËÂ

ÍÓÚÓÓÂ ÓÁÌ‡˜‡ÂÚ Ì‡ÎË˜ËÂ ËÌ‚‡Ë‡ÌÚ‡ (4).

ÑÓÍ‡Á‡ÚÂÎ¸ÒÚ‚Ó ÒÛ˘ÂÒÚ‚Ó‚‡ÌËfl ËÌ‚‡Ë‡ÌÚ‡ (10). ÑÎfl Á‡ÔËÒË ËÌ‚‡Ë‡ÌÚ‡ I1(z) ÛÏÌÓÊËÏ (7) Ì‡
rE*, ‡ ÒÓÔflÊÂÌÌÓÂ Í ÌÂÏÛ – Ì‡ rE. ëÎÓÊËÏ ÔÓÎÛ˜ÂÌÌ˚Â Û‡‚ÌÂÌËfl Ë ÔÓËÌÚÂ„ËÛÂÏ ÂÁÛÎ¸Ú‡Ú
ÔÓ t ÓÚ 0 ‰Ó Lt, ÔÓ r ÓÚ 0 ‰Ó R: 

(17)

ì˜ËÚ˚‚‡fl „‡ÌË˜Ì˚Â ÛÒÎÓ‚Ëfl (9‡), ÒÎ‡„‡ÂÏ˚Â, ÒÓ‰ÂÊ‡˘ËÂ ‚ÚÓ˚Â ÔÓËÁ‚Ó‰Ì˚Â ÔÓ ‚ÂÏÂÌË,

I2 z( ) 2Re EA*( ) td

0

Lt

∫
0

R

∫ r rd⋅ ∂ E
2

∂t
------------ td

0

Lt

∫
0

R

∫ r rd⋅ const,= = =

I3 z( ) E
∂A*
∂t

---------- E*
∂A
∂t
------– 

  td

0

Lt

∫
0

R

∫ r rd⋅ const,= =

IE z( ) ∂E
∂t
------

2 1

γ2
----- E

2
– 

  td

0

Lt

∫
0

R

∫ r rd⋅ const.= =

ISP z( ) A z r t, ,( )e
it /γ

td

0

Lt

∫
0

R

∫ rdr⋅ e
iDz/γ2

A0 r t,( )e
it
γ
---

td

0

Lt

∫
0

R

∫ rdr, ISP z( )⋅ ISP 0( )e
iDz/γ2

,= = =

E z r Lt, ,( )r rd

0

R

∫ e
iDz/γ2

E0 r Lt,( )r r.d

0

R

∫=

∂ A
2

∂z
------------ iDr A*∆r A A∆r A*–( ) iD

∂2
A

∂t
2

---------A*
∂2

A*

∂t
2

------------A– 
  3αγ

2
----------∂ A

4

∂t
------------+ + + td

0

Lt

∫
0

R

∫ rdr⋅ 0.=

∂
∂z
----- A

2
td

0

Lt

∫
0

R

∫ rdr⋅ 0,=

E*
∂E
∂z
------ E

∂E*
∂z

---------- iDr E*∆rE E∆rE*+( ) ++ +


0

Lt

∫
0

R

∫

+ iD E*
∂2

E

∂t
2

--------- E
∂2

E*

∂t
2

------------– 
  αγ A

2
AE* A*E+( )+ 

 dt rdr⋅ 0.=
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ÔÂÓ·‡ÁÛÂÏ Í ‚Ë‰Û 

á‡ÏÂÚËÏ, ˜ÚÓ ËÌÚÂ„‡Î, ÒÓ‰ÂÊ‡˘ËÈ ÓÔÂ‡ÚÓ ã‡ÔÎ‡Ò‡ ÔÓ ÍÓÓ‰ËÌ‡ÚÂ r, ‡‚ÂÌ ÌÛÎ˛, ‡ ËÌÚÂ„‡Î
‚ (17) ÓÚ ÔÓÒÎÂ‰ÌÂÈ ÒÍÓ·ÍË Á‡ÔË¯ÂÚÒfl ÒÎÂ‰Û˛˘ËÏ Ó·‡ÁÓÏ:

í‡ÍËÏ Ó·‡ÁÓÏ, ËÁ (17) ÒÎÂ‰ÛÂÚ ËÌÚÂ„‡Î ‚Ë‰‡

(18)

ÑÛ„ÓÂ ÒÓÓÚÌÓ¯ÂÌËÂ Á‡ÔË¯ÂÏ, ÛÏÌÓÊË‚ Û‡‚ÌÂÌËÂ (7) Ì‡ , ‡ ÒÓÔflÊÂÌÌÓÂ Í ÌÂÏÛ – Ì‡

, ‚˚˜Úfl ‚ÚÓÓÂ ËÁ ÔÂ‚Ó„Ó Ë ÔÓËÌÚÂ„ËÓ‚‡‚ ÔÓ t Ë r:

(19)

èËÌËÏ‡fl ‚Ó ‚ÌËÏ‡ÌËÂ ÛÒÎÓ‚Ëfl (9‡) Ë (9‚), ÔÂÓ·‡ÁÛÂÏ ËÌÚÂ„‡Î ÓÚ ÒÎ‡„‡ÂÏÓ„Ó, ÒÓ‰ÂÊ‡˘Â„Ó iDr,
ÒÎÂ‰Û˛˘ËÏ Ó·‡ÁÓÏ:

àÌÚÂ„‡Î, ÒÓ‰ÂÊ‡˘ËÈ ÔÓËÁ‚Ó‰Ì˚Â ÙÛÌÍˆËË E ÔÓ ÔÓ‰ÓÎ¸ÌÓÈ ÍÓÓ‰ËÌ‡ÚÂ, ÔÂÓ·‡ÁÛÂÚÒfl ÒÎÂ-
‰Û˛˘ËÏ Ó·‡ÁÓÏ:

Ç ÂÁÛÎ¸Ú‡ÚÂ ËÁ (19) ÔÓÎÛ˜ËÏ ËÌÚÂ„‡Î

(20)

iD E*
∂2

E

∂t
2

--------- ∂2
E*

∂t
2

------------E– 
  td

0

Lt

∫
0

R

∫ rdr⋅ iD
∂E
∂t
------E*

Lt

∂E*
∂t

----------E
Lt

– r r  =d

0

R

∫=

=  –iD
2i
γ
----- E

2
Lt

r rd

0

R

∫ 2D
γ

------- ∂ E
2

∂t
------------ td

0

Lt

∫
0

R

∫ rdr.⋅=

αγ A
2

AE* A*E+( ) td

0

Lt

∫
0

R

∫ rdr⋅ αγ A
2 ∂E

∂t
------E*

∂E*
∂t

----------E+ 
  td

0

Lt

∫
0

R

∫ rdr⋅ αγ A
2∂ E

2

∂t
------------ td

0

Lt

∫
0

R

∫ rdr.⋅= =

∂ E
2

∂z
------------

∂ E
2

∂t
------------ αγ A

2 2D
γ

-------+ 
 + 

  td

0

Lt

∫
0

R

∫ rdr⋅ 0.=

r
∂E*
∂t

----------

r
∂E
∂t
------

∂E*
∂t

----------∂E
∂z
------ ∂E

∂t
------∂E*

∂z
----------– iDr

∂E*
∂t

----------∆rE
∂E
∂t
------∆rE*+ 

  ++

0

Lt

∫
0

R

∫

+ iD
∂
∂t
----- ∂E

∂t
------

2

αγ A
2

A
∂E*
∂t

---------- A*
∂E
∂t
------– 

 + dt rdr⋅ 0.=

iDr
∂E*
∂t

----------∆rE
∂E
∂t
------∆rE*+ 

  td

0

Lt

∫
0

R

∫ rdr⋅ iDrr
∂E*
∂r

----------∂E
∂t
------ ∂E

∂r
------∂E*

∂t
----------+ 

 
0

R

td

0

Lt

∫ iDr
∂
∂t
----- ∂E

∂r
------

2

td

0

Lt

∫
0

R

∫– rdr.⋅=

∂E*
∂t

----------∂E
∂z
------ – 

∂E
∂t
------∂E*

∂z
---------- ± 1

2
--- E

∂2
E*

∂z∂t
------------ E*

∂2
E

∂z∂t
-----------+ 

 
 
  td

0

Lt

∫
0

R

∫ rdr  =⋅

=  
∂
∂z
----- i Im E

∂E*
∂t

---------- 
  td

0

Lt

∫
0

R

∫ rdr i Im
∂
∂t
----- E

∂E*
∂z

---------- 
  td

0

Lt

∫
0

R

∫– rdr.⋅ ⋅

i Im
∂
∂z
----- E

∂E*
∂t

---------- 
  ∂

∂t
----- E

∂E*
∂z

---------- 
 – 

  iDr
∂
∂t
----- ∂E

∂r
------

2

– iD
∂
∂t
----- ∂E

∂t
------

2

αγ A
2

A
∂E*
∂t

---------- A*
∂E
∂t
------– 

 + + td

0

Lt

∫
0

R

∫ rdr⋅ 0.=
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Ñ‡ÎÂÂ ‚˚˜ËÒÎËÏ ËÌÚÂ„‡Î ÓÚ ‚ÚÓÓ„Ó ÒÎ‡„‡ÂÏÓ„Ó ‚ (20). ÑÎfl ̋ ÚÓ„Ó ÛÏÌÓÊËÏ (9·) Ì‡ rE*, ‡ ÒÓÔfl-
ÊÂÌÌÓÂ Í (9·) – Ì‡ rE, ‚˚˜ÚÂÏ ËÁ ÔÂ‚Ó„Ó ‚ÚÓÓÂ Ë, Û˜Úfl „‡ÌË˜Ì˚Â ÛÒÎÓ‚Ëfl (9‡), Á‡ÔË¯ÂÏ ‡‚ÂÌÒÚ‚Ó

ÓÚÍÛ‰‡ ÒÎÂ‰ÛÂÚ

(21)

èÓ‰ÒÚ‡‚Îflfl ËÁ (21) ‚˚‡ÊÂÌËÂ ÎÂ‚Ó„Ó ËÌÚÂ„‡Î‡ ‚ (20), ÔÓÎÛ˜‡ÂÏ ÒÓÓÚÌÓ¯ÂÌËÂ

(22)

ëÎÓÊËÏ ‚˚‡ÊÂÌËfl (18), ÛÏÌÓÊ‡fl Ëı Ì‡ i, Ë (22), ÛÏÌÓÊÂÌÌÓÂ Ì‡ –γ. Ç ÂÁÛÎ¸Ú‡ÚÂ ÔÓÎÛ˜ËÏ

(23)

ì˜ËÚ˚‚‡fl, ˜ÚÓ ËÁ (9‡) ÒÎÂ‰ÛÂÚ

(24)

ÔÓÎÛ˜‡ÂÏ ÚÂ·ÛÂÏ˚È ËÌ‚‡Ë‡ÌÚ (10).
ÑÓÍ‡Á‡ÚÂÎ¸ÒÚ‚Ó ÒÛ˘ÂÒÚ‚Ó‚‡ÌËfl ËÌ‚‡Ë‡ÌÚ‡ (11). ìÏÌÓÊËÏ (9·) Ì‡ rE*, ÒÓÔflÊÂÌÌÓÂ Í ÌÂÏÛ –

Ì‡ rE, ÒÎÓÊËÏ ÔÓÎÛ˜ÂÌÌ˚È ÂÁÛÎ¸Ú‡Ú Ë ÔÓËÌÚÂ„ËÛÂÏ Â„Ó ÔÓ r ÓÚ 0 ‰Ó R. Ç ÂÁÛÎ¸Ú‡ÚÂ ÔÓÎÛ˜ËÏ

(25)

á‡ÏÂÚËÏ, ˜ÚÓ ËÌÚÂ„‡Î ‚ (25) ÓÚ ÒÎ‡„‡ÂÏÓ„Ó, ÒÓ‰ÂÊ‡˘Â„Ó ÍÓ˝ÙÙËˆËÂÌÚ Dr, ‡‚ÂÌ ÌÛÎ˛. ëÎÂ‰Ó-
‚‡ÚÂÎ¸ÌÓ, ‚ ÔÓˆÂÒÒÂ ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl Ò‚ÂÚÓ‚Ó„Ó ËÏÔÛÎ¸Ò‡ ÒÓ ÒÂ‰ÓÈ ËÏÂÂÚ ÏÂÒÚÓ ËÌ‚‡Ë‡ÌÚ

(26)

ËÎË

(27)

Ñ‡ÎÂÂ, ÛÏÌÓÊ‡fl ÂÎ‡ÍÒ‡ˆËÓÌÌÓÂ Û‡‚ÌÂÌËÂ (6) Ì‡ rE*, ÒÓÔflÊÂÌÌÓÂ Í ÌÂÏÛ – Ì‡ rE Ë ËÌÚÂ„Ë-
Ûfl ÔÓ r Ë t ‚ ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘Ëı ÔÂ‰ÂÎ‡ı, ÒÍÎ‡‰˚‚‡ÂÏ Ëı Ë ÔÓÎÛ˜‡ÂÏ

(28)

àÁ ˝ÚÓ„Ó ‡‚ÂÌÒÚ‚‡ Ò Û˜ÂÚÓÏ (27) ÒÎÂ‰ÛÂÚ, ˜ÚÓ ËÌ‚‡Ë‡ÌÚ (11) ËÏÂÂÚ ÏÂÒÚÓ.

E*
∂E
∂z
------ E

∂E*
∂z

----------– 
  2i

D

γ2
----- E

2
– iDr E*∆rE E∆rE*+( )+

 
 
 

t Lt=

r r  =d

0

R

∫

=  E*
∂E
∂z
------ E

∂E*
∂z

----------– 
  2i

D

γ2
----- E

2
Dr

∂E
∂r
------

2

+ 
 –

 
 
 

t Lt=

r rd

0

R

∫ 0,=

Im E
∂E*
∂z

---------- 
 

t Lt= 
 
 

r rd

0

R

∫ D

γ2
-----∂ E

2

∂t
------------ Dr

∂
∂t
----- ∂E

∂r
------

2

+ 
  td

0

Lt

∫
0

R

∫– rdr.⋅=

i Im
∂
∂z
----- E

∂E*
∂t

---------- 
  α A

2 D

γ2
-----+ 

  ∂ E
2

∂t
------------ D

∂
∂t
----- ∂E

∂t
------

2

+ +
 
 
 

td

0

Lt

∫
0

R

∫ rdr⋅ 0.=

i
∂ E

2

∂z
------------ γ Im

∂
∂z
----- E

∂E*
∂t

---------- 
 – 

  td

0

Lt

∫ iD
γ

------ E
2 γ2 ∂E

∂t
------

2

– 
 

t Lt=

+ r rd

0

R

∫ 0.=

E
2 γ2 ∂E

∂t
------

2

– 
 

t Lt=

0,=

E*
∂E
∂z
------ E

∂E*
∂z

---------- iDr E*∆⊥ E E∆⊥ E*–( )+ + 
 

t Lt=
r rd

0

R

∫ 0.=

E
2

t Lt=
r rd

0

R

∫ const,=

∂ E
2

∂t
------------ td

0

Lt

∫
0

R

∫ r rd⋅ const.=

∂ E
2

∂t
------------ td

0

Lt

∫
0

R

∫ rdr⋅ E*A EA*+( ) td

0

Lt

∫
0

R

∫ rdr.⋅=
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ÑÓÍ‡Á‡ÚÂÎ¸ÒÚ‚Ó ÒÛ˘ÂÒÚ‚Ó‚‡ÌËfl ËÌ‚‡Ë‡ÌÚ‡ (12). ìÏÌÓÊËÏ ÂÎ‡ÍÒ‡ˆËÓÌÌÓÂ Û‡‚ÌÂÌËÂ (6) Ì‡
rA*, ‡ ÒÓÔflÊÂÌÌÓÂ Í ÌÂÏÛ – Ì‡ rA, ‚˚˜ÚÂÏ ËÁ ÔÂ‚Ó„Ó ‚ÚÓÓÂ Ë ÔÓËÌÚÂ„ËÛÂÏ ÔÓ t ÓÚ 0 ‰Ó Lt Ë
ÔÓ r ÓÚ 0 ‰Ó R. Ç ÂÁÛÎ¸Ú‡ÚÂ ÔÓÎÛ˜ËÏ

(29)

í‡Í Í‡Í ËÏÂÂÚ ÏÂÒÚÓ ËÌ‚‡Ë‡ÌÚ (11), ÚÓ ËÌÚÂ„‡Î (29) ‡‚ÂÌ I = const. àÌÚÂ„ËÛfl ÔÓ ‚ÂÏÂÌË ‚ ÎÂ‚ÓÈ
˜‡ÒÚË (29) ÔÓ ˜‡ÒÚflÏ Ë Û˜ËÚ˚‚‡fl „‡ÌË˜Ì˚Â ÛÒÎÓ‚Ëfl (3), ÔÓÎÛ˜‡ÂÏ, ˜ÚÓ ËÌ‚‡Ë‡ÌÚ (12) ËÏÂÂÚ ÏÂÒÚÓ.

ÑÓÍ‡Á‡ÚÂÎ¸ÒÚ‚Ó ÒÛ˘ÂÒÚ‚Ó‚‡ÌËfl ËÌ‚‡Ë‡ÌÚ‡ (13). àÌ‚‡Ë‡ÌÚ (13) ÒÎÂ‰ÛÂÚ ËÁ ËÌ‚‡Ë‡ÌÚ‡ ˝ÌÂ-
„ËË. é‰Ì‡ÍÓ ‰ÓÍ‡Á‡Ú¸ Â„Ó ÒÛ˘ÂÒÚ‚Ó‚‡ÌËÂ ÏÓÊÌÓ ÌÂÔÓÒÂ‰ÒÚ‚ÂÌÌÓ Ì‡ ÓÒÌÓ‚Â ÔÂÓ·‡ÁÓ‚‡ÌÌÓ„Ó

Û‡‚ÌÂÌËfl. ÑÎfl ̋ ÚÓ„Ó ÛÏÌÓÊËÏ Û‡‚ÌÂÌËÂ (7) Ì‡ , ‡ ÒÓÔflÊÂÌÌÓÂ Í ÌÂÏÛ – Ì‡ , ÒÎÓÊËÏ

Ó·‡ Û‡‚ÌÂÌËfl Ë ÔÓËÌÚÂ„ËÛÂÏ ÔÓ t ÓÚ 0 ‰Ó Lt Ë ÔÓ r ÓÚ 0 ‰Ó R, Û˜Úfl „‡ÌË˜Ì˚Â ÛÒÎÓ‚Ëfl (9‡), ‚
ÂÁÛÎ¸Ú‡ÚÂ ÔÓÎÛ˜ËÏ ÒÓÓÚÌÓ¯ÂÌËÂ

(30)

Ç˚‡Ê‡fl ‚ÚÓ˚Â ÔÓËÁ‚Ó‰Ì˚Â ÓÚ ÙÛÌÍˆËË E ËÁ ÂÎ‡ÍÒ‡ˆËÓÌÌÓ„Ó Û‡‚ÌÂÌËfl (6), ‡‚ÂÌÒÚ‚Ó (30)
ÏÓÊÌÓ ÔÂÓ·‡ÁÓ‚‡Ú¸ Í ‚Ë‰Û

(31)

àÌÚÂ„ËÛfl ÔÓ ˜‡ÒÚflÏ ‚ (31) ‚˚‡ÊÂÌËÂ Ò ÏÌÓÊËÚÂÎÂÏ iDr Ò Û˜ÂÚÓÏ „‡ÌË˜Ì˚ı ÛÒÎÓ‚ËÈ ÔË t = Lt,
ÔÓÎÛ˜‡ÂÏ

(32)

á‡ÏÂÚËÏ, ˜ÚÓ ÔÓÒÎÂ‰ÌËÈ ËÌÚÂ„‡Î ‚ (32) ‡‚ÂÌ ÌÛÎ˛. ùÚÓ ÎÂ„ÍÓ ÔÓÍ‡Á‡Ú¸, ËÌÚÂ„ËÛfl Â„Ó ÔÓ ˜‡-
ÒÚflÏ ÔÓ ÍÓÓ‰ËÌ‡ÚÂ r Ë Û˜ËÚ˚‚‡fl „‡ÌË˜Ì˚Â ÛÒÎÓ‚Ëfl (9‡) Ì‡ ÔÓËÁ‚Ó‰ÌÛ˛ ÙÛÌÍˆËË E ÔÓ r. á‡ÏÂ-
Ìflfl ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ËÈ ËÌÚÂ„‡Î ‚ (31) Ô‡‚ÓÈ ̃ ‡ÒÚ¸˛ ‚˚‡ÊÂÌËfl (32) Ë ËÒÔÓÎ¸ÁÛfl Û‡‚ÌÂÌËÂ (9·),
ËÁ (31) ÔÓÎÛ˜‡ÂÏ ÒÎÂ‰Û˛˘ÂÂ ÒÓÓÚÌÓ¯ÂÌËÂ:

(33)

A*
∂E
∂t
------ A

∂E*
∂t

----------– 
  td

0

Lt

∫
0

R

∫ rdr⋅ i
γ
-- A*E AE*+( ) td

0

Lt

∫
0

R

∫– rdr⋅ I .= =

r
∂2

E*

∂t
2

------------ r
∂2

E

∂t
2

---------

∂
∂z
----- ∂E

∂t
------

2

– iDr
∂2

E*

∂t
2

------------∆rE
∂2

E

∂t
2

---------∆rE*– 
  αγ A

2
A

∂2
E*

∂t
2

------------ A*
∂2

E

∂t
2

---------+ 
 + + t +d

0

Lt

∫



0

R

∫

+
∂E*
∂z

----------∂E
∂t
------ ∂E

∂z
------∂E*

∂t
----------+ 

 
t Lt= 




rdr 0.=

∂
∂z
----- ∂E

∂t
------

2

– iDr
∂2

E*

∂t
2

------------∆rE
∂2

E

∂t
2

---------∆rE*– 
  α

γ
--- A

2
E*A EA*+( )–+ t +d

0
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


0

R

∫

+
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∂z

----------∂E
∂t
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∂z
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∂t
----------+ 

 
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


rdr 0.=

iDr
∂2

E*

∂t
2

------------∆rE
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0
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∫ iD
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∂E
∂t
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∂E*
∂t

----------– 
 
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Ñ‡ÎÂÂ, ÛÏÌÓÊËÏ Û‡‚ÌÂÌËÂ (7) Ì‡ rE*, ‡ ÒÓÔflÊÂÌÌÓÂ Í ÌÂÏÛ – Ì‡ rE. ëÎÓÊË‚ ÂÁÛÎ¸Ú‡Ú Ë ÔÓ-
ËÌÚÂ„ËÓ‚‡‚ Â„Ó ÔÓ t Ë ÔÓ r, ÌÂÚÛ‰ÌÓ ÔÓÎÛ˜ËÚ¸ ÒÎÂ‰Û˛˘ÂÂ ÒÓÓÚÌÓ¯ÂÌËÂ:

(34)

éÍÓÌ˜‡ÚÂÎ¸ÌÓ ÛÏÌÓÊË‚ (34) Ì‡ 1/γ2 Ë ÒÎÓÊË‚ Ò (33), ÔÓÎÛ˜ËÏ ÚÂ·ÛÂÏ˚È ËÌ‚‡Ë‡ÌÚ (13).
ÑÓÍ‡Á‡ÚÂÎ¸ÒÚ‚Ó ÒÛ˘ÂÒÚ‚Ó‚‡ÌËfl ËÌ‚‡Ë‡ÌÚ‡ (15). ìÏÌÓÊËÏ Û‡‚ÌÂÌËÂ (9·) Ì‡ r Ë ÔÓËÌÚÂ„Ë-

ÛÂÏ ÓÚ 0 ‰Ó R:

(35)

ì˜ËÚ˚‚‡fl Í‡Â‚ÓÂ ÛÒÎÓ‚ËÂ (9„), ËÁ (35) ÔÓÎÛ˜‡ÂÏ Û‡‚ÌÂÌËÂ

(36)

Â¯‡fl ÍÓÚÓÓÂ Ò Ì‡˜‡Î¸Ì˚Ï ÛÒÎÓ‚ËÂÏ (8), ÔÓÎÛ˜‡ÂÏ ÒÔÂÍÚ‡Î¸Ì˚È ËÌ‚‡Ë‡ÌÚ (14).
ëÎÂ‰ÛÂÚ ÔÓ‰˜ÂÍÌÛÚ¸, ˜ÚÓ ÔË‚Â‰ÂÌÌ˚Â ‚˚¯Â ËÌ‚‡Ë‡ÌÚ˚ ËÒÔÓÎ¸ÁÛ˛ÚÒfl ‰Îfl ÔÓÒÚÓÂÌËfl ÍÓÌ-

ÒÂ‚‡ÚË‚Ì˚ı ‡ÁÌÓÒÚÌ˚ı ÒıÂÏ. 

3. êÄáçéëíçõÖ ëïÖåõ 
ÑÎfl Á‡‰‡˜Ë (6)–(9‡) ÔÓÒÚÓËÏ ÍÓÌÒÂ‚‡ÚË‚ÌÛ˛ ‡ÁÌÓÒÚÌÛ˛ ÒıÂÏÛ. ÑÎfl ˝ÚÓ„Ó ‚‚Â‰ÂÏ ‚ Ó·Î‡ÒÚË

Ω = (0, Lz) × (0, R) × (0, Lt) ÒÂÚÍÛ ω = ωz × ωr × ωt, „‰Â

(37)

éÔÂ‰ÂÎËÏ ÒÂÚÓ˜Ì˚Â ÙÛÌÍˆËË A Ë E Ì‡ ω Ë ‚‚Â‰ÂÏ Ú‡ÍÊÂ ÒÎÂ‰Û˛˘ËÂ ·ÂÁËÌ‰ÂÍÒÌ˚Â Ó·ÓÁÌ‡˜Â-
ÌËfl (ÒÏ. [22]):

(38)

éÔÂ‡ÚÓ ã‡ÔÎ‡Ò‡ ÔÓ ‚ÂÏÂÌË t Ë ÔÓ ÔÓÒÚ‡ÌÒÚ‚ÂÌÌÓÈ ÍÓÓ‰ËÌ‡ÚÂ r ‡ÔÔÓÍÒËÏËÛÂÚÒfl ÒÎÂ-
‰Û˛˘ËÏ Ó·‡ÁÓÏ (ÒÏ. [23]):

(39)

(40)

ë Û˜ÂÚÓÏ ‚‚Â‰ÂÌÌ˚ı ‚˚¯Â Ó·ÓÁÌ‡˜ÂÌËÈ ‡ÁÌÓÒÚÌ‡fl ÒıÂÏ‡ ‰Îfl Û‡‚ÌÂÌËÈ (6), (7) Á‡ÔË¯ÂÚÒfl ‚ ‚Ë‰Â

(41)

(42)

∂
∂z
----- E

2 αγ A
2

E*A EA*+( )+ td

0

Lt

∫ iD E*
∂E
∂t
------ E

∂E*
∂t

----------– 
 

t Lt=
+

 
 
 

r rd

0

R

∫ 0.=

∂E
∂z
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iD

γ2
------E– iDr∆rE+

t Lt=

r rd

0

R

∫ 0.=

∂
∂z
----- E z r Lt, ,( )r rd

0

R

∫ iD

γ2
------ E z r Lt, ,( )r r,d

0

R

∫=

ωz zm = mhz m = 0 1 … Nz hz = Lz/Nz, , , , ,{ } ,=

ωr rk = k 0.5+( )hr k = 0 1 … Nr hr = R/ Nr 0.5+( ), , , , ,{ } ,=

ωt tn = nτ n = 0 1 … Nt τ  = Lt/Nt, , , , ,{ } .=

A Ak n, A zm rk tn, ,( ), Â A zm 1+ rk tn, ,( ), A 1± A zm rk tn 1±, ,( ), A 0.5 Â A+( ),= = = = =

E Ek n, E zm rk tn, ,( ), Ê E zm 1+ rk tn, ,( ), E 1± E zm rk tn 1±, ,( ), E 0.5 Ê E+( ),= = = = =

A
2

0.5 Â
2

A
2

+( ).=
0.5

0.5

0.5

Λ t tu
u zm rk tn 1+, ,( ) 2u zm rk tn, ,( )– u zm rk tn 1–, ,( )+

τ2
--------------------------------------------------------------------------------------------------------------, n 1 2 … Nt 1,–, , ,= =

Λrru
1

rkhr

--------- rk 0.5hr+

u zm rk hr+ tn, ,( ) u zm rk tn, ,( )–
hr

------------------------------------------------------------------------ rk 0.5hr–

u zm rk tn, ,( ) u zm rk hr– tn, ,( )–
hr

-----------------------------------------------------------------------– 
  ,=

rk 0.5± rk 0.5hr, k± 1 2 … Nr 1.–, , ,= =

Ê E–
hz

------------- iDrΛrrE iDΛ t tE αγ A
2
A+ + + 0,=

0.5 0.5 0.5 0.5

E+1 E 1––
2τ

---------------------
i
γ
--E+ A.=

0.5 0.5
0.5 0.5
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ÇÓÎÍÓ‚, íÓÙËÏÓ‚

á‡ÏÂÚËÏ, ˜ÚÓ ‚ ÒËÎÛ ÎËÌÂÈÌÓÒÚË ‡ÁÌÓÒÚÌÓ„Ó Û‡‚ÌÂÌËfl (42) Â„Ó ÏÓÊÌÓ Á‡ÔËÒ‡Ú¸ Ú‡ÍÊÂ ‚ ‚Ë‰Â

(43)

ì‡‚ÌÂÌËfl (41), (42) ÌÂÓ·ıÓ‰ËÏÓ ‰ÓÔÓÎÌËÚ¸ ‡ÁÌÓÒÚÌ˚ÏË ÒÓÓÚÌÓ¯ÂÌËflÏË ‚ ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘Ëı
„‡ÌË˜Ì˚ı ÚÓ˜Í‡ı:

(44)

(45)

(46‡)

(46·)

ìÒÎÓ‚Ëfl (45), (46) ‡ÔÔÓÍÒËÏËÛ˛Ú, ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ, ÔÓÒÎÂ‰ÌÂÂ ÛÒÎÓ‚ËÂ ‚ (9‡) Ë (9·). ä‡Í ÒÎÂ‰-
ÒÚ‚ËÂ ËÁ ÌËı ‚ „‡ÌË˜ÌÓÈ ÚÓ˜ÍÂ n = Nt ÒÂÚÍË ÔÓ ‚ÂÏÂÌË ÔÓÎÛ˜ËÏ ‡ÁÌÓÒÚÌ˚Â Û‡‚ÌÂÌËfl

(47‡)

(47·)

ÍÓÚÓ˚Â ËÒÔÓÎ¸ÁÛ˛ÚÒfl ÔË ÔÓÒÚÓÂÌËË ÍÓÌÒÂ‚‡ÚË‚ÌÓÈ ‡ÁÌÓÒÚÌÓÈ ÒıÂÏ˚. ç‡˜‡Î¸ÌÓÂ ÛÒÎÓ‚ËÂ
‰Îfl ÒÂÚÓ˜ÌÓÈ ÙÛÌÍˆËË E Á‡‰‡ÂÚÒfl ‚ ‚Ë‰Â

(48)

í‡Í Í‡Í ÔÓÒÚÓÂÌÌ‡fl ‡ÁÌÓÒÚÌ‡fl ÒıÂÏ‡ fl‚ÎflÂÚÒfl ÌÂÎËÌÂÈÌÓÈ, ÚÓ ‰Îfl ÂÂ ‡ÁÂ¯ÂÌËfl ‚ÓÒÔÓÎ¸-
ÁÛÂÏÒfl ÏÂÚÓ‰ÓÏ ÔÓÒÚÓÈ ËÚÂ‡ˆËË:

(49)

(50)

Ç „‡ÌË˜Ì˚ı ÚÓ˜Í‡ı ËÚÂ‡ˆËÓÌÌ˚È ÔÓˆÂÒÒ Á‡ÔË¯ÂÚÒfl ‚ ‚Ë‰Â 
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(51)

áÌ‡˜ÂÌËfl ÙÛÌÍˆËÈ Ì‡ ÌÛÎÂ‚ÓÈ ËÚÂ‡ˆËË (s = 0) ·ÂÛÚÒfl Ò ÔÂ‰˚‰Û˘Â„Ó ÒÎÓfl ÔÓ z:

àÚÂ‡ˆËË ÔÂÍ‡˘‡˛ÚÒfl, ÂÒÎË ‚˚ÔÓÎÌÂÌÓ ÛÒÎÓ‚ËÂ 

(52)

çÂÚÛ‰ÌÓ ÔÓÍ‡Á‡Ú¸, ˜ÚÓ ‡ÁÌÓÒÚÌ‡fl ÒıÂÏ‡ (41)–(47) ËÏÂÂÚ ÒÎÂ‰Û˛˘ËÈ ÔÓfl‰ÓÍ ‡ÔÔÓÍÒËÏ‡-

ˆËË: Ψ = O(  + /r + τ). ÑÂÈÒÚ‚ËÚÂÎ¸ÌÓ, ‡ÁÌÓÒÚÌ˚Â Û‡‚ÌÂÌËfl (46) Ë (47) ‡ÔÔÓÍÒËÏËÛ˛Ú ËÒıÓ‰-

Ì˚Â „‡ÌË˜Ì˚Â ÛÒÎÓ‚Ëfl (9‡) Ë (9·) ‚ ÚÓ˜ÍÂ (zm + 0.5h, rk, Lt) Ò ÔÓ„Â¯ÌÓÒÚ¸˛ Ψ = O(  + /r + τ). Ç
ÓÒÚ‡Î¸Ì˚ı ÛÁÎ‡ı ÒÂÚÍË ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ËÂ ‡ÁÌÓÒÚÌ˚Â Û‡‚ÌÂÌËfl ‡ÔÔÓÍÒËÏËÛ˛Ú ‰ËÙÙÂÂÌˆË-

‡Î¸ÌÛ˛ Á‡‰‡˜Û ‚ ÚÓ˜ÍÂ (zm + 0.5h, rk, tn) Ò ÔÓ„Â¯ÌÓÒÚ¸˛ Ψ = O(  + /r + τ2).

í‡Í Í‡Í ÔË Â‡ÎËÁ‡ˆËË ÒıÂÏ˚ (51), (52) ËÏÂ˛ÚÒfl ÚÛ‰ÌÓÒÚË Ò ÔËÏÂÌÂÌËÂÏ ÒÔÂÍÚ‡Î¸ÌÓ„Ó ÏÂ-
ÚÓ‰‡ ‰Îfl Ó·‡˘ÂÌËfl ‡ÁÌÓÒÚÌÓ„Ó ÓÔÂ‡ÚÓ‡ ã‡ÔÎ‡Ò‡ ÔÓ ‚ÂÏÂÌË ËÁ-Á‡ ÒÎÓÊÌÓ„Ó Í‡Â‚Ó„Ó ÛÒÎÓ-
‚Ëfl, ÚÓ ÔÓÒÚÓËÏ Ú‡ÍÊÂ ‡ÁÌÓÒÚÌÛ˛ ÒıÂÏÛ ‰Îfl Á‡‰‡˜Ë (1), (2), ÍÓÚÓ‡fl ˝Í‚Ë‚‡ÎÂÌÚÌ‡ ÒıÂÏÂ (41)–
(48) (ÒıÂÏ‡ ÒÓı‡ÌflÂÚ ËÌ‚‡Ë‡ÌÚ˚, Á‡ÔËÒ‡ÌÌ˚Â ‚˚¯Â). éÌ‡ Ò Û˜ÂÚÓÏ ‚‚Â‰ÂÌÌ˚ı Ó·ÓÁÌ‡˜ÂÌËÈ
(37)–(40) Á‡ÔË¯ÂÚÒfl ‚ ‚Ë‰Â

(53)

ì‡‚ÌÂÌËfl (53) ÌÂÓ·ıÓ‰ËÏÓ ‰ÓÔÓÎÌËÚ¸ ‡ÁÌÓÒÚÌ˚ÏË ÒÓÓÚÌÓ¯ÂÌËflÏË ‚ ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘Ëı „‡-
ÌË˜Ì˚ı ÚÓ˜Í‡ı:

(54)

ç‡˜‡Î¸ÌÓÂ ÛÒÎÓ‚ËÂ ‰Îfl ÒÂÚÓ˜ÌÓÈ ÙÛÌÍˆËË A Á‡‰‡ÂÚÒfl ‚ ‚Ë‰Â

(55)

ê‡ÁÌÓÒÚÌ‡fl ÒıÂÏ‡ (53)–(55) ËÏÂÂÚ ÔÓfl‰ÓÍ ‡ÔÔÓÍÒËÏ‡ˆËË Ψ = O( /r +  + τ2) ‚ ÌÓÏÂ ë ÓÚ-

ÌÓÒËÚÂÎ¸ÌÓ ÚÓ˜ÂÍ (zm + 0.5hz, rk + 0.5, tn), ‡ ‚ ÌÓÏÂ L2 ËÏÂÂÏ Ψ = O(  +  + τ2).

iDr

E1 n, E0 n,–

0.5hr
2

-------------------------
Ê0 n, E0 n,–

hz

------------------------- iDΛ t tE0 n, αγ A0 n,
2
A0 n,+ + 

  , n– 1 2 … Nt 1,–, , ,= =

 

Êk Nt, Ek Nt,–

hz

----------------------------
iD
τ

------
Ek Nt, Ek Nt 1–,–

τ
----------------------------------

i
γ
-- Ek Nt,+ 

 – iDrΛrrEk Nt,+ 0, k 1 2 … Nr 1–, , ,= =

0.5
(s + 1)

0.5
(s + 1)

0.5
(s + 1)

0.5
(s)

0.5
(s)(s + 1)

(s + 1) 0.5
(s + 1)

0.5
(s + 1)

0.5
(s + 1)

0.5
(s + 1)

Ê0 Nt, E0 Nt,–

hz

----------------------------
iD
τ

------
E0 Nt, E0 Nt 1–,–

τ
----------------------------------

i
γ
-- E0 Nt,+ 

 – iDr

E1 Nt, E0 Nt,–

0.5hr
2

----------------------------+ 0.=

(s + 1) 0.5
(s + 1)

0.5
(s + 1)

0.5
(s + 1) 0.5

(s + 1)
0.5

(s + 1)

Ê E.=
(s = 0)

Ê Ê–
tn rk,

max ε Ê
tn rk,

max δ, ε δ,+≤ const 0.>=
(s + 1) (s) (s)

hz
2

hr
2

hz
2

hr
2

hz
2

hr
2

Â A–
hz

------------- iDrΛrr A iDΛ t t A iα A
2
A αγ

A+1
2
A+1 A 1–

2
A 1––

2τ
-------------------------------------------------+ + + + 0.=

0.5 0.5 0.5 0.5
0.5 0.5 0.5 0.5

Ak 0, Ak Nt, ANr n, 0, k 0 1 … Nr, n, , , 0 1 … Nt,, , ,= = = = =

iDr

A1 n, A0 n,–

0.5hr
2

-------------------------
Â0 n, A0 n,–

hz

------------------------- iDΛ t t A0 n, iα A0 n,
2
A0 n, αγ

A0 n 1+,
2
A0 n 1+, A0 n 1–,

2
A0 n 1+,–

2τ
-------------------------------------------------------------------------------+ + + 

  ,–=

0.5 0.5
0.5 0.5 0.5

0.5 0.5 0.5 0.5

n 1 2 … Nt 1.–, , ,=

A 0 rk tn, ,( ) A0 rk tn,( ), n 0 1 … Nt., , ,= =

hr
2

hz
2

hz
2

hr
2

1/hr( )ln

8
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í‡Í Í‡Í ÔÓÒÚÓÂÌÌ‡fl ‡ÁÌÓÒÚÌ‡fl ÒıÂÏ‡ fl‚ÎflÂÚÒfl ÌÂÎËÌÂÈÌÓÈ, ÚÓ ‰Îfl ÂÂ ‡ÁÂ¯ÂÌËfl ‚ÓÒÔÓÎ¸-
ÁÛÂÏÒfl ÏÂÚÓ‰ÓÏ ÔÓÒÚÓÈ ËÚÂ‡ˆËË:

(56)

áÌ‡˜ÂÌËfl ÙÛÌÍˆËÈ Ì‡ ÌÛÎÂ‚ÓÈ ËÚÂ‡ˆËË (s = 0) ·ÂÛÚÒfl Ò ÔÂ‰˚‰Û˘Â„Ó ÒÎÓfl ÔÓ z:

àÚÂ‡ˆËË ÔÂÍ‡˘‡˛ÚÒfl, ÂÒÎË ‚˚ÔÓÎÌÂÌÓ ÛÒÎÓ‚ËÂ 

(57)

ÑÎfl Ó·‡˘ÂÌËfl ‡ÁÌÓÒÚÌÓ„Ó ÓÔÂ‡ÚÓ‡ ÔÓ ÍÓÓ‰ËÌ‡ÚÂ t Ì‡ Í‡Ê‰ÓÈ ËÚÂ‡ˆËË ËÒÔÓÎ¸ÁÛÂÚÒfl
ÔÒÂ‚‰ÓÒÔÂÍÚ‡Î¸Ì˚È ÏÂÚÓ‰ (ÒÏ. [24]). ÑÎfl ˝ÚÓ„Ó, ÔÂÂÈ‰fl ‚ ÙÛ¸Â-ÔÓÒÚ‡ÌÒÚ‚Ó, ‚ÏÂÒÚÓ (56) ÔÓ-
ÎÛ˜ËÏ Û‡‚ÌÂÌËÂ

(58)

ç‡˜‡Î¸ÌÓÂ ÛÒÎÓ‚ËÂ (55) Á‡ÔË¯ÂÚÒfl ‚ ‚Ë‰Â

ä‡Â‚˚Â ÛÒÎÓ‚Ëfl (54) Á‡ÔË¯ÛÚÒfl ‚ ‚Ë‰Â

Ç˚¯Â ‚‚Â‰ÂÌ˚ ÒÎÂ‰Û˛˘ËÂ Ó·ÓÁÌ‡˜ÂÌËfl:

ÑÎfl Â¯ÂÌËfl ÚÂıÚÓ˜Â˜Ì˚ı Û‡‚ÌÂÌËÈ (58) ËÒÔÓÎ¸ÁÛÂÚÒfl ÏÂÚÓ‰ ÔÓ„ÓÌÍË ÔÓ ÍÓÓ‰ËÌ‡ÚÂ r.
ç‡È‰fl Â¯ÂÌËÂ Ì‡ ‚ÂıÌÂÏ ÒÎÓÂ Ë (s + 1)-È ËÚÂ‡ˆËË, ÔËÏÂÌËÏ Í ÌÂÏÛ Ó·‡ÚÌÓÂ ÔÂÓ·‡ÁÓ‚‡ÌËÂ
îÛ¸Â. àÚÂ‡ˆËË ÔÂÍ‡˘‡ÎËÒ¸ ÔË ‚˚ÔÓÎÌÂÌËË ÛÒÎÓ‚Ëfl (57).

Â A–
hz

------------- iDrΛrr A iDΛ t t A F+ + + 0, F iα A
2
A αγ

A+1
2
A+1 A 1–

2
A 1––

2τ
-------------------------------------------------,+= =

(s + 1)

0.5 0.5
0.5
(s)

0.5
(s)

0.5
(s)

0.5
(s)

0.5
(s)

0.5
(s)

(s)(s)
(s + 1) (s + 1)

Ak 0, Ak Nt, ANr n, 0, k 0 1 … Nr, n, , , 0 1 … Nt,, , ,= = = = =

 

iDr

A1 n, A0 n,–

0.5hr
2

-------------------------
Â0 n, A0 n,–

hz

------------------------- iDΛ t t A0 n, iα A0 n,
2
A0 n, αγ

A0 n 1+,
2
A0 n 1+, A0 n 1–,

2
A0 n 1–,–

2τ
-------------------------------------------------------------------------------+ + + 

  ,–=

0.5
(s + 1)

0.5
(s + 1)

0.5
(s + 1)(s + 1) 0.5

(s)

0.5
(s)

0.5
(s) 0.5

(s)
0.5
(s)

0.5
(s)

(s + 1) (s + 1) (s + 1)

s 0 1 …, n, , 1 2 … Nt 1.–, , ,= =

Â A.=
(s = 0)

Â Â–
tn rk,

max ε Â
tn rk,

max δ, ε δ,+≤ const 0.>=
(s + 1) (s) (s)

Aω Aω–( )
hz

------------------------ iDrΛrr

Aω Aω+
2

------------------- 
  iDλ j

2 Aω Aω+
2

------------------- 
 – Fω+ + 0.=

(s + 1) (s + 1) (s + 1)
(s)

Aω 0 rk ωj, ,( ) A 0 rk tn, ,( )e
iλ j tn–

, λ j

n 0=

Nt

∑ 2πj
Lt

--------, j 0 1 … Nt, k, , , 0 1 … Nr., , ,= = = =

Aωk 0, Aωk Nt, AωNr j, 0, k 0 1 … Nr, j, , , 0 1 … Nt,, , ,= = = = =
(s + 1) (s + 1) (s + 1)

iDr

Aω1 j, Aω0 j,–

0.5hr
2

------------------------------
Âω0 j, Aω0 j,–

hz

------------------------------ iDλ j
2
Aω0 j,– Fω0 j,+ 

  , j– 0 1 … Nt., , ,= =

0.5
(s + 1)

0.5
(s + 1)

(s + 1)
0.5

(s + 1)
0.5
(s)

Aω A zm rk tn, ,( )e
iλ j tn–

, A zm rk tn, ,( )
n 0=

Nt

∑ 1
Nt 1+( )

------------------- Aω zm rk ωj, ,( )e
iλ j tn, λ j

j 0=

Nt

∑ 2πj
Lt

--------,= = =

Fω F zm rk tn, ,( )e
iλ j tn–

, F zm rk tn, ,( )
n 0=

Nt

∑ 1
Nt 1+( )

------------------- Fω zm rk ωj, ,( )e
iλ j tn, n

j 0=

Nt

∑ 0 1 … Nt., , ,= = =
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4. ÑéäÄáÄíÖãúëíÇé äéçëÖêÇÄíàÇçéëíà ëïÖå

èÓÍ‡ÊÂÏ, ̃ ÚÓ ‡ÁÌÓÒÚÌ‡fl ÒıÂÏ‡ (41)–(48) fl‚ÎflÂÚÒfl ÍÓÌÒÂ‚‡ÚË‚ÌÓÈ, Ú.Â. ÒÓı‡ÌflÂÚ ÒÎÂ‰Û˛˘ËÂ
‡ÁÌÓÒÚÌ˚Â ‡Ì‡ÎÓ„Ë ËÌ‚‡Ë‡ÌÚÓ‚:

(59)

(60)

(61)

(62)

„‰Â

ÑÛ„ËÂ ËÌ‚‡Ë‡ÌÚ˚ Ú‡ÍÊÂ ÍÓÌÚÓÎËÓ‚‡ÎËÒ¸ ÔË ÍÓÏÔ¸˛ÚÂÌÓÏ ÏÓ‰ÂÎËÓ‚‡ÌËË.

äÓÌÒÂ‚‡ÚË‚ÌÓÒÚ¸ ÒıÂÏ˚ ÔÓ ËÌ‚‡Ë‡ÌÚÛ (59). ÑÎfl Á‡ÔËÒË ‡ÁÌÓÒÚÌÓ„Ó ‡Ì‡ÎÓ„‡ ËÌ‚‡Ë‡ÌÚ‡

I1(zm) ÛÏÌÓÊËÏ Û‡‚ÌÂÌËÂ (41) Ì‡ , ‡ ÒÓÔflÊÂÌÌÓÂ Í ÌÂÏÛ – Ì‡ , ÒÎÓÊËÏ Ë ÛÏÌÓÊËÏ Ëı Ì‡
τrkhr. èÓÒÛÏÏËÛÂÏ ÔÓ n ÓÚ 1 ‰Ó Nt – 1 Ë ÔÓ k ÓÚ 1 ‰Ó Nr – 1:

(63)

ì˜ËÚ˚‚‡fl ‚ÚÓÛ˛ ‡ÁÌÓÒÚÌÛ˛ ÙÓÏÛÎÛ ÉËÌ‡ (ÒÏ. [22]) Ë „‡ÌË˜Ì˚Â ÛÒÎÓ‚Ëfl (44), ÔÂÓ·‡ÁÛÂÏ
ÒÎ‡„‡ÂÏ˚Â, ÒÓ‰ÂÊ‡˘ËÂ ‡ÁÌÓÒÚÌ˚Â ÓÔÂ‡ÚÓ˚ ã‡ÔÎ‡Ò‡, Í ‚Ë‰Û

èÓÎÛ˜ËÏ ÒÎÂ‰Û˛˘ÂÂ ‚˚‡ÊÂÌËÂ:

(64)

I1 zm( ) = rkhrτ E
2 γ Im E

E+1
* E 1–

*–
2τ

--------------------- 
 –

n 1=

Nt 1–

∑
 
 
 

k 0=

Nr 1–

∑ 1
2
--- Ek Nt,

2 γ Im Ek Nt,
Ek Nt,* Ek Nt 1–,*–

2τ
---------------------------------- 

 –+ const,=

I2 zm( ) 2 rkhr τ Re AE*( )
n 1=

Nt 1–

∑
k 0=

Nr 1–

∑ rkhr τ
E+1

* E 1–
*–

2τ
---------------------E

E+1 E 1––
2τ

---------------------E*+ 
 

n 1=

Nt 1–

∑
k 0=

Nr 1–

∑ const,= = =

I3 zm( ) rkhr τ
A+1

* A 1–
*–

2τ
----------------------E

A+1 A 1––
2τ

----------------------E*– 
 

n 1=

Nt 1–

∑
k 0=

Nr 1–

∑ const,= =

ISP zm 1+( ) rkhrE zm rk Nt, ,( )
k 0=

Nr 1–

∑ rhr

aSP

bSP
------- 

 
n 1+

E0 rk Nt,( ),
k 0=

Nr 1–

∑= =

aSP 1
Dh

2γ2
-------- 

  2
–

iDh

γ2
---------, bSP+ 1

Dh

2γ2
-------- 

  2
.+= =

E*
0.5

E
0.5

rkhr τ E*
Ê E–

hz

------------- E
Ê* E*–

hz

-------------------- iD E*Λ t tE EΛ t tE*–( ) iDr E*ΛrrE EΛrrE*–( ) ++ + +
n 1=

Nt 1–

∑
k 1=

Nr 1–

∑

---+ αγ A
2

E*A E A*+( ) 0.=

0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5

0.5 0.5 0.5 0.5 0.5

rkhr τ E*Λ t tE EΛ t tE*–( )
n 1=

Nt 1–

∑
k 1=

Nr 1–

∑ rkhr

Ek Nt, Ek Nt 1–,–

τ
----------------------------------Ek Nt,*

Ek Nt,* Ek Nt 1–,*–

τ
----------------------------------Ek Nt,– 

  ,
k 1=

Nr 1–

∑=
0.5 0.5 0.5 0.5 0.5 0.5

0.5 0.5 0.5 0.5

τ rkhr E*ΛrrE EΛrrE*–( )
k 1=

Nr 1–

∑
n 1=

Nt 1–

∑ τhr E0 n,*
E1 n, E0 n,–

hr

------------------------- E0 n,
E1 n,* E0 n,*–

hr

-------------------------– 
  .

n 1=

Nt 1–

∑–=
0.5 0.5 0.5 0.5 0.5 0.5

0.5 0.5 0.5 0.5

rkhr τ Ê
2

E
2

–
hz

----------------------- αγ A
2 E+1 E 1––

2τ
---------------------E*

E+1
* E 1–

*–
2τ

---------------------E+ 
 + +

n 1=

Nt 1–

∑




k 1=

Nr 1–

∑

+ iD
Ek Nt, Ek Nt 1–,–

τ
----------------------------------Ek Nt,*

Ek Nt, Ek Nt 1–,*–

τ
----------------------------------Ek Nt,– 

 




iDr τhr E0 n,*
E1 n, E0 n,–

hr

------------------------- E0 n,
E1 n,* E0 n,*–

hr

-------------------------– 
 

n 1=

Nt 1–

∑– 0.=

0.5 0.5 0.5
0.5 0.5 0.5 0.5

0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5
0.50.50.50.5

8*
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èÂÓ·‡ÁÛÂÏ (64) Ú‡ÍËÏ Ó·‡ÁÓÏ, ˜ÚÓ·˚ ‚ ÌÂ„Ó ‚ıÓ‰ËÎË ÒÎ‡„‡ÂÏ˚Â ‚ „‡ÌË˜Ì˚ı ÛÁÎ‡ı. ÑÎfl

˝ÚÓ„Ó ÛÏÌÓÊËÏ Í‡Â‚ÓÂ ÛÒÎÓ‚ËÂ (44) Ì‡ , ‡ ÒÓÔflÊÂÌÌÓÂ Í ÌÂÏÛ – Ì‡ . ëÎÓÊËÏ Ëı, ‡ ÂÁÛÎ¸-
Ú‡Ú ÔÓÒÛÏÏËÛÂÏ ÔÓ n ÓÚ 1 ‰Ó Nt, ÔÂ‰‚‡ËÚÂÎ¸ÌÓ ÛÏÌÓÊË‚ Â„Ó Ì‡ r0hrτ. Ç ÂÁÛÎ¸Ú‡ÚÂ ÔÓÎÛ˜ËÏ

(65)

Ç˚‡Ê‡fl ÔÓÒÎÂ‰Ì˛˛ ÒÛÏÏÛ ‚ (64) ËÁ (65), ÔÂÓ·‡ÁÛÂÏ ÒÓÓÚÌÓ¯ÂÌËÂ (64) Í ‚Ë‰Û

(66)

í‡ÍËÏ Ó·‡ÁÓÏ, (66) ÒÓ‰ÂÊËÚ ÒÎ‡„‡ÂÏ˚Â ÔË k = 0. é‰Ì‡ÍÓ ÓÌÓ ÌÂ ÒÓ‰ÂÊËÚ ‡ÁÌÓÒÚÌÓÈ ÔÓ-
ËÁ‚Ó‰ÌÓÈ ÔÓ ÍÓÓ‰ËÌ‡ÚÂ z ÓÚ ÏÓ‰ÛÎfl ÙÛÌÍˆËË E ‚ ÚÓ˜ÍÂ Nt . ÑÎfl ÂÂ Á‡ÔËÒË ÛÏÌÓÊËÏ (47) Ì‡

0.5τrkhr , ‡ ÒÓÔflÊÂÌÌÓÂ Í (47) – Ì‡ 0.5τrkhr , ÒÎÓÊËÏ Ëı Ë Á‡ÚÂÏ ÔÓÒÛÏÏËÛÂÏ ÔÓ k ÓÚ 1
‰Ó Nr – 1. Ç ÂÁÛÎ¸Ú‡ÚÂ ÔÓÎÛ˜ËÏ

(67)

èËÏÂÌflfl ‚ÚÓÛ˛ ‡ÁÌÓÒÚÌÛ˛ ÙÓÏÛÎÛ ÉËÌ‡ Í ÒÎ‡„‡ÂÏ˚Ï Ò ‡ÁÌÓÒÚÌ˚Ï ÓÔÂ‡ÚÓÓÏ ã‡ÔÎ‡Ò‡
ÔÓ ÍÓÓ‰ËÌ‡ÚÂ r ‚ (67), Û˜ËÚ˚‚‡fl Í‡Â‚ÓÂ ÛÒÎÓ‚ËÂ (47·) ‚ ÚÓ˜ÍÂ (r0 = 0.5hr, t = Lt), ÔÂÓ·‡ÁÛÂÏ Ëı
Í ‚Ë‰Û 

íÓ„‰‡ (67) Á‡ÔË¯ÂÚÒfl ÒÎÂ‰Û˛˘ËÏ Ó·‡ÁÓÏ:

(68)

ÑÎfl ËÒÍÎ˛˜ÂÌËfl ‡ÁÌÓÒÚÌÓÈ ÔÓËÁ‚Ó‰ÌÓÈ ÔÓ ÍÓÓ‰ËÌ‡ÚÂ r ‚ (68) ‰ÓÏÌÓÊËÏ Í‡Â‚ÓÂ ÛÒÎÓ‚ËÂ

E0 n,*
0.5

E0 n,

0.5

iDr τhr E0 n,*
E1 n, E0 n,–

hr

------------------------- E0 n,
E1 n,* E0 n,*–

hr

-------------------------– 
 

n 1=

Nt 1–

∑ r0hrτ
Ê0 n,

2
E0 n,

2
–
hz
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Êk Nt,* Ek Nt,*–

hz

---------------------------- iD
τ

------
Ek Nt, Ek Nt 1–,–

τ
----------------------------------Ek Nt,*

Ek Nt,* Ek Nt 1–,*–

τ
----------------------------------Ek Nt,– 

  +–+
k 1=

Nr 1–

∑

+ 2
D
γτ
----- Ek Nt,

2
iDr Ek Nt,* ΛrrEk Nt, Ek Nt, ΛrrEk Nt,*–( )+ 0.=

0.5 0.5 0.5 0.5
0.5 0.5 0.5 0.5

0.50.50.50.50.5

rkhr
τ
2
--- Ek Nt,* ΛrrEk Nt, Ek Nt, ΛrrEk Nt,*–( )[ ]

k 1=

Nr 1–

∑ τr0 E0 Nt,*
E1 Nt, E0 Nt,–

hr

---------------------------- E0 Nt,
E1 Nt,* E0 Nt,*–

hr

----------------------------– 
  .–=

0.5 0.5 0.5 0.5 0.5 0.5
0.5 0.5 0.5 0.5

rkhr0.5τ Ek Nt,*
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(44) Ì‡ 0.5τhrr0 , ‡ ÒÓÔflÊÂÌÌÓÂ Í ÌÂÏÛ – Ì‡ 0.5τhrr0  Ë ÒÎÓÊËÏ Ëı. Ç ÂÁÛÎ¸Ú‡ÚÂ ÔÓÎÛ˜ËÏ

àÒÔÓÎ¸ÁÛfl ˝ÚÓ ÒÓÓÚÌÓ¯ÂÌËÂ, (68) ÔÂÓ·‡ÁÛÂÏ Í ‚Ë‰Û

(69)

íÂÔÂ¸ ÒÎÓÊËÏ (66) Ë (69) Ë ÔÓÎÛ˜ËÏ

(70)

í‡ÍËÏ Ó·‡ÁÓÏ, ‚ ÒÓÓÚÌÓ¯ÂÌËÂ (70) ‡ÁÌÓÒÚÌ‡fl ÔÓËÁ‚Ó‰Ì‡fl ÔÓ ÍÓÓ‰ËÌ‡ÚÂ z ‚ıÓ‰ËÚ ‚Ó ‚ÒÂı ÛÁÎ‡ı
ÒÂÚÍË, „‰Â ÓÌ‡ ÓÚÎË˜Ì‡ ÓÚ ÌÛÎfl.

ë ˆÂÎ¸˛ ÔÂÓ·‡ÁÓ‚‡ÌËfl (70) Í ËÌ‚‡Ë‡ÌÚÛ (59) Á‡ÔË¯ÂÏ Â˘Â Ó‰ÌÓ ‡ÁÌÓÒÚÌÓÂ ÒÓÓÚÌÓ¯ÂÌËÂ,

ÛÏÌÓÊË‚ ‰Îfl ˝ÚÓ„Ó Û‡‚ÌÂÌËÂ (41) Ì‡ rkhr(  – )/(2τ), ‡ ÒÓÔflÊÂÌÌÓÂ Í ÌÂÏÛ – Ì‡ rkhr(  –

− )/(2τ). Ç˚˜ÚÂÏ ËÁ ÔÂ‚Ó„Ó ÔÓËÁ‚Â‰ÂÌËfl ‚ÚÓÓÂ Ë ÔÓÎÛ˜ÂÌÌÓÂ ÒÓÓÚÌÓ¯ÂÌËÂ ÔÓÒÛÏÏËÛÂÏ
ÔÓ n ÓÚ 1 ‰Ó Nt – 1 Ë ÔÓ k ÓÚ 1 ‰Ó Nr – 1, ÔÂ‰‚‡ËÚÂÎ¸ÌÓ ÛÏÌÓÊË‚ Â„Ó Ì‡ ¯‡„ ÔÓ ‚ÂÏÂÌË τ. Ç Â-
ÁÛÎ¸Ú‡ÚÂ ÔÓÎÛ˜ËÏ

(71)

ä‡Í Ë ÔË Á‡ÔËÒË ÒÓÓÚÌÓ¯ÂÌËfl (70), ‚ (71) ÌÂÓ·ıÓ‰ËÏÓ ‰Ó·‡‚ËÚ¸ ÒÎ‡„‡ÂÏ˚Â, ÒÓ‰ÂÊ‡˘ËÂ ÔÓËÁ-
‚Ó‰ÌÛ˛ ÔÓ ÍÓÓ‰ËÌ‡ÚÂ z ÓÚ ÙÛÌÍˆËÈ ‚ ÛÁÎ‡ı ÒÂÚÍË ÔË k = 0, ‡ Ú‡ÍÊÂ n = Nt , Ë ËÒÍÎ˛˜ËÚ¸ ‡ÁÌÓÒÚ-
ÌÛ˛ ÔÓËÁ‚Ó‰ÌÛ˛ ÔÓ ÍÓÓ‰ËÌ‡ÚÂ r. ÑÎfl ˝ÚÓ„Ó ÔÂÓ·‡ÁÛÂÏ ÒÎ‡„‡ÂÏÓÂ, ÒÓ‰ÂÊ‡˘ÂÂ ‡ÁÌÓÒÚÌ˚È
ÓÔÂ‡ÚÓ ã‡ÔÎ‡Ò‡ ÔÓ ÍÓÓ‰ËÌ‡ÚÂ r ‚ (71), Û˜ËÚ˚‚‡fl ‚ÚÓÛ˛ ‡ÁÌÓÒÚÌÛ˛ ÙÓÏÛÎÛ ÉËÌ‡ Ë „‡ÌË˜-
Ì˚Â ÛÒÎÓ‚Ëfl (46), Í ‚Ë‰Û

(72)
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ÇÓÎÍÓ‚, íÓÙËÏÓ‚

èÂÓ·‡ÁÛÂÏ ÔÓÒÎÂ‰Ì˛˛ ÒÛÏÏÛ ‚ (72). ÑÎfl ˝ÚÓ„Ó ÛÏÌÓÊËÏ Í‡Â‚ÓÂ ÛÒÎÓ‚ËÂ (47) Ì‡

rkhr , ÒÓÔflÊÂÌÌÓÂ Í ÌÂÏÛ – Ì‡ rkhr . Ç˚˜ÚÂÏ ËÁ ÔÂ‚Ó„Ó ÔÓËÁ‚Â‰ÂÌËfl

‚ÚÓÓÂ Ë ÔÓÎÛ˜ÂÌÌÓÂ ÒÓÓÚÌÓ¯ÂÌËÂ ÔÓÒÛÏÏËÛÂÏ ÓÚ 1 ‰Ó Nt – 1. Ç ÂÁÛÎ¸Ú‡ÚÂ ÔÓÎÛ˜ËÏ

(73)

èÓ‰ÒÚ‡‚ËÏ (73) ‚ (72), ‡ Á‡ÚÂÏ ÔÓÎÛ˜ÂÌÌÓÂ ‚˚‡ÊÂÌËÂ – ‚ (71). íÓ„‰‡ ÓÌÓ Á‡ÔË¯ÂÚÒfl ‚ ‚Ë‰Â

(74)

í‡ÍËÏ Ó·‡ÁÓÏ, ÔÓÒÎÂ‰ÌÂÂ ‚˚‡ÊÂÌËÂ ÒÓ‰ÂÊËÚ ÒÎ‡„‡ÂÏ˚Â ‚ ÛÁÎ‡ı ÒÂÚÍË k = 0.

èÂÓ·‡ÁÛÂÏ ÒÎ‡„‡ÂÏ˚Â ‚ (74), ÒÓ‰ÂÊ‡˘ËÂ ‡ÁÌÓÒÚÌÛ˛ ÔÓËÁ‚Ó‰ÌÛ˛ ÔÓ ÔÓ‰ÓÎ¸ÌÓÈ ÍÓÓ‰Ë-
Ì‡ÚÂ, ÒÎÂ‰Û˛˘ËÏ Ó·‡ÁÓÏ:

(75)

ì˜ËÚ˚‚‡fl ‚ÚÓÛ˛ ‡ÁÌÓÒÚÌÛ˛ ÙÓÏÛÎÛ ÉËÌ‡ Ë „‡ÌË˜Ì˚Â ÛÒÎÓ‚Ëfl (44), ÔÂÓ·‡ÁÛÂÏ ÒÎ‡„‡Â-
ÏÓÂ, ÒÓ‰ÂÊ‡˘ÂÂ ‡ÁÌÓÒÚÌ˚È ÓÔÂ‡ÚÓ ã‡ÔÎ‡Ò‡ ÔÓ ÍÓÓ‰ËÌ‡ÚÂ t ‚ (74), Í ‚Ë‰Û

(76)

èÓ‰ÒÚ‡‚Ë‚ ‚ (74) ‚˚‡ÊÂÌËfl (75) ‚ÏÂÒÚÓ (74), ÔÓÎÛ˜ËÏ ÒÓÓÚÌÓ¯ÂÌËÂ
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Ê0 n,* E0 n,*–
hz

-------------------------– +
n 0=

Nt 1–

∑

+ iD
E0 n 1+,* E0 n 1–,*–

2τ
------------------------------------Λ t tE0 n,

E0 n 1+, E0 n 1–,–
2τ

------------------------------------Λ t tE0 n,*– 
  +

+ αγ A0 n,
2 E0 n 1+,* E0 n 1–,*–

2τ
------------------------------------A0 n,

E0 n 1+, E0 n 1–,–
2τ

------------------------------------A0 n,*+ 
  .

0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5

0.5 0.5 0.5 0.5

0.5 0.5 0.5 0.5
0.5 0.5

0.5 0.5 0.5
0.50.50.50.5

rkhr τ
E+1

* E 1–
*–

2τ
--------------------- Ê E–
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hz

--------------------– iD
E+1

* E 1–
*–

2τ
---------------------Λ t tE

E+1 E 1––
2τ

---------------------Λ t tE*– 
  ++

n 1=

Nt 1–

∑




k 0=

Nr 1–

∑

+ αγ A
2 E+1

* E 1–
*–

2τ
---------------------A

E+1 E 1––
2τ

---------------------A*+ 
  iDr

1
2
---

rk 0.5+

rk

-------------
Ek 1+ Nt,* Ek Nt,*–

hr

----------------------------------
Ek 1+ Nt 1–, Ek Nt 1–,–

hr

--------------------------------------------- +
–

+
Ek 1+ Nt,* Ek Nt,–

hr

----------------------------------
Ek 1+ Nt 1–,* Ek Nt 1–,*–

hr

---------------------------------------------






0.=

0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5
0.5 0.5

0.5 0.5 0.5 0.5
0.50.50.5

0.5 0.5 0.5 0.5

0.5 0.5 0.5 0.5

rkhr τ
E+1

* E 1–
*–

2τ
--------------------- Ê E–
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(77)

íÂÔÂ¸ ÌÂÓ·ıÓ‰ËÏÓ ËÒÍÎ˛˜ËÚ¸ ËÁ (77) ‡ÁÌÓÒÚÌ˚Â ÔÓËÁ‚Ó‰Ì˚Â ÔÓ r. ÑÎfl ̋ ÚÓ„Ó ÛÏÌÓÊËÏ Í‡-

Â‚ÓÂ ÛÒÎÓ‚ËÂ (47) Ì‡ rkhr(  – )/τ, ‡ ÒÓÔflÊÂÌÌÓÂ Í ÌÂÏÛ – Ì‡ rkhr(  – )/τ, ‚˚-

˜ÚÂÏ ËÁ ÔÂ‚Ó„Ó ÔÓËÁ‚Â‰ÂÌËfl ‚ÚÓÓÂ, ÛÏÌÓÊËÏ ÂÁÛÎ¸Ú‡Ú Ì‡ τ/2 Ë ÔÓÒÛÏÏËÛÂÏ ÔÓÎÛ˜ÂÌÌÓÂ
‚˚‡ÊÂÌËÂ ÔÓ k ÓÚ 1 ‰Ó Nr – 1. Ç ÂÁÛÎ¸Ú‡ÚÂ ÔÓÎÛ˜ËÏ

(78)

èËÏÂÌflfl ‚ÚÓÛ˛ ‡ÁÌÓÒÚÌÛ˛ ÙÓÏÛÎÛ ÉËÌ‡ Í ÒÎ‡„‡ÂÏ˚Ï Ò ‡ÁÌÓÒÚÌ˚Ï ÓÔÂ‡ÚÓÓÏ ã‡ÔÎ‡Ò‡
ÔÓ ÍÓÓ‰ËÌ‡ÚÂ r ‚ (78), Û˜ËÚ˚‚‡fl Í‡Â‚ÓÂ ÛÒÎÓ‚ËÂ (47‡) ‚ ÚÓ˜ÍÂ (r0 = 0.5hr, t = Lt), ÔÂÓ·‡ÁÛÂÏ Ëı
Í ‚Ë‰Û

(79)

ÑÎfl ËÒÍÎ˛˜ÂÌËfl ‡ÁÌÓÒÚÌÓÈ ÔÓËÁ‚Ó‰ÌÓÈ ÔÓ ÍÓÓ‰ËÌ‡ÚÂ r ‚ ÛÁÎ‡ı ÒÂÚÍË k = 0 ‚ (79) ‰ÓÏÌÓÊËÏ

Í‡Â‚ÓÂ ÛÒÎÓ‚ËÂ (44) Ì‡ 0.5hrr0(  – ), ‡ ÒÓÔflÊÂÌÌÓÂ Í ÌÂÏÛ – Ì‡ 0.5hrr0(  – ) Ë

‚˚˜ÚÂÏ Ëı ‰Û„ ËÁ ‰Û„‡. Ç ÂÁÛÎ¸Ú‡ÚÂ ÔÓÎÛ˜ËÏ
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----------------------------------------+ 
  –

–
iDr

2
--------

rk 0.5+

rk

-------------
Ek 1+ Nt,* Ek Nt,*–

hr

----------------------------------
Ek 1+ Nt 1–, Ek Nt 1–,–

hr

---------------------------------------------
Ek 1+ Nt, Ek Nt,–

hr

----------------------------------
Ek 1+ Nt 1–,* Ek Nt 1–,*–

hr

---------------------------------------------+ 
  +

+ iD
Ek Nt, Ek Nt 1–,–

τ
----------------------------------

2





0.=

0.5 0.5 0.5
0.5 0.5 0.5 0.5

0.5 0.5

0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5

0.5 0.5

Ek Nt,*
0.5

Ek Nt 1–,*
0.5

Ek Nt,

0.5
Ek Nt 1–,

0.5

rkhr0.5 Ek Nt,* Ek Nt 1–,*–( )
Êk Nt, Ek Nt,–

hz

---------------------------- Ek Nt, Ek Nt 1–,–( )
Êk Nt,* Ek Nt,*–

hz

----------------------------– i2D
Ek Nt, Ek Nt 1–,–

τ
----------------------------------

2

+–




k 1=

Nr 1–

∑

+ 2
D
γ
----

Ek Nt,* Ek Nt 1–,*–

τ
----------------------------------Ek Nt,

Ek Nt, Ek Nt 1–,–

τ
----------------------------------Ek Nt,*– 

  +

---+ iDr Ek Nt,* Ek Nt 1–,*–( )ΛrrEk Nt, Ek Nt, Ek Nt 1–,–( )ΛrrEk Nt,*–[ ]




0.=

0.5 0.5 0.5 0.5
0.5 0.5

0.5 0.5
0.50.50.50.5

0.5 0.5 0.5 0.5 0.5 0.5

iDr
1
2
--- rkhr Ek Nt,* Ek Nt 1–,*–( )ΛrrEk Nt, Ek Nt, Ek Nt 1–,–( )ΛrrEk Nt,*+[ ]  =

k 1=

Nr 1–

∑

=  –
iDr

2
-------- rk 0.5+ hr

Ek 1+ Nt,* Ek Nt,*–

hr

----------------------------------
Ek 1+ Nt 1–,* Ek Nt 1–,*–

hr

---------------------------------------------– 
  Ek 1+ Nt, Ek Nt,–

hr

---------------------------------- +
k 0=

Nr 1–

∑

+
Ek 1+ Nt, Ek Nt,–

hr

----------------------------------
Ek 1+ Nt 1–, Ek Nt 1–,–

hr

---------------------------------------------– 
  Ek 1+ Nt,* Ek Nt,*–

hr

---------------------------------- +

+
iDr

2
--------hr E0 Nt,* E0 Nt 1–,*–( )

E1 Nt, E0 Nt,–

hr

---------------------------- E0 Nt, E0 Nt 1–,–( )
E1 Nt,* E0 Nt,*–

hr

----------------------------+ .

0.5 0.5 0.5 0.5 0.5 0.5

0.5 0.5 0.5 0.5 0.5 0.5

0.5 0.5 0.5 0.5 0.5 0.5

0.5 0.5 0.5 0.5
0.5 0.5 0.5 0.5

E0 Nt,*
0.5

E0 Nt,*
0.5

E0 Nt,

0.5
E0 Nt,

0.5
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ÇÓÎÍÓ‚, íÓÙËÏÓ‚

(80)

íÓ„‰‡ (79) Ò Û˜ÂÚÓÏ (80) ÔÂÓ·‡ÁÛÂÚÒfl Í ‚Ë‰Û

(81)

á‡ÏÂÌËÏ ‚ (78) ÒÎ‡„‡ÂÏ˚Â, ÒÓ‰ÂÊ‡˘ËÂ ÓÔÂ‡ÚÓ ã‡ÔÎ‡Ò‡ ÔÓ ÍÓÓ‰ËÌ‡ÚÂ r Ô‡‚ÓÈ ˜‡ÒÚ¸˛ ‚˚‡-
ÊÂÌËfl (81), Ë ‚ ÂÁÛÎ¸Ú‡ÚÂ ÔÓÎÛ˜ËÏ ÒÓÓÚÌÓ¯ÂÌËÂ

(82)

ëÎÓÊË‚ ‚˚‡ÊÂÌËfl (77) Ë (82), ÔË‰ÂÏ Í ‡‚ÂÌÒÚ‚Û

(83)

iDr0.5r0 E0 Nt,* E0 Nt,*–( )
E1 Nt, E0 Nt,–

hr

---------------------------- E0 Nt, E0 Nt,–( )
E1 Nt,* E0 Nt,*–

hr

----------------------------+ –
E0 Nt,* E0 Nt,*–( )

2
---------------------------------

Ê0 n, E0 n,–
hz

------------------------- –=

–
E0 Nt, E0 Nt,–

2
----------------------------

Ê0 n,* E0 n,*–
hz

------------------------- iD
E0 Nt, E0 Nt,–

τ
----------------------------

2
D
2γ
------

E0 Nt,* E0 Nt 1–,*–

τ
----------------------------------E0 Nt,

E0 Nt, E0 Nt 1–,–

τ
----------------------------------E0 Nt,*– 

 + + .

0.5 0.5 0.5 0.5
0.5 0.5 0.5 0.5 0.5 0.5

0.5 0.5 0.5 0.5 0.5 0.5 0.5 0.5
0.5 0.5

iDr

2
-------- rkhr Ek Nt,* Ek Nt 1–,*–( )ΛrrEk Nt, Ek Nt, Ek Nt 1–,–( )ΛrrEk Nt,*+[ ]  =

k 1=

Nr 1–

∑

=  –
iDr

2
-------- rk 0.5+ hr

Ek 1+ Nt,* Ek Nt,*–

hr

----------------------------------
Ek 1+ Nt 1–,* Ek Nt 1–,*–

hr

---------------------------------------------– 
  Ek 1+ Nt, Ek Nt,–

hr

---------------------------------- +
k 0=

Nr 1–

∑

+
Ek 1+ Nt, Ek Nt,–

hr

----------------------------------
Ek 1+ Nt 1–, Ek Nt 1–,–

hr

---------------------------------------------– 
  Ek 1+ Nt,* Ek Nt,*–

hr

---------------------------------- –

–
E0 Nt,* E0 Nt,*–

2
---------------------------- 

Ê0 n, E0 n,–
hz

-------------------------
E0 Nt, E0 Nt,–

2
---------------------------- 

Ê0 n,* E0 n,*–
hz

------------------------- +–

+ iD
E0 Nt, E0 Nt,–

τ
----------------------------

2
D
2γ
------

E0 Nt,* E0 Nt 1–,*–

τ
----------------------------------E0 Nt,

E0 Nt, E0 Nt 1–,–

τ
----------------------------------E0 Nt,*– 

  .+

0.5 0.5 0.5 0.5 0.5 0.5

0.5 0.5 0.5 0.5 0.5 0.5

0.5 0.5 0.5 0.5 0.5 0.5

0.5 0.5 0.5 0.5

0.5 0.5 0.5 0.5 0.5 0.5
0.5 0.5

rkhr Êk Nt,
Êk Nt,* Êk Nt 1–,*–

2hz

---------------------------------- Ek Nt,
Ek Nt,* ENt 1–

*–

2hz

------------------------------– 
  Ek Nt,

Êk Nt,* Ek Nt,*–

hz

---------------------------- +–




k 0=

Nr 1–

∑

+
1
2
--- Ek Nt 1–,

Êk Nt,* Ek Nt,*–

hz

---------------------------- Ek Nt,
Êk Nt 1–,* Ek Nt 1–,*–

hz

----------------------------------------+ 
  iD

Ek Nt, Ek Nt 1–,–

τ
----------------------------------

2

+–

+
D
2γ
------ Ek Nt,

Ek Nt,* Ek Nt 1–,*–

τ
---------------------------------- Ek Nt,*

Ek Nt, Ek Nt 1–,–

τ
----------------------------------– 

  –

–
iDr

2
--------

rk 0.5+

rk

-------------hr

Ek 1+ Nt,* Ek Nt,*–

hr

----------------------------------
Ek 1 Nt 1–,+

* Ek Nt 1–,*–

hr

---------------------------------------------– 
  Ek 1 Nt,+ Ek Nt,–

hr

---------------------------------- +

+
Ek 1 Nt,+ Ek Nt,–

hr

----------------------------------
Ek 1 Nt 1–,+ Ek Nt 1–,–

hr

---------------------------------------------– 
  Ek 1 Nt,+

* Ek Nt,*–

hr

----------------------------------




0.=

0.5

0.5 0.5
0.5 0.5

0.5 0.5
0.5 0.5 0.5 0.5

0.5 0.5 0.5 0.5 0.5 0.5

0.5 0.5 0.5 0.5 0.5 0.5

rkhr Ê
Ê+1* Ê 1–*–

2hz

--------------------- E
E+1

* E 1–
*–

2hz

---------------------– 
  iα A

2 E+1 E 1––
2

---------------------E*
E+1

* E 1–
*–

2
---------------------E+ 

 + +
n 1=

Nt 1–

∑
k 0=

Nr 1–

∑

+
1
2
--- Êk Nt,

Êk Nt,* Êk Nt 1–,*–
hz

---------------------------------- Ek Nt,
Ek Nt,* Ek Nt 1–,*–

hz

----------------------------------– 
  Ek Nt,

Êk Nt,* Ek Nt,*–

hz

----------------------------– iD
Ek Nt, Ek Nt 1–,–

τ
----------------------------------

2

+–

+
D
2γ
------ Ek Nt,

Ek Nt,* Ek Nt 1–,*–

τ
---------------------------------- Ek Nt,*

Ek Nt, Ek Nt 1–,–

τ
----------------------------------– 

  iDr

rk 0.5+

rk

-------------
Ek 1 Nt,+ Ek Nt,–

hr

----------------------------------
2

– 0.=

0.5 0.5 0.5
0.5 0.5 0.5 0.5

0.5
0.5 0.5

0.5 0.5
0.5 0.5 0.5 0.5 0.5 0.5
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ÑÓÏÌÓÊË‚ Ì‡ ÏÌËÏÛ˛ Â‰ËÌËˆÛ (70) Ë Á‡ÚÂÏ ÒÎÓÊË‚ Â„Ó Ò ‚˚‡ÊÂÌËÂÏ (83), ÛÏÌÓÊÂÌÌ˚Ï Ì‡ –γ,
ÔÓÎÛ˜ËÏ ÒÓÓÚÌÓ¯ÂÌËÂ

(84)

Ñ‡ÎÂÂ, ÛÏÌÓÊË‚ ÒÓÔflÊÂÌÌÓÂ Û‡‚ÌÂÌËÂ (47) Ì‡ rkhrγ , ÔÓÒÛÏÏËÓ‚‡‚ ÔÓ k ÓÚ 1 ‰Ó Nr – 1, ÔË-

ÏÂÌË‚ ÔÂ‚Û˛ ‡ÁÌÓÒÚÌÛ˛ ÙÓÏÛÎÛ ÉËÌ‡ ÔÓ ÍÓÓ‰ËÌ‡ÚÂ r Ë Û˜Úfl Í‡Â‚ÓÂ ÛÒÎÓ‚ËÂ (46·) ‰Îfl ËÒ-
ÍÎ˛˜ÂÌËfl ‡ÁÌÓÒÚÌÓÈ ÔÓËÁ‚Ó‰ÌÓÈ ÔÓ ÍÓÓ‰ËÌ‡ÚÂ r ‚ ÛÁÎ‡ı ÒÂÚÍË k = 0 ËÁ ‚˚‡ÊÂÌËfl, Á‡ÔËÒ‡Ì-
ÌÓ„Ó ÔÓÒÎÂ ÔËÏÂÌÂÌËfl ÙÓÏÛÎ˚ ÉËÌ‡, ÔÓÎÛ˜ËÏ

(85)

ëÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ, (84) ÔËÏÂÚ ‚Ë‰

˜ÚÓ ÓÁÌ‡˜‡ÂÚ ÒÓı‡ÌÂÌËÂ ‡ÁÌÓÒÚÌÓ„Ó ‡Ì‡ÎÓ„‡ ËÌ‚‡Ë‡ÌÚ‡ (59) Ì‡ Â¯ÂÌËË ‡ÁÌÓÒÚÌÓÈ Á‡‰‡˜Ë.

äÓÌÒÂ‚‡ÚË‚ÌÓÒÚ¸ ÒıÂÏ˚ ÔÓ ËÌ‚‡Ë‡ÌÚÛ (60). ìÏÌÓÊËÏ ÂÎ‡ÍÒ‡ˆËÓÌÌÓÂ Û‡‚ÌÂÌËÂ (42), Á‡ÔË-
Ò‡ÌÌÓÂ Ì‡ ÌËÊÌÂÏ ÒÎÓÂ ÔÓ z, Ì‡ rkhrE*, ‡ ÒÓÔflÊÂÌÌÓÂ Í ÌÂÏÛ – Ì‡ rkhrE. ëÎÓÊËÏ ÔÓÎÛ˜ÂÌÌ˚Â ‚˚-
‡ÊÂÌËfl, ‡ ÂÁÛÎ¸Ú‡Ú ÛÏÌÓÊËÏ Ì‡ τ Ë ÔÓÒÛÏÏËÛÂÏ ÔÓ n ÓÚ 1 ‰Ó Nt – 1 Ë ÔÓ k ÓÚ 0 ‰Ó Nr – 1. Ç
ÂÁÛÎ¸Ú‡ÚÂ ÏÓÊÌÓ Á‡ÔËÒ‡Ú¸ ÒÎÂ‰Û˛˘Û˛ ˆÂÔÓ˜ÍÛ ÔÂÓ·‡ÁÓ‚‡ÌËÈ:

(86)

rkhr iτ Ê
2

E
2

–
hz

----------------------- γ Ê
Ê+1* Ê 1–*–

2hz

--------------------- E
E+1

* E 1–
*–

2hz

---------------------– 
 –

n 1=

Nt 1–

∑ i
τ
2
---

Êk Nt,
2

Ek Nt,
2

–

hz

-------------------------------------- –+




k 0=

Nr 1–

∑

– γ Êk Nt,
Êk Nt,* Êk Nt 1–,*–

2hz

---------------------------------- Ek Nt,
Ek Nt,* Ek Nt 1–,*–

2hz

----------------------------------– 
  γEk Nt,

Êk Nt,* Ek Nt,*–

hz

---------------------------- ++

+
iD
γ

------ Ek Nt,
2 γiDr

rk 0.5+

rk

-------------
Ek 1 Nt,+ Ek Nt,–

hr

----------------------------------

2

+




0.=

0.5

0.5
0.5 0.5

Ek Nt,

0.5

rkhrγ Ek Nt,
Êk Nt,* Ek Nt,*–

hz

---------------------------- iD

γ2
------ Ek Nt,

2
iDr

rk 0.5+

rk

-------------
Ek 1 Nt,+ Ek Nt,–

hr

----------------------------------
2

+ +
 
 
 

k 0=

Nr 1–

∑ 0.=
0.5 0.5

0.5 0.5

rkhr iτ Ê
2

E
2

–
hz

----------------------- iγ Im Ê
Ê+1* Ê 1–*–

2hz

--------------------- E
E+1

* E 1–
*–

2hz

---------------------– 
 – +

n 1=

Nt 1–

∑
k 0=

Nr 1–

∑

+ i
τ
2
---

Êk Nt,
2

Ek Nt,
2

–

hz

-------------------------------------- iγ Im Êk Nt,
Êk Nt,* Êk Nt 1–,*–

2hz

---------------------------------- Ek Nt,
Ek Nt,* Ek Nt 1–,*–

2hz

----------------------------------– 
 – 0,=

2 rkhr τ Re AE*( )
n 1=

Nt 1–

∑
k 0=

Nr 1–

∑ rkhr

E+1 E 1––
2

---------------------E*
E+1

* E 1–
*–

2
---------------------E+ 

   =
n 1=

Nt 1–

∑
k 0=

Nr 1–

∑=

=  
rkhr

2
---------

E+1 E–
2

-----------------E*
E+1

* E*–
2

---------------------E+ 
 

n 1=

Nt 1–

∑ E+1 E–
2

-----------------E+1
* E+1

* E*–
2

---------------------E+1+ 
 

n 0=

Nt 2–

∑+  =
k 0=

Nr 1–

∑

=  rkhr E+1 E–( )
E+1

* E*+
2

--------------------- 
  E+1

* E*–( )
E+1 E+

2
------------------ 

 + +
n 1=

Nt 2–

∑




k 0=

Nr 1–

∑

+
1
2
--- Ek Nt, Ek Nt 1–,–( )Ek Nt 1–,* Ek Nt,* Ek Nt 1–,*–( )Ek Nt 1–,+[ ]





 =
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ÇÓÎÍÓ‚, íÓÙËÏÓ‚

ÑÎfl ÔÓ‰ÓÎÊÂÌËfl ÔÂÓ·‡ÁÓ‚‡ÌËfl ÔÓÒÎÂ‰ÌÂÈ ÒÛÏÏ˚ ‚ (86) ÛÏÌÓÊËÏ Û‡‚ÌÂÌËÂ (46) Ì‡
, ‡ ÒÓÔflÊÂÌÌÓÂ Í ÌÂÏÛ – Ì‡ . ëÎÓÊË‚ Ëı Ë ÔÓÒÛÏÏËÓ‚‡‚ ÔÓ k ÓÚ 0 ‰Ó Nr – 1,

ÔÓÎÛ˜ËÏ ‡‚ÂÌÒÚ‚Ó

(87)

ëÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ, Ò Û˜ÂÚÓÏ (87) ‡ÁÌÓÒÚÌÓÂ ÒÓÓÚÌÓ¯ÂÌËÂ (86) ÔÂÓ·‡ÁÛÂÚÒfl Í ‚Ë‰Û

(88)

í‡ÍËÏ Ó·‡ÁÓÏ, ‰Îfl ‰ÓÍ‡Á‡ÚÂÎ¸ÒÚ‚‡ ÒÛ˘ÂÒÚ‚Ó‚‡ÌËfl ËÌ‚‡Ë‡ÌÚ‡ (60) ÌÛÊÌÓ ÔÓÍ‡Á‡Ú¸, ˜ÚÓ 

(89)

Ú.Â. fl‚ÎflÂÚÒfl ËÌ‚‡Ë‡ÌÚÓÏ. ÑÎfl ˝ÚÓ„Ó ÛÏÌÓÊËÏ Û‡‚ÌÂÌËÂ (46‡) Ì‡ , ‡ ÒÓÔflÊÂÌÌÓÂ Í ÌÂ-

ÏÛ – Ì‡ . ëÎÓÊË‚ Ëı, ÔÓÒÛÏÏËÓ‚‡‚ ÔÓ k ÓÚ 1 ‰Ó Nr – 1, ÔËÏÂÌË‚ ‚ÚÓÛ˛ ‡ÁÌÓÒÚÌÛ˛
ÙÓÏÛÎÛ ÉËÌ‡ Ò Û˜ÂÚÓÏ Í‡Â‚Ó„Ó ÛÒÎÓ‚Ëfl (47·), ÔÓÎÛ˜ËÏ

í‡ÍËÏ Ó·‡ÁÓÏ, ÛÚ‚ÂÊ‰ÂÌËÂ (89) ‰ÓÍ‡Á‡ÌÓ, ‡ (60) fl‚ÎflÂÚÒfl ‡ÁÌÓÒÚÌ˚Ï ‡Ì‡ÎÓ„ÓÏ ËÌ‚‡Ë‡ÌÚ‡.
äÓÌÒÂ‚‡ÚË‚ÌÓÒÚ¸ ÒıÂÏ˚ ÔÓ ËÌ‚‡Ë‡ÌÚÛ (61). ìÏÌÓÊËÏ Û‡‚ÌÂÌËÂ (42), Á‡ÔËÒ‡ÌÌÓÂ Ì‡ ÌËÊÌÂÏ

ÒÎÓÂ ÔÓ z, Ì‡ rkhrA*, ‡ ÒÓÔflÊÂÌÌÓÂ Í ÌÂÏÛ – Ì‡ rkhrA. Ç˚˜ÚÂÏ ËÁ ÔÂ‚Ó„Ó ‚ÚÓÓÂ, ÂÁÛÎ¸Ú‡Ú ÛÏÌÓ-
ÊËÏ Ì‡ τ, ‡ Á‡ÚÂÏ ÔÓÒÛÏÏËÛÂÏ ÔÓ n ÓÚ 1 ‰Ó Nt – 1 Ë ÔÓ k ÓÚ 0 ‰Ó Nr – 1. Ç ÂÁÛÎ¸Ú‡ÚÂ ËÁ ˝ÚÓ„Ó
‡‚ÂÌÒÚ‚‡ ÔÓÎÛ˜ËÏ

(90)

èÓÒÚÓflÌÒÚ‚Ó ÁÌ‡˜ÂÌËfl ÔÓÒÎÂ‰ÌÂÈ ÒÛÏÏ˚ Ó·ÛÒÎÓ‚ÎÂÌÓ ÒÔ‡‚Â‰ÎË‚ÓÒÚ¸˛ ‡ÁÌÓÒÚÌÓ„Ó ‡Ì‡ÎÓ„‡ ËÌ-
‚‡Ë‡ÌÚ‡ (60).

èÂÓ·‡ÁÛÂÏ ÎÂ‚Û˛ ˜‡ÒÚ¸ ‡‚ÂÌÒÚ‚‡ (90), Û˜ËÚ˚‚‡fl ÌÛÎÂ‚˚Â „‡ÌË˜Ì˚Â ÛÒÎÓ‚Ëfl (54) ‰Îfl ‡Á-
ÌÓÒÚÌÓÈ ÙÛÌÍˆËË A, ÒÎÂ‰Û˛˘ËÏ Ó·‡ÁÓÏ:

(91)

=  rkhr E+1
2

E
2

–( )
n 1=

Nt 2–

∑ Ek Nt 1–,
2

–
1
2
--- Ek Nt, Ek Nt 1–,* Ek Nt,* Ek Nt 1–,+( )+  =

k 0=

Nr 1–

∑

=  
rkhr

2
--------- Ek Nt, Ek Nt 1–,* Ek Nt,* Ek Nt 1–,+( ).

k 0=

Nr 1–

∑

rkhrEk Nt,* τ /2 rkhrEk Nt, τ /2

rkhr
1
2
--- Ek Nt 1–, Ek Nt,* Ek Nt 1–,* Ek Nt,+( )– 1 τ2

γ2
-----– 

  Ek Nt,
2

+
k 0=

Nr 1–

∑ 0.=

2 rkhr τ Re AE*( )
n 1=

Nt 1–

∑
k 0=

Nr 1–

∑ rkhr Ek Nt,
2

1 τ2

γ2
-----– 

  .
k 0=

Nr 1–

∑=

rkhr Ek Nt,
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Êk Nt,* Ek Nt,*–

hz

----------------------------+ 
 

k 0=

Nr 1–

∑ rkhr
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àÁ (91) Ë (90) ÒÎÂ‰ÛÂÚ, ˜ÚÓ ‡ÁÌÓÒÚÌ˚È ‡Ì‡ÎÓ„ ËÌ‚‡Ë‡ÌÚ‡ (61) ÒÓı‡ÌflÂÚÒfl Ì‡ ‡ÁÌÓÒÚÌÓÏ Â¯Â-
ÌËË.

äÓÌÒÂ‚‡ÚË‚ÌÓÒÚ¸ ÒıÂÏ˚ ÔÓ ËÌ‚‡Ë‡ÌÚÛ (62). ìÏÌÓÊË‚ Ì‡ rkhr Ë ÔÓÒÛÏÏËÓ‚‡‚ ÔÓ k ÓÚ 1 ‰Ó Nr – 1
Í‡Â‚ÓÂ ÛÒÎÓ‚ËÂ (47), ÔÓÎÛ˜ËÏ 

(92)

ì˜ËÚ˚‚‡fl Í‡Â‚˚Â ÛÒÎÓ‚Ëfl (47·) Ë (9„) ‚ ÚÓ˜ÍÂ n = Nt , ÔÂÓ·‡ÁÛÂÏ (92) Í ‚Ë‰Û

éÚÒ˛‰‡ ÒÎÂ‰ÛÂÚ ÒÓÓÚÌÓ¯ÂÌËÂ

ÍÓÚÓÓÂ ÔÂ‰ÒÚ‡‚ÎflÂÚ ÒÓ·ÓÈ ‡ÁÌÓÒÚÌ˚È ‡Ì‡ÎÓ„ ËÌ‚‡Ë‡ÌÚ‡ (62) Ì‡ ‚‚Â‰ÂÌÌÓÈ ÒÂÚÍÂ.

5. êÖáìãúíÄíõ äéåèúûíÖêçéÉé åéÑÖãàêéÇÄçàü

äÓÏÔ¸˛ÚÂÌÓÂ ÏÓ‰ÂÎËÓ‚‡ÌËÂ ÔÓ‚Ó‰ËÎÓÒ¸ ‰Îfl Ì‡˜‡Î¸ÌÓ„Ó ‡ÒÔÂ‰ÂÎÂÌËfl ÍÓÏÔÎÂÍÒÌÓÈ ‡Ï-
ÔÎËÚÛ‰˚ ‚ ‚Ë‰Â „‡ÛÒÒÓ‚ÓÈ ÙÛÌÍˆËË ÔÓ ÔÓÒÚ‡ÌÒÚ‚ÂÌÌÓÈ ÍÓÓ‰ËÌ‡ÚÂ Ë ‚ÂÏÂÌË:

í‡Í Í‡Í ‡ÒÒÏ‡ÚË‚‡ÎÓÒ¸ ‚ÎËflÌËÂ ‰ËÒÔÂÒËË ÌÂÎËÌÂÈÌÓ„Ó ÓÚÍÎËÍ‡ Ì‡ Ò‡ÏÓÙÓÍÛÒËÓ‚ÍÛ ‡ÍÒË-
‡Î¸ÌÓ„Ó-ÒËÏÏÂÚË˜ÌÓ„Ó ÔÛ˜Í‡, ÚÓ ÍÓ˝ÙÙËˆËÂÌÚ˚ ‚ (1) ‚˚·Ë‡ÎËÒ¸ ‡‚Ì˚ÏË α = 10, D = 1, ‡ Ô‡-
‡ÏÂÚ˚ Dr Ë γ ·˚ÎË, ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ, ‡‚Ì˚ {10–4; 0.1; 1} Ë {0; 0.25; 0.5; 0.75; 1}. ì˜ËÚ˚‚‡fl, ˜ÚÓ
‚ ‡ÍÒË‡Î¸ÌÓ-ÒËÏÏÂÚË˜ÌÓÏ ÒÎÛ˜‡Â ÔË ‚˚·‡ÌÌÓÏ ÁÌ‡˜ÂÌËË Ô‡‡ÏÂÚ‡ ÌÂÎËÌÂÈÌÓÒÚË ÙÓÏËÛ-
ÂÚÒfl ÌÂÎËÌÂÈÌ˚È ÙÓÍÛÒ, ÚÓ ̃ ËÒÎÓ ÛÁÎÓ‚ ÔÓ ‚ÂÏÂÌË Ë ÔÓ ‡‰ËÛÒÛ Ï˚ ‚˚·Ë‡ÎË ‡‚Ì˚ÏË Nt = 8192,
Nr = 1000 ‰Îfl Ó·Î‡ÒÚË Lt = 30, R = 6. èÓ ÏÂÂ ÔË·ÎËÊÂÌËfl Í ÌÂÎËÌÂÈÌÓÏÛ ÙÓÍÛÒÛ ̄ ‡„ ÔÓ ÔÓ‰ÓÎ¸-
ÌÓÈ ÍÓÓ‰ËÌ‡ÚÂ ÛÏÂÌ¸¯‡ÎÒfl, Ú‡Í Í‡Í ‚ÓÁ‡ÒÚ‡Î‡ ËÌÚÂÌÒË‚ÌÓÒÚ¸ ÓÔÚË˜ÂÒÍÓ„Ó ËÁÎÛ˜ÂÌËfl. êÂÁÛÎ¸-
Ú‡Ú˚ ‡Ò˜ÂÚÓ‚ ‚ ‚Ë‰Â Á‡‚ËÒËÏÓÒÚË Ï‡ÍÒËÏ‡Î¸ÌÓÈ ËÌÚÂÌÒË‚ÌÓÒÚË Imax(z) = (z, r, t)|2 ÓÚ z ÔÂ‰-

ÒÚ‡‚ÎÂÌ˚ Ì‡ ÙË„ÛÂ. Ç ÔÓˆÂÒÒÂ ‡Ò˜ÂÚÓ‚ ÍÓÌÚÓÎËÓ‚‡ÎÓÒ¸ ÒÓı‡ÌÂÌËÂ ‡ÁÌÓÒÚÌ˚ı ‡Ì‡ÎÓ„Ó‚
ËÌ‚‡Ë‡ÌÚÓ‚, Ë ÓÌÓ ·˚ÎÓ ‚ ÔÂ‰ÂÎ‡ı ÚÓ˜ÌÓÒÚË ËÚÂ‡ˆËÓÌÌÓ„Ó ÔÓˆÂÒÒ‡.

èÂÊ‰Â ‚ÒÂ„Ó ÓÚÏÂÚËÏ, ˜ÚÓ ‰Îfl ‰ËÙ‡ÍˆËË, ‡‚ÌÓÈ 10–4 (ÒÏ. „‡ÙËÍ (‡)), ˝‚ÓÎ˛ˆËfl ÔËÍÓ‚ÓÈ
ËÌÚÂÌÒË‚ÌÓÒÚË ÒÓ‚Ô‡‰‡ÂÚ ÒÓ ÒÎÛ˜‡ÂÏ Á‡‰‡˜Ë ‚ ÍÓÓ‰ËÌ‡Ú‡ı (z, t), ÍÓ„‰‡ Dr = 0, Ë Ò ÓÒÚÓÏ Ô‡‡ÏÂÚ-
‡ γ Ï‡ÍÒËÏ‡Î¸Ì‡fl ËÌÚÂÌÒË‚ÌÓÒÚ¸ ÛÏÂÌ¸¯‡ÂÚÒfl. êÓÒÚ ‰ËÙ‡ÍˆËË ‰Ó 0.1 ÔË‚Ó‰ËÚ Í Í‡˜ÂÒÚ‚ÂÌÌÓ
ÌÓ‚ÓÈ Á‡‚ËÒËÏÓÒÚË: ÌÂÎËÌÂÈÌ˚È ÙÓÍÛÒ ÙÓÏËÛÂÚÒfl ‚ÒÂ„‰‡ (ÒÏ. „‡ÙËÍ (·)). é‰Ì‡ÍÓ Ú‡ÒÒ‡ ‡Ò-
ÔÓÒÚ‡ÌÂÌËfl, Ì‡ ÍÓÚÓÓÈ ÓÌ ÔÓfl‚ÎflÂÚÒfl, Û‚ÂÎË˜Ë‚‡ÂÚÒfl Ò ÓÒÚÓÏ γ. èË˜ÂÏ ‰Îfl γ = 0.75 Ë 1 ‚Ì‡-
˜‡ÎÂ ‡ÒÔÓÒÚ‡ÌÂÌËfl ÔËÍÓ‚‡fl ËÌÚÂÌÒË‚ÌÓÒÚ¸ ËÏÔÛÎ¸Ò‡ ÌÂÒÍÓÎ¸ÍÓ ÛÏÂÌ¸¯‡ÂÚÒfl.

èË ‰‡Î¸ÌÂÈ¯ÂÏ ÓÒÚÂ ‚ÎËflÌËfl ‰ËÙ‡ÍˆËË ÔÛ˜Í‡ ‰Ó Dr = 1 („‡ÙËÍ (‚)) Á‡‚ËÒËÏÓÒÚ¸ ÔÓÎÓÊÂ-
ÌËfl ÌÂÎËÌÂÈÌÓ„Ó ÙÓÍÛÒ‡ ÓÚ γ ÒÚ‡ÌÓ‚ËÚÒfl ËÌÓÈ: ÔË Û‚ÂÎË˜ÂÌËË Ô‡‡ÏÂÚ‡ γ Ú‡ÒÒ‡ ÙÓÏËÓ‚‡ÌËfl
ÌÂÎËÌÂÈÌÓ„Ó ÙÓÍÛÒ‡ ÛÏÂÌ¸¯‡ÂÚÒfl, ‡ ÒÍÓÓÒÚ¸ ÓÒÚ‡ ËÌÚÂÌÒË‚ÌÓÒÚË ‚·ÎËÁË ÌÂ„Ó ‚ÓÁ‡ÒÚ‡ÂÚ. ëÎÂ-
‰Ó‚‡ÚÂÎ¸ÌÓ, ‚ÎËflÌËÂ ‰ËÒÔÂÒËË ÌÂÎËÌÂÈÌÓ„Ó ÓÚÍÎËÍ‡ (Ô‡‡ÏÂÚ‡ γ) Ì‡ ı‡‡ÍÚÂ ‡ÒÔÓÒÚ‡ÌÂ-
ÌËfl ÓÔÚË˜ÂÒÍÓ„Ó ËÁÎÛ˜ÂÌËfl ÒÛ˘ÂÒÚ‚ÂÌÌÓ Á‡‚ËÒËÚ ÓÚ Â„Ó ‰ËÙ‡ÍˆËË.
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ÇÓÎÍÓ‚, íÓÙËÏÓ‚

Ç Á‡ÍÎ˛˜ÂÌËÂ ÓÚÏÂÚËÏ, ̃ ÚÓ ‡Ò˜ÂÚ˚ ÔÓ‚Ó‰ËÎËÒ¸ Ì‡ ‰‚ÛıÔÓˆÂÒÒÓÌÓÏ ÍÓÏÔ¸˛ÚÂÂ Intel XEON
Ò ˜‡ÒÚÓÚÓÈ 3.4 ÉÉˆ Ë ‰‚ÛıÔÓˆÂÒÒÓÌÓÏ ‰‚Ûıfl‰ÂÌÓÏ ÍÓÏÔ¸˛ÚÂÂ Intel XEON c ˜‡ÒÚÓÚÓÈ 3 ÉÉˆ, ‡
Ú‡ÍÊÂ Ì‡ ‰‚ÛıÔÓˆÂÒÒÓÌÓÏ ÍÓÏÔ¸˛ÚÂÂ Intel Itanium 2 Ò ˜‡ÒÚÓÚÓÈ 1.5 ÉÉˆ Ò ËÒÔÓÎ¸ÁÓ‚‡ÌËÂÏ ·Ë·-
ÎËÓÚÂÍË MKL, ‡Á‡·ÓÚ‡ÌÌÓÈ ‰Îfl ÔÓˆÂÒÒÓÓ‚ Intel, Ë ‡ÒÔ‡‡ÎÎÂÎË‚‡ÌËÂÏ ‡Î„ÓËÚÏÓ‚ ‰Îfl 2 Ë 4
ÔÓˆÂÒÒÓÓ‚. ùÚÓ ÔÓÁ‚ÓÎflÎÓ ÛÏÂÌ¸¯ËÚ¸ ‚ÂÏfl ‡Ò˜ÂÚÓ‚ ‚ 2.8–4.5 ‡Á‡ ÔÓ Ò‡‚ÌÂÌË˛ Ò ‡Ò˜ÂÚ‡ÏË,
ÔÓ‚Â‰ÂÌÌ˚ÏË Ì‡ Ó‰ÌÓÏ ÔÓˆÂÒÒÓÂ. 
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6. ÇõÇéÑõ

í‡ÍËÏ Ó·‡ÁÓÏ, ‚ Ì‡ÒÚÓfl˘ÂÈ ‡·ÓÚÂ Á‡ÔËÒ‡Ì˚ ËÌ‚‡Ë‡ÌÚ˚ Á‡‰‡˜Ë ‡ÒÔÓÒÚ‡ÌÂÌËfl ÙÂÏÚÓÒÂ-
ÍÛÌ‰ÌÓ„Ó Î‡ÁÂÌÓ„Ó ËÏÔÛÎ¸Ò‡ ‚ ÍÛ·Ë˜ÌÓ-ÌÂÎËÌÂÈÌÓÈ ÒÂ‰Â ‚ ‡ÍÒË‡Î¸ÌÓ-ÒËÏÏÂÚË˜ÌÓÏ ÒÎÛ˜‡Â Ò
Û˜ÂÚÓÏ ÔÓËÁ‚Ó‰ÌÓÈ ÔÓ ‚ÂÏÂÌË ÓÚ ÌÂÎËÌÂÈÌÓ„Ó ÓÚÍÎËÍ‡. ÑÎfl ˝ÚÓÈ Á‡‰‡˜Ë ÔÓÒÚÓÂÌ‡ ÍÓÌÒÂ‚‡-
ÚË‚Ì‡fl ‡ÁÌÓÒÚÌ‡fl ÒıÂÏ‡. ÑÓÍ‡Á‡Ì‡ ÂÂ ÍÓÌÒÂ‚‡ÚË‚ÌÓÒÚ¸ ÔÓ fl‰Û ËÌ‚‡Ë‡ÌÚÓ‚. ê‡ÁÌÓÒÚÌ‡fl ÒıÂÏ‡
ËÒÔÓÎ¸ÁÓ‚‡Ì‡ ‰Îfl ËÒÒÎÂ‰Ó‚‡ÌËfl ‚ÎËflÌËfl ‰ËÒÔÂÒËË ÌÂÎËÌÂÈÌÓ„Ó ÓÚÍÎËÍ‡ ÒÂ‰˚, ÓÔËÒ˚‚‡ÂÏÓ„Ó
ÔÓËÁ‚Ó‰ÌÓÈ ÔÓ ‚ÂÏÂÌË ÓÚ ÌÂ„Ó, Ì‡ ÙÓÏËÓ‚‡ÌËÂ ÌÂÎËÌÂÈÌÓ„Ó ÙÓÍÛÒ‡ Ë Ì‡ ÓÒÚ ËÌÚÂÌÒË‚ÌÓÒÚË
‚ ÌÂÎËÌÂÈÌÓÏ ÙÓÍÛÒÂ. èÓÍ‡Á‡ÌÓ, ˜ÚÓ ‚ÎËflÌËÂ ‰ËÒÔÂÒËË ÌÂÎËÌÂÈÌÓ„Ó ÓÚÍÎËÍ‡ Á‡‚ËÒËÚ ÓÚ ‚ÂÎË-
˜ËÌ˚ ‰ËÙ‡ÍˆËË ÓÔÚË˜ÂÒÍÓ„Ó ËÁÎÛ˜ÂÌËfl. 
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åÂÚÓ‰‡ÏË ˜ËÒÎÂÌÌÓ„Ó ÏÓ‰ÂÎËÓ‚‡ÌËfl ‚ ‡ÏÍ‡ı ÏÓÎÂÍÛÎflÌÓÈ ‰ËÌ‡ÏËÍË ËÒÒÎÂ‰Ó‚‡Ì˚ Á‡ÍÓ-
ÌÓÏÂÌÓÒÚË Á‡ÓÊ‰ÂÌËfl, ÙÓÏËÓ‚‡ÌËfl Ë ‡ÒÔÓÒÚ‡ÌÂÌËfl Ì‡ Ó·˙ÂÏ Ì‡ÌÓ˜‡ÒÚËˆ˚ ÔË ÂÂ
Û‚ÂÎË˜ÂÌËË ‡ÏÓÙÌÓÈ, ÍËÒÚ‡ÎÎË˜ÂÒÍÓÈ Ë ÔÓÎËÍËÒÚ‡ÎÎË˜ÂÒÍÓÈ Ù‡Á. èË‚Â‰ÂÌ˚ ÂÁÛÎ¸Ú‡-
Ú˚ ˜ËÒÎÂÌÌ˚ı ‡Ò˜ÂÚÓ‚ Ô‡‡ÏÂÚÓ‚, ı‡‡ÍÚÂËÁÛ˛˘Ëı ÛÍ‡Á‡ÌÌ˚Â ÔÓˆÂÒÒ˚, ‰Îfl ÏÂÚ‡ÎÎË˜Â-
ÒÍËı Ì‡ÌÓ˜‡ÒÚËˆ, ÙÓÏËÛÂÏ˚ı ÔÛÚÂÏ ËÁÏÂÎ¸˜ÂÌËfl, ‰Ó·ÎÂÌËfl ËÎË ‰ÂÒÚÛÍˆËË Ï‡ÍÓÚÂÎ.
éÔËÒ‡Ì˚ ÓÒÌÓ‚Ì˚Â Á‡ÍÓÌÓÏÂÌÓÒÚË ÔÓÚÂÍ‡ÌËfl ÔÓˆÂÒÒÓ‚ ÙÓÏËÓ‚‡ÌËfl Ì‡ÌÓ˜‡ÒÚËˆ ‚ up
down-ÔÓˆÂÒÒ‡ı Ë Ò‚ÓÈÒÚ‚‡ Ëı ÒÚÛÍÚÛ˚. ÅË·Î. 31. îË„. 7.

äÎ˛˜Â‚˚Â ÒÎÓ‚‡: Ì‡ÌÓ˜‡ÒÚËˆ˚, ÒÚÛÍÚÛ‡, ÏÂÚÓ‰ ÏÓÎÂÍÛÎflÌÓÈ ‰ËÌ‡ÏËÍË, ˜ËÒÎÂÌÌÓÂ ÏÓ‰Â-
ÎËÓ‚‡ÌËÂ, ÏÂÚ‡ÎÎË˜ÂÒÍËÂ Ì‡ÌÓ˜‡ÒÚËˆ˚.

1. ÇÇÖÑÖçàÖ

é‰ÌËÏ ËÁ ÍÎ˛˜Â‚˚ı ‚ÓÔÓÒÓ‚ ÔË ÒÓÁ‰‡ÌËË ÔÓÓ¯ÍÓ‚˚ı Ì‡ÌÓÍÓÏÔÓÁËÚÓ‚ fl‚ÎflÂÚÒfl ÔÓÒÚÓÂ-
ÌËÂ Á‡‚ËÒËÏÓÒÚË ÒÚÛÍÚÛ˚ Ë ÙÓÏ˚ Ì‡ÌÓ˜‡ÒÚËˆ, ÒÓÁ‰‡˛˘Ëı ÓÒÌÓ‚Û ÍÓÏÔÓÁËÚ‡, ÓÚ Ëı ‡ÁÏÂÓ‚.
ùÚÓ Ó·ÛÒÎÓ‚ÎÂÌÓ ÚÂÏ, ˜ÚÓ ÔË Û‚ÂÎË˜ÂÌËË ËÎË ÛÏÂÌ¸¯ÂÌËË ı‡‡ÍÚÂÌÓ„Ó ‡ÁÏÂ‡ Ì‡ÌÓ˜‡ÒÚËˆ˚
ÂÂ ÙËÁËÍÓ-ÏÂı‡ÌË˜ÂÒÍËÂ ı‡‡ÍÚÂËÒÚËÍË – ÏÓ‰ÛÎ¸ ÛÔÛ„ÓÒÚË, ÔÓ˜ÌÓÒÚ¸, ‰ÂÙÓÏ‡ˆËÓÌÌ˚Â Ë
‰Û„ËÂ Ô‡‡ÏÂÚ˚, – ÏÓ„ÛÚ ËÁÏÂÌflÚ¸Òfl Ì‡ ÔÓfl‰ÓÍ (ÒÏ. [1]–[3]). ê‡Ò˜ÂÚÌ˚Â Ë ˝ÍÒÔÂËÏÂÌÚ‡Î¸Ì˚Â
ËÒÒÎÂ‰Ó‚‡ÌËfl ÔÓÍ‡Á˚‚‡˛Ú, ˜ÚÓ ˝ÚÓ Ó·˙flÒÌflÂÚÒfl, ‚ ÔÂ‚Û˛ Ó˜ÂÂ‰¸, ÒÛ˘ÂÒÚ‚ÂÌÌÓÈ ÔÂÂÒÚÓÈÍÓÈ
(ÔË˜ÂÏ ÌÂ Ó·flÁ‡ÚÂÎ¸ÌÓ ÏÓÌÓÚÓÌÌÓÈ) ‡ÚÓÏÌÓÈ ÒÚÛÍÚÛ˚ Ë ÙÓÏ˚ Ì‡ÌÓ˜‡ÒÚËˆ˚.

çÂÓ·ıÓ‰ËÏÓ ÓÚÏÂÚËÚ¸, ˜ÚÓ ˝ÍÒÔÂËÏÂÌÚ‡Î¸ÌÓÂ ÓÔÂ‰ÂÎÂÌËÂ Ì‡Á‚‡ÌÌ˚ı ‚˚¯Â Ô‡‡ÏÂÚÓ‚ Ì‡-
ÌÓ˝ÎÂÏÂÌÚÓ‚ ÔÂ‰ÒÚ‡‚ÎflÂÚ ÚÂıÌË˜ÂÒÍË ÒÎÓÊÌÛ˛ Ë ÚÛ‰ÓÂÏÍÛ˛ Á‡‰‡˜Û ‚ÒÎÂ‰ÒÚ‚ËÂ Ï‡ÎÓÒÚË ‡ÁÏÂ-
Ó‚ ‰‡ÌÌ˚ı Ó·˙ÂÍÚÓ‚. äÓÏÂ ÚÓ„Ó, ÓÔ˚ÚÌ˚Â ‰‡ÌÌ˚Â Á‡˜‡ÒÚÛ˛ ÔÓÚË‚ÓÂ˜Ë‚˚. Ç ˜‡ÒÚÌÓÒÚË, ˝ÚÓ
Í‡Ò‡ÂÚÒfl ‡ÒÒÚÓflÌËfl ÏÂÊ‰Û ‡ÚÓÏ‡ÏË ‚ Ì‡ÌÓ˜‡ÒÚËˆÂ. Ç ÌÂÍÓÚÓ˚ı ‡·ÓÚ‡ı ÛÍ‡Á˚‚‡ÂÚÒfl Ì‡ Û‚ÂÎË-
˜ÂÌËÂ ‰‡ÌÌÓ„Ó ‡ÒÒÚÓflÌËfl ‰Îfl ‡ÚÓÏÓ‚, ÔËÎÂ„‡˛˘Ëı Í ÔÓ‚ÂıÌÓÒÚË Ì‡ÌÓ˜‡ÒÚËˆ˚, ÔÓ Ò‡‚ÌÂÌË˛
Ò ‡ÚÓÏ‡ÏË, ‡ÒÔÓÎÓÊÂÌÌ˚ÏË ‚ ÂÂ „ÎÛ·ËÌÂ. Ç ‰Û„Ëı ‡·ÓÚ‡ı Ì‡·Î˛‰‡ÂÚÒfl ÛÏÂÌ¸¯ÂÌËÂ ˝ÚÓÈ ‚Â-
ÎË˜ËÌ˚ ÔË Û‰‡ÎÂÌËË ÓÚ ˆÂÌÚ‡ Ì‡ÌÓ˜‡ÒÚËˆ˚ (ÒÏ. [8]). ëÍ‡Á‡ÌÌÓÂ ‚˚¯Â Ó·ÛÒÎÓ‚ÎË‚‡ÂÚ ‡ÍÚÛ‡Î¸-
ÌÓÒÚ¸ ‰ÂÚ‡Î¸ÌÓ„Ó ÒËÒÚÂÏ‡ÚË˜ÂÒÍÓ„Ó ËÒÒÎÂ‰Ó‚‡ÌËfl ‰‡ÌÌÓ„Ó ‚ÓÔÓÒ‡ ÚÂÓÂÚË˜ÂÒÍËÏË ÏÂÚÓ‰‡ÏË –
ÏÂÚÓ‰‡ÏË Ï‡ÚÂÏ‡ÚË˜ÂÒÍÓ„Ó ÏÓ‰ÂÎËÓ‚‡ÌËfl.

ëÎÂ‰ÛÂÚ Ú‡ÍÊÂ ÓÚÏÂÚËÚ¸, ˜ÚÓ ‡ÚÓÏÌ‡fl ÒÚÛÍÚÛ‡ Ë ÙÓÏ‡ Ì‡ÌÓ˜‡ÒÚËˆ˚ Á‡‚ËÒflÚ ÌÂ ÚÓÎ¸ÍÓ ÓÚ ÂÂ
‡ÁÏÂ‡, ÌÓ Ë ÓÚ ÏÂÚÓ‰Ó‚ ÂÂ ÙÓÏËÓ‚‡ÌËfl, ÍÓÚÓ˚Â ÏÓÊÌÓ ‡Á‰ÂÎËÚ¸ Ì‡ ‰‚Â ÓÒÌÓ‚Ì˚Â „ÛÔÔ˚.

1. îÓÏËÓ‚‡ÌËÂ Ì‡ÌÓ˜‡ÒÚËˆ˚ ‚ ÔÓˆÂÒÒÂ ÍÓÌÒÓÎË‰‡ˆËË ‡ÚÓÏÓ‚ ÔÛÚÂÏ Ëı “Ò·ÓÍË” Ë ÓÒÚ‡ÌÓ‚-
ÍË (ÙËÍÒ‡ˆËË) ‰‡ÌÌÓ„Ó ÔÓˆÂÒÒ‡ ÔË ‰ÓÒÚËÊÂÌËË ÌÂÓ·ıÓ‰ËÏÓ„Ó ‡ÁÏÂ‡ Ì‡ÌÓ˜‡ÒÚËˆ˚ (‚ ‡Ì„ÎÓ-
flÁ˚˜ÌÓÈ ÎËÚÂ‡ÚÛÂ ˝ÚË ÏÂÚÓ‰˚ ÔÓÎÛ˜ËÎË Ì‡Á‚‡ÌËÂ bottom up-ÔÓˆÂÒÒ˚). éÒÚ‡ÌÓ‚Í‡ ÔÓˆÂÒÒ‡
ÓÒÚ‡ ˜‡ÒÚËˆ˚ ‚˚ÔÓÎÌflÂÚÒfl ËÁÏÂÌÂÌËÂÏ ÙËÁË˜ÂÒÍËı ËÎË ıËÏË˜ÂÒÍËı ÛÒÎÓ‚ËÈ Ó·‡ÁÓ‚‡ÌËfl ˜‡-
ÒÚËˆ˚, ÔÂÍ‡˘ÂÌËÂÏ ÔÓ‰‡˜Ë ‚Â˘ÂÒÚ‚, ÌÂÓ·ıÓ‰ËÏ˚ı ‰Îfl ÂÂ Ó·‡ÁÓ‚‡ÌËfl, ËÎË ‚ÒÎÂ‰ÒÚ‚ËÂ Ó„‡ÌË-
˜ÂÌËfl ÔÓÒÚ‡ÌÒÚ‚‡, ‚ ÍÓÚÓÓÏ Ì‡ÌÓ˜‡ÒÚËˆ‡ ÙÓÏËÛÂÚÒfl.

2. èÓÎÛ˜ÂÌËÂ Ì‡ÌÓ˜‡ÒÚËˆ ÔÛÚÂÏ ËÁÏÂÎ¸˜ÂÌËfl, ‰Ó·ÎÂÌËfl, ‰ÂÒÚÛÍˆËË ·ÓÎÂÂ Ï‡ÒÒË‚Ì˚ı (ÍÛÔ-
Ì˚ı) Ó·‡ÁÓ‚‡ÌËÈ ‰Ó Ù‡„ÏÂÌÚÓ‚ ÌÛÊÌÓ„Ó ‡ÁÏÂ‡ (‚ ‡Ì„ÎÓflÁ˚˜ÌÓÈ ÎËÚÂ‡ÚÛÂ ‰‡ÌÌ˚Â ÏÂÚÓ‰˚
ÍÎ‡ÒÒËÙËˆËÓ‚‡Ì˚ Í‡Í up down-ÔÓˆÂÒÒ˚).

åÓ‰ÂÎËÓ‚‡ÌË˛ ÔÓˆÂÒÒÓ‚ ÔÂ‚Ó„Ó ÚËÔ‡ (bottom up-ÔÓˆÂÒÒÓ‚) ÔÓÒ‚fl˘ÂÌÓ ‰ÓÒÚ‡ÚÓ˜ÌÓ ÏÌÓ„Ó
‡·ÓÚ (ÒÏ. [14], [15]), ‡ ÔÓÚÂÍ‡ÌËÂ up down-ÔÓˆÂÒÒÓ‚ ËÁÛ˜ÂÌÓ ‚ÂÒ¸Ï‡ ÒÎ‡·Ó. ùÚÓ Ó·˙flÒÌflÂÚÒfl

1) ê‡·ÓÚ‡ ‚˚ÔÓÎÌÂÌ‡ ÔË ÙËÌ‡ÌÒÓ‚ÓÈ ÔÓ‰‰ÂÊÍÂ ÍÓÏÔÎÂÍÒÌÓÈ ÔÓ„‡ÏÏ˚ ÙÛÌ‰‡ÏÂÌÚ‡Î¸Ì˚ı ËÒÒÎÂ‰Ó‚‡ÌËÈ èÂÁË‰Ë-
ÛÏ‡ êÄç “îÛÌ‰‡ÏÂÌÚ‡Î¸Ì˚Â ÔÓ·ÎÂÏ˚ ÙËÁËÍË Ë ıËÏËË Ì‡ÌÓ‡ÁÏÂÌ˚ı ÒËÒÚÂÏ Ë Ì‡ÌÓÏ‡ÚÂË‡ÎÓ‚”, 2005–2006 „„.

ìÑä 519.634
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ÚÂÏ, ˜ÚÓ ÓÌË fl‚Îfl˛ÚÒfl ÂÁÛÎ¸Ú‡ÚÓÏ ÔÓˆÂÒÒÓ‚ ‡ÁÛ¯ÂÌËfl Ì‡ ‡ÁÌ˚ı ÒÚÛÍÚÛÌ˚ı ÛÓ‚Ìflı. ùÚ‡
Á‡‰‡˜‡ ‚ÒÎÂ‰ÒÚ‚ËÂ ÂÂ Ó·˙ÂÏÌÓÒÚË Ë ÒÎÓÊÌÓÒÚË ‚ ‡ÏÍ‡ı ‰‡ÌÌÓÈ ‡·ÓÚ˚ ÌÂ ‡ÒÒÏ‡ÚË‚‡ÂÚÒfl. èÓ-
‰Ó·ÌÓÂ ÓÔËÒ‡ÌËÂ ÂÂ ÔÓÒÚ‡ÌÓ‚ÍË Ë ÌÂÍÓÚÓ˚Â ̃ ËÒÎÂÌÌ˚Â ÂÁÛÎ¸Ú‡Ú˚ ‡Ò˜ÂÚÓ‚ ÔË‚Â‰ÂÌ˚ ‚ [16]–
[23]. ñÂÎ¸˛ Ì‡ÒÚÓfl˘ÂÈ ‡·ÓÚ˚ fl‚ÎflÎÓÒ¸ ËÒÒÎÂ‰Ó‚‡ÌËÂ Á‡ÍÓÌÓÏÂÌÓÒÚÂÈ ËÁÏÂÌÂÌËfl ÒÚÛÍÚÛ˚ Ë
ÙÓÏ˚ ÏÂÚ‡ÎÎË˜ÂÒÍËı Ì‡ÌÓ˜‡ÒÚËˆ, ÙÓÏËÛÂÏ˚ı ‚ ‰ÂÒÚÛÍˆËÓÌÌ˚ı (up down) ÔÓˆÂÒÒ‡ı Ì‡ Á‡-
‚Â¯‡˛˘ÂÈ ÒÚ‡‰ËË ÙÓÏËÓ‚‡ÌËfl Ì‡ÌÓ˜‡ÒÚËˆ˚. Ç ‡·ÓÚÂ ÏÂÚÓ‰‡ÏË ˜ËÒÎÂÌÌÓ„Ó ÏÓ‰ÂÎËÓ‚‡ÌËfl
‚ ‡ÏÍ‡ı ÏÓÎÂÍÛÎflÌÓÈ ‰ËÌ‡ÏËÍË ËÒÒÎÂ‰Ó‚‡Ì˚ Á‡ÍÓÌÓÏÂÌÓÒÚË ÙÓÏËÓ‚‡ÌËfl ‡ÏÓÙÌÓÈ Ù‡Á˚,
Á‡ÓÊ‰ÂÌËfl Ë ‡ÒÔÓÒÚ‡ÌÂÌËfl Ì‡ ‚ÂÒ¸ Ó·˙ÂÏ Ì‡ÌÓ˜‡ÒÚËˆ˚ (ÔË ÂÂ Û‚ÂÎË˜ÂÌËË), ÍËÒÚ‡ÎÎË˜Â-
ÒÍÓÈ (ËÎË ÔÓÎËÍËÒÚ‡ÎÎË˜ÂÒÍÓÈ) Ù‡Á ‚ Á‡‚ËÒËÏÓÒÚË ÓÚ ‡ÁÏÂÓ‚ Ì‡ÌÓ˜‡ÒÚËˆ. èË‚Â‰ÂÌ˚ ÂÁÛÎ¸-
Ú‡Ú˚ ‡Ò˜ÂÚÓ‚ Ô‡‡ÏÂÚÓ‚, ı‡‡ÍÚÂËÁÛ˛˘Ëı ÛÍ‡Á‡ÌÌ˚Â ÔÓˆÂÒÒ˚, ‰Îfl ˜‡ÒÚËˆ ÏÂ‰Ë.

2. èéëíÄçéÇäÄ áÄÑÄóà à åÖíéÑàäÄ åéÑÖãàêéÇÄçàü

á‡‰‡˜‡ ‡Ò˜ÂÚ‡ ‚ÌÛÚÂÌÌÂÈ ÒÚÛÍÚÛ˚ Ë ‡‚ÌÓ‚ÂÒÌÓÈ ÍÓÌÙË„Û‡ˆËË (ÙÓÏ˚) ÓÚ‰ÂÎ¸ÌÓÈ, Ò‚Ó-
·Ó‰ÌÓÈ ÓÚ ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl Ì‡ÌÓ˜‡ÒÚËˆ˚ ÏÂÚÓ‰‡ÏË ÏÓÎÂÍÛÎflÌÓÈ ‰ËÌ‡ÏËÍË ‚ÍÎ˛˜‡ÂÚ ‰‚‡ ÓÒÌÓ‚-
Ì˚ı ˝Ú‡Ô‡.

ùÚ‡Ô 1. “àÌËˆË‡ÎËÁ‡ˆËfl” Á‡‰‡˜Ë, Ú.Â. ÓÔÂ‰ÂÎÂÌËÂ ÛÒÎÓ‚ËÈ, ÔË ÍÓÚÓ˚ı Ì‡˜ËÌ‡ÂÚÒfl ÔÓˆÂÒÒ
ÙÓÏËÓ‚‡ÌËfl Ì‡ÌÓ˜‡ÒÚËˆ˚.

ùÚ‡Ô 2. ê‡Ò˜ÂÚ ÌÂÔÓÒÂ‰ÒÚ‚ÂÌÌÓ ÔÓˆÂÒÒ‡ ÙÓÏËÓ‚‡ÌËfl ÒÚÛÍÚÛ˚ Ë ÙÓÏ˚ Ì‡ÌÓ˜‡ÒÚËˆ˚.
ê‡ÒÒÏÓÚËÏ ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ ÛÍ‡Á‡ÌÌ˚Â Á‡‰‡˜Ë. àÌËˆË‡ÎËÁ‡ˆËfl Á‡‰‡˜Ë ÒÓÒÚÓËÚ ‚ Á‡‰‡ÌËË Ì‡-

˜‡Î¸Ì˚ı ÍÓÓ‰ËÌ‡Ú Ë ÒÍÓÓÒÚÂÈ ‡ÚÓÏÓ‚ Ì‡ÌÓ˜‡ÒÚËˆ˚:

(1)

„‰Â xi0, xi – Ì‡˜‡Î¸Ì˚Â Ë ÚÂÍÛ˘ËÂ ÍÓÓ‰ËÌ‡Ú˚ i-„Ó ‡ÚÓÏ‡; Vi0, Vi – Ì‡˜‡Î¸Ì‡fl Ë ÚÂÍÛ˘‡fl ÒÍÓÓÒÚË
i-„Ó ‡ÚÓÏ‡ ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ; Ωk – Ó·Î‡ÒÚ¸, Á‡ÌËÏ‡ÂÏ‡fl Ì‡ÌÓ˜‡ÒÚËˆÂÈ.

ç‡˜‡Î¸Ì˚Â ÍÓÓ‰ËÌ‡Ú˚ xi0 Ë ÒÍÓÓÒÚË Vi0 ‡ÚÓÏÓ‚ Ì‡ÌÓ˜‡ÒÚËˆ˚ ÓÔÂ‰ÂÎfl˛ÚÒfl ËÁ ‡Ò˜ÂÚ‡ ‰Â-
ÒÚÛÍˆËÓÌÌ˚ı ÔÓˆÂÒÒÓ‚ ÔË ÒÚ‡ÚË˜ÂÒÍÓÏ Ë ‰ËÌ‡ÏË˜ÂÒÍÓÏ Ì‡„ÛÊÂÌËflı, ÔÓËÒıÓ‰fl˘Ëı Í‡Í ‚ Ì‡-
ÌÓ-, Ú‡Í Ë Ï‡ÍÓÏ‡Ò¯Ú‡·‡ı.

ÇÚÓÓÈ ˝Ú‡Ô Â¯ÂÌËfl Á‡‰‡˜Ë (ÙÓÏËÓ‚‡ÌËÂ Ì‡ÌÓ˜‡ÒÚËˆ˚) ÏÓÊÂÚ ÓÒÛ˘ÂÒÚ‚ÎflÚ¸Òfl ÏÂÚÓ‰‡ÏË
Í‡Í ÏÓÎÂÍÛÎflÌÓÈ ÏÂı‡ÌËÍË, Ú‡Í Ë ÏÓÎÂÍÛÎflÌÓÈ ‰ËÌ‡ÏËÍË. èË ̋ ÚÓÏ ÏÂÚÓ‰˚ ÏÓÎÂÍÛÎflÌÓÈ ÏÂ-
ı‡ÌËÍË, ÓÒÌÓ‚‡ÌÌ˚Â Ì‡ ÏËÌËÏËÁ‡ˆËË ÔÓÚÂÌˆË‡Î¸ÌÓÈ ˝ÌÂ„ËË Ì‡ÌÓ˜‡ÒÚËˆ˚, ÌÂ Û˜ËÚ˚‚‡˛Ú Ì‡-
˜‡Î¸ÌÓÂ ‡ÒÔÂ‰ÂÎÂÌËÂ ÒÍÓÓÒÚÂÈ ‡ÚÓÏÓ‚ Ì‡ÌÓ˜‡ÒÚËˆ˚ Ë ÔÓ˝ÚÓÏÛ ÌÂ ÔÓÁ‚ÓÎfl˛Ú ‚˚fl‚ËÚ¸ ÔÓÎÌÓÂ
‚ÎËflÌËÂ ÛÒÎÓ‚ËÈ ËÌËˆË‡ÎËÁ‡ˆËË Á‡‰‡˜Ë Ì‡ ÒÚÛÍÚÛÛ Ë ÙÓÏÛ Ì‡ÌÓ˜‡ÒÚËˆ˚. Ç Ò‚flÁË Ò ˝ÚËÏ ‚ ‰‡Ì-
ÌÓÈ ‡·ÓÚÂ ËÒÔÓÎ¸ÁÓ‚‡Ì ÏÂÚÓ‰ ÏÓÎÂÍÛÎflÌÓÈ ‰ËÌ‡ÏËÍË, ÒÓ„Î‡ÒÌÓ ÍÓÚÓÓÏÛ ‰‚ËÊÂÌËÂ ‡ÚÓÏÓ‚, Ó·-
‡ÁÛ˛˘Ëı Ì‡ÌÓ˜‡ÒÚËˆÛ, ÓÔÂ‰ÂÎflÂÚÒfl ÒËÒÚÂÏÓÈ ‰ËÙÙÂÂÌˆË‡Î¸Ì˚ı Û‡‚ÌÂÌËÈ ã‡ÌÊÂ‚ÂÌ‡ (ÒÏ. [24])

(2)

„‰Â Nk – ˜ËÒÎÓ ‡ÚÓÏÓ‚, ÒÓÒÚ‡‚Îfl˛˘Ëı Í‡Ê‰Û˛ Ì‡ÌÓ˜‡ÒÚËˆÛ; mi – Ï‡ÒÒ‡ i-„Ó ‡ÚÓÏ‡; Fij – ÒËÎ˚ ÏÂÊ-
‡ÚÓÏÌÓ„Ó ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl; αi – ÍÓ˝ÙÙËˆËÂÌÚ “ÚÂÌËfl” ‚ ‡ÚÓÏ‡ÌÓÈ ÒËÒÚÂÏÂ (ÒÏ. [25]); Fi(t) – ÒÎÛ-
˜‡ÈÌ˚È Ì‡·Ó ÒËÎ, Á‡‰‡‚‡ÂÏ˚È ‡ÒÔÂ‰ÂÎÂÌËÂÏ É‡ÛÒÒ‡; t – ‚ÂÏfl.

ëËÎ˚ ÏÂÊ‡ÚÓÏÌÓ„Ó ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl fl‚Îfl˛ÚÒfl ÔÓÚÂÌˆË‡Î¸Ì˚ÏË Ë ÓÔÂ‰ÂÎfl˛ÚÒfl ËÁ ÒÓÓÚÌÓ¯ÂÌËfl

(3)

„‰Â rij – ‡‰ËÛÒ-‚ÂÍÚÓ, Á‡‰‡˛˘ËÈ ÔÓÎÓÊÂÌËÂ i-„Ó ‡ÚÓÏ‡ ÓÚÌÓÒËÚÂÎ¸ÌÓ j-„Ó ‡ÚÓÏ‡; Φ(rij) – ÔÓÚÂÌ-
ˆË‡Î, Á‡‚ËÒfl˘ËÈ ÓÚ ‚Á‡ËÏÌÓ„Ó ‡ÒÔÓÎÓÊÂÌËfl ‚ÒÂı ‡ÚÓÏÓ‚; q – ̃ ËÒÎÓ ÚËÔÓ‚ ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl ÏÂÊ‰Û
‡ÚÓÏ‡ÏË.

èÓÚÂÌˆË‡Î Φ(rij) ‚ Ó·˘ÂÏ ÒÎÛ˜‡Â Á‡‰‡ÂÚÒfl ‚ ‚Ë‰Â ÒÛÏÏ˚ ÌÂÒÍÓÎ¸ÍËı ÒÓÒÚ‡‚Îfl˛˘Ëı, ÒÓÓÚ‚ÂÚ-
ÒÚ‚Û˛˘Ëı ‡ÁÎË˜Ì˚Ï ÚËÔ‡Ï ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl:

(4)

xi xi0, Vi Vi0, t 0, xi Ωk,⊂= = =

mi

dVi

dt
--------- Fij

j 1=

Nk

∑ Fi t( ) α imiVi, i–+ 1 2 … Nk,, , ,= =

dxi/dt Vi,=

Fij

∂Φ rij( )
∂rij

-------------------, i
1

q

∑– 1 2 … Nk, j, , , 1 2 … Nk,, , ,= = =

Φ rij( ) Φcb Φva Φta Φpg Φvv Φes Φhb.+ + + + + +=
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ÇÄïêìòÖÇ, ãàèÄçéÇ

á‰ÂÒ¸ ËÏÂ˛ÚÒfl ‚ ‚Ë‰Û ÒÎÂ‰Û˛˘ËÂ ÔÓÚÂÌˆË‡Î˚: Φcb – ıËÏË˜ÂÒÍËı Ò‚flÁÂÈ; Φva – ‚‡ÎÂÌÚÌ˚ı Û„ÎÓ‚;
Φta – ÚÓÒËÓÌÌ˚ı Û„ÎÓ‚; Φpg – ÔÎÓÒÍËı „ÛÔÔ; Φvv – ‚‡Ì-‰Â-‚‡‡Î¸ÒÓ‚˚ı ÍÓÌÚ‡ÍÚÓ‚; Φes – ˝ÎÂÍÚÓ-
ÒÚ‡ÚËÍË; Φhb – ‚Ó‰ÓÓ‰Ì˚ı Ò‚flÁÂÈ.

í‡Í Í‡Í ÒÙÓÏÛÎËÓ‚‡ÌÌ‡fl Á‡‰‡˜‡ ÌÂ ËÏÂÂÚ ‡Ì‡ÎËÚË˜ÂÒÍÓ„Ó Â¯ÂÌËfl, ÚÓ ËÌÚÂ„ËÓ‚‡ÌËÂ
Û‡‚ÌÂÌËÈ (2) ‚˚ÔÓÎÌflÂÚÒfl ˜ËÒÎÂÌÌÓ (ÒÏ. [26], [27]). Ç ‰‡ÌÌÓÈ ‡·ÓÚÂ ËÌÚÂ„ËÓ‚‡ÌËÂ Û‡‚ÌÂÌËÈ
‰‚ËÊÂÌËfl ‡ÚÓÏÓ‚ Ì‡ÌÓ˜‡ÒÚËˆ˚ ÔÓ‚Ó‰ËÎÓÒ¸ ÔÓ ÒÍÓÓÒÚÌÓÈ ˜ËÒÎÂÌÌÓÈ ÒıÂÏÂ ÇÂÎÂ (ÒÏ. [28])

(5)

(6)

„‰Â ,  – ÍÓÓ‰ËÌ‡Ú˚ Ë ÒÍÓÓÒÚ¸ i-„Ó ‡ÚÓÏ‡ Ì‡ n-Ï ¯‡„Â ËÌÚÂ„ËÓ‚‡ÌËfl ÔÓ ‚ÂÏÂÌË; ∆t – ¯‡„
ËÌÚÂ„ËÓ‚‡ÌËfl ÔÓ ‚ÂÏÂÌË; ËÌ‰ÂÍÒ 0 Ó·ÓÁÌ‡˜‡ÂÚ Ô‡‡ÏÂÚ˚ ‚ ÏÓÏÂÌÚ ‚ÂÏÂÌË t = 0.

Ñ‡ÌÌ‡fl ÒıÂÏ‡ ËÌÚÂ„ËÓ‚‡ÌËfl ÔÓÁ‚ÓÎflÂÚ ÓÒÛ˘ÂÒÚ‚ÎflÚ¸ ‡ÒÔ‡‡ÎÎÂÎË‚‡ÌËÂ ‡Ò˜ÂÚÓ‚. èË
‡Ò˜ÂÚ‡ı ËÒÔÓÎ¸ÁÓ‚‡Ì˚ Ô‡ÍÂÚ˚ ÔÓ„‡ÏÏ ‰Îfl ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸Ì˚ı Ë Ô‡‡ÎÎÂÎ¸Ì˚ı Â¯ÂÌËÈ Û‡‚-
ÌÂÌËÈ ÏÓÎÂÍÛÎflÌÓÈ ‰ËÌ‡ÏËÍË, ‡Á‡·ÓÚ‡ÌÌ˚Â ‚ àÌÒÚËÚÛÚÂ ÔËÍÎ‡‰ÌÓÈ ÏÂı‡ÌËÍË ìé êÄç Ë
ÏÓ‰ÂÌËÁËÓ‚‡ÌÌ˚È Ô‡ÍÂÚ ÔÓ„‡ÏÏ NAMD, ÒÓÁ‰‡ÌÌ˚È ‚ University of Illinois and Beckman Insti-
tute (ëòÄ) „ÛÔÔÓÈ Theoretical Biophysics Group (ÒÏ. [29]). É‡ÙË˜ÂÒÍ‡fl ‚ËÁÛ‡ÎËÁ‡ˆËfl ÂÁÛÎ¸Ú‡-
ÚÓ‚ ‡Ò˜ÂÚÓ‚ ÙÓÏËÓ‚‡ÌËfl Ì‡ÌÓ˜‡ÒÚËˆ ÓÒÛ˘ÂÒÚ‚ÎflÎ‡Ò¸ Ò ÔÓÏÓ˘¸˛ ÔÓ„‡ÏÏ˚ VMD (ÒÏ. [30]).

3. êÖáìãúíÄíõ à ÄçÄãàá êÄëóÖíéÇ

çËÊÂ ÔÂ‰ÒÚ‡‚ÎÂÌ˚ ÂÁÛÎ¸Ú‡Ú˚ ‡Ò˜ÂÚÓ‚ ÔÓˆÂÒÒÓ‚ ÙÓÏËÓ‚‡ÌËfl ÒÚÛÍÚÛ˚ Ë ÙÓÏ˚ ‰Îfl
ÏÂÚ‡ÎÎË˜ÂÒÍËı ˜‡ÒÚËˆ ÏÂ‰Ë.

Ç ‡Ò˜ÂÚ‡ı ËÒÔÓÎ¸ÁÓ‚‡ÎËÒ¸ ÔÓÚÂÌˆË‡Î˚ ‚Á‡ËÏÓ‰ÂÈÒÚ‚Ëfl ‡ÚÓÏÓ‚ åÓÁÂ

(7)

Ë ãÂÌÌ‡‰‡–ÑÊÓÌÒ‡

(8)

„‰Â Dm, λm, ρ0, ε, σ – ÍÓÌÒÚ‡ÌÚ˚ ËÒÒÎÂ‰Ó‚‡ÌÌ˚ı Ï‡ÚÂË‡ÎÓ‚, |rij | – ‚ÂÎË˜ËÌ‡ ‚ÂÍÚÓ‡ rij .
Ç Í‡˜ÂÒÚ‚Â ÔËÏÂ‡ ‡ÒÒÏ‡ÚË‚‡ÂÚÒfl Ì‡ÌÓ˜‡ÒÚËˆ‡, ÒÓÒÚÓfl˘‡fl ËÁ ‡ÚÓÏÓ‚ ÏÂ‰Ë. ÑÎfl ÏÓ‰ÂÎËÓ-

‚‡ÌËfl ÔÓˆÂÒÒ‡ ÙÓÏËÓ‚‡ÌËfl ÒÚÛÍÚÛ˚ Ú‡ÍÓÈ Ì‡ÌÓ˜‡ÒÚËˆ˚ ËÒÔÓÎ¸ÁÓ‚‡Ì ÔÓÚÂÌˆË‡Î åÓÁÂ Ò
Ô‡‡ÏÂÚ‡ÏË (ÒÏ. [31]) Dm = 54.94 × 10–21 (ÑÊ); λm = 1.3588 (1/Ï); ρ0 = 2.866 × 10–10 (Ï). ç‡˜‡Î¸Ì˚Â
ÍÓÓ‰ËÌ‡Ú˚ ‡ÚÓÏÓ‚ xi0 Á‡‰‡‚‡ÎËÒ¸ ËÒıÓ‰fl ËÁ ‡ÚÓÏÌÓÈ ÒÚÛÍÚÛ˚ ÍËÒÚ‡ÎÎË˜ÂÒÍÓ„Ó Ï‡ÚÂË‡Î‡, ‡
Vi0 = 0. ç‡˜‡Î¸Ì˚Â ÍÓÓ‰ËÌ‡Ú˚ xi0 ÓÔÂ‰ÂÎfl˛Ú ÒËÎ˚ Fij ‚ Ì‡˜‡Î¸Ì˚È ÏÓÏÂÌÚ ‚ÂÏÂÌË ÒÓ„Î‡ÒÌÓ
Û‡‚ÌÂÌËflÏ (3). ÇÂÎË˜ËÌ‡ Ë Ì‡Ô‡‚ÎÂÌËÂ ˝ÚËı ÒËÎ ÓÔÂ‰ÂÎfl˛Ú ÔÓˆÂÒÒ ÔÂÂÒÚÓÈÍË ÍËÒÚ‡ÎÎË-
˜ÂÒÍÓÈ ÒÚÛÍÚÛ˚ Ë ÙÓÏÛ Ì‡ÌÓ˜‡ÒÚËˆ˚. Ç ‰‡ÌÌÓÏ ÔËÏÂÂ ÍÓÓ‰ËÌ‡Ú˚ xi0 Á‡‰‡‚‡ÎËÒ¸ ‰Îfl ÔÂ-
‚ÓÌ‡˜‡Î¸ÌÓ ÒÊ‡ÚÓ„Ó ÍËÒÚ‡ÎÎ‡:

„‰Â  – ÍÓÓ‰ËÌ‡Ú˚ ‡ÚÓÏÓ‚ ÌÂÌ‡„ÛÊÂÌÌÓ„Ó ÍËÒÚ‡ÎÎ‡.

èË ̋ ÚÓÏ ÏÂÊ‡ÚÓÏÌÓÂ ‡ÒÒÚÓflÌËÂ Ì‡ 5% ÏÂÌ¸¯Â ‡ÒÒÚÓflÌËfl ÏÂÊ‰Û ‡ÚÓÏ‡ÏË ‚ ÌÂÌ‡„ÛÊÂÌÌÓÏ
ÍËÒÚ‡ÎÎÂ.

ç‡ ÙË„. 1 ÔË‚Â‰ÂÌ „‡ÙËÍ ËÁÏÂÌÂÌËfl ÔÓÚÂÌˆË‡Î¸ÌÓÈ ˝ÌÂ„ËË Ì‡ÌÓ˜‡ÒÚËˆ˚, ÒÓÒÚÓfl˘ÂÈ ËÁ
‡ÚÓÏÓ‚ ÏÂ‰Ë, ‚ ÔÓˆÂÒÒÂ ÔÂÂÒÚÓÈÍË ÂÂ ÒÚÛÍÚÛ˚ ÓÚ ËÒıÓ‰ÌÓÈ ÍËÒÚ‡ÎÎË˜ÂÒÍÓÈ (1) Í ËÚÓ„Ó‚ÓÈ
ÌÂÍËÒÚ‡ÎÎË˜ÂÒÍÓÈ ÒÚÛÍÚÛÂ Ì‡ÌÓ˜‡ÒÚËˆ˚ (2).

ÇË‰ÌÓ, ˜ÚÓ ‚ ÔÓˆÂÒÒÂ ÂÎ‡ÍÒ‡ˆËË ÔÓÚÂÌˆË‡Î¸Ì‡fl ˝ÌÂ„Ëfl Ì‡ÌÓ˜‡ÒÚËˆ˚ ÛÏÂÌ¸¯‡ÂÚÒfl ‰Ó ÌÂÍÓ-
ÚÓÓ„Ó ÁÌ‡˜ÂÌËfl, ‡ Á‡ÚÂÏ, ÔÓÒÎÂ 1800 ¯‡„Ó‚ ËÌÚÂ„ËÓ‚‡ÌËfl ÔÓ ‚ÂÏÂÌË, Ô‡ÍÚË˜ÂÒÍË ÓÒÚ‡ÂÚÒfl ÔÓ-
ÒÚÓflÌÌÓÈ. ç‡·Î˛‰‡ÂÏ˚Â ‚ ÔÓˆÂÒÒÂ ÔÂÂÒÚÓÈÍË ÒÚÛÍÚÛ˚ Ì‡ÌÓ˜‡ÒÚËˆ˚ ÒÔÓ‡‰Ë˜ÂÒÍËÂ Í‡ÚÍÓ-
‚ÂÏÂÌÌ˚Â ËÁÏÂÌÂÌËfl ÔÓÚÂÌˆË‡Î¸ÌÓÈ ˝ÌÂ„ËË ÒËÒÚÂÏ˚ Ó·˙flÒÌfl˛ÚÒfl ÂÂ “Ì‡„Â‚ÓÏ”. é‰Ì‡ÍÓ
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‚ÒÎÂ‰ÒÚ‚ËÂ Ì‡ÎË˜Ëfl ‰ËÒÒËÔ‡ÚË‚ÌÓÈ ÒÓÒÚ‡‚Îfl˛˘ÂÈ ‚ Û‡‚ÌÂÌËË (1) ÔÓËÒıÓ‰ËÚ ‡ÒÒÂË‚‡ÌËÂ ÚÂÔ-
ÎÓ‚ÓÈ ˝ÌÂ„ËË. èË ˝ÚÓÏ Ì‡˜‡Î¸Ì‡fl ÍËÒÚ‡ÎÎË˜ÂÒÍ‡fl ‡ÚÓÏÌ‡fl ÒÚÛÍÚÛ‡ Ì‡ÌÓ˜‡ÒÚËˆ˚ ÔÓÎÌÓ-
ÒÚ¸˛ ÔÂÂÒÚ‡Ë‚‡ÂÚÒfl ‚ ÌÂÍËÒÚ‡ÎÎË˜ÂÒÍÛ˛, ‡ ÂÂ ÙÓÏ‡ ÔË·ÎËÊ‡ÂÚÒfl Í ¯‡Ó‚ÓÈ.

Ç‡ÊÌÛ˛ ÓÎ¸ ÔË ÙÓÏËÓ‚‡ÌËË ÛÒÚÓÈ˜Ë‚ÓÈ Ì‡ÌÓ˜‡ÒÚËˆ˚ Ë„‡ÂÚ ËÌÚÂÌÒË‚ÌÓÒÚ¸ ‰ËÒÒËÔ‡ˆËË
ÍËÌÂÚË˜ÂÒÍÓÈ ̋ ÌÂ„ËË ÔË ÔÂÂÒÚÓÈÍÂ ÒÚÛÍÚÛ˚ Ì‡ÌÓ˜‡ÒÚËˆ˚. ç‡ ÙË„. 2 ÔË‚Â‰ÂÌ „‡ÙËÍ ËÁÏÂ-
ÌÂÌËfl ÒÓÓÚÌÓ¯ÂÌËfl ÏÂÊ‰Û ÔÓÚÂÌˆË‡Î¸ÌÓÈ ˝ÌÂ„ËÂÈ Ì‡ÌÓ˜‡ÒÚËˆ˚ U Ë ÍËÌÂÚË˜ÂÒÍÓÈ ˝ÌÂ„ËÂÈ K
“ÚÂÔÎÓ‚Ó„Ó” ‰‚ËÊÂÌËfl ÂÂ ‡ÚÓÏÓ‚ ÔË ÔÂÂÒÚÓÈÍÂ ÒÚÛÍÚÛ˚ Ì‡ÌÓ˜‡ÒÚËˆ˚ ‰Îfl ‡ÁÎË˜Ì˚ı ÍÓ˝Ù-
ÙËˆËÂÌÚÓ‚ ÛÏÂÌ¸¯ÂÌËfl ÒÍÓÓÒÚË ‰‚ËÊÂÌËfl ‡ÚÓÏÓ‚ Ì‡ ‰‚Ûı ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸Ì˚ı ¯‡„‡ı ÔÓ ‚ÂÏÂÌË:
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ÇÄïêìòÖÇ, ãàèÄçéÇ

„‰Â |Vi |n Ë |Vi |n + 1 – ‚ÂÎË˜ËÌ˚ ÒÍÓÓÒÚÂÈ i-„Ó ‡ÚÓÏ‡ Ì‡ ‰‚Ûı ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸Ì˚ı n-Ï Ë n + 1-Ï ¯‡„‡ı
ÔÓ ‚ÂÏÂÌË.

àÁ ÙË„. 2 ÒÎÂ‰ÛÂÚ, ˜ÚÓ ‚Ë‰ Á‡‚ËÒËÏÓÒÚË U ÓÚ K ÒÛ˘ÂÒÚ‚ÂÌÌÓ ÓÔÂ‰ÂÎflÂÚÒfl ‚ÂÎË˜ËÌÓÈ kv . ÑÎfl
kv = 0.999 (ÒÏ. ÍË‚Û˛ 1), ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘Â„Ó Ï‡ÎÓÈ ËÌÚÂÌÒË‚ÌÓÒÚË ‰ËÒÒËÔ‡ˆËË ÚÂÔÎÓ‚ÓÈ ˝ÌÂ„ËË
(˝ÌÂ„ËË ÍÓÎÂ·‡ÌËÈ ‡ÚÓÏÓ‚ Ì‡ÌÓ˜‡ÒÚËˆ˚), ÔË ÔÂÂÒÚÓÈÍÂ ÒÚÛÍÚÛ˚ Ì‡ÌÓ˜‡ÒÚËˆ˚ ÏÓ„ÛÚ ‚ÓÁ-
ÌËÍ‡Ú¸ ÌÂÛÒÚÓÈ˜Ë‚ÓÒÚË (ÍË‚˚Â 4, 5 Ì‡ ÙË„. 2). é‰Ì‡ÍÓ ÔË kv < 0.999 ÂÎ‡ÍÒ‡ˆËÓÌÌ˚È ÔÓˆÂÒÒ
‚ÒÂ„‰‡ ÛÒÚÓÈ˜Ë‚ (ÍË‚˚Â 1–3 Ì‡ ÙË„. 2). í‡ÍËÏ Ó·‡ÁÓÏ, ‰‡ÊÂ Ï‡Î‡fl ‰ËÒÒËÔ‡ˆËfl ÚÂÔÎÓ‚ÓÈ ˝ÌÂ-
„ËË Ó·ÂÒÔÂ˜Ë‚‡ÂÚ ÛÒÚÓÈ˜Ë‚ÓÒÚ¸ ÔÓˆÂÒÒ‡ ÔÂÂÒÚÓÈÍË ÒÚÛÍÚÛ˚ Ì‡ÌÓ˜‡ÒÚËˆ˚. çÂÁ‡‚ËÒËÏÓ ÓÚ
‚ÂÎË˜ËÌ˚ kv ‚ ÛÍ‡Á‡ÌÌÓÏ ‚˚¯Â ‰Ë‡Ô‡ÁÓÌÂ Â„Ó ÁÌ‡˜ÂÌËÈ ‡ÚÓÏ‡Ì‡fl ÒËÒÚÂÏ‡ Ì‡ÌÓ˜‡ÒÚËˆ˚ “ÛÒÔÓ-
Í‡Ë‚‡ÂÚÒfl” Ò ÚÂ˜ÂÌËÂÏ ‚ÂÏÂÌË, ‡ÚÓÏÌ‡fl ÒÚÛÍÚÛ‡ ÒÚ‡·ËÎËÁËÛÂÚÒfl, ‡ ÂÂ ÔÓÚÂÌˆË‡Î¸Ì‡fl ̋ ÌÂ„Ëfl
ÔË·ÎËÊ‡ÂÚÒfl Í Ó‰ËÌ‡ÍÓ‚ÓÏÛ ÒÚ‡ˆËÓÌ‡ÌÓÏÛ ÁÌ‡˜ÂÌË˛ Uc ‰Îfl ‡‚ÌÓ‚ÂÒÌÓÈ Ì‡ÌÓ˜‡ÒÚËˆ˚.

ç‡ÌÓ˜‡ÒÚËˆ˚ ÔÓÒÎÂ ÂÎ‡ÍÒ‡ˆËË ÏÓ„ÛÚ ËÏÂÚ¸ ‚ÂÒ¸Ï‡ ‡ÁÌÓÓ·‡ÁÌ˚Â ÙÓÏ˚, Í‡Í ÒËÏÏÂÚË˜-
Ì˚Â (¯‡ÓÓ·‡ÁÌ˚Â, ÒÙÂË˜ÂÒÍËÂ ˆÂÌÚËÓ‚‡ÌÌ˚Â, ÌÂˆÂÌÚËÓ‚‡ÌÌ˚Â Ë ËÍÓÒ‡˝‰Ë˜ÂÒÍËÂ), Ú‡Í
Ë ÌÂÒËÏÏÂÚË˜Ì˚Â (ÒÏ. ÙË„. 3). äÓÎË˜ÂÒÚ‚Ó ‡ÚÓÏÓ‚, ‚ıÓ‰fl˘Ëı ‚ Ì‡ÌÓ˜‡ÒÚËˆÛ, ÒÛ˘ÂÒÚ‚ÂÌÌÓ ÓÔÂ-
‰ÂÎflÂÚ ÂÂ ÙÓÏÛ. çÂÓ·ıÓ‰ËÏÓ ÓÚÏÂÚËÚ¸, ˜ÚÓ ÒËÏÏÂÚË˜Ì˚Â Ì‡ÌÓ˜‡ÒÚËˆ˚ ÙÓÏËÛ˛ÚÒfl ÚÓÎ¸ÍÓ
ÔË ÓÔÂ‰ÂÎÂÌÌÓÏ ̃ ËÒÎÂ ‚ıÓ‰fl˘Ëı ‚ ÌÂÂ ‡ÚÓÏÓ‚. Ç Ó·˘ÂÏ ÒÎÛ˜‡Â Ì‡ÌÓ˜‡ÒÚËˆ‡ ËÏÂÂÚ ÓÚÍÎÓÌÂÌËfl

216 Cs

1000 Cs
3375 Cs

6859 Cs
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îË„. 3.
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ÓÚ ÒËÏÏÂÚË˜ÌÓÈ ÙÓÏ˚ ‚ ‚Ë‰Â ÌÂÂ„ÛÎflÌ˚ı ‚˚ÒÚÛÔÓ‚ Ì‡ ÔÓ‚ÂıÌÓÒÚË. èË Û‚ÂÎË˜ÂÌËË ˜ËÒÎ‡
‡ÚÓÏÓ‚, ‡ ÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ, Ë ‡ÁÏÂ‡ Ì‡ÌÓ˜‡ÒÚËˆ˚ ˜ËÒÎÓ ÌÂÂ„ÛÎflÌÓÒÚÂÈ Ì‡ ÔÓ‚ÂıÌÓÒÚË Û‚ÂÎË-
˜Ë‚‡ÂÚÒfl. Ç ÔÓˆÂÒÒÂ ÔÂÂÒÚÓÈÍË ÒÚÛÍÚÛ˚ ÓÌË ÏÓ„ÛÚ ÔÓfl‚ÎflÚ¸Òfl Ë ËÒ˜ÂÁ‡Ú¸ Ò ÔÓ‚ÂıÌÓÒÚË.
éÒÌÓ‚Ì‡fl ÚÂÌ‰ÂÌˆËfl ÔË Û‚ÂÎË˜ÂÌËË ‡ÁÏÂÓ‚ Ì‡ÌÓ˜‡ÒÚËˆ˚ ÒÓÒÚÓËÚ ‚ ÔÓÒÚÂÔÂÌÌÓÏ ÔÂÂıÓ‰Â ÓÚ
¯‡ÓÓ·‡ÁÌÓÈ ÙÓÏ˚ Í ÍËÒÚ‡ÎÎÓÔÓ‰Ó·ÌÓÈ, ÍÓÌÙË„Û‡ˆËfl ÍÓÚÓÓÈ Á‡‚ËÒËÚ ÓÚ ÚËÔ‡ ÍËÒÚ‡ÎÎË-
˜ÂÒÍÓÈ Â¯ÂÚÍË, Ó·‡ÁÛÂÏÓÈ ‡ÚÓÏ‡ÏË ‚ Ï‡ÍÓÏ‡ÚÂË‡ÎÂ.

äÓÏÂ ÚÓ„Ó, ÔË Ó‰ÌÓÏ Ë ÚÓÏ ÊÂ ÍÓÎË˜ÂÒÚ‚Â ‡ÚÓÏÓ‚ ÒÛ˘ÂÒÚ‚ÛÂÚ ÌÂÒÍÓÎ¸ÍÓ ‡ÁÎË˜Ì˚ı ÙÓÏ
‡‚ÌÓ‚ÂÒËfl Ì‡ÌÓ˜‡ÒÚËˆ˚. ùÚÓ ËÎÎ˛ÒÚËÛÂÚ „‡ÙËÍ ËÁÏÂÌÂÌËfl ÔÓÚÂÌˆË‡Î¸ÌÓÈ ˝ÌÂ„ËË Ì‡ÌÓ˜‡-
ÒÚËˆ˚ ‚ ÔÓˆÂÒÒÂ ÂÎ‡ÍÒ‡ˆËË, ÔË‚Â‰ÂÌÌ˚È Ì‡ ÙË„. 4. äË‚‡fl ËÁÏÂÌÂÌËfl ÔÓÚÂÌˆË‡Î¸ÌÓÈ ̋ ÌÂ„ËË
Ì‡ÌÓ˜‡ÒÚËˆ˚, ÔÓÍ‡Á‡ÌÌ‡fl Á‰ÂÒ¸, ËÏÂÂÚ ‰‚‡ ı‡‡ÍÚÂÌ˚ı Û˜‡ÒÚÍ‡ (1 Ë 2), Ì‡ Í‡Ê‰ÓÏ ËÁ ÍÓÚÓ˚ı
ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ Ì‡·Î˛‰‡˛ÚÒfl ÛÏÂÌ¸¯ÂÌËÂ ÔÓÚÂÌˆË‡Î¸ÌÓÈ ˝ÌÂ„ËË Ë ÂÂ ÒÚ‡·ËÎËÁ‡ˆËfl. ì˜‡ÒÚÓÍ 1
ÒÓÓÚ‚ÂÚÒÚ‚ÛÂÚ ÙÓÏËÓ‚‡ÌË˛ ÔÂ‚ÓÈ ‡‚ÌÓ‚ÂÒÌÓÈ ÙÓÏ˚ Ì‡ÌÓ˜‡ÒÚËˆ˚. ç‡ Û˜‡ÒÚÍÂ 2 Ì‡·Î˛‰‡-
ÂÚÒfl ÔÓ‚ÚÓÌÓÂ ÛÏÂÌ¸¯ÂÌËÂ ÔÓÚÂÌˆË‡Î¸ÌÓÈ ̋ ÌÂ„ËË Ì‡ÌÓ˜‡ÒÚËˆ˚ Ë ÙÓÏËÛÂÚÒfl Û˜‡ÒÚÓÍ ÒÚ‡·Ë-
ÎËÁ‡ˆËË, ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ËÈ Ó·‡ÁÓ‚‡ÌË˛ ‚ÚÓÓÈ ‡‚ÌÓ‚ÂÒÌÓÈ ÙÓÏ˚ Ì‡ÌÓ˜‡ÒÚËˆ˚ 2. ÅÂÁÛÒÎÓ‚-
ÌÓ, ‚ÚÓ‡fl ÙÓÏ‡ ‡‚ÌÓ‚ÂÒËfl ·ÓÎÂÂ ÛÒÚÓÈ˜Ë‚‡ ‚ÒÎÂ‰ÒÚ‚ËÂ ÏÂÌ¸¯ÂÈ ÔÓÚÂÌˆË‡Î¸ÌÓÈ ˝ÌÂ„ËË Ì‡-
ÌÓ˜‡ÒÚËˆ˚, Ó‰Ì‡ÍÓ ÔÂ‚‡fl ÙÓÏ‡ ‡‚ÌÓ‚ÂÒËfl Ú‡ÍÊÂ ‰Ó‚ÓÎ¸ÌÓ ‰ÓÎ„Ó “ÒÛ˘ÂÒÚ‚ÛÂÚ” ‚ ÔÓˆÂÒÒÂ
‡Ò˜ÂÚ‡. åÂÊ‰Û ‰‚ÛÏfl ÙÓÏ‡ÏË ‡‚ÌÓ‚ÂÒËfl Ì‡ÌÓ˜‡ÒÚËˆ˚ ËÏÂÂÚÒfl Ó·Î‡ÒÚ¸ ÔÂÂıÓ‰‡ P ÓÚ ÔÂ‚ÓÈ
‡‚ÌÓ‚ÂÒÌÓÈ ÙÓÏ˚ Ì‡ÌÓ˜‡ÒÚËˆ˚ ÍÓ ‚ÚÓÓÈ. ÇÓÁÌËÍÌÓ‚ÂÌËÂ ˝ÚÓÈ Ó·Î‡ÒÚË fl‚ÎflÂÚÒfl ÒÎÛ˜‡ÈÌ˚Ï
ÔÓˆÂÒÒÓÏ, ÍÓÚÓ˚È ÌÂ ÏÓÊÂÚ ·˚Ú¸ ÔÂ‰ÒÍ‡Á‡Ì Á‡‡ÌÂÂ, ËÒıÓ‰fl ËÁ ÍË‚ÓÈ ËÁÏÂÌÂÌËfl ÔÓÚÂÌˆË-
‡Î¸ÌÓÈ ˝ÌÂ„ËË Ì‡ÌÓ˜‡ÒÚËˆ˚. ÑÎfl Ì‡ıÓÊ‰ÂÌËfl Ì‡Ë·ÓÎÂÂ ÛÒÚÓÈ˜Ë‚ÓÈ ÙÓÏ˚ ‡‚ÌÓ‚ÂÒËfl Ì‡ÌÓ˜‡-
ÒÚËˆ˚, ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ÂÈ Ì‡ËÏÂÌ¸¯ÂÏÛ ÁÌ‡˜ÂÌË˛ ÔÓÚÂÌˆË‡Î¸ÌÓÈ ˝ÌÂ„ËË, ÌÂÓ·ıÓ‰ËÏÓ ÒÓÓ·-
˘ËÚ¸ ‡ÚÓÏ‡Ï Ì‡ÌÓ˜‡ÒÚËˆ˚ Ì‡ Û˜‡ÒÚÍÂ ÒÚ‡·ËÎ¸ÌÓÒÚË ÌÂ·ÓÎ¸¯ÓÂ ÍÓÎË˜ÂÒÚ‚Ó ÚÂÔÎÓ‚ÓÈ ˝ÌÂ„ËË
(ÔÓfl‰Í‡ Ó‰ÌÓ„Ó-‰‚Ûı % ÓÚ Ó·˘ÂÈ ˝ÌÂ„ËË Ì‡ÌÓ˜‡ÒÚËˆ˚). ÖÒÎË ‚ÓÁÌËÍ¯‡fl ÙÓÏ‡ ‡‚ÌÓ‚ÂÒËfl
Ì‡Ë·ÓÎÂÂ ÛÒÚÓÈ˜Ë‚‡, ÚÓ ÔÓÚÂÌˆË‡Î¸Ì‡fl ˝ÌÂ„Ëfl Ì‡ÌÓ˜‡ÒÚËˆ˚ ·Û‰ÂÚ ÓÒÚ‡‚‡Ú¸Òfl ÔÓÒÚÓflÌÌÓÈ ‚Ó
‚ÂÏÂÌË. Ç ÔÓÚË‚ÌÓÏ ÒÎÛ˜‡Â ̋ ÌÂ„Ëfl Ì‡ÌÓ˜‡ÒÚËˆ˚ ÛÏÂÌ¸¯‡ÂÚÒfl, ‡ ÂÂ ÍÓÌÙË„Û‡ˆËfl Ë ÒÚÛÍÚÛ‡
ËÁÏÂÌfl˛ÚÒfl. ëÎÂ‰ÛÂÚ ÓÚÏÂÚËÚ¸, ˜ÚÓ ˝ÚÓ Ì‡Ë·ÓÎÂÂ ı‡‡ÍÚÂÌÓ ‰Îfl ˜‡ÒÚËˆ “ÌÂÔ‡‚ËÎ¸ÌÓÈ” ÙÓ-
Ï˚.

Ç‡ÊÌ˚Ï fl‚ÎflÂÚÒfl ‚ÓÔÓÒ Ó ‚ÌÛÚÂÌÌÂÈ ÒÚÛÍÚÛÂ Ì‡ÌÓ˜‡ÒÚËˆ˚, ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ÂÈ ‡ÁÎË˜Ì˚Ï
ÂÂ ÙÓÏ‡Ï. ê‡Ò˜ÂÚ˚ ÔÓÍ‡Á˚‚‡˛Ú, ̃ ÚÓ ‡ÚÓÏÌ‡fl ÒÚÛÍÚÛ‡ Ì‡ÌÓ˜‡ÒÚËˆ ÒÛ˘ÂÒÚ‚ÂÌÌÓ ÓÚÎË˜‡ÂÚÒfl ÓÚ
ÍËÒÚ‡ÎÎË˜ÂÒÍÓ„Ó ÒÚÓÂÌËfl Ï‡ÒÒË‚Ì˚ı Ï‡ÚÂË‡ÎÓ‚: ËÁÏÂÌfl˛ÚÒfl ‡ÒÒÚÓflÌËÂ ÏÂÊ‰Û ‡ÚÓÏ‡ÏË Ë
Û„Î˚ ÍËÒÚ‡ÎÎË˜ÂÒÍÓÈ Â¯ÂÚÍË, ÔÓfl‚Îfl˛ÚÒfl ‡ÁÎË˜ÌÓ„Ó ÚËÔ‡ ÔÓ‚ÂıÌÓÒÚÌ˚Â Ó·‡ÁÓ‚‡ÌËfl.

Ç Í‡˜ÂÒÚ‚Â ËÎÎ˛ÒÚ‡ˆËË ˝ÚÓ„Ó ‡ÒÒÏÓÚËÏ ËÁÏÂÌÂÌËÂ ÒÚÛÍÚÛ˚ ‰‚ÛÏÂÌÓÈ Ì‡ÌÓ˜‡ÒÚËˆ˚ ‚
ÔÓˆÂÒÒÂ ÂÎ‡ÍÒ‡ˆËË, ÔÂ‰ÒÚ‡‚ÎÂÌÌÓÂ Ì‡ ÙË„. 5. êËÒÛÌÓÍ ÔÓÍ‡Á˚‚‡ÂÚ Í‡Í Ì‡˜‡Î¸Ì‡fl ÍËÒÚ‡ÎÎË-
˜ÂÒÍ‡fl ÒÚÛÍÚÛ‡ Ì‡ÌÓ˜‡ÒÚËˆ˚ 1 ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ ÔÂÂÒÚ‡Ë‚‡ÂÚÒfl ‚Ó ‚ÂÏÂÌË ‚ ÔÓˆÂÒÒÂ ÂÎ‡Í-
Ò‡ˆËË (ÔÓÁËˆËË 2, 3, 4). ëÎÂ‰ÛÂÚ ÓÚÏÂÚËÚ¸, ˜ÚÓ ËÚÓ„Ó‚‡fl ÙÓÏ‡ Ì‡ÌÓ˜‡ÒÚËˆ˚ ÌÂ ÍÛ„Î‡fl, Ú.Â. ÓÌ‡
“Á‡ÔÓÏÌËÎ‡” Ì‡˜‡Î¸ÌÛ˛ ‡ÚÓÏÌÛ˛ ÒÚÛÍÚÛÛ. àÌÚÂÂÒÌÓ Ú‡ÍÊÂ ÓÚÏÂÚËÚ¸, ˜ÚÓ ‚ ÔÓˆÂÒÒÂ ÂÎ‡Í-
Ò‡ˆËË ‚ Ì‡ÌÓ˜‡ÒÚËˆÂ Ó·‡ÁÓ‚˚‚‡ÎËÒ¸ ‰ÂÙÂÍÚ˚ ‚ ‚Ë‰Â ÔÓ (Ó·ÓÁÌ‡˜ÂÌÓ ˜ÂÂÁ p Ì‡ ËÒÛÌÍÂ) Ë Ó·-
Î‡ÒÚË ÙÎÛÍÚÛ‡ˆËË ÔÎÓÚÌÓÒÚË (Ó·ÓÁÌ‡˜ÂÌ˚ Ì‡ ËÒÛÌÍÂ ˜ÂÂÁ c), ÍÓÚÓ˚Â ‚ ÍÓÌÂ˜ÌÓÈ ÒÚÛÍÚÛÂ
ÓÚÒÛÚÒÚ‚Û˛Ú.
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ÄÌ‡ÎËÁ ‡ÚÓÏÌÓÈ ÒÚÛÍÚÛ˚ Ì‡ÌÓ˜‡ÒÚËˆ˚ ‚˚ÔÓÎÌËÏ, ËÒÔÓÎ¸ÁÛfl ÙÛÌÍˆËË ‡‰Ë‡Î¸ÌÓ„Ó ‡ÒÔÂ-
‰ÂÎÂÌËfl ‡ÚÓÏÓ‚. ç‡ ÙË„. 6 ÔÂ‰ÒÚ‡‚ÎÂÌ˚ ÙÛÌÍˆËË ‡‰Ë‡Î¸ÌÓ„Ó ‡ÒÔÂ‰ÂÎÂÌËfl ‡ÚÓÏÓ‚ ‚ Ì‡ÌÓ˜‡-
ÒÚËˆÂ (ÒÏ. [24]): (‡) – Ì‡˜‡Î¸Ì‡fl ÍËÒÚ‡ÎÎË˜ÂÒÍ‡fl ÒÚÛÍÚÛ‡; (·) – ÒÚÛÍÚÛ‡ ÓÚÂÎ‡ÍÒËÓ‚‡ÌÌÓÈ
Ì‡ÌÓ˜‡ÒÚËˆ˚. ÇË‰ÌÓ, ˜ÚÓ ‚ ÔÓˆÂÒÒÂ ÂÎ‡ÍÒ‡ˆËË Ì‡ÌÓ˜‡ÒÚËˆ˚ ÂÂ Ì‡˜‡Î¸Ì‡fl ÍËÒÚ‡ÎÎË˜ÂÒÍ‡fl
ÒÚÛÍÚÛ‡ ÔÂÂÒÚ‡Ë‚‡ÂÚÒfl ‚ ÒÎÓÊÌÛ˛, ÒÓÒÚÓfl˘Û˛ ËÁ ‡ÏÓÙÌÓÈ Ë ÍËÒÚ‡ÎÎË˜ÂÒÍÓÈ Ó·Î‡ÒÚÂÈ.
Ç ˆÂÌÚÂ Ì‡ÌÓ˜‡ÒÚËˆ˚ Ì‡ıÓ‰ËÚÒfl ÍËÒÚ‡ÎÎË˜ÂÒÍÓÂ fl‰Ó (Ì‡ ˜ÚÓ ÛÍ‡Á˚‚‡ÂÚ ÎËÌÂÈ˜‡Ú˚È ÒÔÂÍÚ
ÙÛÌÍˆËË ‡‰Ë‡Î¸ÌÓ„Ó ‡ÒÔÂ‰ÂÎÂÌËfl), Á‡ÚÂÏ ÔÓ ÏÂÂ Û‰‡ÎÂÌËfl ÓÚ ˆÂÌÚ‡ ÔÓfl‚ÎflÂÚÒfl ÒÌ‡˜‡Î‡ ÔÓ-
ÎËÍËÒÚ‡ÎÎË˜ÂÒÍ‡fl ÒÚÛÍÚÛ‡, Á‡ÚÂÏ ‡ÏÓÙÌ‡fl.

á‡‰‡˜‡ ÓÔÂ‰ÂÎÂÌËfl ‰Ë‡Ô‡ÁÓÌ‡ ‡ÁÏÂÓ‚ ˜‡ÒÚËˆ˚, ËÎË ÍÓÎË˜ÂÒÚ‚‡ ‡ÚÓÏÓ‚, ‚ıÓ‰fl˘Ëı ‚ ÌÂÂ,
ÔË ÍÓÚÓ˚ı ÔÓËÒıÓ‰ËÚ ÔÂÂıÓ‰ ÓÚ ÙËÁËÍÓ-ÏÂı‡ÌË˜ÂÒÍËı Ò‚ÓÈÒÚ‚ Ì‡ÌÓ˜‡ÒÚËˆ˚ Í Ò‚ÓÈÒÚ‚‡Ï Ï‡-
ÚÂË‡Î‡ ‚ ÍËÒÚ‡ÎÎË˜ÂÒÍÓÏ ÒÓÒÚÓflÌËË, ‰Ó ÒËı ÔÓ ÌÂ ËÏÂÂÚ ÓÍÓÌ˜‡ÚÂÎ¸ÌÓ„Ó Â¯ÂÌËfl, Ú‡Í Í‡Í Ó·-
‡ÁÓ‚‡ÌËÂ ÔÓÎÌÓÈ (100%-ÌÓÈ) ÍËÒÚ‡ÎÎË˜ÂÒÍÓÈ ÒÚÛÍÚÛ˚ Ï‡ÚÂË‡Î‡ ÔÓËÒıÓ‰ËÚ ÔË ·ÓÎ¸¯ÓÏ
ÍÓÎË˜ÂÒÚ‚Â ‡ÚÓÏÓ‚, ‚ıÓ‰fl˘Ëı ‚ Ì‡ÌÓ˜‡ÒÚËˆÛ. ë ˝ÚÓÈ ˆÂÎ¸˛ ‚˚ÔÓÎÌÂÌ˚ ‡Ò˜ÂÚ˚ ‰Îfl Ì‡ÌÓ˜‡ÒÚËˆ,
ÒÓÒÚÓfl˘Ëı ËÁ ·ÓÎ¸¯Ó„Ó ÍÓÎË˜ÂÒÚ‚‡ ‡ÚÓÏÓ‚: 106, 8 × 106, 64 × 106, 216 × 106 Ë 512 × 106. èË ˝ÚÓÏ
ÔËÌËÏ‡ÎÓÒ¸ ÛÒÎÓ‚ËÂ ÒÙÂË˜ÂÒÍÓÈ ÒËÏÏÂÚËË ˜‡ÒÚËˆ˚. àÒÒÎÂ‰Ó‚‡Ì‡ Á‡‚ËÒËÏÓÒÚ¸ ‡ÒÒÚÓflÌËfl
ÏÂÊ‰Û “‚ÌÛÚÂÌÌËÏË” ‡ÚÓÏ‡ÏË ‚ Ì‡ÌÓ˜‡ÒÚËˆ‡ı (‡ÒÒÚÓflÌËÂ ÏÂÊ‰Û ‡ÚÓÏ‡ÏË ÓÔÂ‰ÂÎflÎÓÒ¸ ÔÓ ÎÛ-
˜Û, ËÒıÓ‰fl˘ÂÏÛ ËÁ „ÂÓÏÂÚË˜ÂÒÍÓ„Ó ˆÂÌÚ‡ Ì‡ÌÓ˜‡ÒÚËˆ˚), ÒÓÒÚÓfl˘Ëı ËÁ ‡ÁÎË˜ÌÓ„Ó ˜ËÒÎ‡ ‡ÚÓ-
ÏÓ‚. ê‡Ò˜ÂÚ˚ ÔÓÍ‡Á‡ÎË, ̃ ÚÓ ÔÓ ÏÂÂ Û‰‡ÎÂÌËfl ÓÚ ̂ ÂÌÚ‡ Ì‡ÌÓ˜‡ÒÚËˆ˚ ‡ÒÒÚÓflÌËÂ ÏÂÊ‰Û ‡ÚÓÏ‡ÏË
Û‚ÂÎË˜Ë‚‡ÂÚÒfl. Ç ˆÂÌÚ‡Î¸ÌÓÈ ˜‡ÒÚË ·ÓÎ¸¯Ëı Ì‡ÌÓ˜‡ÒÚËˆ (‡ÁÏÂÓÏ ÔÓfl‰Í‡ 100 çÏ Ë ·ÓÎÂÂ)
‡ÒÒÚÓflÌËÂ ÏÂÊ‰Û ‡ÚÓÏ‡ÏË Ó‰ËÌ‡ÍÓ‚ÓÂ Ë ‡‚ÌÓ ‡ÒÒÚÓflÌË˛ ÏÂÊ‰Û ‡ÚÓÏ‡ÏË ‚ ÍËÒÚ‡ÎÎÂ. àÁ ˝ÚÓ-
„Ó ÒÎÂ‰ÛÂÚ, ˜ÚÓ ÙËÁË˜ÂÒÍËÂ Ò‚ÓÈÒÚ‚‡ Ï‡ÚÂË‡Î‡ ‚ ˆÂÌÚ‡Î¸ÌÓÈ Ó·Î‡ÒÚË ˜‡ÒÚËˆ˚ ·Û‰ÛÚ ·ÎËÁÍË Í
Ò‚ÓÈÒÚ‚‡Ï Ï‡ÚÂË‡Î‡, Ì‡ıÓ‰fl˘Â„ÓÒfl ‚ ÍËÒÚ‡ÎÎË˜ÂÒÍÓÏ ÒÓÒÚÓflÌËË, ‡ ‚ Ó·˙ÂÏÂ, ÔËÎÂ„‡˛˘ÂÏ Í
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ÔÓ‚ÂıÌÓÒÚË Ì‡ÌÓ˜‡ÒÚËˆ˚, Ò‚ÓÈÒÚ‚‡ ·Û‰ÛÚ ËÁÏÂÌflÚ¸Òfl ÔÓ ÏÂÂ ÔË·ÎËÊÂÌËfl Í ̋ ÚÓÈ ÔÓ‚ÂıÌÓÒÚË.
ÑÎfl Ï‡Î˚ı Ì‡ÌÓ˜‡ÒÚËˆ (‡ÁÏÂÓÏ ÏÂÌÂÂ 10 çÏ) “ÍËÒÚ‡ÎÎË˜ÂÒÍ‡fl ÁÓÌ‡” ‚ ÒÚÛÍÚÛÂ ˜‡ÒÚËˆ˚ ÌÂ
Ì‡·Î˛‰‡ÂÚÒfl.

á‡‚ËÒËÏÓÒÚ¸ ÓÚÌÓÒËÚÂÎ¸ÌÓ„Ó Ó·˙ÂÏ‡ “‡ÏÓÙÌÓÈ” ̃ ‡ÒÚË Ì‡ÌÓ˜‡ÒÚËˆ˚ kam ÓÚ ÂÂ ·ÂÁ‡ÁÏÂÌÓ„Ó
‡‰ËÛÒ‡ r ‰Îfl ‡ÁÎË˜Ì˚ı Ï‡ÚÂË‡ÎÓ‚ ÔË‚Â‰ÂÌ‡ Ì‡ ÙË„. 7. á‰ÂÒ¸

(9)

„‰Â Vam, Vnp – Ó·˙ÂÏ ‡ÏÓÙÌÓÈ (ÌÂÍËÒÚ‡ÎÎË˜ÂÒÍÓÈ) ̃ ‡ÒÚË Ì‡ÌÓ˜‡ÒÚËˆ˚ Ë Ó·˙ÂÏ Ì‡ÌÓ˜‡ÒÚËˆ˚ ÒÓ-
ÓÚ‚ÂÚÒÚ‚ÂÌÌÓ; rnp, rmax – ‡‰ËÛÒ Ì‡ÌÓ˜‡ÒÚËˆ˚ Ë ‡‰ËÛÒ Ì‡ÌÓ˜‡ÒÚËˆ˚, ‚ ÍÓÚÓÓÈ ÌÂÍËÒÚ‡ÎÎË˜Â-
ÒÍ‡fl Ó·Î‡ÒÚ¸ ‡‚Ì‡ 0 ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ (ÏÂÚÍË: � – ‡Î˛ÏËÌËÈ, � – ÏÂ‰¸, � – ˆËÌÍ).

ê‡Ò˜ÂÚ˚ ‰Îfl ‚ÒÂı ‡ÒÒÏÓÚÂÌÌ˚ı Ï‡ÚÂË‡ÎÓ‚ ÔÓ‚Ó‰ËÎËÒ¸ ÔÓ ËÁÎÓÊÂÌÌÓÈ ‚˚¯Â ÏÂÚÓ‰ËÍÂ Ò
ËÒÔÓÎ¸ÁÓ‚‡ÌËÂÏ ÔÓÚÂÌˆË‡Î‡ åÓÁÂ ‰Îfl ‡Î˛ÏËÌËfl (Dm = 43.31 × 10–21 (ÑÊ), λm = 1.1646 (1/Ï), ρ0 =
= 3.253 × 10–10) Ë ÔÓÚÂÌˆË‡Î‡ ãÂÌÌ‡‰‡–ÑÊÓÌÒ‡ ‰Îfl ̂ ËÌÍ‡ (ε = 1.7387 × 10–21 (ÑÊ), σ = 1.942 × 10–10 (Ï)).
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ãËÌËfl Ì‡ ÙË„. 7 Ó·ÓÁÌ‡˜‡ÂÚ ÔÂ‰ÂÎ¸Ì˚È Ó‰ÌÓÏÂÌ˚È ‡Ò˜ÂÚ. ä‡Í ÒÎÂ‰ÛÂÚ ËÁ „‡ÙËÍ‡, ‰Îfl ‚ÒÂı
‡ÒÒ˜ËÚ‡ÌÌ˚ı ˜‡ÒÚËˆ ‚ ‰Ë‡Ô‡ÁÓÌÂ r ≤ 0.2 (Ó·Î‡ÒÚ¸ 1 Ì‡ ÙË„. 7) Ì‡ÌÓ˜‡ÒÚËˆ˚ ÌÂÍËÒÚ‡ÎÎË˜ÂÒÍËÂ
(‡ÏÓÙÌ˚Â), Ì‡ Û˜‡ÒÚÍÂ 0.2 ≤ r ≤ 0.8 (Ó·Î‡ÒÚ¸ 2) Ì‡ÌÓ˜‡ÒÚËˆ˚ ÒÓ‰ÂÊ‡Ú Í‡Í ÍËÒÚ‡ÎÎË˜ÂÒÍÛ˛, Ú‡Í
Ë ÌÂÍËÒÚ‡ÎÎË˜ÂÒÍÛ˛ ÁÓÌ˚ (˝ÚË ˜‡ÒÚËˆ˚ ÏÓÊÌÓ ÓÚÌÂÒÚË Í “ÂÌÚ„ÂÌÓ‡ÏÓÙÌ˚Ï”), ˜‡ÒÚËˆ˚ ·ÓÎ¸-
¯Â„Ó ‡ÁÏÂ‡ (Ó·Î‡ÒÚ¸ 3) ÏÓ„ÛÚ ·˚Ú¸ ÍÎ‡ÒÒËÙËˆËÓ‚‡Ì˚ Í‡Í ÍËÒÚ‡ÎÎË˜ÂÒÍËÂ.

èÓÎÛ˜ÂÌÌ˚Â ÂÁÛÎ¸Ú‡Ú˚ ÔÓÁ‚ÓÎfl˛Ú ÛÚ‚ÂÊ‰‡Ú¸, ˜ÚÓ Ó·Ì‡ÛÊÂÌÌ˚Â Á‡ÍÓÌÓÏÂÌÓÒÚË ÙÓÏË-
Ó‚‡ÌËfl Ì‡ÌÓ˜‡ÒÚËˆ ‚ ‰ÂÒÚÛÍˆËÓÌÌ˚ı (up down) ÔÓˆÂÒÒ‡ı ÒÔ‡‚Â‰ÎË‚˚ ÌÂ ÚÓÎ¸ÍÓ ‰Îfl ̃ ‡ÒÚËˆ ËÁ
ÏÂ‰Ë, ÌÓ Ë ‰Îfl Ì‡ÌÓ˜‡ÒÚËˆ ËÁ ‰Û„Ëı ÏÂÚ‡ÎÎÓ‚, Ì‡ÔËÏÂ ‡Î˛ÏËÌËfl Ë ˆËÌÍ‡.

4. áÄäãûóÖçàÖ

éÚÏÂÚËÏ ÒÎÂ‰Û˛˘ËÂ ÓÒÌÓ‚Ì˚Â Á‡ÍÓÌÓÏÂÌÓÒÚË ÔÓÚÂÍ‡ÌËfl ÔÓˆÂÒÒÓ‚ ÙÓÏËÓ‚‡ÌËfl Ì‡ÌÓ˜‡-
ÒÚËˆ ‚ up down-ÔÓˆÂÒÒ‡ı Ë Ò‚ÓÈÒÚ‚‡ Ëı ÒÚÛÍÚÛ˚, ‚˚fl‚ÎÂÌÌ˚Â ÔË ˜ËÒÎÂÌÌÓÏ ÏÓ‰ÂÎËÓ‚‡ÌËË.

1. ÇÓÁÏÓÊÌÓ ÒÛ˘ÂÒÚ‚Ó‚‡ÌËÂ ÌÂÒÍÓÎ¸ÍËı ÚËÔÓ‚ ÙÓÏ Ë ÒÚÛÍÚÛ Ì‡ÌÓ˜‡ÒÚËˆ ‚ Á‡‚ËÒËÏÓÒÚË ÓÚ
ÚÂÏÓ‰ËÌ‡ÏË˜ÂÒÍËı ÛÒÎÓ‚ËÈ.

2. éÚÒÛÚÒÚ‚ËÂ ÍËÒÚ‡ÎÎË˜ÂÒÍÓ„Ó fl‰‡ Û Ï‡Î˚ı Ì‡ÌÓ˜‡ÒÚËˆ.
3. îÓÏËÓ‚‡ÌËÂ Â‰ËÌË˜ÌÓ„Ó (Ë‰Â‡Î¸ÌÓ„Ó) ÍËÒÚ‡ÎÎË˜ÂÒÍÓ„Ó fl‰‡ Ò ‰ÂÙÂÍÚ‡ÏË Ì‡ ÔÓ‚ÂıÌÓ-

ÒÚË ÒÓÂ‰ËÌÂÌËfl ‰‡ÌÌÓ„Ó fl‰‡ Ò ‡ÏÓÙÌÓÈ Ó·ÓÎÓ˜ÍÓÈ.
4. îÓÏËÓ‚‡ÌËÂ ÔÓÎËÍËÒÚ‡ÎÎË˜ÂÒÍÓ„Ó fl‰‡ Ò ‰ÂÙÂÍÚ‡ÏË, ‡ÒÔÂ‰ÂÎÂÌÌ˚ÏË ÏÂÊ‰Û ÍËÒÚ‡Î-

ÎË˜ÂÒÍËÏË ÁÂÌ‡ÏË, ËÏÂ˛˘ËÏË ÔÓÌËÊÂÌÌÛ˛ ‡ÚÓÏÌÛ˛ ÔÎÓÚÌÓÒÚ¸ Ë ËÁÏÂÌÂÌÌ˚Â ÏÂÊ‡ÚÓÏÌ˚Â
‡ÒÒÚÓflÌËfl. É‡ÌËˆ˚ ÁÂÂÌ, ÍÓÏÂ ÚÓ„Ó, ÌÂ‡‚ÌÓ‚ÂÒÌ˚Â Ë ÒÓ‰ÂÊ‡Ú ·ÓÎ¸¯ÓÂ ÍÓÎË˜ÂÒÚ‚Ó ÁÂÌÓ-
„‡ÌË˜Ì˚ı ‰ÂÙÂÍÚÓ‚.

5. ëÚÛÍÚÛ‡ Ì‡ÌÓ˜‡ÒÚËˆ ÔË Û‚ÂÎË˜ÂÌËË ‡ÁÏÂÓ‚ ËÁÏÂÌflÂÚÒfl ÓÚ ‡ÏÓÙÌÓÈ Í ÂÌÚ„Â-
ÌÓ‡ÏÓÙÌÓÈ Ë ‰‡ÎÂÂ – Í ÍËÒÚ‡ÎÎË˜ÂÒÍÓÈ.

6. é·‡ÁÓ‚‡ÌËÂ ‰ÂÙÂÍÚÌ˚ı ÒÚÛÍÚÛ ‡ÁÎË˜ÌÓ„Ó ÚËÔ‡ Ì‡ „‡ÌËˆ‡ı Ë ÔÓ‚ÂıÌÓÒÚË Ì‡ÌÓ˜‡ÒÚËˆ˚.
7. èÂÂıÓ‰ ÓÚ ÒÙÂÓË‰‡Î¸ÌÓÈ Í ÍËÒÚ‡ÎÎÓÔÓ‰Ó·ÌÓÈ ÙÓÏÂ Ì‡ÌÓ˜‡ÒÚËˆ˚ ÔÓ ÏÂÂ Û‚ÂÎË˜ÂÌËfl

ÂÂ ‡ÁÏÂÓ‚. îÓÏËÓ‚‡ÌËÂ “Ô‡‚ËÎ¸ÌÓÈ” Ë “ÌÂÔ‡‚ËÎ¸ÌÓÈ” ÙÓÏ Ì‡ÌÓ˜‡ÒÚËˆ ‚ Á‡‚ËÒËÏÓÒÚË ÓÚ
ÍÓÎË˜ÂÒÚ‚‡ ‚ıÓ‰fl˘Ëı ‚ Ì‡ÌÓ˜‡ÒÚËˆÛ ‡ÚÓÏÓ‚.

Ä‚ÚÓ˚ ‚˚‡Ê‡˛Ú ·Î‡„Ó‰‡ÌÓÒÚ¸ Ä.Ä. Ç‡ıÛ¯Â‚Û Ë Ä.Ä. òÛ¯ÍÓ‚Û Á‡ ÔÓÏÓ˘¸ ‚ ÔÓ‚Â‰ÂÌËË
‡Ò˜ÂÚÓ‚ Ì‡ ùÇå.
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ÇÇÖÑÖçàÖ

á‡‰‡˜‡ Ó ‚˚‰Û‚Â Â‡ÍÚË‚ÌÓÈ ÒÚÛË (Ú.Â. ÒÚÛË Ò ÔÎÓÚÌÓÒÚ¸˛ Ë ÔÓÎÌ˚Ï ‰‡‚ÎÂÌËÂÏ, ÓÚÎË˜Ì˚Ï
ÓÚ ÚÂı ÊÂ ı‡‡ÍÚÂËÒÚËÍ Ì‡·Â„‡˛˘Â„Ó ÔÓÚÓÍ‡) Ì‡‚ÒÚÂ˜Û Ì‡·Â„‡˛˘ÂÏÛ ÔÓÚÓÍÛ ‰‡‚ÌÓ ÔË‚ÎÂÍ‡-
ÂÚ ‚ÌËÏ‡ÌËÂ ËÒÒÎÂ‰Ó‚‡ÚÂÎÂÈ. àÁ‚ÂÒÚÌÓ, ˜ÚÓ ˝ÚÓ Ó‰ËÌ ËÁ ‚ÓÁÏÓÊÌ˚ı ÒÔÓÒÓ·Ó‚ ÛÔ‡‚ÎÂÌËfl ÔÓÚÓ-
ÍÓÏ, ‚ ˜‡ÒÚÌÓÒÚË ÒÔÓÒÓ· ÛÏÂÌ¸¯ÂÌËfl ÒÓÔÓÚË‚ÎÂÌËfl. àÁ‚ÂÒÚÌ˚Â ‚ ˝ÚÓÏ Ì‡Ô‡‚ÎÂÌËË ËÒÒÎÂ‰Ó‚‡-
ÌËfl ÌÓÒflÚ ÔÓ ·ÓÎ¸¯ÂÈ ̃ ‡ÒÚË ̋ ÍÒÔÂËÏÂÌÚ‡Î¸Ì˚È ı‡‡ÍÚÂ Ë Í‡Ò‡˛ÚÒfl ÂÊËÏÓ‚ ÒÓ Ò‚ÂıÁ‚ÛÍÓ‚˚-
ÏË ÒÍÓÓÒÚflÏË Ó·ÚÂÍ‡ÌËfl.

ëÂ‰Ë ‡·ÓÚ, ÔÓÒ‚fl˘ÂÌÌ˚ı ‰ÓÁ‚ÛÍÓ‚ÓÏÛ Ó·ÚÂÍ‡ÌË˛, ÔÓÊ‡ÎÛÈ, ÔÂ‚ÓÈ fl‚ËÎ‡Ò¸ ‡·ÓÚ‡ [1] (ÒÏ.
Ú‡ÍÊÂ [2]), „‰Â ‡ÒÒÏÓÚÂÌÓ Í‡‚ËÚ‡ˆËÓÌÌÓÂ Ó·ÚÂÍ‡ÌËÂ ÚÂÎ‡ Ò ÔÓ„ÎÓ˘ÂÌËÂÏ ‚ÓÁ‚‡ÚÌÓÈ ÒÚÛË (ÔÓ
ÒıÂÏÂ ùÙÓÒ‡) Ë Á‡ÏÂ˜ÂÌÓ, ˜ÚÓ ÂÒÎË Ó·‡ÚËÚ¸ Ì‡Ô‡‚ÎÂÌËfl Ì‡ ÎËÌËflı ÚÓÍ‡, ÚÓ ÏÓÊÌÓ ÔÓÎÛ˜ËÚ¸
ÌÓ‚ÓÂ ÚÂ˜ÂÌËÂ Ë‰Â‡Î¸ÌÓÈ ÌÂÒÊËÏ‡ÂÏÓÈ ÊË‰ÍÓÒÚË (àçÜ), Û‰Ó‚ÎÂÚ‚Ófl˛˘ÂÂ ‚ÒÂÏ Û‡‚ÌÂÌËflÏ
‰‚ËÊÂÌËfl. ùÚÓ ÌÓ‚ÓÂ ÚÂ˜ÂÌËÂ ·Û‰ÂÚ ÌË ˜ÂÏ ËÌ˚Ï, Í‡Í Ó·ÚÂÍ‡ÌËÂÏ ÚÂÎ‡ Ò ‚˚·ÓÒÓÏ ÒÚÛË Ì‡-
‚ÒÚÂ˜Û ‰‚ËÊÂÌË˛ ÊË‰ÍÓÒÚË. àÁ Û‡‚ÌÂÌËÈ ‰‚ËÊÂÌËfl ÒÎÂ‰ÛÂÚ, ˜ÚÓ ÂÒÎË ÚÂÎÓ, Ó·ÚÂÍ‡ÂÏÓÂ Ò ÔÓ-
„ÎÓ˘ÂÌËÂÏ ‚ÓÁ‚‡ÚÌÓÈ ÒÚÛË, ËÒÔ˚Ú˚‚‡ÂÚ ÒËÎÛ ÒÓÔÓÚË‚ÎÂÌËfl, ÚÓ ÚÂÎÓ Ò ‚˚·‡Ò˚‚‡ÌËÂÏ ÒÚÛË
‚ÔÂÂ‰ ÔÓ ‰‚ËÊÂÌË˛ ·Û‰ÂÚ ËÒÔ˚Ú˚‚‡Ú¸, Í‡Í ˝ÚÓ ÌË Ô‡‡‰ÓÍÒ‡Î¸ÌÓ, ÒËÎÛ Úfl„Ë (!), Ì‡Ô‡‚ÎÂÌÌÛ˛
‚ ÚÛ ÊÂ ÒÚÓÓÌÛ, ÍÛ‰‡ ‚˚·‡Ò˚‚‡ÂÚÒfl ÒÚÛfl. é·˙flÒÌflÂÚÒfl ˝ÚÓ Ì‡ÎË˜ËÂÏ ÁÓÌ˚ ‡ÁÂÊÂÌËfl ‚
ÓÍÂÒÚÌÓÒÚË ÔÂÂ‰ÌÂÈ ÍÓÏÍË Ë Ó·Î‡ÒÚ¸˛ ‚ÓÒÒÚ‡ÌÓ‚ÎÂÌËfl ‰‡‚ÎÂÌËfl ‚·ÎËÁË Á‡‰ÌÂÈ ÍÓÏÍË ÚÂÎ‡.
Ç [3] ÔÓÍ‡Á‡ÌÓ, ̃ ÚÓ Û‚ÂÎË˜ÂÌËÂ ÒÍÓÓÒÚË ‰‚ËÊÂÌËfl ÚÂÎ‡ ‚ ÊË‰ÍÓÒÚË ÌÂ‚ÓÁÏÓÊÌÓ Ú‡‰ËˆËÓÌÌ˚ÏË
ÒÔÓÒÓ·‡ÏË Ë Ó‰ÌËÏ ËÁ ÔÛÚÂÈ Â¯ÂÌËfl ˝ÚÓÈ Á‡‰‡˜Ë fl‚ÎflÂÚÒfl ‡ÒÒÏÓÚÂÌËÂ ÒıÂÏ Ò ‚˚·ÓÒÓÏ ÒÚÛË
‚ÔÂÂ‰ ÔÓ ÔÓÚÓÍÛ. é‰Ì‡ÍÓ ÓÚÏÂ˜‡ÂÚÒfl, ˜ÚÓ ‚ ÒËÎÛ ‚flÁÍËı Ë ‰Û„Ëı ÔÓÚÂ¸ Â‡ÎËÁ‡ˆËfl Ú‡ÍÓ„Ó Ó·-
‡˘ÂÌÌÓ„Ó ‰‚ËÊÂÌËfl Á‡ÚÛ‰ÌËÚÂÎ¸Ì‡.

èÓÔ˚ÚÍ‡ ÔÂÓ‰ÓÎÂÚ¸ ‚ÎËflÌËÂ ‚flÁÍËı ˝ÙÙÂÍÚÓ‚, ÔË‚Ó‰fl˘Ëı Í ‚ÓÁÌËÍÌÓ‚ÂÌË˛ ÓÚ˚‚ÌÓÈ ÁÓ-
Ì˚ Á‡ Ó·ÚÂÍ‡ÂÏ˚Ï ÚÂÎÓÏ, Ò‰ÂÎ‡Ì‡ ‚ [4], „‰Â Â¯ÂÌ‡ Á‡‰‡˜‡ ÔÓÂÍÚËÓ‚‡ÌËfl ÒËÏÏÂÚË˜ÌÓ„Ó Í˚-
ÎÓ‚Ó„Ó ÔÓÙËÎfl Ò Í‡Ì‡Î‡ÏË ÓÚ·Ó‡ Ë ‚˚‰Û‚‡ ÔÓÚÓÍ‡, ÔË˜ÂÏ ËÁ ‚ÚÓÓ„Ó ÊË‰ÍÓÒÚ¸ ‚˚‰Û‚‡ÂÚÒfl Ì‡-
‚ÒÚÂ˜Û Ì‡·Â„‡˛˘ÂÏÛ ÔÓÚÓÍÛ. ÅÎ‡„Ó‰‡fl Ì‡ÎË˜Ë˛ Ì‡ ‚ÂıÌÂÈ Ë ÌËÊÌÂÈ ÔÓ‚ÂıÌÓÒÚflı ÍÛ„Ó‚˚ı
Í‡Ì‡ÎÓ‚ ÓÚ·Ó‡ ÊË‰ÍÓÒÚË Û‰‡ÂÚÒfl ÔÓÒÚÓËÚ¸ Í˚ÎÓ‚ÓÈ ÔÓÙËÎ¸ Ò ÓÚÒÛÚÒÚ‚ËÂÏ Û˜‡ÒÚÍÓ‚ Ô‡‰ÂÌËfl
ÒÍÓÓÒÚË, Ú.Â. Ò „‡‡ÌÚËÓ‚‡ÌÌ˚Ï ·ÂÁÓÚ˚‚Ì˚Ï Ó·ÚÂÍ‡ÌËÂÏ. ëÛ˘ÂÒÚ‚ÂÌÌ˚Ï ÛÔÓ˘ÂÌËÂÏ ‚ ˝ÚÓÈ
‡·ÓÚÂ fl‚ÎflÂÚÒfl ÚÓ, ˜ÚÓ ÊË‰ÍÓÒÚ¸, ‚˚‰Û‚‡ÂÏ‡fl ‚ÔÂÂ‰ ÔÓ ÔÓÚÓÍÛ, ËÏÂÂÚ ÚÂ ÊÂ Ô‡‡ÏÂÚ˚, ˜ÚÓ Ë
Ì‡·Â„‡˛˘ËÈ ÔÓÚÓÍ. Ç ˝ÚÓÏ ÒÎÛ˜‡Â ‚ ÍËÚË˜ÂÒÍÓÈ ÚÓ˜ÍÂ, Ú.Â. ‚ ÚÓ˜ÍÂ ‡Á‚ÂÚ‚ÎÂÌËfl ÔÓÚÓÍ‡, ÒÍÓ-
ÓÒÚ¸ Ó·‡˘‡ÂÚÒfl ‚ ÌÛÎ¸ Í‡Í ‚Ó ‚ÌÂ¯ÌÂÏ ÔÓÚÓÍÂ, Ú‡Í Ë ‚ ÒÚÛÂ. àÒÒÎÂ‰Ó‚‡ÌË˛ ÓÒÓ·ÂÌÌÓÒÚÂÈ ÔÓ-
‰Ó·ÌÓ„Ó Ó‰‡ ÔÓÒ‚fl˘ÂÌ fl‰ ‡·ÓÚ, Ò‚flÁ‡ÌÌ˚ı Ò Á‡‰‡˜‡ÏË Ó ÒÓÛ‰‡ÂÌËË ÒÚÛÈ (ÒÏ., Ì‡ÔËÏÂ, [5],

1) ê‡·ÓÚ‡ ‚˚ÔÓÎÌÂÌ‡ ÔË ÙËÌ‡ÌÒÓ‚ÓÈ ÔÓ‰‰ÂÊÍÂ êîîà (ÍÓ‰ ÔÓÂÍÚ‡ 05-08-01153‡).

ìÑä 519.634
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[6]). ëÎÛ˜‡Ë Ó·ÚÂÍ‡ÌËfl ÔÎÓÒÍËı ÚÂÎ ÒÓ ÒÚÛflÏË àçÜ, ÍÓ„‰‡ ÍÓÌÒÚ‡ÌÚ˚ ÅÂÌÛÎÎË ‚ ÒÚÛflı, ‚˚ÚÂ-
Í‡˛˘Ëı ËÁ ÚÂÎ‡, ÓÚÎË˜‡˛ÚÒfl ÓÚ ÍÓÌÒÚ‡ÌÚ ÅÂÌÛÎÎË Ì‡·Â„‡˛˘Â„Ó ÔÓÚÓÍ‡, ËÁÛ˜‡ÎËÒ¸ ‚ [7].

Ç ‰‡ÌÌÓÈ ‡·ÓÚÂ ËÒÒÎÂ‰ÛÂÚÒfl Ó·‡ÚÌ‡fl Í‡Â‚‡fl Á‡‰‡˜‡ ‡˝Ó„Ë‰Ó‰ËÌ‡ÏËÍË, ‡ ËÏÂÌÌÓ Á‡‰‡˜‡
ÔÓÒÚÓÂÌËfl ÒËÏÏÂÚË˜ÌÓ„Ó Í˚ÎÓ‚Ó„Ó ÔÓÙËÎfl Ò ‚˚‰Û‚ÓÏ Â‡ÍÚË‚ÌÓÈ ÒÚÛË Ì‡‚ÒÚÂ˜Û Ì‡·Â„‡-
˛˘ÂÏÛ ‰ÓÁ‚ÛÍÓ‚ÓÏÛ ÔÓÚÓÍÛ ‚ ÒÎÛ˜‡Â ‡ÁÌ˚ı ÍÓÌÒÚ‡ÌÚ ÅÂÌÛÎÎË, Ú.Â. ÍÓ„‰‡ ‚ ÒÚÛÂ ÊË‰ÍÓÒÚ¸ ËÏÂ-
ÂÚ ÔÓÎÌÓÂ ‰‡‚ÎÂÌËÂ Ë ÔÎÓÚÌÓÒÚ¸, ÓÚÎË˜Ì˚Â ÓÚ ÔÓÎÌÓ„Ó ‰‡‚ÎÂÌËfl Ë ÔÎÓÚÌÓÒÚË ‚ÌÂ¯ÌÂ„Ó ÔÓÚÓÍ‡.
ÑÎfl Ó·ÂÒÔÂ˜ÂÌËfl ·ÂÁÓÚ˚‚ÌÓÒÚË Ó·ÚÂÍ‡ÌËfl Ì‡ ËÒÍÓÏÓÏ ÍÓÌÚÛÂ ÔÓÙËÎfl Á‡‰‡ÂÚÒfl „Ë‰Ó‰ËÌ‡ÏË-
˜ÂÒÍË ̂ ÂÎÂÒÓÓ·‡ÁÌÓÂ ‡ÒÔÂ‰ÂÎÂÌËÂ ÒÍÓÓÒÚË (Éñêë) (ÒÏ., Ì‡ÔËÏÂ, [8]). ëÛ˘ÂÒÚ‚ÂÌÌ˚Ï ÏÓÏÂÌ-
ÚÓÏ ‚ ÔÂ‰ÎÓÊÂÌÌÓÈ ÏÓ‰ÂÎË fl‚ËÎÓÒ¸ ‚‚Â‰ÂÌËÂ ‚ ÓÍÂÒÚÌÓÒÚË ÍËÚË˜ÂÒÍÓÈ ÚÓ˜ÍË ‚ ÔÓÚÓÍÂ, ÓÒÎÓÊ-
Ìfl˛˘ÂÈ Ï‡ÚÂÏ‡ÚË˜ÂÒÍËÂ ËÒÒÎÂ‰Ó‚‡ÌËfl Á‡ÒÚÓÈÌÓÈ ÁÓÌ˚. í‡Í‡fl ÏÓ‰ÂÎ¸ ·˚Î‡ ÔÂ‰ÎÓÊÂÌ‡ ‚ [3].

1. èéëíÄçéÇäÄ áÄÑÄóà

Ç ÙËÁË˜ÂÒÍÓÈ ÔÎÓÒÍÓÒÚË z = x + iy ËÒÍÓÏ˚È ÒËÏÏÂÚË˜Ì˚È Í˚ÎÓ‚ÓÈ ÔÓÙËÎ¸ Ó·ÚÂÍ‡ÂÚÒfl ‰Ó-
Á‚ÛÍÓ‚˚Ï ÔÓÚÓÍÓÏ àçÜ Ò Á‡‰‡ÌÌÓÈ ÔÎÓÚÌÓÒÚ¸˛ ρ, ÒÍÓÓÒÚ¸˛ V∞ Ë ‰‡‚ÎÂÌËÂÏ p∞ Ì‡ ·ÂÒÍÓÌÂ˜ÌÓ-
ÒÚË (Ì‡ ÙË„. 1‡ MDE – ‚ÂıÌflfl ÔÓÎÓ‚ËÌ‡ ˝ÚÓ„Ó ÔÓÙËÎfl). ç‡˜‡ÎÓ ÍÓÓ‰ËÌ‡Ú ‚˚·‡ÌÓ ‚ Á‡‰ÌÂÈ
ÍÓÏÍÂ E ÔÓÙËÎfl, ‡ ÓÒ¸ ‡·ÒˆËÒÒ Ì‡Ô‡‚ÎÂÌ‡ ‚‰ÓÎ¸ ÒÍÓÓÒÚË V∞ Ì‡·Â„‡˛˘Â„Ó ÔÓÚÓÍ‡. Ç ÓÍÂÒÚ-
ÌÓÒÚË ÔÂÂ‰ÌÂÈ ÍÓÏÍË ÔÓÙËÎfl ËÏÂÂÚÒfl ÔflÏÓÎËÌÂÈÌ˚È Í‡Ì‡Î M Ò ÔÓÒÚÓflÌÌÓÈ ÒÍÓÓÒÚ¸˛ Ì‡
ÒÚÂÌÍ‡ı, ÛıÓ‰fl˘Ëı ‚ ‡Ò˜ÂÚÌÓÈ ÒıÂÏÂ Ì‡ ‚ÚÓÓÈ ÎËÒÚ ËÏ‡ÌÓ‚ÓÈ ÔÓ‚ÂıÌÓÒÚË. àÁ Í‡Ì‡Î‡ Ì‡‚ÒÚÂ-
˜Û ÔÓÚÓÍÛ ‚˚‰Û‚‡ÂÚÒfl ÊË‰ÍÓÒÚ¸ Ò ‰Û„ÓÈ ÔÎÓÚÌÓÒÚ¸˛ ρj Ë ÒÍÓÓÒÚ¸˛ Vj∞ Ì‡ ·ÂÒÍÓÌÂ˜ÌÓÒÚË. àÌ-
‰ÂÍÒÓÏ j Ó·ÓÁÌ‡˜‡˛ÚÒfl ‚ÒÂ Ô‡‡ÏÂÚ˚, ÓÚÌÓÒfl˘ËÂÒfl Í ÒÚÛÂ. Ç ÚÓ˜ÍÂ E ÒıÓ‰‡ ÔÓÚÓÍ‡, ‚ÌÛÚÂÌÌËÈ
Í Ó·Î‡ÒÚË ÚÂ˜ÂÌËfl, Û„ÓÎ ‡‚ÂÌ 2π. á‡‰‡Ì˚ ıÓ‰‡ r ËÒÍÓÏÓ„Ó Í˚ÎÓ‚Ó„Ó ÔÓÙËÎfl Ë ÓÚÌÓÒËÚÂÎ¸Ì‡fl
¯ËËÌ‡ h = H/r Í‡Ì‡Î‡ M ‚˚‰Û‚‡ ËÎË ·ÂÁ‡ÁÏÂÌ˚È ‡ÒıÓ‰ q = Q/(rV∞).
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àÎ¸ËÌÒÍËÈ, å‡‰‡ÌÓ‚

é·ÓÁÌ‡˜ËÏ ˜ÂÂÁ lz Ë  ÎËÌËË ÚÓÍ‡, ‡Á‰ÂÎfl˛˘ËÂ Â‡ÍÚË‚ÌÛ˛ ÒÚÛ˛ Ë ‚ÌÂ¯ÌËÈ ÔÓÚÓÍ. èË
ÔÂÂıÓ‰Â ̃ ÂÂÁ ̋ ÚË ÎËÌËË ‰‡‚ÎÂÌËÂ ÏÂÌflÂÚÒfl ÌÂÔÂ˚‚ÌÓ, ‡ ÒÍÓÓÒÚ¸ ÏÂÌflÂÚÒfl ÒÍ‡˜ÍÓÏ ÒÓ„Î‡ÒÌÓ
ÒÓÓÚÌÓ¯ÂÌË˛

(1.1)

ÒÎÂ‰Û˛˘ÂÏÛ ËÁ ËÌÚÂ„‡Î‡ ÅÂÌÛÎÎË, „‰Â ·ÂÁ‡ÁÏÂÌ˚È Ô‡‡ÏÂÚ µ ÓÔÂ‰ÂÎflÂÚÒfl ÙÓÏÛÎÓÈ µ ≡
≡ 2(pj0 – p0)/( ) = ( )/( ) – 1 Ë ı‡‡ÍÚÂËÁÛÂÚ ˝ÌÂ„Ë˛ ‚˚‰Û‚‡ÂÏÓÈ ÊË‰ÍÓÒÚË (0 � µ < ∞).

á‰ÂÒ¸ p0 = p∞ + /2 Ë pj0 = p∞ + /2 – ÔÓÎÌ˚Â ‰‡‚ÎÂÌËfl ‚Ó ‚ÌÂ¯ÌÂÏ ÔÓÚÓÍÂ Ë ‚ ÒÚÛÂ ÒÓÓÚ-
‚ÂÚÒÚ‚ÂÌÌÓ.

Ç ÏÓ‰ÂÎ¸ Ó·ÚÂÍ‡ÌËfl ‚ ÓÍÂÒÚÌÓÒÚË ÚÓ˜ÍË ‡Á‚ÂÚ‚ÎÂÌËfl ÔÓÚÓÍ‡ ‚‚Ó‰ËÚÒfl Á‡ÒÚÓÈÌ‡fl ÁÓÌ‡ (“ˆÂ-
ÎËÍ”) BACA' Ò ÔÓÒÚÓflÌÌ˚ÏË ÒÍÓÓÒÚflÏË Ì‡ „‡ÌËˆÂ. ç‡ Û˜‡ÒÚÍÂ A'BA Á‡‰‡ÂÚÒfl ÒÍÓÓÒÚ¸ V0, ‡ Ì‡
Û˜‡ÒÚÍÂ A'CA – ÒÍÓÓÒÚ¸ V0j, ÍÓÚÓ‡fl Ò‚flÁ‡Ì‡ Ò V0 ÙÓÏÛÎÓÈ (1.1). ç‡ ÍÓÌÚÛÂ Lz (Ë ÒËÏÏÂÚË˜ÌÓ
Ì‡ ) Í˚ÎÓ‚Ó„Ó ÔÓÙËÎfl Á‡‰‡ÂÚÒfl ‡ÒÔÂ‰ÂÎÂÌËÂ ÒÍÓÓÒÚË V(s) = V1U(s) Í‡Í ÙÛÌÍˆËfl ‰Û„Ó‚ÓÈ
‡·ÒˆËÒÒ˚ s. îÛÌÍˆËfl U(s) ‚˚·Ë‡ÂÚÒfl ËÁ ÍÎ‡ÒÒ‡ Éñêë (ÙË„. 1·). ç‡ Û˜‡ÒÚÍÂ MD ÍÓÌÚÛ‡ ÔÓÙËÎfl
U(s) ≡ V2, ‡ Ì‡ ‰ËÙÙÛÁÓÌÓÏ Û˜‡ÒÚÍÂ DE ‡ÒÔÂ‰ÂÎÂÌËÂ ÒÍÓÓÒÚË ÓÔÂ‰ÂÎflÂÚÒfl ÙÓÏÛÎÓÈ

„‰Â k > 0, sd – ‡·ÒˆËÒÒ‡ ÚÓ˜ÍË D, ‡ K ÔÓ‰·Ë‡ÂÚÒfl Ú‡Í, ˜ÚÓ ÒÍÓÓÒÚ¸ U(se) = 1 (se – ‡·ÒˆËÒÒ‡ Á‡‰ÌÂÈ
ÍÓÏÍË E). èÓÎÓÊÂÌËÂ ÚÓ˜ÍË D ÙËÍÒËÛÂÚÒfl ‚Ó ‚‚Â‰ÂÌÌÓÈ ÌËÊÂ Í‡ÌÓÌË˜ÂÒÍÓÈ ÔÎÓÒÍÓÒÚË Ë ÓÔÂ-
‰ÂÎflÂÚÒfl Á‡‰‡ÌÌ˚Ï Ô‡‡ÏÂÚÓÏ 0 < d < 1.

íÂ·ÛÂÚÒfl ÓÔÂ‰ÂÎËÚ¸ ÙÓÏÛ ÍÓÌÚÛ‡ Lz( ) ÒËÏÏÂÚË˜ÌÓ„Ó Í˚ÎÓ‚Ó„Ó ÔÓÙËÎfl, ÙÓÏÛ ÎË-

ÌËË lz ( ), ÓÚ‰ÂÎfl˛˘Û˛ Â‡ÍÚË‚ÌÛ˛ ÒÚÛ˛ ÓÚ ‚ÌÂ¯ÌÂ„Ó ÔÓÚÓÍ‡, ÙÓÏÛ Ë ÔÓÎÓÊÂÌËÂ Á‡ÒÚÓÈÌÓÈ
ÁÓÌ˚ BACA' Ë ÒËÎÛ Rx ÒÓÔÓÚË‚ÎÂÌËfl (ËÎË Úfl„Ë).

2. åÖíéÑ êÖòÖçàü áÄÑÄóà

Ç ÒËÎÛ ÒËÏÏÂÚËË Á‡‰‡˜Ë ‰ÓÒÚ‡ÚÓ˜ÌÓ ‡ÒÒÏÓÚÂÚ¸ ÎË¯¸ ‚ÂıÌ˛˛ ÔÓÎÓ‚ËÌÛ ÚÂ˜ÂÌËfl. Ç‚Â‰ÂÏ
‚ ‡ÒÒÏÓÚÂÌËÂ Í‡ÌÓÌË˜ÂÒÍÛ˛ ÔÎÓÒÍÓÒÚ¸ t = τ + iη. é·Î‡ÒÚË Gz (‚ÂıÌflfl ÔÓÎÓ‚ËÌ‡ Ó·Î‡ÒÚË ÚÂ˜Â-
ÌËfl ‚ ÙËÁË˜ÂÒÍÓÈ ÔÎÓÒÍÓÒÚË z) ÔÓÒÚ‡‚ËÏ ‚ ÒÓÓÚ‚ÂÚÒÚ‚ËÂ Ó·Î‡ÒÚ¸ Gt – ‚ÂıÌ˛˛ ÔÓÎÛÔÎÓÒÍÓÒÚ¸ ‚
ÔÎÓÒÍÓÒÚË t. ëÓÓÚ‚ÂÚÒÚ‚Û˛˘ËÂ ÚÓ˜ÍË ‚ ÔÎÓÒÍÓÒÚflı z Ë t Ó·ÓÁÌ‡˜ËÏ Ó‰ËÌ‡ÍÓ‚˚ÏË ·ÛÍ‚‡ÏË. ÑÎfl
‚Á‡ËÏÌÓ Ó‰ÌÓÁÌ‡˜ÌÓ„Ó ÓÚÓ·‡ÊÂÌËfl Ó·Î‡ÒÚÂÈ Gz Ë Gt, ÒÎÂ‰Ûfl ÚÂÓÂÏÂ êËÏ‡Ì‡, ÔÂ‰ÔÓÎÓÊËÏ ÒÓ-
ÓÚ‚ÂÚÒÚ‚ËÂ ·ÂÒÍÓÌÂ˜ÌÓ Û‰‡ÎÂÌÌ˚ı ÚÓ˜ÂÍ ̋ ÚËı Ó·Î‡ÒÚÂÈ, ÔÂÂıÓ‰ ÚÓ˜ÍË z = 0 ‚ ÚÓ˜ÍÛ t = 1, ‡ Ú‡ÍÊÂ
ÔÂÂıÓ‰ ·ÂÒÍÓÌÂ˜ÌÓ Û‰‡ÎÂÌÌÓÈ ÚÓ˜ÍË Í‡Ì‡Î‡ M ‚ ÚÓ˜ÍÛ t = 0. äÓÓ‰ËÌ‡Ú˚ ÚÓ˜ÂÍ B, A Ë C ‚ ÔÎÓÒ-
ÍÓÒÚË t Ó·ÓÁÌ‡˜ËÏ, ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ, ˜ÂÂÁ b, a Ë c, ÔË˜ÂÏ b < a < c < 0. è‡‡ÏÂÚ d – ÍÓÓ‰ËÌ‡Ú‡
ÚÓ˜ÍË D ‚ ÔÎÓÒÍÓÒÚË t. é·‡Á ÎËÌËË lz ‚Ó ‚ÒÔÓÏÓ„‡ÚÂÎ¸ÌÓÈ ÔÎÓÒÍÓÒÚË Ó·ÓÁÌ‡˜ËÏ ˜ÂÂÁ lt.

èË Ò‰ÂÎ‡ÌÌ˚ı ÔÂ‰ÔÓÎÓÊÂÌËflı ‚Ó ‚ÌÂ¯ÌÂÏ ÔÓÚÓÍÂ Ë ‚ ÒÚÛÂ ÒÛ˘ÂÒÚ‚Û˛Ú ÍÓÏÔÎÂÍÒÌ˚Â ÔÓ-
ÚÂÌˆË‡Î˚ ÚÂ˜ÂÌËÈ. ÅÛ‰ÂÏ ‡ÒÒÏ‡ÚË‚‡Ú¸ Ëı Í‡Í Â‰ËÌÛ˛ ÍÛÒÓ˜ÌÓ-‡Ì‡ÎËÚË˜ÂÒÍÛ˛ ÙÛÌÍˆË˛
w(z) = ϕ(x, y) + iψ(x, y), ÚÂÔfl˘Û˛ ‡Á˚‚ Ì‡ ÎËÌËË ‡Á‰ÂÎ‡ ÒÂ‰. Ç˚‰ÂÎË‚ ÓÒÓ·ÂÌÌÓÒÚË (ËÒÚÓ˜ÌËÍ
ËÌÚÂÌÒË‚ÌÓÒÚË Q ‚ ÚÓ˜ÍÂ t = 0 Ë ÚÓ˜ÍÛ A ‡Á‚ÂÚ‚ÎÂÌËfl ÔÓÚÓÍ‡) Á‡ÔË¯ÂÏ ‚ ÔÎÓÒÍÓÒÚË t ÍÓÏÔÎÂÍÒÌÓ-
ÒÓÔflÊÂÌÌÛ˛ ÒÍÓÓÒÚ¸

(2.1)

„‰Â u∞ – ÒÍÓÓÒÚ¸ Ì‡·Â„‡˛˘Â„Ó ÔÓÚÓÍ‡ ‚ ÔÎÓÒÍÓÒÚË t, ‡ Ω(t) = T(τ, η) + iΛ(τ, η) – ÍÛÒÓ˜ÌÓ-‡Ì‡ÎËÚË-
˜ÂÒÍ‡fl ÙÛÌÍˆËfl, ÚÂÔfl˘‡fl ÒÍ‡˜ÓÍ Ì‡ ÎËÌËË lt.

èÛÒÚ¸ ζ(σ) – ÚÓ˜Í‡ Ì‡ ÎËÌËË lt Ò ‰Û„Ó‚ÓÈ ‡·ÒˆËÒÒÓÈ σ, ÓÚÒ˜ËÚ˚‚‡ÂÏÓÈ ÓÚ ÚÓ˜ÍË A(σ � 0), ‡ ϑ(σ) –
Û„ÓÎ Ì‡ÍÎÓÌ‡ Í‡Ò‡ÚÂÎ¸ÌÓÈ Í lt ‚ ˝ÚÓÈ ÚÓ˜ÍÂ, ÚÓ„‰‡ ËÏÂÂÏ

(2.2)

ê‡ÒÒÏ‡ÚË‚‡fl (2.1) Ì‡ ÎËÌËË lt Ò Û˜ÂÚÓÏ ÚÓ„Ó, ˜ÚÓ ˝Ú‡ ÎËÌËfl ÌÂÔÓÌËˆ‡ÂÏ‡, Á‡ÔËÒ˚‚‡ÂÏ ÒÓÓÚÌÓ-
¯ÂÌËÂ

(2.3)

lz'

ρ jV j
2 ρV

2 µρV∞
2

,+=

ρV∞
2 ρ jV j∞

2 ρV∞
2

ρV∞
2 ρ jV j∞

2

Lz'

U s( ) V2 1 K s sd–( )+[ ] k–
,=

Lz'

lz'

dw/dt u∞ Ω t( )–[ ] t a–( )/t,exp=

dζ iϑ σ( )[ ] dσ.exp=

ϑ σ( ) Λ σ( ) Im ζ a–( )ln ζln–[ ] ,–=
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Ú.Â. ÒÍ‡˜ÓÍ Ì‡ ˝ÚÓÈ ÎËÌËË ËÒÔ˚Ú˚‚‡ÂÚ ÎË¯¸ T(σ) = Re[Ω(ζ)]. ì˜Úfl, ˜ÚÓ ‚Â˘ÂÒÚ‚ÂÌÌ‡fl ÓÒ¸ τ Ú‡ÍÊÂ
fl‚ÎflÂÚÒfl ÎËÌËÂÈ ÚÓÍ‡, Ë ÔÓ‰ÒÚ‡‚Ë‚ t = τ ‚ (2.1), ÔÓÎÛ˜ËÏ

(2.4)

é·ÓÁÌ‡˜ËÏ ̃ ÂÂÁ χ(t) = ln(dw/dz) = S – iθ ÙÛÌÍˆË˛ åË˜ÂÎ‡–ÜÛÍÓ‚ÒÍÓ„Ó. á‰ÂÒ¸ S = ln|V|, V – ÏÓ-
‰ÛÎ¸ ÒÍÓÓÒÚË, ‡ θ – ‡„ÛÏÂÌÚ ‚ÂÍÚÓ‡ ÒÍÓÓÒÚË ‚ ÙËÁË˜ÂÒÍÓÈ ÔÎÓÒÍÓÒÚË z. Ç‚Â‰ÂÏ ‚ ‡ÒÒÏÓÚÂÌËÂ
ÙÛÌÍˆË˛

(2.5)

„‰Â χ0(t) = S0 + iθ0. á‡‰‡‰ËÏ θ0(τ) Ì‡ ‚Â˘ÂÒÚ‚ÂÌÌÓÈ ÓÒË Ú‡Í, ˜ÚÓ·˚ (τ) = –θ(τ) – θ0(τ) ≡ 0 ÔË τ ∈ (–∞,
b] ∪ [c, 0] ∪ [1, ∞):

êÂ¯Ë‚ Á‡‰‡˜Û ò‚‡ˆ‡ ‰Îfl ‚ÂıÌÂÈ ÔÓÎÛÔÎÓÒÍÓÒÚË Ë ÓÔÂ‰ÂÎË‚ ÔÓËÁ‚ÓÎ¸ÌÛ˛ ÔÓÒÚÓflÌÌÛ˛ ËÁ
ÛÒÎÓ‚Ëfl χ0(∞) = 0, Ì‡È‰ÂÏ

(2.6)

íÓ„‰‡ ËÁ (2.5) ËÏÂÂÏ

(2.7)

Ë Ò Û˜ÂÚÓÏ (2.1) ÔÓÎÛ˜ËÏ

(2.8)

í‡Í Í‡Í ÙÛÌÍˆËfl ‚ ÎÂ‚ÓÈ ˜‡ÒÚË ˝ÚÓ„Ó ‡‚ÂÌÒÚ‚‡ ‡Ì‡ÎËÚË˜ÂÒÍ‡fl, ÚÓ Ë (t), ÒÚÓfl˘‡fl ÒÔ‡‚‡, Ú‡ÍÊÂ
fl‚ÎflÂÚÒfl ‡Ì‡ÎËÚË˜ÂÒÍÓÈ. àÁ (2.5) ÒÎÂ‰ÛÂÚ, ̃ ÚÓ ÒÍ‡˜ÍË ÙÛÌÍˆËÈ χ(t) Ë Ω(t) ÍÓÏÔÂÌÒËÛ˛Ú ‰Û„ ‰Û-
„‡. é·ÓÁÌ‡˜ËÏ ÙÛÌÍˆËË ÒÍ‡˜ÍÓ‚ Ò Û˜ÂÚÓÏ (2.7) ˜ÂÂÁ

(2.9)

„‰Â ÒÍÓÓÒÚË V Ë Vj Ò‚flÁ‡Ì˚ ÒÓÓÚÌÓ¯ÂÌËÂÏ (1.1). ÖÒÎË ÙÛÌÍˆËfl λ(σ) ËÁ‚ÂÒÚÌ‡, ÚÓ Ò Û˜ÂÚÓÏ (2.4)
Ì‡È‰ÂÏ ÙÛÌÍˆË˛ Ω ‚ ‚Ë‰Â

(2.10)

ê‡ÒÒÏÓÚÂ‚ ÏÓ‰ÛÎ¸ ‚˚‡ÊÂÌËfl (2.8) ÔË t = τ, Á‡ÔË¯ÂÏ

Ë, ÔÓËÌÚÂ„ËÓ‚‡‚ ÔÓÎÛ˜ÂÌÌÛ˛ ÙÓÏÛÎÛ, ÓÔÂ‰ÂÎËÏ Ò‚flÁ¸ ÏÂÊ‰Û ‰Û„Ó‚ÓÈ ‡·ÒˆËÒÒÓÈ s ÔÓÙËÎfl
Ë Ô‡‡ÏÂÚÓÏ τ ‚ ‚Ë‰Â

(2.11)

ÍÓÚÓ‡fl ÌÂÓ·ıÓ‰ËÏ‡ ‰Îfl ÓÔÂ‰ÂÎÂÌËfl V(τ) = V(s(τ)) Ì‡ Û˜‡ÒÚÍÂ 0 < τ < 1.

Ç˚‰ÂÎË‚ ‚ (2.5) ÔË t = τ ‰ÂÈÒÚ‚ËÚÂÎ¸ÌÛ˛ ˜‡ÒÚ¸, ÔÓÎÛ˜ËÏ

(2.12)

Λ τ( ) 0.≡

χ̃ t( ) χ t( ) χ0 t( )– Ω t( )+ S̃ iθ̃,+= =

θ̃

Û˜‡ÒÚÓÍ (–∞; b] [b, c] [c; 0] [0; 1] [1; ∞)

θ0(τ) 0 –π(τ – b)/(c – b) –π π(τ – 1) 0

χ0 t( ) t b–
c b–
----------- t b–( )ln

t c–
c b–
----------- t c–( )ln– t tln– t 1–( ) t 1–( ).ln+=

dw/dz χ̃ χ0 Ω–+[ ]exp=

dz
dt
----- dw/dt

dw/dz
--------------- u∞

t a–
t

---------- –χ̃ χ0–[ ] .exp= =

χ̃

λ σ( ) T σ( ) T j σ( )– V j σ( )/V σ( )[ ] ,ln= =

Ω t( ) Φ t( ) Φ t( ), Φ t( )+
1

2πi
-------- λ ζ( ) ζd

ζ t–
-----------------.

lt

∫= =

ds
dτ
----- u∞

τ a–
τ

----------- –S̃ τ( ) S0 τ( )–[ ] ,exp=

s τ( ) sd
τd

----- τd

1

τ

∫ se,+=

S̃ τ( ) V τ( )ln S0 τ( )– T τ( ),+=
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àÎ¸ËÌÒÍËÈ, å‡‰‡ÌÓ‚

„‰Â ËÁ (2.6) ÒÎÂ‰ÛÂÚ

í‡Í Í‡Í Ì‡ Û˜‡ÒÚÍ‡ı [b; c] ∪ [0; 1] Á‡‰‡Ì‡ V(τ) (ÒÍÓÓÒÚ¸ Ì‡ „‡ÌËˆÂ ˆÂÎËÍ‡ Ë Ì‡ ÍÓÌÚÛÂ ÔÓÙËÎfl)

Ë, ÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ, ËÁ‚ÂÒÚÌ‡ (τ), ‡ Ì‡ ÓÒÚ‡Î¸Ì˚ı Û˜‡ÒÚÍ‡ı ‚Â˘ÂÒÚ‚ÂÌÌÓÈ ÓÒË (τ) ≡ 0, ÚÓ ÙÛÌÍˆË˛
(t) ÓÔÂ‰ÂÎËÏ Í‡Í Â¯ÂÌËÂ ÒÏÂ¯‡ÌÌÓÈ Í‡Â‚ÓÈ Á‡‰‡˜Ë

(2.13)

„‰Â Á‡ R(t) =  ÔËÌflÚ‡ ‚ÂÚ‚¸, ÔÓÎÓÊËÚÂÎ¸Ì‡fl Ì‡ Û˜‡ÒÚÍÂ τ > 1, ‡ Û˜‡ÒÚÓÍ ËÌÚÂ-
„ËÓ‚‡ÌËfl lτ Ú‡ÍÓ‚, ˜ÚÓ

ëÏÂ¯‡ÌÌ‡fl Á‡‰‡˜‡ ËÏÂÂÚ ‰‚‡ ÛÒÎÓ‚Ëfl ‡ÁÂ¯ËÏÓÒÚË: a0 = 0 Ë

(2.14)

„‰Â

(2.15)

ÒÛÚ¸ ÍÓ˝ÙÙËˆËÂÌÚ˚ ‡ÁÎÓÊÂÌËfl ‚ fl‰ íÂÈÎÓ‡ ÙÛÌÍˆËË – (t)/R(t) ‚ ÓÍÂÒÚÌÓÒÚË ·ÂÒÍÓÌÂ˜ÌÓÒÚË.

ÇÚÓÓÂ ËÁ ˝ÚËı ÛÒÎÓ‚ËÈ ÒÎÛÊËÚ ‰Îfl ÓÔÂ‰ÂÎÂÌËfl (τ) Ì‡ ·ÂÒÍÓÌÂ˜ÌÓÒÚË. èÂ‚ÓÂ ÛÒÎÓ‚ËÂ ÌÂÓ·ıÓ-
‰ËÏÓ ‰Îfl ÚÓ„Ó, ˜ÚÓ·˚ (t) ·˚Î‡ Ó„‡ÌË˜ÂÌÌÓÈ ÙÛÌÍˆËÂÈ ‚ Ó·Î‡ÒÚË Gt. ÑÎfl ‚˚ÔÓÎÌÂÌËfl ÔÂ‚Ó„Ó
ÛÒÎÓ‚Ëfl Û‰Ó·ÌÓ ËÒÔÓÎ¸ÁÓ‚‡Ú¸ Ô‡‡ÏÂÚ V1 Ú‡ÍÓÈ, ˜ÚÓ

„‰Â

îÓÏÛ „‡ÌËˆ˚ BAC ˆÂÎËÍ‡, ÍÓÌÚÛ‡ ÔÓÙËÎfl Lz Ë ÎËÌËË lz ÔÓÎÛ˜ËÏ, ÔÓËÌÚÂ„ËÓ‚‡‚ Û‡‚-
ÌÂÌËÂ (2.8)

3. ëïÖåÄ àíÖêÄñàéççéÉé èêéñÖëëÄ

ÑÎfl Ì‡ıÓÊ‰ÂÌËfl ÌÂËÁ‚ÂÒÚÌ˚ı ÙÛÌÍˆËÈ λ(σ) Ë ϑ(σ) ÌÂÓ·ıÓ‰ËÏÓ Ó„‡ÌËÁÓ‚‡Ú¸ ËÚÂ‡ˆËÓÌÌ˚È
ÔÓˆÂÒÒ. ë Û˜ÂÚÓÏ (1.1) ÙÛÌÍˆËË λ(σ) Ë ϑ(σ) ‰ÓÎÊÌ˚ Û‰Ó‚ÎÂÚ‚ÓflÚ¸ ÒÎÂ‰Û˛˘ËÏ ÛÒÎÓ‚ËflÏ:

S0 τ( ) τ b–
c b–
----------- τ b–ln

τ c–
c b–
----------- τ c–ln– τ τln– τ 1–( ) τ 1– .ln+=

S̃ θ̃
χ̃

χ̃ t( ) R t( )
π

---------- S̃ τ( )
R τ( )

-------------- τd
τ t–( )

---------------,

lτ

∫=

t b–( ) t c–( )t t 1–( )

f τ( ) τd

lτ

∫ f τ( ) τd

b

c

∫ f τ( ) τ .d

0

1

∫–=

S̃∞ a1,–=

ak
1
π
--- S̃ τ( )τ k

R τ( )
--------------- τ , kd

lτ

∫ 0 ∞, ,= =

χ̃
S̃

χ̃

V1
S̃1 τ( ) τd

R τ( )
------------------ τd

R τ( )
--------------

0

1

∫ 
 
 

1–

lτ

∫ ,exp=

S̃1 τ( )
S̃ τ( ), b τ c,< <

U τ( )ln S0 τ( )– T τ( ), 0 τ 1.< <+



=

z t( ) zd
td

----- t.d

1

t

∫=

λ 0( ) λ0
1
2
--- ρ

ρ j

----- 1 µ
V∞

2

V0
2

-------+
 
 
 

, λ ∞( )ln λ∞
1
2
--- ρ

ρ j

----- 1 µ+( ) ,ln= = = =
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Ç Í‡˜ÂÒÚ‚Â Ì‡˜‡Î¸ÌÓ„Ó ÔË·ÎËÊÂÌËfl ˆÂÎÂÒÓÓ·‡ÁÌÓ ‚˚·‡Ú¸ λ(0)(σ) = λ0 + γ(σ)(λ∞ – λ0) Ë ϑ (0)(σ) =
= ϑ0 + γ(σ)(ϑ∞ – ϑ0), „‰Â γ(σ) = /π, C > 0. í‡ÍÊÂ ‰Îfl ÔÂ‚ÓÈ ËÚÂ‡ˆËË ÌÂÓ·ıÓ‰ËÏÓ Á‡‰‡Ú¸
ÙÛÌÍˆË˛ s(τ), ‚˚·‡‚ ‚ Í‡˜ÂÒÚ‚Â Ì‡˜‡Î¸ÌÓ„Ó ÔË·ÎËÊÂÌËfl ÎËÌÂÈÌÛ˛ ÙÛÌÍˆË˛ s(0)(τ) = se + C(τ – 1),
C > 0.

àÚÂ‡ˆËÓÌÌ‡fl ÔÓˆÂ‰Û‡ ÒÓ‰ÂÊËÚ ÒÎÂ‰Û˛˘ËÂ ¯‡„Ë:
– ËÌÚÂ„ËÛfl (2.2), Ì‡ıÓ‰ËÏ ÎËÌË˛ lt;
– ÔÓ ÙÓÏÛÎÂ (2.10), ÓÔÂ‰ÂÎflÂÏ T(τ) = Re[Ω(τ)] Ì‡ ‚Â˘ÂÒÚ‚ÂÌÌÓÈ ÓÒË Ë Ω(ζ) Ì‡ ÎËÌËË lt;

– Á‡ÚÂÏ, ËÒÔÓÎ¸ÁÛfl (2.12) ‰Îfl (τ) Ë Â¯‡fl ÒÏÂ¯‡ÌÌÛ˛ Á‡‰‡˜Û, Ì‡ıÓ‰ËÏ (ζ) Ì‡ ÎËÌËË lt ÔÓ ÙÓ-
ÏÛÎÂ (2.13);

– ËÁ (2.7) ÓÔÂ‰ÂÎflÂÏ V(σ) = |dw/dz|t = ζ(σ) Ë ÔÓ ÙÓÏÛÎÂ (1.2) ÔÓÎÛ˜‡ÂÏ Vj(σ);
– ÌÓ‚ÓÂ ÔË·ÎËÊÂÌËÂ ‰Îfl ÙÛÌÍˆËË λ(σ) Ì‡ıÓ‰ËÏ ÔÓ ÙÓÏÛÎÂ (2.9), ÌÓ‚ÓÂ ÔË·ÎËÊÂÌËÂ ‰Îfl

ϑ(σ) – ËÁ (2.3), ‡ ÌÓ‚ÓÂ ÔË·ÎËÊÂÌËÂ ‰Îfl s(τ) ÔÓÎÛ˜‡ÂÏ, ËÌÚÂ„ËÛfl (2.11).
àÚÂ‡ˆËÓÌÌ˚È ÔÓˆÂÒÒ ÌÂÓ·ıÓ‰ËÏÓ ÔÓ‰ÓÎÊ‡Ú¸ ‰Ó ÚÂı ÔÓ, ÔÓÍ‡ ÌÂ ‚˚ÔÓÎÌflÚÒfl ÛÒÎÓ‚Ëfl

„‰Â ε – ÌÂÍÓÚÓÓÂ Ï‡ÎÓÂ ÔÓÎÓÊËÚÂÎ¸ÌÓÂ ˜ËÒÎÓ.

4. ìëãéÇàü êÄáêÖòàåéëíà

ä‡Í Ë ‚ ÓÒÌÓ‚ÌÓÈ Ó·‡ÚÌÓÈ Í‡Â‚ÓÈ Á‡‰‡˜Â ‡˝Ó„Ë‰Ó‰ËÌ‡ÏËÍË (éäáÄ), Á‰ÂÒ¸ ÌÂÓ·ıÓ‰ËÏÓ
ÔÓÚÂ·Ó‚‡Ú¸ ‚˚ÔÓÎÌÂÌËfl ÛÒÎÓ‚ËÈ ‡ÁÂ¯ËÏÓÒÚË Á‡‰‡˜Ë (ÒÏ., Ì‡ÔËÏÂ, [8]). ìÒÎÓ‚ËÂ ÒÓ‚Ô‡‰ÂÌËfl
ÒÍÓÓÒÚË Ì‡ ·ÂÒÍÓÌÂ˜ÌÓÒÚË, ÓÔÂ‰ÂÎflÂÏÓÈ ‚ ÔÓˆÂÒÒÂ Â¯ÂÌËfl Ò Á‡‰‡ÌÌÓÈ ÒÍÓÓÒÚ¸˛, ÔÓÎÛ˜ËÏ,

‡ÒÒÏÓÚÂ‚ (2.7) ÔË t  ∞: lnV∞ = , „‰Â  ÓÔÂ‰ÂÎflÂÚÒfl ÔÓ ÙÓÏÛÎÂ (2.14). ìÒÎÓ‚ËÂ Á‡ÏÍÌÛ-
ÚÓÒÚË (‚ ÒËÎÛ ÒËÏÏÂÚËË ÚÓÎ¸ÍÓ ÔÓ Ó‰ËÌ‡ÚÂ y) ‚˚ÔËÒ˚‚‡ÂÚÒfl ËÁ Û‡‚ÌÂÌËfl res(dz/dt)|t → ∞ = 0 Ë
ËÏÂÂÚ ‚Ë‰

„‰Â ak ÓÔÂ‰ÂÎfl˛ÚÒfl ÔÓ ÙÓÏÛÎÂ (2.15). èÓÏËÏÓ ˝ÚÓ„Ó, Ú‡Í Í‡Í Ó·Î‡ÒÚ¸ ÚÂ˜ÂÌËfl ‚ ÙËÁË˜ÂÒÍÓÈ
ÔÎÓÒÍÓÒÚË fl‚ÎflÂÚÒfl ‰‚ÛÒ‚flÁÌÓÈ, ‚ÓÁÌËÍ‡ÂÚ Â˘Â Ó‰ÌÓ ÛÒÎÓ‚ËÂ Á‡ÏÍÌÛÚÓÒÚË, ÍÓÚÓÓÂ Á‡ÔËÒ˚‚‡ÂÚÒfl
Í‡Í ÛÒÎÓ‚ËÂ Á‡ÏÍÌÛÚÓÒÚË ̂ ÂÎËÍ‡: (yc – yb)/(ya – yb) = 0, „‰Â ya, yb, yc – ÍÓÓ‰ËÌ‡Ú˚ y ‚ ÔÎÓÒÍÓÒÚË z ÚÓ˜ÂÍ
A, B, C ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ. Ç˚‡ÊÂÌËÂ ‰Îfl ‡ÒıÓ‰‡ Q ÔÓÎÛ˜ËÏ ËÁ ÔÓ‚Â‰ÂÌËfl dw/dz|z → 0 ~ Q/(2πz) Ò ËÒ-
ÔÓÎ¸ÁÓ‚‡ÌËÂÏ (2.7) Ë (2.8) ‚ ‚Ë‰Â Q = –2πu∞aexp[–T(0)].

ä ÛÍ‡Á‡ÌÌ˚Ï ÚÂÏ ÛÒÎÓ‚ËflÏ ‡ÁÂ¯ËÏÓÒÚË ÌÂÓ·ıÓ‰ËÏÓ ‰Ó·‡‚ËÚ¸ ÛÒÎÓ‚ËÂ Á‡‰‡ÌÌÓÒÚË ıÓ‰˚
r ÔÓÙËÎfl Ë ÛÒÎÓ‚ËÂ Á‡‰‡ÌÌÓÒÚË ÓÚÌÓÒËÚÂÎ¸ÌÓÈ ̄ ËËÌ˚ h Í‡Ì‡Î‡ ‚˚‰Û‚‡ ËÎË ·ÂÁ‡ÁÏÂÌÓ„Ó ‡Ò-
ıÓ‰‡ q. ÑÎfl Û‰Ó‚ÎÂÚ‚ÓÂÌËfl ̋ ÚËı ÛÒÎÓ‚ËÈ ̂ ÂÎÂÒÓÓ·‡ÁÌÓ ÔÓ‰·Ë‡Ú¸ ÒÍÓÓÒÚË u∞ Ë V2 Ë Ô‡‡ÏÂÚ˚
a, b, c ‚ Í‡ÌÓÌË˜ÂÒÍÓÈ ÔÎÓÒÍÓÒÚË. í‡ÍËÏ Ó·‡ÁÓÏ, ÔÓÏËÏÓ ‚ÌÛÚÂÌÌÂ„Ó ËÚÂ‡ˆËÓÌÌÓ„Ó ÔÓˆÂÒÒ‡,
‰Îfl ÓÔÂ‰ÂÎÂÌËfl ÙÛÌÍˆËÈ λ(σ) Ë ϑ(σ) Ó„‡ÌËÁÛÂÚÒfl ‚ÌÂ¯ÌËÈ ËÚÂ‡ˆËÓÌÌ˚È ÔÓˆÂÒÒ, ‚ Í‡˜ÂÒÚ‚Â
ÍÓÚÓÓ„Ó Û‰Ó·ÌÓ ‚˚·‡Ú¸ ËÚÂ‡ˆËÓÌÌÛ˛ ÔÓˆÂ‰ÛÛ ÏÂÚÓ‰‡ ç¸˛ÚÓÌ‡ Â¯ÂÌËfl ÒËÒÚÂÏ ÌÂÎËÌÂÈ-
Ì˚ı Û‡‚ÌÂÌËÈ. ÑÓ·‡‚ËÏ, ˜ÚÓ Ò‚flÁ¸ ÏÂÊ‰Û ıÓ‰ÓÈ r Ë ÒÍÓÓÒÚ¸˛ u∞ fl‚ÎflÂÚÒfl ÎËÌÂÈÌÓÈ, Ë ÌÂÚÛ‰-
ÌÓ ÔÓÍ‡Á‡Ú¸, ̃ ÚÓ ÓÒÚ‡Î¸Ì˚Â ̃ ÂÚ˚Â Û‡‚ÌÂÌËfl ÌÂ Á‡‚ËÒflÚ ÓÚ u∞ Ë ‚ÌÂ¯ÌËÈ ËÚÂ‡ˆËÓÌÌ˚È ÔÓˆÂÒÒ
Û‰‡ÂÚÒfl ÛÔÓÒÚËÚ¸.

5. éèêÖÑÖãÖçàÖ ÄùêéÑàçÄåàóÖëäàï ëàã

é˜Â‚Ë‰ÌÓ, ˜ÚÓ, ‚ ÒËÎÛ ÒËÏÏÂÚËË ËÒÍÓÏÓ„Ó Í˚ÎÓ‚Ó„Ó ÔÓÙËÎfl, ÔÓ‰˙ÂÏÌ‡fl ÒËÎ‡ ËÏÂÂÚ ÁÌ‡-
˜ÂÌËÂ Ry = 0. Ç ‰‡ÌÌÓÈ Á‡‰‡˜Â ÔÂ‰ÒÚ‡‚ÎflÂÚ ËÌÚÂÂÒ ‚˚˜ËÒÎÂÌËÂ ÒËÎ˚ Rx ÒÓÔÓÚË‚ÎÂÌËfl, ËÎË, Í‡Í
ÛÚ‚ÂÊ‰‡ÂÚÒfl ‚ [1], ÒËÎ˚ Úfl„Ë, Ú.Â. Rx < 0. ëÚÓ„ËÈ ‡Ì‡ÎËÚË˜ÂÒÍËÈ ‚˚‚Ó‰ ÙÓÏÛÎ ‰Îfl ‡˝Ó‰ËÌ‡ÏË-
˜ÂÒÍËı ÒËÎ, ‰ÂÈÒÚ‚Û˛˘Ëı Ì‡ ÔÓÌËˆ‡ÂÏ˚È ÔÓÙËÎ¸, ÒÓ‰ÂÊËÚÒfl ‚ [9], ÓÚÍÛ‰‡ ÒÎÂ‰ÛÂÚ

(5.1)

ÑÎfl ÔÓ‚ÂÍË ̋ ÚÓÈ ÙÓÏÛÎ˚, Í‡ÊÛ˘ÂÈÒfl Ì‡ ÔÂ‚˚È ‚Á„Îfl‰ Ô‡‡‰ÓÍÒ‡Î¸ÌÓÈ, ‚˚˜ËÒÎËÏ Rx Ôfl-
Ï˚Ï ËÌÚÂ„ËÓ‚‡ÌËÂÏ ÔÓ ÍÓÌÚÛÛ ÔÓÙËÎfl. ÑÎfl ˝ÚÓ„Ó ËÒÔÓÎ¸ÁÛÂÏ ÙÓÏÛÎÛ, ÒÎÂ‰Û˛˘Û˛ ËÁ

ϑ 0( ) ϑ 0 π/2, ϑ ∞( ) ϑ ∞ 0.= = = =

2 Cσ( )arctg

S̃ χ̃

ϑ n( ) σ( ) ϑ n 1–( ) σ( )–
σ

max ε, λ n( ) σ( ) λ n 1–( ) σ( )–
σ

max ε,<<

S̃∞ S̃∞

2 a2 a–( ) b c+( ) 1 a1–( ) 1– a1–+ 0,=

Rx ρ jV j∞Q.–=
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Û‡‚ÌÂÌËfl ‰‚ËÊÂÌËfl àçÜ, Á‡ÔËÒ‡ÌÌÓ„Ó ‚ ËÌÚÂ„‡Î¸ÌÓÈ ÙÓÏÂ:

á‰ÂÒ¸ R – ÂÁÛÎ¸ÚËÛ˛˘‡fl ÒËÎ‡, ‰ÂÈÒÚ‚Û˛˘‡fl Ì‡ ÔÓÙËÎ¸, L1 – ÌÂÔÓÌËˆ‡ÂÏ‡fl, L2 – ÔÓÌËˆ‡Â-
Ï‡fl ˜‡ÒÚ¸ ÔÓ‚ÂıÌÓÒÚË ÔÓÙËÎfl (ÌÂÍÓÚÓ‡fl ÎËÌËfl ÔÓÔÂÂÍ Í‡Ì‡Î‡ ‚˚‰Û‚‡), n – ÌÓÏ‡Î¸, ‚ÌÛÚ-
ÂÌÌflfl Í ÔÓ‚ÂıÌÓÒÚË ÔÓÙËÎfl. èÂ‚ÓÂ ÒÎ‡„‡ÂÏÓÂ Rp – ˝ÚÓ ËÌÚÂ„‡Î ÒËÎ ‰‡‚ÎÂÌËfl ÔÓ ÍÓÌÚÛÛ
ÔÓÙËÎfl, ‡ ‚ÚÓÓÂ ÒÎ‡„‡ÂÏÓÂ Rj ÔÂ‰ÒÚ‡‚ÎflÂÚ ÒÓ·ÓÈ Â‡ÍÚË‚ÌÛ˛ ÒËÎÛ. Ñ‡‚ÎÂÌËÂ pj Ì‡ ÔÓ‚ÂıÌÓ-

ÒÚË ÔÓÙËÎfl ÓÔÂ‰ÂÎflÂÚÒfl ÔÓ ÙÓÏÛÎÂ pj = pj0 – /2. ì˜Úfl, ˜ÚÓ R = Rx + iRy Ë nds = dy – idx, ‡
Ú‡ÍÊÂ ̃ ÚÓ „‡ÌËˆ˚ Í‡Ì‡Î‡ M ‰Ó‚ÓÎ¸ÌÓ ·˚ÒÚÓ ‚˚ıÓ‰flÚ Ì‡ „ÓËÁÓÌÚ‡Î¸Ì˚Â ‡ÒËÏÔÚÓÚ˚ Ë ÚÂ˜ÂÌËÂ
‚ Í‡Ì‡ÎÂ ÒÚ‡ÌÓ‚ËÚÒfl ÔÎÓÒÍÓÔ‡‡ÎÎÂÎ¸Ì˚Ï ÒÓ ÒÍÓÓÒÚ¸˛ Vm = V1V2, ÔÓÒÎÂ ÌÂÒÎÓÊÌ˚ı ÔÂÓ·‡ÁÓ-
‚‡ÌËÈ ÔÓÎÛ˜ËÏ

(5.2)

éÚÏÂÚËÏ Ú‡ÍÊÂ, ˜ÚÓ ÒËÎ˚ ‰‡‚ÎÂÌËfl, ‰ÂÈÒÚ‚Û˛˘ËÂ Ì‡ ˆÂÎËÍ BACA', ‚ ÒËÎÛ (1.1) Û‡‚ÌÓ‚Â¯Ë‚‡˛ÚÒfl.

6. êÖáìãúíÄíõ êÄëóÖíéÇ

èË ÔÓ‚Â‰ÂÌËË ˜ËÒÎÓ‚˚ı ‡Ò˜ÂÚÓ‚, ÂÁÛÎ¸Ú‡Ú˚ ÍÓÚÓ˚ı ÔÂ‰ÒÚ‡‚ÎÂÌ˚ ÌËÊÂ, ÔÓÎ‡„‡ÎÓÒ¸
V∞ = ρ = ρj = r = 1. ëıÓ‰ËÏÓÒÚ¸ ËÚÂ‡ˆËÓÌÌÓ„Ó ÔÓˆÂÒÒ‡ ÔÓ‰Ú‚ÂÊ‰ÂÌ‡ ˜ËÒÎÓ‚˚Ï ˝ÍÒÔÂËÏÂÌÚÓÏ,
ÔË˜ÂÏ ÓÌ‡ ÚÂÏ ÎÛ˜¯Â, ˜ÂÏ ÏÂÌ¸¯Â ˜ËÒÎÓ µ.

èÂ‚˚È ÚÂÒÚÓ‚˚È ‡Ò˜ÂÚ ·˚Î ÔÓ‚Â‰ÂÌ ‰Îfl ÌÂ Â‡ÍÚË‚ÌÓÈ ÒÚÛË ÔË ÒÎÂ‰Û˛˘Ëı Ô‡‡ÏÂÚ‡ı:
µ = 0, h = 0.04, V0 = 0.1; ÂÁÛÎ¸Ú‡Ú ÔË‚Â‰ÂÌ Ì‡ ÙË„. 2. îË„. 2‡ – ‚ÂıÌflfl ÔÓÎÓ‚ËÌ‡ ÔÓÒÚÓÂÌÌÓ„Ó
ÒËÏÏÂÚË˜ÌÓ„Ó Í˚ÎÓ‚Ó„Ó ÔÓÙËÎfl, ‚ÂıÌflfl ÎËÌËfl lz ‡Á‰ÂÎ‡ ÒÂ‰ Ë ˆÂÎËÍ, ‡ÁÏÂ˚ ÍÓÚÓÓ„Ó ‚
‰‡ÌÌÓÏ ÒÎÛ˜‡Â ÒÓÒÚ‡‚Îfl˛Ú ~2% ıÓ‰˚ ÔÓÙËÎfl. àÁ „‡ÙËÍ‡ ‚Ë‰ÌÓ, ˜ÚÓ ˆÂÎËÍ ‚ ‰‡ÌÌÓÏ ÒÎÛ˜‡Â
ÏÓ‰ÂÎËÛÂÚ Ó·˚˜ÌÛ˛ ÍËÚË˜ÂÒÍÛ˛ ÚÓ˜ÍÛ (ÎËÌËË ÚÓÍ‡ ÒÓÒÚ‡‚Îfl˛Ú ÔflÏÓÈ Û„ÓÎ). ç‡ ÙË„. 2· ËÁÓ·-
‡ÊÂÌÓ Á‡‰‡‚‡ÂÏÓÂ ‚ ‚Ë‰Â Éñêë ‡ÒÔÂ‰ÂÎÂÌËÂ ÒÍÓÓÒÚË V(s). ëËÎ‡ Rx, ÓÔÂ‰ÂÎÂÌÌ‡fl ËÌÚÂ„ËÓ-
‚‡ÌËÂÏ ÒËÎ ‰‡‚ÎÂÌËfl ÔÓ ÙÓÏÛÎÂ (5.2), ‡‚Ì‡ Rx = –0.0645, Ú.Â. ˝Ú‡ ÒËÎ‡ ‰ÂÈÒÚ‚ËÚÂÎ¸ÌÓ fl‚ÎflÂÚÒfl ÒË-
ÎÓÈ Úfl„Ë, Ú‡Í Í‡Í Ì‡Ô‡‚ÎÂÌ‡ ÔÓÚË‚ Ì‡·Â„‡˛˘Â„Ó ÔÓÚÓÍ‡. ÑÎfl Ò‡‚ÌÂÌËfl, ˝Ú‡ ÊÂ ÒËÎ‡, ‚˚˜ËÒÎÂÌ-
Ì‡fl ÔÓ ‡Ì‡ÎËÚË˜ÂÒÍÓÈ ÙÓÏÛÎÂ (5.1), ‡‚Ì‡ Rx = –0.0661, ÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ, ÔÓ„Â¯ÌÓÒÚ¸ ‚ ‡Ò˜ÂÚ‡ı

R p jn ρ jV j V j n,( )+[ ] sd

L1 L2∪
∫° p jn sd

L1 L2∪
∫° ρ jV j V j n,( ) sd

L2

∫+ Rp R j.+= = =

ρ jV j
2

Rx p j yd

L1 L2∪
∫° R j, R j+ ρ jVmQ.= =
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ÒÓÒÚ‡‚ÎflÂÚ ~2.5%. èË ˝ÚÓÏ ÒÎÂ‰ÛÂÚ ÓÚÏÂÚËÚ¸, ˜ÚÓ Â‡ÍÚË‚Ì‡fl ÒÓÒÚ‡‚Îfl˛˘‡fl ÒËÎ˚ Rj = 0.1105 ÔÓ
ÏÓ‰ÛÎ˛ ÔÓ˜ÚË ‚ 2 ‡Á‡ ÔÂ‚˚¯‡ÂÚ ÂÁÛÎ¸ÚËÛ˛˘Û˛ ÒËÎÛ Úfl„Ë.

ÇÓ ‚ÚÓÓÏ ‡Ò˜ÂÚÂ ÔÓÎ‡„‡ÎÓÒ¸ µ = 1, h = 0.048, V0 = 0.01, Ú.Â. ËÁ Í‡Ì‡Î‡ M ‚˚‰Û‚‡ÂÚÒfl ÛÊÂ Â-
‡ÍÚË‚Ì‡fl ÒÚÛfl. ÇË‰ ËÒıÓ‰ÌÓ„Ó ‡ÒÔÂ‰ÂÎÂÌËfl ÒÍÓÓÒÚË ÔÓÍ‡Á‡Ì Ì‡ ÙË„. 3·, ‡ ‚ÂıÌflfl ÔÓÎÓ‚ËÌ‡
ÚÂ˜ÂÌËfl – Ì‡ ÙË„. 3‡. àÁ „‡ÙËÍÓ‚ ‚Ë‰ÌÓ, ˜ÚÓ ˆÂÎËÍ ‚ ‰‡ÌÌÓÏ ÒÎÛ˜‡Â ÛÊÂ ÏÓ‰ÂÎËÛÂÚ ÚÓ˜ÍÛ ‚ÓÁ-
‚‡Ú‡. çÂÒÏÓÚfl Ì‡ ÚÓ, ˜ÚÓ ÁÌ‡˜ÂÌËÂ V0 ·˚ÎÓ ‚ÁflÚÓ ‚ 10 ‡Á ÏÂÌ¸¯ËÏ, ˜ÂÏ ‚ ÔÂ‰˚‰Û˘ÂÏ, ‡ÁÏÂ-
˚ ˆÂÎËÍ‡ Û‚ÂÎË˜ËÎËÒ¸ Ë ÒÓÒÚ‡‚ËÎË 3% ıÓ‰˚. ëËÎ˚ Úfl„Ë, ‚˚˜ËÒÎÂÌÌ˚Â ËÌÚÂ„ËÓ‚‡ÌËÂÏ ‰‡‚ÎÂ-
ÌËfl ÔÓ ÍÓÌÚÛÛ ÔÓÙËÎfl Ë ÔÓ ‡Ì‡ÎËÚË˜ÂÒÍÓÈ ÙÓÏÛÎÂ (5.1), ‡‚Ì˚, ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ, Rx = –0.1457 Ë
Rx = –0.1512, ‡ Â‡ÍÚË‚Ì‡fl ÒËÎ‡ Rj = 0.2353.

èÓÒÎÂ‰ÌËÈ ÔËÏÂ ‡Ò˜ÂÚ‡ – ÒÎÛ˜‡È ÒËÎ¸ÌÓ„Ó ‚˚‰Û‚‡. á‰ÂÒ¸ µ = 5, h = 0.075, V0 = 0.01. êÂÁÛÎ¸Ú‡-
Ú˚ ‡Ò˜ÂÚ‡ ÔÂ‰ÒÚ‡‚ÎÂÌ˚ Ì‡ ÙË„. 4. ëÍÓÓÒÚ¸ ‚˚‰Û‚‡ ÒÓÒÚ‡‚ÎflÂÚ Vm = 3.73. ëËÎ‡ Úfl„Ë Rx = –0.7034,
‡ Â‡ÍÚË‚Ì‡fl ÒËÎ‡ Rj = 1.093.

Ç [10] ‰ÂÚ‡Î¸ÌÓ ËÒÒÎÂ‰Ó‚‡Î‡Ò¸ ÏÓ‰ÂÎ¸Ì‡fl Á‡‰‡˜‡ Ó·ÚÂÍ‡ÌËfl ÚÓ˜Â˜ÌÓ„Ó ËÒÚÓ˜ÌËÍ‡, ËÁ ÍÓÚÓÓ„Ó
‚˚‰Û‚‡ÂÚÒfl Â‡ÍÚË‚Ì‡fl ÒÚÛfl, Ë Ò‰ÂÎ‡Ì ‚˚‚Ó‰ Ó ÚÓÏ, ˜ÚÓ Â¯ÂÌËÂ Ô‡ÍÚË˜ÂÒÍË ÌÂ Á‡‚ËÒËÚ ÓÚ ÒÍÓ-
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ÓÒÚË V0, ÍÓÚÓ‡fl fl‚ÎflÂÚÒfl Ô‡‡ÏÂÚÓÏ Á‡‰‡˜Ë, ÂÒÎË Â„Ó ÁÌ‡˜ÂÌËfl ·‡Ú¸ ÌÂ·ÓÎ¸¯ËÏË (<0.1V∞).
ÄÌ‡ÎÓ„Ë˜Ì˚È ÂÁÛÎ¸Ú‡Ú ËÏÂÂÚ ÏÂÒÚÓ Ë ‚ ‡ÒÒÏ‡ÚË‚‡ÂÏÓÈ Á‡‰‡˜Â.

áÄäãûóÖçàÖ
êÂ¯ÂÌ‡ Á‡‰‡˜‡ ÔÓÒÚÓÂÌËfl ÒËÏÏÂÚË˜ÌÓ„Ó Í˚ÎÓ‚Ó„Ó ÔÓÙËÎfl Ò ‚˚‰Û‚ÓÏ Â‡ÍÚË‚ÌÓÈ ÒÚÛË

Ì‡‚ÒÚÂ˜Û ‰ÓÁ‚ÛÍÓ‚ÓÏÛ ÔÓÚÓÍÛ ÔÓ Á‡‰‡ÌÌÓÏÛ Ì‡ ËÒÍÓÏÓÏ ÍÓÌÚÛÂ ÔÓÙËÎfl ‡ÒÔÂ‰ÂÎÂÌË˛ ÒÍÓ-
ÓÒÚË Í‡Í ÙÛÌÍˆËË ‰Û„Ó‚ÓÈ ‡·ÒˆËÒÒ˚ ËÁ ÍÎ‡ÒÒ‡ Éñêë. Ç Â¯ÂÌËË Â‡ÎËÁÓ‚‡Ì‡ Ë‰Âfl ëÂ‰Ó‚‡ Ó·
Ó·‡ÁÓ‚‡ÌËË Á‡ÒÚÓÈÌÓÈ ÁÓÌ˚ ‚ ÓÍÂÒÚÌÓÒÚË ÍËÚË˜ÂÒÍÓÈ ÚÓ˜ÍË. éÚÌÓÒfl Ú‡ÍËÂ Á‡‰‡˜Ë Í ÒÎÓÊÌ˚Ï
‚ Ï‡ÚÂÏ‡ÚË˜ÂÒÍÓÏ ÔÎ‡ÌÂ (ÒÏ. [3, Ò. 100]), Û‰‡ÎÓÒ¸ ÔÂÓ‰ÓÎÂÚ¸ ÚÛ‰ÌÓÒÚË, ËÒÔÓÎ¸ÁÛfl ÏÂÚÓ‰˚ ÔÓÒÚ‡-
ÌÓ‚ÓÍ Ë Â¯ÂÌËfl éäáÄ (ÒÏ., Ì‡ÔËÏÂ, [8]). èÓ‚Â‰ÂÌ‡ ÒÂËfl ÔÓÂÍÚËÓ‚Ó˜Ì˚ı ‡Ò˜ÂÚÓ‚, ÍÓÚÓ-
˚Â ÔÓ‰Ú‚Â‰ËÎË ÛÚ‚ÂÊ‰ÂÌËÂ ëÂ‰Ó‚‡, ˜ÚÓ ÂÁÛÎ¸ÚËÛ˛˘‡fl ÒËÎ‡ fl‚ÎflÂÚÒfl ÒËÎÓÈ Úfl„Ë. èÓÒÎÂ‰-
ÌÂÂ Ó·˙flÒÌflÂÚÒfl Ì‡ÎË˜ËÂÏ Ó·Î‡ÒÚË ‡ÁÂÊÂÌËfl ‚ ÓÍÂÒÚÌÓÒÚË ÔÂÂ‰ÌÂÈ ÍÓÏÍË Ë ‚ÓÒÒÚ‡ÌÓ‚ÎÂ-
ÌËÂÏ ‰‡‚ÎÂÌËfl ‚·ÎËÁË Á‡‰ÌÂÈ ÍÓÏÍË Í˚ÎÓ‚Ó„Ó ÔÓÙËÎfl. ÄÌ‡ÎËÁ ÔÓÎÛ˜ÂÌÌ˚ı ˜ËÒÎÓ‚˚ı
ÂÁÛÎ¸Ú‡ÚÓ‚ ÔË‚Ó‰ËÚ Í ÒÎÂ‰Û˛˘ËÏ ‚˚‚Ó‰‡Ï: ‚ ÒÎÛ˜‡Â Á‡‰‡ÌËfl ‡ÒÔÂ‰ÂÎÂÌËfl ÒÍÓÓÒÚË ËÁ ÍÎ‡Ò-
Ò‡ Éñêë Ò ÓÒÚÓÏ ˜ËÒÎ‡ µ Û‚ÂÎË˜Ë‚‡˛ÚÒfl ÚÓÎ˘ËÌ‡ ÔÓÙËÎfl, ‡ÁÏÂ˚ ˆÂÎËÍ‡ Ë ÒËÎ‡ Úfl„Ë Rx; Â-
‡ÍÚË‚Ì‡fl ÒËÎ‡ Rj ÔË ‚˚‰Û‚Â ÒÚÛË Ì‡‚ÒÚÂ˜Û Ì‡·Â„‡˛˘ÂÏÛ ÔÓÚÓÍÛ ÔÓ ÏÓ‰ÛÎ˛ ·ÓÎ¸¯Â ÂÁÛÎ¸ÚË-
Û˛˘ÂÈ ÒËÎ˚ Úfl„Ë Rx, ÏÓ‰ÛÎ¸ ÓÚÌÓ¯ÂÌËfl Rj/Rx Ò Û‚ÂÎË˜ÂÌËÂÏ µ ÛÏÂÌ¸¯‡ÂÚÒfl; ÔÓ„Â¯ÌÓÒÚ¸ ‚
ÓÔÂ‰ÂÎÂÌËË ÒËÎ˚ Rx fl‚ÎflÂÚÒfl ÔÓ„Â¯ÌÓÒÚ¸˛ ËÚÂ‡ˆËÓÌÌÓ„Ó ÏÂÚÓ‰‡ Â¯ÂÌËfl Á‡‰‡˜Ë Ë ÒÓÒÚ‡‚Îfl-
ÂÚ ÔÓfl‰ÓÍ 3%.
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ê‡ÒÒÏ‡ÚË‚‡ÂÚÒfl Á‡‰‡˜‡ ÔÓËÒÍ‡ ÎÓ„Ë˜ÂÒÍËı Á‡ÍÓÌÓÏÂÌÓÒÚÂÈ ÍÎ‡ÒÒÓ‚ ‚ Á‡‰‡˜Â ‡ÒÔÓÁÌ‡‚‡ÌËfl
ÔÓ ÔÂˆÂ‰ÂÌÚ‡Ï Ë ËÒÔÓÎ¸ÁÓ‚‡ÌËÂ ÎÓ„Ë˜ÂÒÍËı Á‡ÍÓÌÓÏÂÌÓÒÚÂÈ ÔË Â¯ÂÌËË Á‡‰‡˜ ‡ÒÔÓÁÌ‡-
‚‡ÌËfl Ë ÔÓ„ÌÓÁËÓ‚‡ÌËfl. ãÓ„Ë˜ÂÒÍËÂ Á‡ÍÓÌÓÏÂÌÓÒÚË ÍÎ‡ÒÒÓ‚ ÓÔÂ‰ÂÎfl˛ÚÒfl Í‡Í ÍÓÌ˙˛ÌÍ-
ˆËË Ó‰ÌÓÏÂÒÚÌ˚ı ÔÂ‰ËÍ‡ÚÓ‚, ÓÔÂ‰ÂÎfl˛˘Ëı ÔËÌ‡‰ÎÂÊÌÓÒÚ¸ ÁÌ‡˜ÂÌËÈ ÔËÁÌ‡ÍÓ‚ ÓÚÂÁÍ‡Ï
‚Â˘ÂÒÚ‚ÂÌÌÓÈ ÓÒË. Ñ‡ÌÌ˚Â ÍÓÌ˙˛ÌÍˆËË ÔËÌËÏ‡˛Ú ÁÌ‡˜ÂÌËÂ 1 Ì‡ ÔÓ‰ÏÌÓÊÂÒÚ‚‡ı ˝Ú‡ÎÓÌÓ‚
ÌÂÍÓÚÓÓ„Ó ÍÎ‡ÒÒ‡ Ë Ó·Î‡‰‡˛Ú Ò‚ÓÈÒÚ‚‡ÏË ÓÔÚËÏ‡Î¸ÌÓÒÚË. ê‡ÒÒÏÓÚÂÌ˚ ‡ÁÎË˜Ì˚Â ÍËÚÂ-
ËË ÓÔÚËÏ‡Î¸ÌÓÒÚË, Ë ÒÙÓÏÛÎËÓ‚‡Ì˚ Á‡‰‡˜Ë ÔÓËÒÍ‡ ÎÓ„Ë˜ÂÒÍËı Á‡ÍÓÌÓÏÂÌÓÒÚÂÈ Í‡Í Á‡‰‡-
˜Ë ˆÂÎÓ˜ËÒÎÂÌÌÓ„Ó ÔÓ„‡ÏÏËÓ‚‡ÌËfl. èÓ‚Â‰ÂÌ Í‡˜ÂÒÚ‚ÂÌÌ˚È ‡Ì‡ÎËÁ ‰‡ÌÌ˚ı Á‡‰‡˜. ê‡Ò-
ÒÏÓÚÂÌ˚ ÏÓ‰ÂÎË ‚˚˜ËÒÎÂÌËfl ÓˆÂÌÓÍ ÔÓ ÒËÒÚÂÏ‡Ï ÎÓ„Ë˜ÂÒÍËı Á‡ÍÓÌÓÏÂÌÓÒÚÂÈ. èÂ‰ÎÓÊÂ-
Ì˚ ÏÓ‰ËÙËÍ‡ˆËË ÎËÌÂÈÌ˚ı Â¯‡˛˘Ëı Ô‡‚ËÎ, ÓÒÌÓ‚‡ÌÌ˚Â Ì‡ ÔÓËÒÍÂ Ï‡ÍÒËÏ‡Î¸ÌÓ„Ó Á‡ÁÓ‡
‰Îfl ÓˆÂÌÓÍ ˝Ú‡ÎÓÌÌ˚ı Ó·˙ÂÍÚÓ‚ Á‡ ÍÎ‡ÒÒ˚ Ë ‡ÔÔÓÍÒËÏ‡ˆËË ÎÓ„Ë˜ÂÒÍËı Á‡ÍÓÌÓÏÂÌÓÒÚÂÈ
ÍÎ‡ÒÒÓ‚ „Î‡‰ÍËÏË ÙÛÌÍˆËflÏË. èÂ‰ÎÓÊÂÌÓ ÔÓÌflÚËÂ ‰ËÌ‡ÏË˜ÂÒÍÓÈ ÎÓ„Ë˜ÂÒÍÓÈ Á‡ÍÓÌÓÏÂÌÓ-
ÒÚË ÍÎ‡ÒÒÓ‚, ‡Î„ÓËÚÏ Ëı ÔÓËÒÍ‡ Ë ÏÂÚÓ‰ ÔÓ„ÌÓÁËÓ‚‡ÌËfl. ÅË·Î. 17. îË„. 1.

äÎ˛˜Â‚˚Â ÒÎÓ‚‡: ÎÓ„Ë˜ÂÒÍËÂ Á‡ÍÓÌÓÏÂÌÓÒÚË ÍÎ‡ÒÒÓ‚, ‡ÒÔÓÁÌ‡‚‡ÌËÂ ÔÓ ÔÂˆÂ‰ÂÌÚ‡Ï, ÔÓ-
„ÌÓÁ, ‡Î„ÓËÚÏ˚ ‚˚˜ËÒÎÂÌËfl ÓˆÂÌÓÍ, ˆÂÎÓ˜ËÒÎÂÌÌÓÂ ÔÓ„‡ÏÏËÓ‚‡ÌËÂ, Â¯‡˛˘ÂÂ Ô‡‚Ë-
ÎÓ, ‰ËÌ‡ÏË˜ÂÒÍ‡fl Á‡ÍÓÌÓÏÂÌÓÒÚ¸.

ÇÇÖÑÖçàÖ

Ç Ì‡ÒÚÓfl˘ÂÂ ‚ÂÏfl ÒÛ˘ÂÒÚ‚Û˛Ú ‰‚‡ ÓÒÌÓ‚Ì˚ı ÍÎ‡ÒÒ‡ ÎÓ„Ë˜ÂÒÍËı ‡Î„ÓËÚÏÓ‚ ‡ÒÔÓÁÌ‡‚‡ÌËfl:
‡Î„ÓËÚÏ˚ ˜‡ÒÚË˜ÌÓÈ ÔÂˆÂ‰ÂÌÚÌÓÒÚË (‚˚˜ËÒÎÂÌËfl ÓˆÂÌÓÍ) Ë Â¯‡˛˘ËÂ ‰ÂÂ‚¸fl. ç‡ÒÚÓfl˘‡fl
‡·ÓÚ‡ ÔÓÒ‚fl˘ÂÌ‡ ÔÂ‚ÓÏÛ ËÁ ÌËı.

ç‡˜‡ÎÓ ‡ÍÚË‚Ì˚ı ËÒÒÎÂ‰Ó‚‡ÌËÈ ‚ ‰‡ÌÌÓÈ Ó·Î‡ÒÚË Ò‚flÁ‡ÌÓ Ò ‡·ÓÚ‡ÏË û.à. ÜÛ‡‚Îfi‚‡ (ÚÂÒÚÓ-
‚˚È ‡Î„ÓËÚÏ [1], ‡Î„ÓËÚÏ˚ ‚˚˜ËÒÎÂÌËfl ÓˆÂÌÓÍ [2], [3]). òËÓÍÛ˛ ËÁ‚ÂÒÚÌÓÒÚ¸ ÔËÓ·ÂÎ Ô‡Í-
ÚË˜ÂÒÍËÈ ‡Î„ÓËÚÏ “äÓ‡” (ÒÏ. [4]). Ç [5] ÓÔËÒ‡Ì‡ ÏÓ‰ÂÎ¸ ‡ÒÔÓÁÌ‡‚‡ÌËfl, ÓÒÌÓ‚‡ÌÌ‡fl Ì‡ „ÓÎÓÒÓ‚‡-
ÌËË ÔÓ ÒËÒÚÂÏ‡Ï ÔÂ‰ÒÚ‡‚ËÚÂÎ¸Ì˚ı Ì‡·ÓÓ‚. éÌ‡ fl‚ÎflÂÚÒfl ‡ÁÌÓ‚Ë‰ÌÓÒÚ¸˛ ‡Î„ÓËÚÏÓ‚ ‚˚˜ËÒÎÂ-
ÌËfl ÓˆÂÌÓÍ Ë Ó·Ó·˘ÂÌËÂÏ ‡Î„ÓËÚÏ‡ “äÓ‡”. é‰ÌËÏ ËÁ ·‡ÁÓ‚˚ı ÔËÌˆËÔÓ‚ ‰‡ÌÌ˚ı ÔÓ‰ıÓ‰Ó‚
fl‚ÎflÂÚÒfl ÔËÌˆËÔ ˜‡ÒÚË˜ÌÓÈ ÔÂˆÂ‰ÂÌÚÌÓÒÚË: ÔÓ Ó·Û˜‡˛˘ÂÈ ËÌÙÓÏ‡ˆËË ÔÂ‰Î‡„‡ÂÚÒfl Ì‡ıÓ-
‰ËÚ¸ ÏÌÓÊÂÒÚ‚‡ ÌÂÒÓÍ‡ÚËÏ˚ı Ù‡„ÏÂÌÚÓ‚ ÔËÁÌ‡ÍÓ‚˚ı ÓÔËÒ‡ÌËÈ Ó·˙ÂÍÚÓ‚ (ËÎË Ëı ‡Ì‡ÎÓ„Ó‚
‡ÁÎË˜ÌÓ„Ó ÚËÔ‡), Ò‚ÓÈÒÚ‚ÂÌÌ˚Â ‡ÁÎË˜Ì˚Ï ÍÎ‡ÒÒ‡Ï, Ë ËÒÔÓÎ¸ÁÓ‚‡Ú¸ ‰‡ÌÌ˚Â ÏÌÓÊÂÒÚ‚‡ ÔË ‡Ò-
ÔÓÁÌ‡‚‡ÌËË ÌÓ‚˚ı Ó·˙ÂÍÚÓ‚. èÂ‚ÓÌ‡˜‡Î¸ÌÓ ‰‡ÌÌ˚Â ÏÓ‰ÂÎË ËÒÔÓÎ¸ÁÓ‚‡ÎËÒ¸ ‰Îfl ‡·ÓÚ˚ Ò ·Ë-
Ì‡Ì˚ÏË ËÎË k-ÁÌ‡˜Ì˚ÏË ÔËÁÌ‡Í‡ÏË, ˜ÚÓ ‰ÂÎ‡ÎÓ ‚ÓÁÏÓÊÌ˚Ï ÔflÏÓÂ ËÒÔÓÎ¸ÁÓ‚‡ÌËÂ ‡ÔÔ‡‡Ú‡
‰ËÒÍÂÚÌÓ„Ó ‡Ì‡ÎËÁ‡. ÑÎfl ‡·ÓÚ˚ Ò ‚Â˘ÂÒÚ‚ÂÌÌÓÁÌ‡˜Ì˚ÏË ‰‡ÌÌ˚ÏË ÜÛ‡‚Îfi‚˚Ï ·˚ÎÓ ÔÂ‰ÎÓ-
ÊÂÌÓ ‡ÒÒÏ‡ÚË‚‡Ú¸ ÓÍÂÒÚÌÓÒÚË ÁÌ‡˜ÂÌËÈ ÔËÁÌ‡ÍÓ‚ (ÔË ˝ÚÓÏ ‚‚Ó‰flÚÒfl ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ËÂ Ô‡‡-
ÏÂÚ˚ ÓÍÂÒÚÌÓÒÚÂÈ) ËÎË ÓÒÛ˘ÂÒÚ‚ÎflÚ¸ ÔÂ‰‚‡ËÚÂÎ¸ÌÓ ‰ËÒÍÂÚËÁ‡ˆË˛ ‰‡ÌÌ˚ı Ò ÒÓı‡ÌÂÌËÂÏ ÓÚ-
‰ÂÎËÏÓÒÚË ÍÎ‡ÒÒÓ‚ Ì‡ Ó·Û˜‡˛˘ÂÈ ‚˚·ÓÍÂ. Ç Ó·ÓËı ÒÎÛ˜‡flı ÔËÏÂÌfl˛ÚÒfl ·‡ÁÓ‚˚Â ÔÓ‰ıÓ‰˚, ‡Á-
‡·ÓÚ‡ÌÌ˚Â Ë ËÒÒÎÂ‰Ó‚‡ÌÌ˚Â ‰Îfl ‰ËÒÍÂÚÌÓ„Ó ÒÎÛ˜‡fl. Ç ‰‡ÌÌÓÈ Ó·Î‡ÒÚË ËÏÂÂÚÒfl Ó·¯ËÌ‡fl
·Ë·ÎËÓ„‡ÙËfl (ÒÏ., Ì‡ÔËÏÂ, [3], [6]–[9]).

è‡ÍÚË˜ÂÒÍË ˆÂÌÌÓÈ, ËÏÂ˛˘ÂÈ Ò‡ÏÓÒÚÓflÚÂÎ¸Ì˚È ËÌÚÂÂÒ ÓÒÓ·ÂÌÌÓÒÚ¸˛ Ì‡ÒÚÓfl˘Ëı ÏÓ‰ÂÎÂÈ fl‚-
ÎflÂÚÒfl Ì‡ıÓÊ‰ÂÌËÂ ËÌÙÓÏ‡ÚË‚Ì˚ı Ù‡„ÏÂÌÚÓ‚ Ó·˙ÂÍÚÓ‚ ËÎË Ëı ÓÍÂÒÚÌÓÒÚÂÈ, Ò‚ÓÈÒÚ‚ÂÌÌ˚ı ‡Á-
ÎË˜Ì˚Ï ÍÎ‡ÒÒ‡Ï. Ñ‡ÎÂÂ Ï˚ ·Û‰ÂÏ ËÒÔÓÎ¸ÁÓ‚‡Ú¸ ÚÂÏËÌ “ÎÓ„Ë˜ÂÒÍ‡fl Á‡ÍÓÌÓÏÂÌÓÒÚ¸” ÍÎ‡ÒÒ‡ (ãá).
èÓ‰ ãá ÍÎ‡ÒÒÓ‚ ÔÓÌËÏ‡˛ÚÒfl ÔÂ‰ËÍ‡Ú˚ ‚Ë‰‡ P(S) = A1(S) & A2(S) & … & Ak(S), „‰Â A1, A2, …, Ak –
Ó‰ÌÓÏÂÒÚÌ˚Â ÔÂ‰ËÍ‡Ú˚, Á‡‚ËÒfl˘ËÂ ÓÚ Ó‰ÌÓ„Ó ËÁ ÔËÁÌ‡ÍÓ‚ Ë ÓÔÂ‰ÂÎfl˛˘ËÂ ÔËÌ‡‰ÎÂÊÌÓÒÚ¸

1) ê‡·ÓÚ‡ ‚˚ÔÓÎÌÂÌ‡ ÔË ÙËÌ‡ÌÒÓ‚ÓÈ ÔÓ‰‰ÂÊÍÂ êîîà (ÍÓ‰˚ ÔÓÂÍÚÓ‚ 05-01-00332, 06-01-08045 ÓÙË, 05-07-90333,
06-01-00492), ñÂÎÂ‚ÓÈ ÔÓ„‡ÏÏ˚ ‹ 14 èÂÁË‰ËÛÏ‡ êÄç, ñÂÎÂ‚ÓÈ ÔÓ„‡ÏÏ˚ ‹ 2 éÚ‰ÂÎÂÌËfl Ï‡ÚÂÏ‡ÚË˜ÂÒÍËı Ì‡-
ÛÍ êÄç).

ìÑä 519.6:519.712
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êüáÄçéÇ

ÁÌ‡˜ÂÌËfl ÔËÁÌ‡Í‡ ÌÂÍÓÚÓÓÏÛ ÒÂ„ÏÂÌÚÛ (ËÌÚÂ‚‡ÎÛ, ÔÓÎÛÓÒË Ë Ú.‰.) ‚Â˘ÂÒÚ‚ÂÌÌÓÈ ÓÒË. èÂ‰ÔÓ-
Î‡„‡ÂÚÒfl, ˜ÚÓ ÔÂ‰ËÍ‡Ú˚ (ãá) ‰‡ÌÌÓ„Ó ‚Ë‰‡ ‚˚ÔÓÎÌfl˛ÚÒfl ÂÒÎË ÌÂ Ì‡ ‚ÒÂı Ó·˙ÂÍÚ‡ı Ó·Û˜‡˛˘ÂÈ

‚˚·ÓÍË  ËÁ ÌÂÍÓÚÓÓ„Ó ÍÎ‡ÒÒ‡ Ki, ÚÓ ÔÓ Í‡ÈÌÂÈ ÏÂÂ Ì‡ ÏÌÓ„Ëı ˝Ú‡ÎÓÌ‡ı ‰‡ÌÌÓ„Ó ÍÎ‡ÒÒ‡, ÔË

˝ÚÓÏ P(S) = 0 ∀S ∈ CK i ∩ .
Ç ‡·ÓÚ‡ı [10] ·˚ÎË ÔÂ‰ÎÓÊÂÌ˚ ‡Î„ÓËÚÏ˚ ‡ÒÔÓÁÌ‡‚‡ÌËfl, ËÌ‚‡Ë‡ÌÚÌ˚Â ÓÚÌÓÒËÚÂÎ¸ÌÓ

ÔÂÓ·‡ÁÓ‚‡ÌËÈ ÔËÁÌ‡ÍÓ‚. èÓÎÛ˜ÂÌ˚ ÚÂÓÂÏ˚ Ó· Ó·˘ÂÏ ‚Ë‰Â Ú‡ÍËı ‡Î„ÓËÚÏÓ‚, ÍÓÚÓ˚Â Ó·-
Î‡‰‡˛Ú fl‰ÓÏ ‰ÓÒÚÓËÌÒÚ‚, Ò‚flÁ‡ÌÌ˚ı Ò ‚˚·ÓÓÏ ÒÔÓÒÓ·‡ Ô‡‡ÏÂÚËÁ‡ˆËË ÔËÁÌ‡ÍÓ‚, ‰ËÒÍÂÚË-
Á‡ˆËË ÁÌ‡˜ÂÌËÈ ÌÂÔÂ˚‚Ì˚ı ÔËÁÌ‡ÍÓ‚, Á‡‰‡ÌËfl ÏÂÚËÍ Ì‡ ÏÌÓÊÂÒÚ‚Â ÁÌ‡˜ÂÌËÈ ÍÓÎË˜ÂÒÚ‚ÂÌ-
Ì˚ı ÔËÁÌ‡ÍÓ‚ Ë ÒÓ„Î‡ÒÓ‚‡ÌËfl ÔÓÍÓÓ‰ËÌ‡ÚÌ˚ı ÏÂÚËÍ. í‡Ï ÊÂ ÓÔËÒ‡Ì‡ Â‡ÎËÁ‡ˆËfl ‡Î„ÓËÚÏÓ‚
‡ÒÔÓÁÌ‡‚‡ÌËfl ‰‡ÌÌÓ„Ó ÚËÔ‡ ÒÓ Ò‚ÓÈÒÚ‚‡ÏË ÌÂËÁ·˚ÚÓ˜ÌÓÒÚË Ë ÏÓÌÓÚÓÌÌÓÒÚË. Ç‡ÊÌ˚Ï Ëı ˝ÎÂ-
ÏÂÌÚÓÏ fl‚ÎflÂÚÒfl ÔÓËÒÍ “Ï‡ÍÒËÏ‡Î¸Ì˚ı ˜‡ÒÚË˜Ì˚ı ËÌÚÂ‚‡ÎÓ‚” ÍÎ‡ÒÒÓ‚. èÓ Ó·Û˜‡˛˘ÂÈ ‚˚·Ó-
ÍÂ Ì‡ıÓ‰flÚÒfl Ú‡ÍËÂ ÌÂ‡Ò¯ËflÂÏ˚Â ÔÓ‰ÏÌÓÊÂÒÚ‚‡ ˝Ú‡ÎÓÌÓ‚ Í‡Ê‰Ó„Ó ÙËÍÒËÓ‚‡ÌÌÓ„Ó ÍÎ‡ÒÒ‡,
‰Îfl ÍÓÚÓ˚ı “Ì‡ÚflÌÛÚ˚Â” Ì‡ ÌËı ÔflÏ˚Â ÍÓÓ‰ËÌ‡ÚÌ˚Â „ËÔÂÔ‡‡ÎÎÂÎÂÔËÔÂ‰˚ ÌÂ ÒÓ‰ÂÊ‡Ú
˝Ú‡ÎÓÌÓ‚ ‰Û„Ëı ÍÎ‡ÒÒÓ‚. Ñ‡ÌÌ˚Â Ï‡ÍÒËÏ‡Î¸Ì˚Â ˜‡ÒÚË˜Ì˚Â ËÌÚÂ‚‡Î˚ ÌÂÔÓÒÂ‰ÒÚ‚ÂÌÌÓ ÓÔÂ-
‰ÂÎfl˛Ú ãá ÍÎ‡ÒÒÓ‚. ëÎÂ‰ÛÂÚ ÓÚÏÂÚËÚ¸, ˜ÚÓ Á‡‰‡˜Ë Ëı ÔÓËÒÍ‡ ‚ÂÒ¸Ï‡ ÚÛ‰ÓÂÏÍË.

Ç Ì‡ÒÚÓfl˘ÂÈ ÒÚ‡Ú¸Â ‡ÒÒÏ‡ÚË‚‡ÂÚÒfl Ô‡‡ÏÂÚË˜ÂÒÍËÈ ÔÓ‰ıÓ‰, ÍÓ„‰‡ Í‡Ê‰‡fl ãá ÓÔÂ‰ÂÎflÂÚ-
Òfl ÍÓÌÂ˜Ì˚Ï Ì‡·ÓÓÏ ‚Â˘ÂÒÚ‚ÂÌÌ˚ı Ô‡‡ÏÂÚÓ‚, ‡ Á‡‰‡˜‡ ÂÂ ÔÓËÒÍ‡ ÒÓÒÚÓËÚ ‚ Â¯ÂÌËË ÒÔÂˆË-
‡Î¸ÌÓÈ ÓÔÚËÏËÁ‡ˆËÓÌÌÓÈ Á‡‰‡˜Ë. ùÚÓ ÔÓÁ‚ÓÎflÂÚ ‡ÒÒÏ‡ÚË‚‡Ú¸ ‡ÁÎË˜Ì˚Â ÍËÚÂËË Ë Ëı ÔË-
·ÎËÊÂÌËfl, Â¯‡Ú¸ Á‡‰‡˜Ë ·ÓÎ¸¯ÓÈ ‡ÁÏÂÌÓÒÚË. ÅÛ‰ÛÚ ‡ÒÒÏÓÚÂÌ˚ Á‡‰‡˜‡ ÔÓËÒÍ‡ ÎÓ„Ë˜ÂÒÍËı
Á‡ÍÓÌÓÏÂÌÓÒÚÂÈ ÍÎ‡ÒÒÓ‚ ‚ Á‡‰‡˜Â ‡ÒÔÓÁÌ‡‚‡ÌËfl ÔÓ ÔÂˆÂ‰ÂÌÚ‡Ï ÔË ‡ÁÎË˜Ì˚ı ÍËÚÂËflı Í‡-
˜ÂÒÚ‚‡ ãá, Â¯ÂÌËÂ Á‡‰‡˜Ë ‡ÒÔÓÁÌ‡‚‡ÌËfl Ì‡ ·‡ÁÂ Ì‡È‰ÂÌÌ˚ı ÏÌÓÊÂÒÚ‚ ãá, ÔÓËÒÍ ‰ËÌ‡ÏË˜ÂÒÍËı
ãá ÔÓ ÏÌÓ„ÓÏÂÌÓÏÛ ‚ÂÏÂÌÌóÏÛ fl‰Û. çÂÍÓÚÓ˚Â ˜‡ÒÚË ÒÚ‡Ú¸Ë fl‚Îfl˛ÚÒfl ÔÓ‰ÓÎÊÂÌËÂÏ ‡·ÓÚ
[11]–[13]. Ñ‡ÎÂÂ ËÒÔÓÎ¸ÁÛ˛ÚÒfl ÒÚ‡Ì‰‡ÚÌ˚Â Ó·ÓÁÌ‡˜ÂÌËfl, ÔËÌflÚ˚Â ‚ ÏÓ‰ÂÎflı ‡ÒÔÓÁÌ‡‚‡ÌËfl, ÓÒ-
ÌÓ‚‡ÌÌ˚ı Ì‡ ‚˚˜ËÒÎÂÌËË ÓˆÂÌÓÍ (ÒÏ. [3], [6]).

1. éëçéÇçõÖ éèêÖÑÖãÖçàü

ê‡ÒÒÏ‡ÚË‚‡ÂÚÒfl ÒÚ‡Ì‰‡ÚÌ‡fl Á‡‰‡˜‡ ‡ÒÔÓÁÌ‡‚‡ÌËfl ÔÓ ÔÂˆÂ‰ÂÌÚ‡Ï Ò n ÔËÁÌ‡Í‡ÏË x1, x2, …, xn,

l ÌÂÔÂÂÒÂÍ‡˛˘ËÏËÒfl ÍÎ‡ÒÒ‡ÏË K1, K2, …, Kl Ë m ˝Ú‡ÎÓÌÌ˚ÏË Ó·˙ÂÍÚ‡ÏË  = {S1, S2, …, Sm} (Ó·Û-

˜‡˛˘ÂÈ ‚˚·ÓÍÓÈ). ÅÛ‰ÂÏ ËÒÔÓÎ¸ÁÓ‚‡Ú¸ Ó·ÓÁÌ‡˜ÂÌËfl  =  ∩ Ki, i = 1, 2, …, l, Ë Ò˜ËÚ‡Ú¸, ˜ÚÓ

 ≠ ∅ , i = 1, 2, …, l. èÓËÁ‚ÓÎ¸Ì˚È Ó·˙ÂÍÚ S ∈  ÓÚÓÊ‰ÂÒÚ‚ÎflÂÚÒfl ÒÓ Ò‚ÓËÏ ÔËÁÌ‡ÍÓ‚˚Ï

ÓÔËÒ‡ÌËÂÏ ‚ ‚Ë‰Â ˜ËÒÎÓ‚Ó„Ó ‚ÂÍÚÓ‡ S = (x1(S), x2(S), …, xn(S)), St = (at1, at2, …, atn), atj = xj(St), xi ∈ �
(·ËÌ‡Ì˚Â Ë k-ÁÌ‡˜Ì˚Â ÔËÁÌ‡ÍË ‡ÒÒÏ‡ÚË‚‡˛ÚÒfl Í‡Í ˜‡ÒÚÌ˚È ÒÎÛ˜‡È ‚Â˘ÂÒÚ‚ÂÌÌÓÁÌ‡˜Ì˚ı).

ê‡ÒÒÏÓÚËÏ ÒÎÂ‰Û˛˘ÂÂ Ô‡‡ÏÂÚË˜ÂÒÍÓÂ ÏÌÓÊÂÒÚ‚Ó ˝ÎÂÏÂÌÚ‡Ì˚ı ÔÂ‰ËÍ‡ÚÓ‚:

„‰Â  ∈ �,  ∈ �, j = 1, 2, …, n.

èÛÒÚ¸ Ω ⊆ {1, 2, …, n}.
éÔÂ‰ÂÎÂÌËÂ 1. èÂ‰ËÍ‡Ú

(1)

Ì‡Á˚‚‡ÂÚÒfl ÎÓ„Ë˜ÂÒÍÓÈ Á‡ÍÓÌÓÏÂÌÓÒÚ¸˛ ÍÎ‡ÒÒ‡ Kλ, λ = 1, 2, …, l, ÂÒÎË ‚ÂÌÓ ÒÎÂ‰Û˛˘ÂÂ:

1) :  = 1;

2)   = 0;

3)  = , „‰Â Φ – ÍËÚÂËÈ Í‡˜ÂÒÚ‚‡ ÔÂ‰ËÍ‡Ú‡.

S̃

S̃

S̃

K̃ i S̃

K̃ i Kii 1=
l∪

P j

c j
1

c j
2,

x( ) 1 ÔË c j
1

x c j
2
,≤ ≤

0 ËÌ‡˜Â,



=

c j
1

c j
2

P
Ω c

1
c

2, , x( ) P j

c j
1

c j
2,

x j( )
j Ω∈
&=

St∃ K̃λ∈ P
Ω c

1
c

2, ,
St( )

St∀ K̃λ∉ P
Ω c

1
c

2, ,
St( )

Φ P
Ω c

1
c

2, , x( )( ) Φ P
Ω* c

1* c
2*, , x( )( )

P
Ω* c1* c2*, ,

x( ){ }

extr
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èÂ‰ËÍ‡Ú (1), Û‰Ó‚ÎÂÚ‚Ófl˛˘ËÈ ÚÓÎ¸ÍÓ
ÔÂ‚˚Ï ‰‚ÛÏ Ó„‡ÌË˜ÂÌËflÏ, Ì‡Á˚‚‡ÂÚÒfl ‰ÓÔÛ-
ÒÚËÏ˚Ï ÔÂ‰ËÍ‡ÚÓÏ ‡ÒÒÏ‡ÚË‚‡ÂÏÓ„Ó ÍÎ‡ÒÒ‡.

èÂ‰ËÍ‡Ú (1), Û‰Ó‚ÎÂÚ‚Ófl˛˘ËÈ ÚÓÎ¸ÍÓ
ÔÂ‚ÓÏÛ Ë ÚÂÚ¸ÂÏÛ Ó„‡ÌË˜ÂÌËflÏ, Ì‡Á˚‚‡ÂÚ-
Òfl ˜‡ÒÚË˜ÌÓÈ ãá ÍÎ‡ÒÒ‡ Kλ.

ëÚ‡Ì‰‡ÚÌ˚Ï ÍËÚÂËÂÏ Í‡˜ÂÒÚ‚‡ ãá

(x) ÍÎ‡ÒÒ‡ Kλ ·Û‰ÂÏ Ì‡Á˚‚‡Ú¸ ÒÎÂ‰Û˛-

˘ËÈ ÍËÚÂËÈ: F( (x)) = |{Si : Si ∈ ,

(Si) = 1}|.

åÌÓÊÂÒÚ‚Ó N( ) = {x ∈ �
n
 :  ≤ xj ≤

≤ , j ∈ Ω} ·Û‰ÂÏ Ì‡Á˚‚‡Ú¸ ËÌÚÂ‚‡ÎÓÏ ÔÂ-

P
Ω c

1
c

2, ,

P
Ω c

1
c

2, ,
K̃λ

P
Ω c

1
c

2, ,

P
Ω c

1
c

2, ,
c j

1

c j
2

‰ËÍ‡Ú‡ (x) (‡Ì‡ÎÓ„ ËÌÚÂ‚‡ÎÓ‚ ˝ÎÂÏÂÌÚ‡Ì˚ı ÍÓÌ˙˛ÌÍˆËÈ ‚ ‡Î„Â·Â ÎÓ„ËÍË). Ñ‚‡ ÔÂ‰Ë-

Í‡Ú‡ (x), (x) ·Û‰ÂÏ Ì‡Á˚‚‡Ú¸ ˝Í‚Ë‚‡ÎÂÌÚÌ˚ÏË, ÂÒÎË (St) = (St), t, =

= 1, 2, …, m. Ñ‚‡ ËÌÚÂ‚‡Î‡ N( ), N( ) Ì‡Á˚‚‡˛ÚÒfl ˝Í‚Ë‚‡ÎÂÌÚÌ˚ÏË, ÂÒÎË

N( ) ∩  = N( ) ∩ . ãÓ„Ë˜ÂÒÍËÂ Á‡ÍÓÌÓÏÂÌÓÒÚË ÒÓ ÒÚ‡Ì‰‡ÚÌ˚Ï ÍËÚÂËÂÏ Í‡˜Â-
ÒÚ‚‡ ËÏÂ˛Ú ÔÓÒÚÛ˛ „ÂÓÏÂÚË˜ÂÒÍÛ˛ ËÌÚÂÔÂÚ‡ˆË˛: ÔÓ ‰‡ÌÌ˚Ï Ó·Û˜‡˛˘ÂÈ ‚˚·ÓÍË ÚÂ·ÛÂÚ-
Òfl Ì‡ÈÚË ÔflÏÓÛ„ÓÎ¸Ì˚È ÍÓÓ‰ËÌ‡ÚÌ˚È „ËÔÂÔ‡‡ÎÎÂÎÂÔËÔÂ‰, ÎÂÊ‡˘ËÈ ‚ ÌÂÍÓÚÓÓÏ ÔËÁÌ‡ÍÓ-
‚ÓÏ ÔÓ‰ÔÓÒÚ‡ÌÒÚ‚Â, ÒÓ‰ÂÊ‡˘ËÈ Ï‡ÍÒËÏ‡Î¸ÌÓÂ ˜ËÒÎÓ ˝Ú‡ÎÓÌÓ‚ ËÁ ÍÎ‡ÒÒ‡ Kλ Ë ÚÓÎ¸ÍÓ ÍÎ‡ÒÒ‡
Kλ (ÒÏ. ÙË„ÛÛ).

èÓ‰ ˝ÍÒÚÂÏÛÏ‡ÏË ÍËÚÂËfl Φ( (x)) ÔÓÌËÏ‡˛ÚÒfl ÎÓÍ‡Î¸Ì˚Â ˝ÍÒÚÂÏÛÏ˚. ÑÓÔÛÒÚËÏ˚È

ÔÂ‰ËÍ‡Ú (x) fl‚ÎflÂÚÒfl ÎÓÍ‡Î¸ÌÓ-ÓÔÚËÏ‡Î¸Ì˚Ï ÔÓ ÍËÚÂË˛ Φ( (x)), ÂÒÎË ÌÂ ÒÛ˘Â-

ÒÚ‚ÛÂÚ ‰ÓÔÛÒÚËÏÓ„Ó (x): N( (x)) ⊇ N( (x)), ‰Îfl ÍÓÚÓÓ„Ó Φ( (x)) >

> Φ( (x)) (‰Îfl Á‡‰‡˜Ë ÏËÌËÏËÁ‡ˆËË), ËÎË Φ( (x)) < Φ( (x)) (‰Îfl Á‡‰‡˜Ë Ï‡ÍÒË-
ÏËÁ‡ˆËË).

Ñ‡ÎÂÂ ‡ÒÒÏÓÚËÏ Á‡‰‡˜Û Ì‡ıÓÊ‰ÂÌËfl ãá ÍÎ‡ÒÒÓ‚ ÔË ‡ÁÎË˜Ì˚ı ÍËÚÂËflı ‰Îfl (x).

2. ãéÉàóÖëäàÖ áÄäéçéåÖêçéëíà äãÄëëéÇ ë éèéêçõåà ùíÄãéçÄåà
à óÄëíéíçõå äêàíÖêàÖå äÄóÖëíÇÄ

Ç Ì‡ÒÚÓfl˘ÂÏ ‡Á‰ÂÎÂ ‡ÒÒÏÓÚËÏ ÛÔÓ˘ÂÌÌ˚È ‚‡Ë‡ÌÚ ÓÒÌÓ‚ÌÓÈ Á‡‰‡˜Ë, ËÏÂ˛˘ËÈ Ò‡ÏÓÒÚÓ-
flÚÂÎ¸Ì˚È ËÌÚÂÂÒ. Ñ‡ÌÌ˚È ‚‡Ë‡ÌÚ ÓÒÌÓ‚‡Ì Ì‡ ÒÎÂ‰Û˛˘Ëı ‰‚Ûı Ó„‡ÌË˜ÂÌËflı: 

ÎÓ„Ë˜ÂÒÍËÂ Á‡ÍÓÌÓÏÂÌÓÒÚË ÓÔÂ‰ÂÎfl˛ÚÒfl Í‡Í ı‡‡ÍÚÂËÒÚË˜ÂÒÍËÂ ÙÛÌÍˆËË ÓÔÂ‰ÂÎÂÌÌ˚ı
ε-ÓÍÂÒÚÌÓÒÚÂÈ ˝Ú‡ÎÓÌÓ‚ ÍÎ‡ÒÒÓ‚ ‚ ÔËÁÌ‡ÍÓ‚˚ı ÔÓ‰ÔÓÒÚ‡ÌÒÚ‚‡ı (‡Ì‡ÎÓ„Ë ÔÂ‰ÒÚ‡‚ËÚÂÎ¸Ì˚ı
Ì‡·ÓÓ‚ k-ÁÌ‡˜ÌÓ„Ó ÒÎÛ˜‡fl);

‚ÏÂÒÚÓ ÒÚ‡Ì‰‡ÚÌÓ„Ó ÙÛÌÍˆËÓÌ‡Î‡ Í‡˜ÂÒÚ‚‡ ÔÂ‰ËÍ‡ÚÓ‚ ‡ÒÒÏ‡ÚË‚‡ÂÚÒfl ÌÂÍÓÚÓ˚È ÎËÌÂÈ-
Ì˚È ÔÓ ÔËÁÌ‡Í‡Ï ˝‚ËÒÚË˜ÂÒÍËÈ ÙÛÌÍˆËÓÌ‡Î.

èÛÒÚ¸ ÙËÍÒËÓ‚‡Ì ÔÓËÁ‚ÓÎ¸Ì˚È ˝Ú‡ÎÓÌ St ∈ K λ. ÅÛ‰ÂÏ ËÒÍ‡Ú¸ ãá ‚Ë‰‡

(2)
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&=
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0 ËÌ‡˜Â.




=

St

xit

xi2

xi1

îË„Û‡.

10*



1796

ÜìêçÄã ÇõóàëãàíÖãúçéâ åÄíÖåÄíàäà à åÄíÖåÄíàóÖëäéâ îàáàäà      ÚÓÏ 47      ‹ 10      2007

êüáÄçéÇ

éÚÏÂÚËÏ, ˜ÚÓ (St) = 1, Ú.Â. ÔÂ‚ÓÂ ÛÒÎÓ‚ËÂ ÓÔÂ‰ÂÎÂÌËfl (1) ‚˚ÔÓÎÌÂÌÓ. é·˙ÂÍÚ St ·Û‰ÂÏ
Ì‡Á˚‚‡Ú¸ ÓÔÓÌ˚Ï ‰Îfl ÔÂ‰ËÍ‡ÚÓ‚ (2).

Ç Í‡˜ÂÒÚ‚Â ÍËÚÂËfl ÓÔÚËÏ‡Î¸ÌÓÒÚË ÔÂ‰ËÍ‡Ú‡ ‚ÓÁ¸ÏÂÏ ÙÛÌÍˆËÓÌ‡Î

(3)

„‰Â ‡ÌÚË·ÎËÁÓÒÚ¸ ρj(εj, St, Si) = 

èË ‚˚·ÓÂ ÔÂ‰ËÍ‡ÚÓ‚ Ë ÍËÚÂËfl Í‡˜ÂÒÚ‚‡ ÒÓ„Î‡ÒÌÓ (2), (3) Á‡‰‡˜‡ ÔÓËÒÍ‡ ãá ÍÎ‡ÒÒ‡ Kλ ·Û‰ÂÚ
ÒÓÒÚÓflÚ¸ ‚ ÏËÌËÏËÁ‡ˆËË (3) Ì‡ ÏÌÓÊÂÒÚ‚Â {Ω, e : Ω ⊆ {1, 2, …, n}, e ≥ 0}.

ìÔÓfl‰Ó˜ËÏ ‚ÒÂ ‡ÁÎË˜Ì˚Â ÁÌ‡˜ÂÌËfl |atj – aij |, i = 1, 2, …, m, ÔÓ ‚ÓÁ‡ÒÚ‡ÌË˛ ‚ ‚Ë‰Â Ú‡ÍËı ÔÓ-
ÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚÂÈ:

ÔË v < w. (4)

é˜Â‚Ë‰ÌÓ, rj1 = 0.
1. èÓ‰ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚ¸ rju, u = v, v + 1, … v + w, Ì‡ÁÓ‚ÂÏ ÔÓ‰ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚ¸˛ ÔÂ‚Ó„Ó

ÚËÔ‡ ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚË (4), ÂÒÎË ‚ÂÌÓ ÒÎÂ‰Û˛˘ÂÂ:
‡) ‰Îfl Î˛·Ó„Ó ÂÂ ˝ÎÂÏÂÌÚ‡ rju, v ≤ u ≤ v + w, w ≥ 0, ÌÂ ÒÛ˘ÂÒÚ‚ÛÂÚ ÒÚÓÍ Si ∈ : |atj – aij | = rju;
·) Î˛·ÓÂ ‚ÓÁÏÓÊÌÓÂ ‡Ò¯ËÂÌËÂ ÔÓ‰ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚË ‰ÓÔÓÎÌÂÌËÂÏ ̋ ÎÂÏÂÌÚÓ‚ ËÁ (4) ÒÎÂ‚‡

ËÎË ÒÔ‡‚‡ Ì‡Û¯‡ÂÚ Ò‚ÓÈÒÚ‚‡ ‡).
2. èÓ‰ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚ¸ rju, u = v, v + 1, …v + w, w ≥ 0, Ì‡ÁÓ‚ÂÏ ÔÓ‰ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚ¸˛

‚ÚÓÓ„Ó ÚËÔ‡ ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚË (4), ÂÒÎË ‚ÂÌÓ ÒÎÂ‰Û˛˘ÂÂ:
‡) ‰Îfl Î˛·Ó„Ó ÂÂ ˝ÎÂÏÂÌÚ‡ rju, v ≤ u ≤ v + w, w ≥ 0, ÌÂ ÒÛ˘ÂÒÚ‚ÛÂÚ ÒÚÓÍ Si ∈ K λ: |atj – aij | = rju;
·) Î˛·ÓÂ ‚ÓÁÏÓÊÌÓÂ ‡Ò¯ËÂÌËÂ ÔÓ‰ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚË ‰ÓÔÓÎÌÂÌËÂÏ ̋ ÎÂÏÂÌÚÓ‚ ËÁ (4) ÒÎÂ‚‡

ËÎË ÒÔ‡‚‡ Ì‡Û¯‡ÂÚ Ò‚ÓÈÒÚ‚Ó ‡).
é·Î‡ÒÚ¸ D = {εj ≥ 0, j = 1, 2, …, n} ‰ÓÔÛÒÚËÏ˚ı ÁÌ‡˜ÂÌËÈ Ô‡‡ÏÂÚÓ‚ e ÏÓÊÌÓ Ó„‡ÌË˜ËÚ¸ ÌÂ-

ÍÓÚÓ˚Ï ÍÓÌÂ˜Ì˚Ï ÏÌÓÊÂÒÚ‚ÓÏ D* ⊆ D Ú‡ÍËÏ, ˜ÚÓ

(5)

ÑÂÈÒÚ‚ËÚÂÎ¸ÌÓ. èÛÒÚ¸

Ë  = max{riv : riv ≤ }. íÓ„‰‡  Û‰Ó‚ÎÂÚ‚ÓflÂÚ ÛÒÎÓ‚ËflÏ 1), 2) ÓÔÂ‰ÂÎÂÌËfl 1, ‡ f( ) =

= f( ). ìÒÎÓ‚ËÂ (5) ·Û‰ÂÚ ‚˚ÔÓÎÌÂÌÓ, ÂÒÎË ‚ Í‡˜ÂÒÚ‚Â D* ‚ÁflÚ¸ ÏÌÓÊÂÒÚ‚Ó D* = {e* :  ∈ ri,
i = 1, 2, …, n}.

èÓÍ‡ÊÂÏ, ˜ÚÓ ÏÌÓÊÂÒÚ‚Ó D* ÏÓÊÂÚ ·˚Ú¸ ‰‡ÎÂÂ ÒÓÍ‡˘ÂÌÓ Ò ÔÓÏÓ˘¸˛ ÚÂı ‡Î„ÓËÚÏÓ‚ ÒÓ-
Í‡˘ÂÌËfl ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚÂÈ (4) (ËÎË Ëı ÔÓ‰ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚÂÈ, ÍÓÚÓ˚Â ·Û‰ÂÏ Ó·ÓÁÌ‡˜‡Ú¸
Ú‡Í ÊÂ).

2.1. èÂ‚˚È ‡Î„ÓËÚÏ ÒÓÍ‡˘ÂÌËfl

Ç ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚË r j ‚˚‰ÂÎflÂÚÒfl ÔÓ‰ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚ¸ ÔÂ‚Ó„Ó ÚËÔ‡ rju, u = v, v + 1, …
…, v + w. àÁ r j ‚˚˜ÂÍË‚‡˛ÚÒfl ‚ÒÂ ˝ÎÂÏÂÌÚ˚ ‰‡ÌÌÓÈ ÔÓ‰ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚË, ÍÓÏÂ rj, v + w. Ñ‡Ì-
Ì‡fl ÔÓˆÂ‰Û‡ ÔÓ‚ÚÓflÂÚÒfl ‰Îfl ‚ÒÂı ÔÓ‰ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚÂÈ ÔÂ‚Ó„Ó ÚËÔ‡ ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚÂÈ r j.

Pt
Ω e,

f Pt
Ω e,( ) ϕ tj ε j( ),

j Ω∈
∑=

ϕ tj ε j( ) 1

K̃λ

--------- ρ j ε j St Si, ,( )
Si K̃λ∈

∑ 1

CK̃λ

------------- 1 ρ j ε j St Si, ,( )–[ ] ,
Si CK̃λ∈

∑+=

0 ÔË atj aij– ε j,≤
1 ËÌ‡˜Â.




r
j
 : r j1 r j2 … r ju j

, r jv r jw<, , ,

CK̃λ

f Pt
Ω e,( )

ε D∈
min f Pt

Ω e,( ).
ε D*∈
min=

Pt
Ω e',

min f Pt
Ω e,( )

e D∈
arg=

εi* εi' Pt
Ω e*,

Pt
Ω e*,

Pt
Ω e ', εi*
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2.2. ÇÚÓÓÈ ‡Î„ÓËÚÏ ÒÓÍ‡˘ÂÌËfl

Ç ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚË r j ‚˚‰ÂÎflÂÚÒfl ÔÓ‰ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚ¸ ‚ÚÓÓ„Ó ÚËÔ‡ rju, u = v, v + 1, …
…, v + w. àÁ r j ‚˚˜ÂÍË‚‡˛ÚÒfl ‚ÒÂ ˝ÎÂÏÂÌÚ˚ ‰‡ÌÌÓÈ ÔÓ‰ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚË. Ñ‡ÌÌ‡fl ÔÓˆÂ‰Û‡
ÔÓ‚ÚÓflÂÚÒfl ‰Îfl ‚ÒÂı ÔÓ‰ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚÂÈ ‚ÚÓÓ„Ó ÚËÔ‡ ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚÂÈ r j.

3. èÛÒÚ¸ ‰‡Ì‡ ÔÓËÁ‚ÓÎ¸Ì‡fl ˜ËÒÎÓ‚‡fl ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚ¸ C: c1, c2, …, ck Ë ÙÛÌÍˆËfl ‰ÂÈÒÚ‚Ë-
ÚÂÎ¸ÌÓ„Ó ‡„ÛÏÂÌÚ‡ ψ(x) ≥ 0. óËÒÎÓ‚Û˛ ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚ¸ ψ(c1), ψ(c2), …, ψ(ck) ·Û‰ÂÏ Ì‡Á˚‚‡Ú¸
ÙÛÌÍˆËÓÌ‡Î¸ÌÓÈ.

íÂÚËÈ ‡Î„ÓËÚÏ ÒÓÍ‡˘ÂÌËfl ÔÓËÁ‚ÓÎ¸ÌÓÈ ÍÓÌÂ˜ÌÓÈ ̃ ËÒÎÓ‚ÓÈ ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚË C ÒÓÒÚÓ-
ËÚ ‚ ‚˚‰ÂÎÂÌËË Ú‡ÍÓÈ ÂÂ ÔÓ‰ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚË

(6)

ÍÓÚÓÓÈ ÒÓÓÚ‚ÂÚÒÚ‚ÛÂÚ ÒÔÂˆË‡Î¸Ì‡fl ÏÓÌÓÚÓÌÌÓ Û·˚‚‡˛˘‡fl ÔÓ‰ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚ¸ ÙÛÌÍˆËÓ-
Ì‡Î¸ÌÓÈ ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚË ψ(c1), ψ(c2), …, ψ(ck).

2.3. íÂÚËÈ ‡Î„ÓËÚÏ ÒÓÍ‡˘ÂÌËfl

ò‡„ 1. èÓÎ‡„‡ÂÏ v = w = 1, i1 = 1.

ò‡„ 2. w ≥ 1. èÛÒÚ¸ ËÁ c1, c2, …, cw ‚˚‰ÂÎÂÌ‡ ÔÓ‰ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚ¸ , , …, , v ≤ w. ÖÒÎË
w = k, ÔÓ‰ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚ¸ (6) Ò˜ËÚ‡ÂÚÒfl ÔÓÒÚÓÂÌÌÓÈ Ë ÔÓËÒıÓ‰ËÚ ÔÂÂıÓ‰ Ì‡ ¯‡„ 3.

Ç ÔÓÚË‚ÌÓÏ ÒÎÛ˜‡Â w Û‚ÂÎË˜Ë‚‡ÂÚÒfl Ì‡ Â‰ËÌËˆÛ.

ÖÒÎË ϕ( ) > ϕ(cw), ÚÓ v Û‚ÂÎË˜Ë‚‡ÂÚÒfl Ì‡ Â‰ËÌËˆÛ, iv = w. éÒÛ˘ÂÒÚ‚ÎflÂÚÒfl ÔÂÂıÓ‰ Ì‡ ¯‡„ 2.

ò‡„ 3. äÓÌÂˆ 3-„Ó ‡Î„ÓËÚÏ‡ ÒÓÍ‡˘ÂÌËfl.

èÛÒÚ¸ (x) – ÔÓËÁ‚ÓÎ¸Ì˚È ÔÂ‰ËÍ‡Ú Ú‡ÍÓÈ, ˜ÚÓ εi ∈ ri, i = 1, 2, …, n, εj ∈  = {rju, u = v,

v + 1, …, v + w} ⊆ r j, „‰Â r j – ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚ¸ (4) ËÎË ÂÂ ÔÓ‰ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚ¸, ‡  – ÔÓ‰ÔÓ-
ÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚ¸ ÔÂ‚Ó„Ó ÚËÔ‡ ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚË r j.

ê‡ÒÒÏÓÚËÏ ÔÂ‰ËÍ‡Ú (x), ‰Îfl ÍÓÚÓÓ„Ó ei =  ÖÒÎË ÔÂ‰ËÍ‡Ú (x) – ‰ÓÔÛ-

ÒÚËÏ˚È, ÚÓ ·Û‰ÂÚ ‰ÓÔÛÒÚËÏ˚Ï Ú‡ÍÊÂ Ë ÔÂ‰ËÍ‡Ú (x), ‡ Ú‡ÍÊÂ f( (x)) ≤ f( (x)).

èÛÒÚ¸  – ÔÓ‰ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚ¸ ‚ÚÓÓ„Ó ÚËÔ‡ ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚË r j. ê‡ÒÒÏÓÚËÏ ÔÂ‰ËÍ‡Ú

(x), ‰Îfl ÍÓÚÓÓ„Ó ei =  íÓ„‰‡ ÂÒÎË ÔÂ‰ËÍ‡Ú (x) ‰ÓÔÛÒÚËÏ˚È, ÚÓ ·Û‰ÂÚ ‰Ó-

ÔÛÒÚËÏ˚Ï Ú‡ÍÊÂ Ë ÔÂ‰ËÍ‡Ú (x) ‚ ÒËÎÛ ÌÂ‡‚ÂÌÒÚ‚‡ ej < εj . äÓÏÂ ÚÓ„Ó, ‚˚ÔÓÎÌÂÌÓ ÌÂ‡‚ÂÌ-

ÒÚ‚Ó f( (x)) < f( (x)).

í‡ÍËÏ Ó·‡ÁÓÏ, ÔÓÒÎÂ ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ„Ó ÔËÏÂÌÂÌËfl ÔÂ‚Ó„Ó Ë ‚ÚÓÓ„Ó ‡Î„ÓËÚÏÓ‚ ÒÓÍ‡-
˘ÂÌËfl Í ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚflÏ r j, j = 1, 2, …, n, ‚˚˜ËÒÎflÂÚÒfl Ú‡ÍÓÂ ÔÓ‰ÏÌÓÊÂÒÚ‚Ó D** ÏÌÓÊÂÒÚ‚‡

D*, ÏËÌËÏÛÏ Ì‡ ÍÓÚÓÓÏ ÙÛÌÍˆËÓÌ‡Î‡ f( ) ÒÓ‚Ô‡‰‡ÂÚ Ò ÏËÌËÏÛÏÓÏ Ì‡ D*. é·ÓÁÌ‡˜ËÏ ÒÓÍ‡-
˘ÂÌÌ˚Â ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚË ÒÌÓ‚‡ ‚ ‚Ë‰Â r j, D** = r1 × r2 × … × rn, |r j | = uj . èËÏÂÌËÏ Í ÔÓÒÎÂ‰Ó-
‚‡ÚÂÎ¸ÌÓÒÚflÏ r j, j = 1, 2, …, n, ÚÂÚËÈ ‡Î„ÓËÚÏ ÒÓÍ‡˘ÂÌËfl, ‡ÒÒÏ‡ÚË‚‡fl ‚ Í‡˜ÂÒÚ‚Â ÒÓÓÚ‚ÂÚ-
ÒÚ‚Û˛˘Ëı ÙÛÌÍˆËÓÌ‡Î¸Ì˚ı ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚÂÈ ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚË ϕtj(rji), i = 1, 2, …, uj. Ç
ËÚÓ„Â ÔÓÎÛ˜ËÏ ÏÌÓÊÂÒÚ‚Ó D*** = ε1 × ε2 × … × εn, „‰Â ε j = {εji, i = 1, 2, …, kj}, εju < εjv ÔË u < v.

Ç ÒËÎÛ Ò‚ÓÈÒÚ‚ ÚÂÚ¸Â„Ó ‡Î„ÓËÚÏ‡ ÒÓÍ‡˘ÂÌËfl, ‰Îfl Î˛·Ó„Ó ‰ÓÔÛÒÚËÏÓ„Ó ÔÂ‰ËÍ‡Ú‡ (x),
ej ∈ r j, ÒÛ˘ÂÒÚ‚ÛÂÚ e = (ε1, ε2, …, εn), εj = ejv(j) ≤ ej, ‰Îfl ÍÓÚÓÓ„Ó ϕtj(εj) ≤ ϕtj(ej), Ú.Â. ÒÛ˘ÂÒÚ‚ÛÂÚ ‰Ó-

ÔÛÒÚËÏ˚È ÔÂ‰ËÍ‡Ú (x), ‰Îfl ÍÓÚÓÓ„Ó f( (x)) ≤ f( (x)). í‡ÍËÏ Ó·‡ÁÓÏ, ‰ÓÍ‡Á‡Ì‡
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íÂÓÂÏ‡ 1. èÛÒÚ¸ D*** ÔÓÎÛ˜ÂÌÓ ËÁ D* Ò ÔÓÏÓ˘¸˛ ÚÂı ‡Î„ÓËÚÏÓ‚ ÒÓÍ‡˘ÂÌËfl, ‡ ÎÓ„Ë˜Â-

ÒÍËÂ Á‡ÍÓÌÓÏÂÌÓÒÚË (x) ÓÔÂ‰ÂÎÂÌ˚ ÒÓ„Î‡ÒÌÓ ‚˚‡ÊÂÌË˛ (2), ÚÓ„‰‡

èÓÒÎÂ fl‚ÌÓ„Ó ÓÔËÒ‡ÌËfl ÔÓˆÂ‰Û˚ Ì‡ıÓÊ‰ÂÌËfl ÏÌÓÊÂÒÚ‚‡ D*** ÔÓÍ‡ÊÂÏ, ˜ÚÓ Á‡‰‡˜‡ ÔÓËÒÍ‡
ÎÓ„Ë˜ÂÒÍËı Á‡ÍÓÌÓÏÂÌÓÒÚÂÈ ÏÓÊÂÚ ·˚Ú¸ ÒÙÓÏÛÎËÓ‚‡Ì‡ ‚ ‚Ë‰Â ÒÔÂˆË‡Î¸ÌÓÈ Á‡‰‡˜Ë ˆÂÎÓ˜ËÒ-
ÎÂÌÌÓ„Ó ÎËÌÂÈÌÓ„Ó ÔÓ„‡ÏÏËÓ‚‡ÌËfl.

Ç‚Â‰ÂÏ ÒÎÂ‰Û˛˘ËÂ Ó·ÓÁÌ‡˜ÂÌËfl:

ê‡ÒÒÏÓÚËÏ Á‡‰‡˜Û

(7)

(8)

èÓ ÓÔÂ‰ÂÎÂÌË˛ ÍÓ˝ÙÙËˆËÂÌÚÓ‚ Ë ‚ ÒËÎÛ Ò‚ÓÈÒÚ‚ ÚÂÚ¸Â„Ó ‡Î„ÓËÚÏ‡ ÒÓÍ‡˘ÂÌËfl ‰Îfl Á‡‰‡˜Ë
(7), (8) ËÏÂ˛Ú ÏÂÒÚÓ ÒÎÂ‰Û˛˘ËÂ Ò‚ÓÈÒÚ‚‡ ÍÓ˝ÙÙËˆËÂÌÚÓ‚:

(9)

Ç ÒËÎÛ Ò‚ÓÈÒÚ‚ ÍÓ˝ÙÙËˆËÂÌÚÓ‚ (9), Á‡‰‡˜Û (7), (8) ·Û‰ÂÏ Ì‡Á˚‚‡Ú¸ Á‡‰‡˜ÂÈ ̂ ÂÎÓ˜ËÒÎÂÌÌÓ„Ó ÎË-
ÌÂÈÌÓ„Ó ÔÓ„‡ÏÏËÓ‚‡ÌËfl Ò ·ÎÓ˜ÌÓ-ÏÓÌÓÚÓÌÌ˚ÏË ÒÚÓÎ·ˆ‡ÏË (Á‡‰‡˜‡ ñãè-Ååë).

íÂÓÂÏ‡ 2. êÂ¯ÂÌË˛ Á‡‰‡˜Ë (7), (8) Ó‰ÌÓÁÌ‡˜ÌÓ ÒÓÓÚ‚ÂÚÒÚ‚ÛÂÚ Â¯ÂÌËÂ Á‡‰‡˜Ë

f( (x))  min.

Ç ÒËÎÛ Ò‚ÓÈÒÚ‚ ÍÓ˝ÙÙËˆËÂÌÚÓ‚ ÙÛÌÍˆËË (7), ÓÔÚËÏ‡Î¸ÌÓÂ Â¯ÂÌËÂ y* = ( , , … , ,

, … , …, , , … ) ÒÓ‰ÂÊËÚ ÌÂ ·ÓÎÂÂ Ó‰ÌÓÈ Â‰ËÌË˜ÌÓÈ ÍÓÏÔÓÌÂÌÚ˚ ‰Îfl Í‡Ê‰ÓÈ ËÁ

n „ÛÔÔ Ô‡‡ÏÂÚÓ‚ , , …, . ÑÂÈÒÚ‚ËÚÂÎ¸ÌÓ, ‚ ÒÎÛ˜‡Â  > 0 ˝ÚÓ Ò‚ÓÈÒÚ‚Ó ÔÓ‚ÂflÂÚÒfl

ÓÚ ÔÓÚË‚ÌÓ„Ó. ëÎÛ˜‡È  = 0 ‚ÓÁÏÓÊÂÌ ÎË¯¸ ÚÓ„‰‡, ÍÓ„‰‡ ki = 1, ‡ ÁÌ‡˜ËÚ, ‰‡ÌÌÓÂ Ò‚ÓÈÒÚ‚Ó Ú‡ÍÊÂ
‚˚ÔÓÎÌflÂÚÒfl. åÌÓÊÂÒÚ‚Ó Â‰ËÌË˜Ì˚ı ÍÓÏÔÓÌÂÌÚ Â¯ÂÌËfl Á‡‰‡˜Ë (7), (8) Ó‰ÌÓÁÌ‡˜ÌÓ ÓÔÂ‰ÂÎflÂÚ

ÔÂ‰ËÍ‡Ú (x), „‰Â Ω = {i :  = 1}, ‡ εi = , i ∈ Ω. èÂ‰ËÍ‡Ú ( x) fl‚ÎflÂÚÒfl ãá ÍÎ‡ÒÒ‡ Kλ Ò
ÓÔÓÌ˚Ï Ó·˙ÂÍÚÓÏ St, ÔË ˝ÚÓÏ ‚˚ÔÓÎÌÂÌËÂ ÛÒÎÓ‚ËÈ 2) ÓÔÂ‰ÂÎÂÌËfl ãá Ó·ÂÒÔÂ˜Ë‚‡ÂÚÒfl ‚˚ÔÓÎ-
ÌÂÌËÂÏ Ó„‡ÌË˜ÂÌËÈ (8) Ì‡È‰ÂÌÌÓ„Ó Â¯ÂÌËfl Á‡‰‡˜Ë (7), (8).

á‡ÏÂ˜‡ÌËfl. 1. Ç ÒÎÛ˜‡flı, ÍÓ„‰‡ I = {i :  = 0, i ∈ Ω} ≠ ∅, ËÏÂÂÚ ÏÂÒÚÓ ÓÚ‰ÂÎËÏÓÒÚ¸ Kλ ÓÚ ÓÒÚ‡Î¸Ì˚ı

ÍÎ‡ÒÒÓ‚ ÔÓ Ó‰ÌÓÏÛ ËÁ ÔËÁÌ‡ÍÓ‚. èÂ‰ËÍ‡Ú (x), (Ω = {v}, v ∈ I, εv = , f( (x)) = 0)

·Û‰ÂÚ fl‚ÎflÚ¸Òfl ãá ÍÎ‡ÒÒ‡ Kλ.

2. àÌÚÂ‚‡Î˚ N( ) fl‚Îfl˛ÚÒfl ÔflÏ˚ÏË ‡Ì‡ÎÓ„‡ÏË ÔÂ‰ÒÚ‡‚ËÚÂÎ¸Ì˚ı Ì‡·ÓÓ‚ (ÒÏ. [6]). ç‡ıÓ‰flÚÒfl
ÌÂÒÓÍ‡ÚËÏ˚Â Ù‡„ÏÂÌÚ˚ ˝Ú‡ÎÓÌÌ˚ı ÓÔËÒ‡ÌËÈ St Ë Ëı e-ÓÍÂÒÚÌÓÒÚË.

3. ç‡È‰ÂÌÌ˚Ï ãá (x) ÒÓÓÚ‚ÂÚÒÚ‚ÛÂÚ ÏÌÓÊÂÒÚ‚Ó ËÏ ˝Í‚Ë‚‡ÎÂÌÚÌ˚ı ãá (x), ‰Îfl ÍÓÚÓ˚ı

N( (x)) ⊇ N( ( x)).

Pt
Ω e,

f Pt
Ω e, x( )( )

Ω e D***∈,
min f Pt

Ω e, x( )( ).
Ω e D*∈,

min=

cij ϕ ti εij( ),=

y y11 y12 … y1k1
y21 y22 … y2k2

… yn1 yn2 … ynkn
, , , , , , , , , , , ,( ),=

bij
u ρi εij St Su, ,( ).=

cijyij min,
j 1=

ki

∑
i 1=

n

∑

bij
u
yij

j 1=

ki

∑
i 1=

n

∑ 1, u≥ 1 2 … m, Su Kλ ,∉, , ,=

yij 0 1,{ } , i∈ 1 2 … n, j, , , 1 2 … ki., , ,= =

ciu civ 0 ÔË u v , bij
u

bij
v

0, bij
u

0 1,{ } .∈≥ ≥<≥>

Pt
Ω e,

Ω ⊆ {1, 2, …, n}, e ∈ D***

y11* y12* y1k1
* y21*

y22* y2k2
* yn1* yn2* ynkn

*

yi1* yi2* yiki
* ciki

ciki

Pt
Ω e,

yi ji
* εi ji

Pt
Ω e,

ciki

Pt
Ω e,

atv aiv–
Si K̃λ∈
max Pt

Ω e,

Pt
Ω e,

Pt
Ω e,

Pt
Ω e,

Pt
Ω e,

Pt
Ω e,
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Ñ‡ÎÂÂ ‡ÒÒÏÓÚËÏ ·ÓÎÂÂ ÔÓÒÚÓÈ ‚‡Ë‡ÌÚ ‰Îfl (3), ÓÚ·ÓÒË‚ ÌÓÏËÛ˛˘ËÂ ÏÌÓÊËÚÂÎË:

(3)'

é·Î‡ÒÚ¸ ‰ÓÔÛÒÚËÏ˚ı ÁÌ‡˜ÂÌËÈ Ô‡‡ÏÂÚÓ‚ εj ÏÓÊÌÓ Ó„‡ÌË˜ËÚ¸ ÔÓ‰ÏÌÓÊÂÒÚ‚ÓÏ ÏÌÓÊÂÒÚ‚‡ Aj =
= {|atj – aij|, i = 1, 2, …, m}, ÍÓÚÓÓÂ ‚˚˜ËÒÎflÂÚÒfl Ò ÔÓÏÓ˘¸˛ ÚÂı ‡Î„ÓËÚÏÓ‚ ÒÓÍ‡˘ÂÌËfl, εj ∈ {εj1 <
< εj2 < … < }. åÌÓÊÂÒÚ‚Ó {εj1, εj2, …, } ÏÓÌÓÚÓÌÌÓ ‚ÓÁ‡ÒÚ‡˛˘Ëı ‚‡Ë‡ÌÚÓ‚ ‚˚·Ó‡ εj, Í‡Í

Ë ‡ÌÂÂ, ·Û‰ÂÏ Ó·ÓÁÌ‡˜‡Ú¸ Í‡Í ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚ¸ ˜ËÒÂÎ r j.
ä‡ÍÓ‚‡ ÏÓÊÂÚ ·˚Ú¸ ‡ÁÏÂÌÓÒÚ¸ ÔÓÒÚ‡ÌÒÚ‚‡ ÓÔÚËÏËÁ‡ˆËË ‚ Á‡‰‡˜Â (7), (8) Ë Í‡Í ÓÌ‡ Ò‚flÁ‡Ì‡

Ò Â‡Î¸Ì˚ÏË ‰‡ÌÌ˚ÏË Ë Ëı Í‡˜ÂÒÚ‚ÓÏ? ê‡ÒÒÏÓÚËÏ Ó‰ËÌ Ó·˘ËÈ ÏÓ‰ÂÎ¸Ì˚È ÔËÏÂ, Ì‡ÎÓÊË‚ ‰Ó-
ÔÓÎÌËÚÂÎ¸Ì˚Â Ó„‡ÌË˜ÂÌËfl Ì‡ ËÒıÓ‰Ì˚Â ‰‡ÌÌ˚Â Ó·Û˜‡˛˘ÂÈ ‚˚·ÓÍË. ÅÛ‰ÂÏ Ò˜ËÚ‡Ú¸, ˜ÚÓ ‚˚-
ÔÓÎÌÂÌÓ ÛÒÎÓ‚ËÂ

íÓ„‰‡ ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚ¸ r j ÏÓÊÂÚ ·˚Ú¸ ÔÂ‰ÒÚ‡‚ÎÂÌ‡ ‚ ‚Ë‰Â r j =  ÎË·Ó r j =

= , „‰Â  – ÔÓ‰ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚË ÔÂ‚Ó„Ó ÚËÔ‡, ‡  – ÔÓ‰ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ-
ÒÚË ‚ÚÓÓ„Ó ÚËÔ‡.

èÛÒÚ¸  = bi > 0 Ë  = di > 0 – ˜ËÒÎÓ ˝ÎÂÏÂÌÚÓ‚ ‚ ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘Ëı ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚflı.

èÛÒÚ¸ E = e1, e2, …, eτ – ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚ¸, ÔÓÎÛ˜ÂÌÌ‡fl ËÁ r j ÔËÏÂÌÂÌËÂÏ 1-„Ó, 2-„Ó Ë 3-„Ó
‡Î„ÓËÚÏÓ‚ ÒÓÍ‡˘ÂÌËfl (ÔÓÒÍÓÎ¸ÍÛ Á‰ÂÒ¸ Ë ‰‡ÎÂÂ ‡ÒÒÏ‡ÚË‚‡ÂÚÒfl ÙËÍÒËÓ‚‡ÌÌ˚È ÔËÁÌ‡Í, Ï˚
ÓÔÛÒÚËÏ ËÌ‰ÂÍÒ j). Ç‚Â‰ÂÏ Ó·ÓÁÌ‡˜ÂÌËÂ h = |Kλ |.

íÂÓÂÏ‡ 3. ëÔ‡‚Â‰ÎË‚Ó ÌÂ‡‚ÂÌÒÚ‚Ó kj – 1 ≤  ≤ min{h – τ, m – h}.

ÑÓÍ‡Á‡ÚÂÎ¸ÒÚ‚Ó. ùÎÂÏÂÌÚ˚ ei fl‚Îfl˛ÚÒfl Ô‡‚˚ÏË Í‡ÈÌËÏË ˝ÎÂÏÂÌÚ‡ÏË ÌÂÍÓÚÓ˚ı ÔÓ‰ÔÓÒÎÂ-

‰Ó‚‡ÚÂÎ¸ÌÓÒÚÂÈ , vi ≥ i. üÒÌÓ, ˜ÚÓ

èÛÒÚ¸

èÓ ÔÓÒÚÓÂÌË˛ ei ËÏÂÂÚ ÏÂÒÚÓ

(10)

Ç ÒËÎÛ ÓÔÚËÏ‡Î¸ÌÓÒÚË eτ ËÏÂÂÚ ÏÂÒÚÓ ÌÂ‡‚ÂÌÒÚ‚Ó

(11)

èÓ ÛÒÎÓ‚Ë˛ ËÏÂÂÏ

àÁ (10) ÒÎÂ‰ÛÂÚ, ˜ÚÓ  ≤  – 1 ≤  – 2 ≤ … ≤  – (τ – 1) ≤ h – τ (Á‰ÂÒ¸  ≤ h – 1). àÁ
(11) ÒÎÂ‰ÛÂÚ

éÍÓÌ˜‡ÚÂÎ¸ÌÓ ËÏÂÂÏ  ≤ min{h – τ, m – h}.

ϕ tj ε j( ) ρ j ε j St Si, ,( )
Si Kλ∈
∑ 1 ρ j ε j St Si, ,( )–[ ] .

Si CKλ∈
∑+=

ε jk j
ε jk j

atj aij– atj aµj– µ∀ i, i µ,≠ ≠ 1 2 … m., , ,=

r1
1
r1

2
r2

1
r2

2
r3

1
r3

2…rk j

1

r1
1
r1

2
r2

1
r2

2
r3

1
r3

2…rk j

1
rk j

2
rs

1
rs

2

ri
1

ri
2

ϕ tj ε j( )
ε j

min

rv i

1

ϕ tj ε j( )
ε j

min ϕ tj eτ( ).=

ϕ i* ϕ tj ei( ) h bµ dµ.
µ 1=

v i 1–

∑+
µ 1=

v i

∑–= =

ϕ1* ϕ2* … ϕτ*.> > >

ϕτ* h bµ dµ, i
µ 1=

v τ i 1–+

∑+
µ 1=

v τ i+

∑–≤ 0 1 2 …, ÔË v τ i k.≤+, , ,=

bµ

µ 1=

k

∑ h, dµ

µ 1=

k 1–

∑ m h.–≤=

ϕτ* ϕτ 1–* ϕτ 2–* ϕ1* ϕ1*

ϕτ* h bµ dµ

µ 1=

k 1–

∑ m h.–≤+
µ 1=

k

∑–≤

ϕτ*
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êüáÄçéÇ

ë ‰Û„ÓÈ ÒÚÓÓÌ˚,

íÂÓÂÏ‡ ‰ÓÍ‡Á‡Ì‡.

ëÎÂ‰ÒÚ‚ËÂ 1. àÏÂÂÚ ÏÂÒÚÓ ÌÂ‡‚ÂÌÒÚ‚Ó τ – 1 ≤  ≤ min{h – τ, m – h}.

íÂÓÂÏ‡ Ë ÒÎÂ‰ÒÚ‚ËÂ ÔÓÍ‡Á˚‚‡˛Ú, ˜ÚÓ ˜ÂÏ ·ÓÎ¸¯Â ‚ÂÎË˜ËÌ‡ τ = τj, ÚÂÏ ÏÂÌ¸¯Â Ó·Î‡ÒÚ¸ ‰ÓÔÛ-
ÒÚËÏ˚ı ÁÌ‡˜ÂÌËÈ ‰Îfl ÙÛÌÍˆËË ϕti(εij). Ä ˝ÚÓ ÓÁÌ‡˜‡ÂÚ, ˜ÚÓ ÔË ·ÓÎ¸¯Ëı τj (‡ ÁÌ‡˜ËÚ, “ÔÎÓıËı ÔË-
ÁÌ‡Í‡ı” xj) ‚‡Ë‡ˆËfl ÙÛÌÍˆËÓÌ‡Î‡ ÔÓ Ô‡‡ÏÂÚÛ εj ÌÂ‚ÂÎËÍ‡ Ë ÁÌ‡˜ÂÌËfl εj fl‚Îfl˛ÚÒfl “ÔËÏÂÌÓ
‡‚ÌÓÁÌ‡˜Ì˚ÏË” ÔÓ ÙÛÌÍˆËÓÌ‡ÎÛ.

ÑÎfl ÓˆÂÌÍË Ò‚ÂıÛ τ ‚ ‡ÒÒÏÓÚÂÌÌÓÈ ‚˚¯Â ÏÓ‰ÂÎ¸ÌÓÈ Á‡‰‡˜Â Ó„‡ÌË˜ËÏÒfl ÒÎÛ˜‡ÂÏ |Kλ | = |CKλ |.
èÛÒÚ¸ N = |Kλ |, t = [N/2].

íÂÓÂÏ‡ 4. ëÔ‡‚Â‰ÎË‚Ó ÒÓÓÚÌÓ¯ÂÌËÂ  = [N/2].

ÑÓÍ‡Á‡ÚÂÎ¸ÒÚ‚Ó. üÒÌÓ, ˜ÚÓ τ ≤ β, „‰Â β – ˜ËÒÎÓ ‚˚ÔÓÎÌÂÌÌ˚ı ÌÂ‡‚ÂÌÒÚ‚  > , j ≥ 1, ÎË·Ó

τ ≤ β + 1, „‰Â β – ˜ËÒÎÓ ‚˚ÔÓÎÌÂÌÌ˚ı ÌÂ‡‚ÂÌÒÚ‚  > , j > 1 (‰ÓÔÛÒÚËÏ ÒÎÛ˜‡È  = ). Ç

ÔÂ‚ÓÏ ÒÎÛ˜‡Â ËÁ  ≥ 1 Ë  ≥ 2 ÒÎÂ‰ÛÂÚ β ≤ t, ‚Ó ‚ÚÓÓÏ ÒÎÛ˜‡Â ËÏÂÂÏ β ≤ t – 1. Ç Ó·ÓËı ÒÎÛ˜‡flı
τ ≤ t, ÔË˜ÂÏ ‡‚ÂÌÒÚ‚Ó τ = t ‰ÓÒÚË„‡ÂÚÒfl Ì‡ Ú‡ÍËı ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚflı:

r j = 

„‰Â

íÂÓÂÏ‡ ‰ÓÍ‡Á‡Ì‡.

ëÎÂ‰ÒÚ‚ËÂ 2. ëÔ‡‚Â‰ÎË‚˚ ÒÓÓÚÌÓ¯ÂÌËfl  = N – 2,  = N – 3, …,  = [N/2] – 1.

ÖÒÚÂÒÚ‚ÂÌÌÓ ËÒÔÓÎ¸ÁÓ‚‡Ú¸ ÔË ÓÔÚËÏËÁ‡ˆËË ÒÚ‡Ì‰‡ÚÌÓ„Ó ÙÛÌÍˆËÓÌ‡Î‡ Í‡˜ÂÒÚ‚‡ F( (x))
‚ Í‡˜ÂÒÚ‚Â Ì‡˜‡Î¸Ì˚ı ÔË·ÎËÊÂÌËÈ ãá, ÔÓÎÛ˜ÂÌÌ˚Â ‚ ÂÁÛÎ¸Ú‡ÚÂ ÓÔÚËÏËÁ‡ˆËË ˝‚ËÒÚË˜ÂÒÍÓ„Ó

ÍËÚÂËfl f( (x)) (Á‰ÂÒ¸ S ∈ �
n
). ë‚flÁ¸ ÓÔÚËÏ‡Î¸Ì˚ı Â¯ÂÌËÈ ÔË ÍËÚÂËflı F( (x)) Ë

f( (x)) Í‡˜ÂÒÚ‚‡ ãá ÔÓÍ‡Á˚‚‡ÂÚ ÒÎÂ‰Û˛˘ÂÂ ÛÚ‚ÂÊ‰ÂÌËÂ (Í‡Í Ë ‡ÌÂÂ, ·Û‰ÂÏ Ò˜ËÚ‡Ú¸ |Kλ| = |CKλ|,
N = |Kλ |).

íÂÓÂÏ‡ 5. ëÔ‡‚Â‰ÎË‚Ó ÌÂ‡‚ÂÌÒÚ‚Ó ( (x)) ≤ n[2N – ( (x))] – N.

ÑÓÍ‡Á‡ÚÂÎ¸ÒÚ‚Ó. èÛÒÚ¸ L = ( (x)). ê‡ÒÒÏÓÚËÏ ÔÂ‰ËÍ‡Ú (x), εi = (  – )/2, i =

= 1, 2, …, n, ÓÚÌÓÒËÚÂÎ¸ÌÓ ÓÔÓÌÓÈ ÚÓ˜ÍË S = (s1, s2, …, sn), si = (  + )/2, i = 1, 2, …, n. íÓ„‰‡ ϕj(εj) ≤
≤ N – L + N (‚ ıÛ‰¯ÂÏ ÒÎÛ˜‡Â ËÏÂÂÚÒfl N – L “‰‡ÎÂÍËı” ÔÓ ‰‡ÌÌÓÏÛ ÔËÁÌ‡ÍÛ Ó·˙ÂÍÚÓ‚ ËÁ Kλ Ë N
·ÎËÁÍËı ËÁ CKλ), Ë

éˆÂÌÍÛ f( (x)) ÏÓÊÌÓ ÛÏÂÌ¸¯ËÚ¸ Ì‡ N ‚ ÒËÎÛ ÛÒÎÓ‚Ëfl 2) ÓÔÂ‰ÂÎÂÌËfl ãá. íÂÓÂÏ‡ ‰ÓÍ‡Á‡Ì‡.

ϕτ* h bµ dµ

µ 1=

v τ 1–
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1
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3. ãéÉàóÖëäàÖ áÄäéçéåÖêçéëíà ëé ëíÄçÑÄêíçõå 
äêàíÖêàÖå äÄóÖëíÇÄ

á‰ÂÒ¸ ·Û‰ÂÚ ‡ÒÒÏÓÚÂÌ‡ Á‡‰‡˜‡ ÔÓËÒÍ‡ ãá ÒÓ ÒÚ‡Ì‰‡ÚÌ˚Ï ÍËÚÂËÂÏ Í‡˜ÂÒÚ‚‡ Ë ÔÓÍ‡Á‡ÌÓ,
˜ÚÓ ÓÌ‡ ÏÓÊÂÚ ·˚Ú¸ Ò‚Â‰ÂÌ‡ Í ÌÂÍÓÚÓÓÈ Á‡‰‡˜Â ˆÂÎÓ˜ËÒÎÂÌÌÓ„Ó ÔÓ„‡ÏÏËÓ‚‡ÌËfl. ê‡ÒÒÏÓÚ-
ËÏ ‰‡ÌÌÛ˛ Á‡‰‡˜Û ÔË Ó„‡ÌË˜ÂÌËË 

„‰Â St ∈  – ÔÓËÁ‚ÓÎ¸Ì˚È ÙËÍÒËÓ‚‡ÌÌ˚È (ÓÔÓÌ˚È) Ó·˙ÂÍÚ. èÓÒÍÓÎ¸ÍÛ ‰Îfl Î˛·Ó„Ó Â¯ÂÌËfl
Ω, c1, c2 ÂÏÛ ˝Í‚Ë‚‡ÎÂÌÚÌ˚Ï ·Û‰ÂÚ ãá ÒÓ ÁÌ‡˜ÂÌËflÏË Ô‡‡ÏÂÚÓ‚ Ω* = {1, 2, …, n}, c*1, c*2, „‰Â

Ï˚ ÏÓÊÂÏ Ó„‡ÌË˜ËÚ¸Òfl ÒÎÛ˜‡ÂÏ Ω ≡ {1, 2, …, n} Ò ÔÓÒÎÂ‰Û˛˘ËÏ Û‰‡ÎÂÌËÂÏ ÙËÍÚË‚Ì˚ı ÔËÁÌ‡ÍÓ‚.

èÛÒÚ¸  = { , , …, } Ë  = { , , …, } – ÏÌÓÊÂÒÚ‚‡ ‚ÒÂı ÛÔÓfl‰Ó˜ÂÌÌ˚ı ÔÓ

Û·˚‚‡ÌË˛ ÁÌ‡˜ÂÌËÈ aj: Si ∈ , atj ≥ aij, Ë ÔÓ ‚ÓÁ‡ÒÚ‡ÌË˛ aj: Si ∈ , atj ≤ aij, ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ. çÂ-
ÚÛ‰ÌÓ Û·Â‰ËÚ¸Òfl (‡Ì‡ÎÓ„Ë˜ÌÓ (5)), ˜ÚÓ

ÔÓ˝ÚÓÏÛ Ó„‡ÌË˜ËÏÒfl ÔÓËÒÍÓÏ ãá Ì‡  ×  × … ×  ×  ×  × … × .

ÑÎfl ÔÓÒÚÓÚ˚ Á‡ÔËÒË ·Û‰ÂÏ Ò˜ËÚ‡Ú¸, ˜ÚÓ ÔÂ‚˚Â ÔÓ ÔÓfl‰ÍÛ Ó·˙ÂÍÚ˚ Ó·Û˜‡˛˘ÂÈ ‚˚·ÓÍË

ÔËÌ‡‰ÎÂÊ‡Ú ‡ÒÒÏ‡ÚË‚‡ÂÏÓÏÛ ÍÎ‡ÒÒÛ  = {S1, S2, …, Sh}.
èÓÒÚÓËÏ ˜ËÒÎÓ‚Û˛ Ï‡ÚËˆÛ

„‰Â

(12)

(13)

ä‡Í ÒÎÂ‰ÛÂÚ ËÁ (12), (13), ‚˚ÔÓÎÌfl˛ÚÒfl ÒÎÂ‰Û˛˘ËÂ Ó„‡ÌË˜ÂÌËfl ‰Îfl ˝ÎÂÏÂÌÚÓ‚ M:

P
Ω c

1
c

2, ,
St( ) P j

c j
1

c j
2,

x j St( )( )
j Ω∈
& 1,= =

K̃λ

c j*1
c j

1
, j Ω,∈

aij, j
i

min Ω,∉



c j*2
c j

2
, j Ω,∈
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i

max Ω,∉



= =

Di
1
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1
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1

diui

1
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2
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2
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2
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2
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F P
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c

1
c

2
�

n
∈,

min F P
Ω c

1
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2, , x( )( ),
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1
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1
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2
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min=
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1
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1
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1
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2
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2
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2
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1
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2
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1
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1
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2
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2
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1
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1
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2
 
 
 
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m N×

,=

N n ui v i+( ),
i 1=

n

∑×=
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1
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1q( )h ui× , q 1 2 … h, i, , , 1 2 … n, j, , , 1 2 … ui,, , ,= = = =

Bi
2

bij
2q( )h v i× , q 1 2 … h, i, , , 1 2 … n, j, , , 1 2 … v i,, , ,= = = =

Ci
1

cij
1q( ) m h–( ) ui× , q 1 2 … m – h, i, , , 1 2 … n, j, , , 1 2 … ui,, , ,= = = =

Ci
2
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2q( ) m h–( ) v i× , q 1 2 … m – h, i, , , 1 2 … n, j, , , 1 2 … v i,, , ,= = = =
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1
,≥
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

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2
,≤
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==
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1q
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2q

bi j 1+,
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,≤ ≤
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êüáÄçéÇ

ê‡ÒÒÏÓÚËÏ ÏÌÓÊÂÒÚ‚Ó ‚ÂÍÚÓÓ‚ {〈 , 〉}, 〈 , 〉 = 〈 , , …, , , , …, , ,

, …, , , , …, , …, , , …, , , , …, 〉 ÔË Ó„‡ÌË˜ÂÌËflı

Ö‰ËÌËˆ‡Ï ‚ {〈 , 〉} ÔÓÒÚ‡‚ËÏ ‚ ÒÓÓÚ‚ÂÚÒÚ‚ËÂ ‚˚·Ó ÁÌ‡˜ÂÌËÈ Ô‡‡ÏÂÚÓ‚  ∈ ,  ∈ ,

i = 1, 2, …, n. åÌÓÊÂÒÚ‚Ó ‚ÒÂı ÔÂ‰ËÍ‡ÚÓ‚ (1) Ò ‚ÓÁÏÓÊÌ˚ÏË „‡ÌËˆ‡ÏË ,  Ì‡ıÓ‰ËÚÒfl ‚Ó ‚Á‡-
ËÏÌÓ Ó‰ÌÓÁÌ‡˜ÌÓÏ ÒÓÓÚ‚ÂÚÒÚ‚ËË Ò ÏÌÓÊÂÒÚ‚ÓÏ ‰‡ÌÌ˚ı ·ËÌ‡Ì˚ı ‚ÂÍÚÓÓ‚, ÔÓ˝ÚÓÏÛ Ï˚ ·Û‰ÂÏ

ËÒÔÓÎ¸ÁÓ‚‡Ú¸ Ú‡ÍÊÂ Á‡ÔËÒ¸ F(〈 , 〉) ‰Îfl ÒÚ‡Ì‰‡ÚÌÓ„Ó ÍËÚÂËfl ÓÔÚËÏ‡Î¸ÌÓÒÚË.

ìÒÎÓ‚ËÂ 1) ÓÔÂ‰ÂÎÂÌËfl 1 ‚˚ÔÓÎÌflÂÚÒfl ‚ ÒËÎÛ St ∈ . ÑÎfl ‚˚ÔÓÎÌÂÌËfl ÛÒÎÓ‚Ëfl 2) ÓÔÂ‰ÂÎÂ-
ÌËfl 1 ‰ÓÎÊÌ˚ ‚˚ÔÓÎÌflÚ¸Òfl ÌÂ‡‚ÂÌÒÚ‚‡

ç‡ÍÓÌÂˆ, ÒÚ‡Ì‰‡ÚÌ˚È ÍËÚÂËÈ ÓÔÚËÏ‡Î¸ÌÓÒÚË ÔÂ‰ËÍ‡Ú‡ F(〈 , 〉) ‡‚ÂÌ ˜ËÒÎÛ ‚˚ÔÓÎÌÂÌ-
Ì˚ı ‡‚ÂÌÒÚ‚ ‚ ÒËÒÚÂÏÂ

(14)

í‡ÍËÏ Ó·‡ÁÓÏ, ÔÓ·ÎÂÏ‡ ÔÓËÒÍ‡ ãá (1) ÏÓÊÂÚ ·˚Ú¸ ÒÙÓÏÛÎËÓ‚‡Ì‡ Í‡Í ÒÎÂ‰Û˛˘‡fl ‰ËÒÍÂÚ-
Ì‡fl ÓÔÚËÏËÁ‡ˆËÓÌÌ‡fl

á‡‰‡˜‡ Z. F(〈 , 〉) = 〈˜ËÒÎÓ ‚˚ÔÓÎÌÂÌÌ˚ı Û‡‚ÌÂÌËÈ ‚ (14) 〉  max ÔË Ó„‡ÌË˜ÂÌËflı

(15)

(16)

êÂ¯‡fl Á‡‰‡˜Ë Z, ‰Îfl Í‡Ê‰Ó„Ó ÓÔÓÌÓ„Ó ˝Ú‡ÎÓÌ‡ Ì‡ıÓ‰ËÏ ÏÌÓÊÂÒÚ‚Ó ÎÓ„Ë˜ÂÒÍËı Á‡ÍÓÌÓÏÂÌÓ-
ÒÚÂÈ Λ, ÔË ˝ÚÓÏ ÔÓËÁ‚ÓÎ¸Ì‡fl ÎÓ„Ë˜ÂÒÍ‡fl Á‡ÍÓÌÓÏÂÌÓÒÚ¸ ÍÎ‡ÒÒ‡ Kλ ËÏÂÂÚ ‚ Λ ˝Í‚Ë‚‡ÎÂÌÚÌÛ˛
ÂÈ ãá. ëÚÓı‡ÒÚË˜ÂÒÍËÈ ‚‡Ë‡ÌÚ ‡Î„ÓËÚÏ‡ ÔÓËÒÍ‡ ãá ÍÎ‡ÒÒÓ‚ ÓÔËÒ‡Ì ‚ [15].

4. ÄãÉéêàíåõ êÄëèéáçÄÇÄçàü (ÇõóàëãÖçàü éñÖçéä), éëçéÇÄççõÖ
çÄ ÉéãéëéÇÄçàà èé ëàëíÖåÄå ãéÉàóÖëäàï

áÄäéçéåÖêçéëíÖâ äãÄëëéÇ

èÛÒÚ¸ ‰Îfl Í‡Ê‰Ó„Ó ÍÎ‡ÒÒ‡ Kλ Ì‡È‰ÂÌÓ ÏÌÓÊÂÒÚ‚Ó ãá �λ = {PΩ, c, d(x)}, ÔË ˝ÚÓÏ ÏÌÓÊÂÒÚ‚Ó ËÌ-

ÚÂ‚‡ÎÓ‚ {N(PΩ, c, d) : PΩ, c, d ∈ �λ} ÔÓÍ˚‚‡ÂÚ . îÛÌÍˆËË

ÔËÌËÏ‡˛Ú ÁÌ‡˜ÂÌËfl 1 Ì‡ Ó·˙ÂÍÚ‡ı  Ë 0 Ì‡ . éÌË ‰‡˛Ú ÌÂÍÓÚÓÓÂ Ì‡„Îfl‰ÌÓÂ ÔÂ‰ÒÚ‡‚ÎÂ-
ÌËÂ Ó ÍÓÌÙË„Û‡ˆËË ÍÎ‡ÒÒÓ‚. ëÓÍ‡˘ÂÌÌ˚Â Ë Í‡Ú˜‡È¯ËÂ Ñçî, ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ËÂ Dλ(x), ‰‡˛Ú
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·ÓÎÂÂ ÍÓÏÔ‡ÍÚÌÓÂ ÔÂ‰ÒÚ‡‚ÎÂÌËÂ Ó ÍÓÌÙË„Û‡ˆËË ÍÎ‡ÒÒÓ‚ Ë Ëı ÒÎÓÊÌÓÒÚË (˜ÂÏ ·ÓÎ¸¯Â ËÌÚÂ‚‡-
ÎÓ‚ ‚ Í‡Ú˜‡È¯ÂÏ ËÎË ÏËÌËÏ‡Î¸ÌÓÏ ÔÓÍ˚ÚËË, ÚÂÏ ÍÎ‡ÒÒ “ÒÎÓÊÌÂÂ”, ÒÏ. [14]). îÛÌÍˆËË Dλ(x) ÏÓ-
„ÛÚ ‡ÒÒÏ‡ÚË‚‡Ú¸Òfl Í‡Í ÔË·ÎËÊÂÌËfl ı‡‡ÍÚÂËÒÚË˜ÂÒÍËı ÙÛÌÍˆËÈ ÍÎ‡ÒÒÓ‚ Kλ. àÒÔÓÎ¸ÁÓ‚‡ÌËÂ
ÊÂ Ëı ‚ Í‡˜ÂÒÚ‚Â Â¯‡˛˘Ëı Ô‡‚ËÎ ÌÂˆÂÎÂÒÓÓ·‡ÁÌÓ, ÔÓÒÍÓÎ¸ÍÛ ÔË ‡ÒÔÓÁÌ‡‚‡ÌËË ÌÓ‚˚ı Ó·˙-
ÂÍÚÓ‚ ÓÌË ̃ ‡ÒÚÓ ÓÍ‡Á˚‚‡˛ÚÒfl ÔÓÍ˚Ú˚ÏË ËÌÚÂ‚‡Î‡ÏË N(PΩ, c, d) ‡ÁÎË˜Ì˚ı ÍÎ‡ÒÒÓ‚ Ë ÁÓÌ‡ ÓÚÍ‡-
ÁÓ‚ ÓÚ ‡ÒÔÓÁÌ‡‚‡ÌËfl ÏÓÊÂÚ ·˚Ú¸ ‚ÂÎËÍ‡. ëıÂÏ˚ „ÓÎÓÒÓ‚‡ÌËfl, ËÒÔÓÎ¸ÁÛÂÏ˚Â ‚ ‡Î„ÓËÚÏ‡ı ‚˚-
˜ËÒÎÂÌËfl ÓˆÂÌÓÍ ËÁ [2], [3], [6], ÔÓÁ‚ÓÎfl˛Ú ÔÂÓ‰ÓÎÂÚ¸ ÔÓ‰Ó·Ì˚Â ÒËÚÛ‡ˆËË ÌÂÓÔÂ‰ÂÎÂÌÌÓÒÚË.
èÛÒÚ¸ ‰Îfl ‡ÒÔÓÁÌ‡‚‡ÂÏÓ„Ó Ó·˙ÂÍÚ‡ S Ì‡ ·‡ÁÂ ÏÌÓÊÂÒÚ‚ �λ ‚˚˜ËÒÎÂÌ‡ Â„Ó ÓˆÂÌÍ‡ Γλ(S) Á‡ ÍÎ‡ÒÒ
Kλ, λ = 1, 2, …, n (“ÒÚÂÔÂÌ¸ ·ÎËÁÓÒÚË” S Í Kλ). íÓ„‰‡ ÔËÏÂÌflÂÚÒfl, Ì‡ÔËÏÂ, ÒÎÂ‰Û˛˘ÂÂ Ó·˘ÂÂ
Â¯‡˛˘ÂÂ Ô‡‚ËÎÓ:

á‰ÂÒ¸ (S) = 1 ( (S) = 0) ÓÁÌ‡˜‡ÂÚ Â¯ÂÌËÂ S ∈  Kj (S ∉  Kj) ‡Î„ÓËÚÏ‡ ‡ÒÔÓÁÌ‡‚‡ÌËfl A. è‡‡ÏÂÚ-

˚  Ì‡ıÓ‰flÚÒfl ‚ ÔÓˆÂÒÒÂ ÓÔÚËÏËÁ‡ˆËË ÏÓ‰ÂÎË ‡ÒÔÓÁÌ‡‚‡ÌËfl Ò ËÒÔÓÎ¸ÁÓ‚‡ÌËÂÏ ÍÓÌÚÓÎ¸ÌÓÈ
‚˚·ÓÍË.

Ç Ì‡ÒÚÓfl˘ÂÏ ‡Á‰ÂÎÂ ÔÂ‰Î‡„‡ÂÚÒfl ÏÓ‰ËÙËÍ‡ˆËfl Ó·˘ÂÈ ‡ÒÔÓÒÚ‡ÌÂÌÌÓÈ ÒıÂÏ˚ ‡Î„ÓËÚ-
ÏÓ‚ ‚˚˜ËÒÎÂÌËfl ÓˆÂÌÓÍ ‰Îfl ˝Ú‡Ô‡ Â¯ÂÌËfl Á‡‰‡˜Ë ‡ÒÔÓÁÌ‡‚‡ÌËfl Ò ËÒÔÓÎ¸ÁÓ‚‡ÌËÂÏ ÎÓ„Ë˜ÂÒÍËı
Á‡ÍÓÌÓÏÂÌÓÒÚÂÈ ÍÎ‡ÒÒÓ‚.

éÔÂ‰ÂÎËÏ ÒÎÂ‰Û˛˘ËÂ ÒÔÓÒÓ· ‚˚˜ËÒÎÂÌËfl ÓˆÂÌÓÍ Ë Â¯‡˛˘ÂÂ Ô‡‚ËÎÓ.
Ç˚˜ËÒÎÂÌËÂ ÓˆÂÌÓÍ:

(17)

„‰Â γ(PΩ, c, d) – ÌÂÓÚËˆ‡ÚÂÎ¸Ì˚Â Ô‡‡ÏÂÚ˚, ı‡‡ÍÚÂËÁÛ˛˘ËÂ “‚ÂÒ” ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ÂÈ ãá,
φΩ, c, d(S) – ÔÓÚÂÌˆË‡Î¸Ì‡fl ÙÛÌÍˆËfl, ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘‡fl PΩ, c, d(S). Ç ̃ ‡ÒÚÌÓÒÚË, ÙÛÌÍˆËfl φΩ, c, d(S) ÏÓ-
ÊÂÚ ÒÓ‚Ô‡‰‡Ú¸ Ò PΩ, c, d(S).

êÂ¯‡˛˘ÂÂ Ô‡‚ËÎÓ:

(18)

„‰Â δj, j = 1, 2, …, l, – ÌÂÓÚËˆ‡ÚÂÎ¸Ì˚Â ÌÓÏËÓ‚Ó˜Ì˚Â Ô‡‡ÏÂÚ˚ ÍÎ‡ÒÒÓ‚.
ê‡ÒÒÏÓÚËÏ ‚ÓÔÓÒ˚ ‚˚·Ó‡ ÌÂËÁ‚ÂÒÚÌ˚ı Ô‡‡ÏÂÚÓ‚ Ë ÔÓÚÂÌˆË‡Î¸Ì˚ı ÙÛÌÍˆËÈ ‚ (17), (18).
1. é·˚˜Ì˚È ÔÛÚ¸ Í Â¯ÂÌË˛ Á‡‰‡˜Ë ÔÓËÒÍ‡ ÌÂËÁ‚ÂÒÚÌ˚ı ÁÌ‡˜ÂÌËÈ Ô‡‡ÏÂÚÓ‚ – Â¯ÂÌËÂ Á‡-

‰‡˜Ë ÓÔÚËÏËÁ‡ˆËË ÒÚ‡Ì‰‡ÚÌÓ„Ó ÍËÚÂËfl Í‡˜ÂÒÚ‚‡ ‡ÒÔÓÁÌ‡‚‡ÌËfl Ò ËÒÔÓÎ¸ÁÓ‚‡ÌËÂÏ ÍÓÌÚÓÎ¸-
ÌÓÈ ‚˚·ÓÍË, ̃ ÚÓ ̃ ‡ÒÚÓ fl‚ÎflÂÚÒfl Á‡ÚÛ‰ÌËÚÂÎ¸Ì˚Ï Í‡Í ‚ ̃ ‡ÒÚË Â¯ÂÌËfl Ò‡ÏÓÈ ÓÔÚËÏËÁ‡ˆËÓÌÌÓÈ
Á‡‰‡˜Ë, Ú‡Í Ë ‚ÓÁÏÓÊÌÓÒÚË ‡ÒÔÓÎ‡„‡Ú¸ ‰ÓÔÓÎÌËÚÂÎ¸ÌÓÈ ËÌÙÓÏ‡ˆËÂÈ (ÍÓÌÚÓÎ¸ÌÓÈ ‚˚·ÓÍÓÈ).
ÇÓÔÓÒ Ì‡ËÎÛ˜¯Â„Ó ‡Á·ËÂÌËfl ËÒıÓ‰ÌÓÈ ËÌÙÓÏ‡ˆËË Ì‡ Ó·Û˜‡˛˘Û˛ Ë ÍÓÌÚÓÎ¸ÌÛ˛ (ÓÒÓ·ÂÌÌÓ
ÔË ÂÂ ‰ÂÙËˆËÚÂ) fl‚ÎflÂÚÒfl Ò‡ÏÓÒÚÓflÚÂÎ¸ÌÓÈ Á‡‰‡˜ÂÈ ‚ Í‡Ê‰ÓÏ Ô‡ÍÚË˜ÂÒÍÓÏ ÒÎÛ˜‡Â. èflÏÓÂ ËÒ-
ÔÓÎ¸ÁÓ‚‡ÌËÂ Á‰ÂÒ¸ Ó·Û˜‡˛˘ÂÈ ‚˚·ÓÍË Ë ‚ Í‡˜ÂÒÚ‚Â ÍÓÌÚÓÎ¸ÌÓÈ ÌÂ ËÏÂÂÚ ÒÏ˚ÒÎ‡, Ú‡Í Í‡Í ‡Î-
„ÓËÚÏ˚ (17), (18) ·ÂÁÓ¯Ë·Ó˜ÌÓ ÍÎ‡ÒÒËÙËˆËÛ˛Ú ÌÂÔÓÚË‚ÓÂ˜Ë‚Û˛ Ó·Û˜‡˛˘Û˛ ‚˚·ÓÍÛ. àÒ-
ÔÓÎ¸ÁÓ‚‡ÌËÂ ‰Îfl ÓÔÚËÏËÁ‡ˆËË ÒıÂÏ ÒÍÓÎ¸Áfl˘Â„Ó ÍÓÌÚÓÎfl ËÏÂÂÚ Ò‚ÓË ÔÓ·ÎÂÏ˚, Ë ÌÂ ÚÓÎ¸ÍÓ ‚˚-
˜ËÒÎËÚÂÎ¸Ì˚Â. óÚÓ, Ì‡ÔËÏÂ, ‰ÂÎ‡Ú¸, ÍÓ„‰‡ ÒÍÓÎ¸Áfl˘ËÈ ÍÓÌÚÓÎ¸ ÌÂÔËÏÂÌËÏ: ÍÎ‡ÒÒ˚ ËÏÂ˛Ú
“‚˚·ÓÒ˚”, “ÌÂÚËÔË˜Ì˚Â Ó·˙ÂÍÚ˚” (ÌÓ ÍÓÚÓ˚Â ÌÂÎ¸Áfl ÓÔ‡‚‰˚‚‡Ú¸ Ì‡ÎË˜ËÂÏ „Û·˚ı Ó¯Ë·ÓÍ)
ËÎË ÒÎÛ˜‡Ë Ï‡Î˚ı Ó·Û˜‡˛˘Ëı ‚˚·ÓÓÍ, ÍÓ„‰‡ Í‡Ê‰˚È ˝Ú‡ÎÓÌ ÔÓ-Ò‚ÓÂÏÛ ÛÌËÍ‡ÎÂÌ?

á‰ÂÒ¸ ÔÂÒÔÂÍÚË‚Ì˚Ï ÔÂ‰ÒÚ‡‚ÎflÂÚÒfl ‡Á‚ËÚËÂ ÔÓ‰ıÓ‰Ó‚, fl‚Îfl˛˘ËıÒfl ‡Ì‡ÎÓ„‡ÏË “Ï‡ÍÒË-
Ï‡Î¸ÌÓ„Ó Á‡ÁÓ‡” ÏÂÊ‰Û ÍÎ‡ÒÒ‡ÏË ‚ ÏÂÚÓ‰Â ÓÔÓÌ˚ı ‚ÂÍÚÓÓ‚ (ÒÏ. [16]).

èÛÒÚ¸ ÏÌÓÊÂÒÚ‚Ó Ì‡È‰ÂÌÌ˚ı ãá ÍÎ‡ÒÒÓ‚ ÔÂÂÌÛÏÂÓ‚‡ÌÓ:

α j
A

S( )
1 ÔË δi

jΓ i S( )
i 1=

l

∑ δi
0
,≥

0 ËÌ‡˜Â.





=

α j
A α j

A

δi
j

Γ j S( ) γ P
Ω c d, ,( )φΩ c d, ,

S( ),

P
Ω c d, ,

� j∈

∑=

α j
A

S( )
1 ÔË δjΓ j S( ) δiΓ i S( ) i∀ j,≠>
0 ËÌ‡˜Â,




=

P1 x( ) P2 x( ) … Pk x( ), , ,{ } �λ .
λ 1 2 … l, , ,=

∪=



1804

ÜìêçÄã ÇõóàëãàíÖãúçéâ åÄíÖåÄíàäà à åÄíÖåÄíàóÖëäéâ îàáàäà      ÚÓÏ 47      ‹ 10      2007

êüáÄçéÇ

ê‡ÒÒÏÓÚËÏ ÒÎÂ‰Û˛˘Û˛ Á‡‰‡˜Û ÎËÌÂÈÌÓ„Ó ÔÓ„‡ÏÏËÓ‚‡ÌËfl:

σ  max, (19)

(20)

(21)

Ç Á‡‰‡˜Â (19)–(21) Ì‡ıÓ‰flÚÒfl Ú‡ÍËÂ ‚ÂÒÓ‚˚Â ÍÓ˝ÙÙËˆËÂÌÚ˚ ‰Îfl ãá ÍÎ‡ÒÒÓ‚, ÔË ÍÓÚÓ˚ı
ÓˆÂÌÍË ̋ Ú‡ÎÓÌÓ‚ Á‡ ÍÎ‡ÒÒ˚ ·Û‰ÛÚ Ï‡ÍÒËÏ‡Î¸Ì˚. ÄÌ‡ÎÓ„Ë˜ÌÓ, ÔÓËÒÍ Ô‡‡ÏÂÚÓ‚ Â¯‡˛˘Â„Ó Ô‡-
‚ËÎ‡ (18) Ò‚Â‰ÂÏ Í Â¯ÂÌË˛ Á‡‰‡˜Ë

δ  max, (22)

(23)

(24)

(ÔÂ‰ÔÓÎ‡„‡ÂÚÒfl, ˜ÚÓ Γj(Si) > 0 ÔË Si ∈ ).

èÛÒÚ¸ ai = , ÚÓ„‰‡ ÒËÒÚÂÏ‡ (23) ˝Í‚Ë‚‡ÎÂÌÚÌ‡ ÒËÒÚÂÏÂ

(25)

çÂÚÛ‰ÌÓ Û·Â‰ËÚ¸Òfl, ˜ÚÓ Á‡‰‡˜‡ (22), (24), (25) (‡ ÁÌ‡˜ËÚ, Ë Á‡‰‡˜‡ (22)–(24)) ËÏÂÂÚ ‡Ì‡ÎËÚË˜ÂÒÍÓÂ
Â¯ÂÌËÂ

éÚÏÂÚËÏ, ˜ÚÓ ÔÓËÒÍ Ô‡‡ÏÂÚÓ‚ δj, j = 1, 2, …, l, fl‚ÎflÂÚÒfl ËÁÎË¯ÌËÏ (ËÏ ÏÓÊÌÓ ÔËÒ‚ÓËÚ¸, Ì‡-
ÔËÏÂ, Â‰ËÌË˜Ì˚Â ÁÌ‡˜ÂÌËfl), ÂÒÎË ÓˆÂÌÍË ‚˚˜ËÒÎfl˛ÚÒfl ÒÓ„Î‡ÒÌÓ (17) ‰Îfl ÍÓÚÓ˚ı Ô‡‡ÏÂÚ˚
γi = γ(Pi) Ì‡È‰ÂÌ˚ ÒÓ„Î‡ÒÌÓ (19)–(21).

èÂ‰ÒÚ‡‚Îfl˛Ú Ô‡ÍÚË˜ÂÒÍËÈ ËÌÚÂÂÒ Ë ‰Û„ËÂ ÒÔÓÒÓ·˚ Ì‡ÎÓÊÂÌËfl Ó„‡ÌË˜ÂÌËÈ Ì‡ ÓˆÂÌÍË
ÍÎ‡ÒÒÓ‚. í‡Í, ËÒÔÓÎ¸ÁÓ‚‡ÌËÂ

‚ (25) ÏÓÊÂÚ ·˚Ú¸ ·ÓÎÂÂ ˆÂÎÂÒÓÓ·‡ÁÌ˚Ï ‚ ÒÎÛ˜‡flı ÔÎÓıÓÈ ÓÚ‰ÂÎËÏÓÒÚË ÍÎ‡ÒÒÓ‚, ÔË ÒÚÓı‡ÒÚË-
˜ÂÒÍÓÈ Â‡ÎËÁ‡ˆËË ÚÂÒÚÓ‚Ó„Ó ‡Î„ÓËÚÏ‡ (ÒÏ. [15]), ËÒÔÓÎ¸ÁÓ‚‡ÌËË ̃ ‡ÒÚË˜Ì˚ı ÎÓ„Ë˜ÂÒÍËı Á‡ÍÓÌÓ-
ÏÂÌÓÒÚÂÈ.

2. ÄÎ„ÓËÚÏ˚, ÓÒÌÓ‚‡ÌÌ˚Â Ì‡ ÔËÌˆËÔÂ ̃ ‡ÒÚË˜ÌÓÈ ÔÂˆÂ‰ÂÌÚÌÓÒÚË (‚ ̃ ‡ÒÚÌÓÒÚË, „ÓÎÓÒÓ‚‡ÌËË
ÔÓ ÒËÒÚÂÏ‡Ï ãá) ˝ÙÙÂÍÚË‚ÌÓ Â‡ÎËÁÛ˛Ú Ú‡ÍËÂ ÔËÌˆËÔ˚ ÚÂÓËË ‡ÒÔÓÁÌ‡‚‡ÌËfl, Í‡Í ‚Á‡ËÏÓ-
Ò‚flÁ¸ ÔËÁÌ‡ÍÓ‚, ÎÓÍ‡Î¸Ì˚È Û˜ÂÚ ËÌÙÓÏ‡ˆËË, ÒÓ„Î‡ÒÓ‚‡ÌËÂ ÏÂÚËÍ ‡ÁÎË˜Ì˚ı ÔËÁÌ‡ÍÓ‚. àÒ-
ÔÓÎ¸ÁÓ‚‡ÌËÂ ‚ÏÂÒÚÓ ÔÂ‰ËÍ‡ÚÓ‚ PΩ, c, d(S) ‡ÔÔÓÍÒËÏËÛ˛˘Ëı Ëı “ÍÎ‡ÒÒË˜ÂÒÍËı” ÔÓÚÂÌˆË‡Î¸Ì˚ı
ÙÛÌÍˆËÈ (ÒÏ. [17], [16]) ÔÓÁ‚ÓÎflÂÚ ‡ÒÔÓÒÚ‡ÌËÚ¸ “ÁÓÌÛ ‚ÎËflÌËfl” ãá Á‡ ÔÂ‰ÂÎ˚ N(PΩ, c, d) ÔË
Â¯ÂÌËË Á‡‰‡˜ ‡ÒÔÓÁÌ‡‚‡ÌËfl Ë ·ÓÎÂÂ Ó·˙ÂÍÚË‚ÌÓ ̃ ËÒÎÂÌÌÓ ÓˆÂÌË‚‡Ú¸ Ù‡ÍÚ PΩ, c, d(S) = 1 ‰Îfl ‡Á-
ÎË˜Ì˚ı Ó·˙ÂÍÚÓ‚. Ñ‡ÌÌ˚È ÏÓÏÂÌÚ ÏÓÊÂÚ ·˚Ú¸ ÓÒÓ·ÂÌÌÓ ÒÛ˘ÂÒÚ‚ÂÌÌ˚Ï ÔË Ï‡ÎÓÏ ˜ËÒÎÂ “„ÓÎÓ-
ÒÛ˛˘Ëı” ÔÂ‰ËÍ‡ÚÓ‚ PΩ, c, d(S).

ÑÎfl ‡ÔÔÓÍÒËÏ‡ˆËË PΩ, c, d(S) ·Û‰ÂÏ ËÒÔÓÎ¸ÁÓ‚‡Ú¸ ÙÛÌÍˆËË ÒÎÂ‰Û˛˘Â„Ó ‚Ë‰‡:

1) ,

γiφi
Ω c d, ,

S j( )
Pi �λ∈
∑ σ, j≥ 1 2 … m,, , ,=

γi

i 1=

k

∑ k, γi 0, i≥ 1 2 … k,, , ,= =

γi γ Pi( ).=

δjΓ j Si( ) δ, i≥ 1 2 … m, Si K̃ j,∈, , ,=

δj

j 1=

l

∑ l, δj 0, j≥ 1 2 … l, , ,= =

K̃ j

Γ i St( )
St K̃i∈
min

δja j δ, j≥ 1 2 … l., , ,=

δ 1
ai

----
i 1=

l

∑ 
 
 

1–

, δj a j
1
ai

----
i 1=

l

∑ 
 
 

1–

.= =

a j
1

K̃ j

-------- Γ Si( )
Si K̃ j∈

∑=

f x( ) 1
2
---

xi bi–
σi

-------------- 
 

2

i Ω∈∑–exp=
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2) , „‰Â δ, σi, bi – Ô‡‡ÏÂÚ˚ ‡ÔÔÓÍÒËÏËÛ˛˘ÂÈ ÙÛÌÍˆËË.

èÛÒÚ¸ εi = (di – ci)/2 Ë ÔÓÎÓÊËÏ bi = (di + ci)/2, i ∈ Ω . ê‡ÒÒÏÓÚËÏ ÔËÏÂ˚ ‚ÓÁÏÓÊÌ˚ı ‡ÔÔÓÍ-
ÒËÏ‡ˆËÈ ÔÂ‰ËÍ‡ÚÓ‚ PΩ, c, d(S), Ó„‡ÌË˜Ë‚‡flÒ¸ Ó·˚˜ÌÓ ‰ÓÔÓÎÌËÚÂÎ¸Ì˚ÏË Ó„‡ÌË˜ÂÌËflÏË σi = 2εiσ.

‡. Ç˚·Ó ËÁ ÛÒÎÓ‚Ëfl

‰Îfl ÙÛÌÍˆËË 2), „‰Â ËÌÚÂ„ËÓ‚‡ÌËÂ ÔÓ‚Ó‰ËÚÒfl ÔÓ ÔÓÒÚ‡ÌÒÚ‚Û Rk ÔÂÂÏÂÌÌ˚ı, Á‡‰‡‚‡ÂÏ˚ı
ÓÔÓÌ˚Ï ÏÌÓÊÂÒÚ‚ÓÏ Ω, k = |Ω|, ÔË‚Ó‰ËÚ Í ‡‚ÂÌÒÚ‚Û

“ÖÒÚÂÒÚ‚ÂÌÌ˚Ï” ‰ÓÔÛÒÚËÏ˚Ï Â¯ÂÌËÂÏ Á‰ÂÒ¸ ·Û‰ÂÚ δ = (2π)–k/2, σi = 2εi.
·. Ç˚·Ó ËÁ ÛÒÎÓ‚Ëfl ÏËÌËÏÛÏ‡ ÍËÚÂËfl

‰Îfl ÙÛÌÍˆËË 1) ÔË‚Ó‰ËÚ Í Á‡‰‡˜Â ÏËÌËÏËÁ‡ˆËË ‚˚‡ÊÂÌËfl

„‰Â Φ(x) =  – ÙÛÌÍˆËfl ã‡ÔÎ‡Ò‡. é„‡ÌË˜Ë‚ ‚˚·Ó Ó‰ÌÓÔ‡‡ÏÂÚË˜ÂÒÍËÏ ÒÎÛ˜‡ÂÏ

σi = 2εiσ, ÌÂËÁ‚ÂÒÚÌÓÂ σ Ì‡È‰ÂÏ ËÁ ÛÒÎÓ‚Ëfl πk/2σk – 2k/2 + 1πk/2σkΦk(1/(2σ)) + 1  min. Ç Ó‰ÌÓÏÂÌÓÏ

ÒÎÛ˜‡Â (ËÎË ÔË ÌÂÁ‡‚ËÒËÏÓÈ ‡ÔÔÓÍÒËÏ‡ˆËË Í‡Ê‰ÓÈ ÙÛÌÍˆËË (x), j ∈ Ω, ‚ ÓÚ‰ÂÎ¸ÌÓÒÚË) ÔË-

·ÎËÊÂÌÌ˚Ï Â¯ÂÌËÂÏ Á‡‰‡˜Ë  – (1/(2σ) + 1  min ·Û‰ÂÚ σ ≅ 0.4, σi = 0.8εi.
‚. Ç˚·Ó ËÁ ÛÒÎÓ‚Ëfl ÏËÌËÏÛÏ‡ ÍËÚÂËfl

‰Îfl ÙÛÌÍˆËË 2) ÔË‚Ó‰ËÚ Í Â¯ÂÌË˛

„‰Â σi Ì‡ıÓ‰flÚÒfl ËÁ Â¯ÂÌËfl Á‡‰‡˜Ë

  min.

èË ‚˚·ÓÂ σi = 2εiσ ËÏÂÂÏ δ = 2k/2Φk(1/(2σ)), „‰Â σ fl‚ÎflÂÚÒfl Â¯ÂÌËÂÏ Á‡‰‡˜Ë σkΦ2k(1/(2σ)) 
 max. èË k = 1 ËÏÂÂÏ, ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ, σ ≅ 0.4, δ ≅ 1.11, σi = 0.8εi.

„. àÒÔÓÎ¸ÁÛfl ÍËÚÂËÈ  – PΩ, c, d(x)|  min, ÓÒÌÓ‚ÌÛ˛ Á‡‰‡˜Û ÔÓËÒÍ‡ Ô‡‡ÏÂÚÓ‚ σi,

i ∈ Ω, Ò‚Ó‰ËÏ Í Â¯ÂÌË˛ Û‡‚ÌÂÌËfl

èË σi = 2εiσ Û‡‚ÌÂÌËÂ ËÏÂÂÚ ‚Ë‰ 1 – exp[–n/(8σ2)] = exp[–1/(8σ2)]. ÑÎfl k = 1 ËÏÂÂÏ σ ≅ 0.5, σi ≅  εi.
éÚÏÂÚËÏ, ̃ ÚÓ ‚‡Ë‡ÌÚ˚ ‚˚·Ó‡ ÁÌ‡˜ÂÌËÈ σ ‰Îfl k = 1, 2, …, n ‚ ·–„ ÏÓ„ÛÚ ·˚Ú¸ ÔÂ‰‚‡ËÚÂÎ¸ÌÓ

‚˚˜ËÒÎÂÌ˚ Ë ËÒÔÓÎ¸ÁÓ‚‡Ú¸Òfl ‰Îfl ‚˚˜ËÒÎÂÌËfl σi ‚ ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘Ëı ‚˚‡ÊÂÌËflı.

f x( ) δ 1
2
---

xi bi–
σi

-------------- 
 

2

i Ω∈∑–exp=

f x( ) xd∫ P
Ω c d, , x( ) xd∫=

di ci–( )
i Ω∈
∏ δ 2π( )k /2 σi.

i Ω∈
∏=

f x( ) P
Ω c d, , x( )–[ ]

2
xd∫

πk /2 σi 2
k /2 1+ π2 σiΦ

εi

σi

---- 
 

i Ω∈
∏– 2

k εi,
i Ω∈
∏+

i Ω∈
∏

2

2π
---------- e

t
2
/2–

td
0

x∫
σ

P j

c j d j,

πσ 2 2πσΦ σ

f x( ) P
Ω c d, , x( )–[ ]

2
xd∫

δ 2
k /2 σiΦ

εi

σi

---- 
  σi

i Ω∈
∏ 

 
 

1–

,
i Ω∈
∏=

π k /2– εi σiΦ
εi

σi

---- 
 

2

σi

i Ω∈
∏ 

 
 

1–

i Ω∈
∏–

i Ω∈
∏ σi

σ
σ

| f x( )
x

max

1
1
2
--- εi/σi( )2

i Ω∈
∑–

 
 
 

exp–
1
2
--- εi/σi( )2

– 
  .exp

i Ω∈
max=



1806

ÜìêçÄã ÇõóàëãàíÖãúçéâ åÄíÖåÄíàäà à åÄíÖåÄíàóÖëäéâ îàáàäà      ÚÓÏ 47      ‹ 10      2007

êüáÄçéÇ

‰. è‡‡ÏÂÚ˚ σi Ë˘ÛÚÒfl ‚ ‚Ë‰Â σi = 2εiσ, ‡ Ô‡‡ÏÂÚ σ Ì‡ıÓ‰ËÚÒfl ËÁ Â¯ÂÌËfl Á‡‰‡˜ (19)–(21)
ËÎË (22)–(24) ÔË ËÒÔÓÎ¸ÁÓ‚‡ÌËË ÙÛÌÍˆËÈ ‚Ë‰‡ 1) Ì‡fl‰Û Ò ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ËÏË Ô‡‡ÏÂÚ‡ÏË ‰‡Ì-
Ì˚ı Á‡‰‡˜.

Â. èÓÚÂÌˆË‡Î¸Ì˚Â ÙÛÌÍˆËË φΩ, c, d(S) Ì‡ıÓ‰flÚÒfl Ò ËÒÔÓÎ¸ÁÓ‚‡ÌËÂÏ ËÌÙÓÏ‡ˆËË Ó ‡ÒÔÂ‰ÂÎÂ-

ÌËË Ó·˙ÂÍÚÓ‚ ËÁ N(PΩ, c, d) ∩ . èÂ‰ËÍ‡ÚÛ PΩ, c, d ∈ �λ ÔÓÒÚ‡‚ËÏ ‚ ÒÓÓÚ‚ÂÚÒÚ‚ËÂ ÙÛÌÍˆË˛

„‰Â ,  – ‚˚·ÓÓ˜Ì˚Â ÒÂ‰ÌËÂ Ë ‚˚·ÓÓ˜Ì˚Â ÒÂ‰ÌËÂ Í‚‡‰‡ÚË˜ÂÒÍËÂ ÓÚÍÎÓÌÂÌËfl, ÓˆÂÌË‚‡Â-

Ï˚Â ÔÓ Ó·˙ÂÍÚ‡Ï Si ∈ N(P Ω, c, d) ∩ .

5. çÄïéÜÑÖçàÖ ÑàçÄåàóÖëäàï ãéÉàóÖëäàï áÄäéçéåÖêçéëíÖâ
èé ÑÄççõå åçéÉéåÖêçéÉé ÇêÖåÖççÓÉé êüÑÄ

ê‡ÒÒÏ‡ÚË‚‡ÂÚÒfl ÏÌÓ„ÓÏÂÌ˚È ‚ÂÏÂÌÌóÈ fl‰ ‚Ë‰‡ y(t), x(t), t = 1, 2, …, T, …, „‰Â x(t) = (x1(t),

x2(t), …, xn(t)) ∈ �
n
 – ÔËÁÌ‡ÍÓ‚ÓÂ ÓÔËÒ‡ÌËÂ ‡ÒÒÏ‡ÚË‚‡ÂÏÓ„Ó Ó·˙ÂÍÚ‡ S ‚ ÏÓÏÂÌÚ t, ‡ y(t) ∈

∈ {1, 2, …, l} – ÌÓÏÂ Â„Ó ÒÓÒÚÓflÌËfl ‚ ‰‡ÌÌ˚È ÏÓÏÂÌÚ ‚ÂÏÂÌË. î‡ÍÚ y(t) = j ·Û‰ÂÏ ËÌÚÂÔÂÚËÓ-
‚‡Ú¸ Ú‡ÍÊÂ Í‡Í ÔËÌ‡‰ÎÂÊÌÓÒÚ¸ Ó·˙ÂÍÚ‡ ÍÎ‡ÒÒÛ Kj ‚ ‰‡ÌÌ˚È ÏÓÏÂÌÚ ‚ÂÏÂÌË. èÛÒÚ¸ ‚ ÏÓÏÂÌÚ˚
‚ÂÏÂÌË t ∈ [ θ, T], 1 < θ ≤ T, Ó·˙ÂÍÚ ÔËÌ‡‰ÎÂÊËÚ ÍÎ‡ÒÒÛ Kβ, ‚ ÚÓ ‚ÂÏfl Í‡Í ‚ ÏÓÏÂÌÚ˚ ‚ÂÏÂÌË
θ0 ≤ t < θ Ó·˙ÂÍÚ ÔËÌ‡‰ÎÂÊ‡Î ÍÎ‡ÒÒÛ Kα, α ≠ β, y(θ0 – 1) ≠ α. ç‡Ò ËÌÚÂÂÒÛÂÚ, Í‡ÍËÂ ÍÓÏ·ËÌ‡ˆËË
ÁÌ‡˜ÂÌËÈ ÔËÁÌ‡ÍÓ‚ Ò‚ÓÈÒÚ‚ÂÌÌ˚ ÍÎ‡ÒÒÛ Kα Ì‡ ÔÓÚflÊÂÌËË ÌÂÍÓÚÓÓ„Ó ËÌÚÂ‚‡Î‡ ‚ÂÏÂÌË, ÌÓ ÌÂ
Ò‚ÓÈÒÚ‚ÂÌÌ˚ Kβ. áÌ‡fl ÔÓ‰Ó·Ì˚Â ÍÓÏ·ËÌ‡ˆËË ÔËÁÌ‡ÍÓ‚, ÏÓÊÌÓ Ëı ËÒÔÓÎ¸ÁÓ‚‡Ú¸ ‰Îfl Â¯ÂÌËfl Á‡-
‰‡˜ ÔÓ„ÌÓÁËÓ‚‡ÌËfl (‚˚˜ËÒÎÂÌËfl ÁÌ‡˜ÂÌËÈ y(T + 1), y(T + 2), y(T + 3), …). ëÎÛ˜‡È k-ÁÌ‡˜Ì˚ı Ë
·ËÌ‡Ì˚ı ÔËÁÌ‡ÍÓ‚ ·Û‰ÂÏ ‡ÒÒÏ‡ÚË‚‡Ú¸ Í‡Í ˜‡ÒÚÌ˚È ÒÎÛ˜‡È ˜ËÒÎÓ‚˚ı.

èÛÒÚ¸

éÔÂ‰ÂÎÂÌËÂ 2. èÂ‰ËÍ‡Ú (1) Ì‡ÁÓ‚ÂÏ ‰ËÌ‡ÏË˜ÂÒÍÓÈ ÎÓ„Ë˜ÂÒÍÓÈ Á‡ÍÓÌÓÏÂÌÓÒÚ¸˛ (Ñãá)
ÍÎ‡ÒÒ‡ Kα ÓÚÌÓÒËÚÂÎ¸ÌÓ Kβ, ÂÒÎË ‚˚ÔÓÎÌÂÌÓ ÒÎÂ‰Û˛˘ÂÂ:

åÓ˘ÌÓÒÚ¸˛ Ñãá (x) Ì‡ÁÓ‚ÂÏ ‰ÎËÌÛ τ2 – τ1 + 1 ÒÂ„ÏÂÌÚ‡ [τ1, τ2]. éÚÂÁÓÍ H( ) =
= [θ – τ2, θ – τ1] Ì‡ÁÓ‚ÂÏ ÓÚÂÁÍÓÏ ÓÊË‰‡ÌËfl Ì‡ÒÚÛÔÎÂÌËfl ÍÎ‡ÒÒ‡ Kβ ÔÓÒÎÂ ‚˚ÔÓÎÌÂÌËfl Ñãá

(x). åÌÓÊÂÒÚ‚Ó N = {x : (x) = 1} Ì‡ÁÓ‚ÂÏ ËÌÚÂ‚‡ÎÓÏ Ñãá (x). í‡ÍËÏ Ó·‡-
ÁÓÏ, ‰ËÌ‡ÏË˜ÂÒÍ‡fl Á‡ÍÓÌÓÏÂÌÓÒÚ¸ Kα ÓÚÌÓÒËÚÂÎ¸ÌÓ Kβ ËÏÂÂÚ ÔÓÒÚÛ˛ „ÂÓÏÂÚË˜ÂÒÍÛ˛ ËÌÚÂ-

ÔÂÚ‡ˆË˛. ÖÂ ËÌÚÂ‚‡Î ÂÒÚ¸ Ó·Î‡ÒÚ¸ ÔÓÒÚ‡ÌÒÚ‚‡ ÔËÁÌ‡ÍÓ‚˚ı ÓÔËÒ‡ÌËÈ ‚Ë‰‡ {x :  ≤ xi ≤ ,
i ∈ Ω }, ÒÓ‰ÂÊ‡˘‡fl ÌÂÍÓÚÓÓÂ ˜ËÒÎÓ ÚÓ˜ÂÍ ËÁ ÍÎ‡ÒÒ‡ Kα ‚ ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸Ì˚Â ÏÓÏÂÌÚ˚ ‚ÂÏÂÌË,
ÌÓ ÌÂ ÒÓ‰ÂÊ‡˘‡fl ÌË Ó‰ÌÓÈ ÚÓ˜ÍË ËÁ Ì‡·Î˛‰ÂÌËÈ ÔÓÒÎÂ‰Û˛˘Â„Ó ÍÎ‡ÒÒ‡ Kβ.

èÛÒÚ¸ ÙËÍÒËÓ‚‡Ì ÌÂÍÓÚÓ˚È ÒÂ„ÏÂÌÚ [τ1, τ2].

Ñãá (x), (x) Ì‡ÁÓ‚ÂÏ ˝Í‚Ë‚‡ÎÂÌÚÌ˚ÏË ÔÓ [τ1, τ2], ÂÒÎË (x(τ)) = (x(τ)),

τ = τ1, τ1 + 1, …, τ2, θ + 1, θ + 2, …, T. èÛÒÚ¸ (x) – ‰ËÌ‡ÏË˜ÂÒÍ‡fl ÎÓ„Ë˜ÂÒÍ‡fl Á‡ÍÓÌÓÏÂÌÓÒÚ¸

Kα ÓÚÌÓÒËÚÂÎ¸ÌÓ Kβ (Ω* = {1, 2, …, n}), ÚÓ„‰‡ (x),

 = min{xi(t), t = τ1, τ1 + 1, …, τ2},     = max{xi(t), t = τ1, τ1 + 1, …, τ2},    i = 1, 2, …, n, (26)
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fl‚ÎflÂÚÒfl Ú‡ÍÊÂ ‰ËÌ‡ÏË˜ÂÒÍÓÈ ÎÓ„Ë˜ÂÒÍÓÈ Á‡ÍÓÌÓÏÂÌÓÒÚ¸˛ ÍÎ‡ÒÒ‡ Kα ÓÚÌÓÒËÚÂÎ¸ÌÓ Kβ, ˝Í‚Ë‚‡-

ÎÂÌÚÌÓÈ (x) ÔÓ [τ1, τ2]. íÓ„‰‡ ‰Îfl ÔÓËÒÍ‡ Ñãá ÔÓ ÒÂ„ÏÂÌÚÛ [τ1, τ2] ÏÓÊÌÓ Ó„‡ÌË˜ËÚ¸Òfl ÒÎÛ-

˜‡ÂÏ (26) ‚˚·Ó‡ ÍÓ˝ÙÙËˆËÂÌÚÓ‚ , , i = 1, 2, …, n. èÂ‰ËÍ‡Ú (x) Û‰Ó‚ÎÂÚ‚ÓflÂÚ ÔÂ-
‚ÓÏÛ ÛÒÎÓ‚Ë˛ ÓÒÌÓ‚ÌÓ„Ó ÓÔÂ‰ÂÎÂÌËfl, ÔÓ˝ÚÓÏÛ ‰ÓÒÚ‡ÚÓ˜ÌÓ ÔÓ‚ÂËÚ¸ ÛÒÎÓ‚Ëfl (2) ÓÔÂ‰ÂÎÂÌËfl 2:

∀τ ∈ [θ, T] : (x(τ)) = 0. ÖÒÎË ÛÒÎÓ‚Ëfl 2) ‚˚ÔÓÎÌfl˛ÚÒfl, ÚÓ (x) fl‚ÎflÂÚÒfl Ñãá Ë Ì‡ ÂÂ
·‡ÁÂ ÏÓÊÌÓ Ì‡ÈÚË ˝Í‚Ë‚‡ÎÂÌÚÌÛ˛ ÂÈ Ñãá, ÒÓ‰ÂÊ‡˘Û˛ ÏËÌËÏ‡Î¸ÌÓÂ ˜ËÒÎÓ ÔËÁÌ‡ÍÓ‚.

ê‡ÒÒÏÓÚËÏ ÒÎÂ‰Û˛˘Û˛ Á‡‰‡˜Û:

  min,

(27)

èÛÒÚ¸ y* = ( , , …, ) – Â¯ÂÌËÂ Á‡‰‡˜Ë (27), ‡ Ω ⊆ {1, 2, …, n} – ÏÌÓÊÂÒÚ‚Ó ÌÓÏÂÓ‚ ‚ÒÂı

Â‰ËÌË˜Ì˚ı ÍÓÏÔÓÌÂÌÚ Â¯ÂÌËfl. íÓ„‰‡ (x) fl‚ÎflÂÚÒfl Ú‡ÍÊÂ Ñãá, ˝Í‚Ë‚‡ÎÂÌÚÌÓÈ Ñãá

(x).

á‡‰‡˜‡ ÔÓËÒÍ‡ ÏÌÓÊÂÒÚ‚‡ ‚ÒÂı Ñãá Kα ÓÚÌÓÒËÚÂÎ¸ÌÓ Kβ ÏÓÊÂÚ ·˚Ú¸ Â¯ÂÌ‡ Ò ÔÓÏÓ˘¸˛ ÒÎÂ-
‰Û˛˘Â„Ó ‡Î„ÓËÚÏ‡.

ê‡ÒÒÏ‡ÚË‚‡˛ÚÒfl ‚ÒÂ‚ÓÁÏÓÊÌ˚Â Ô‡˚ ˜ËÒÂÎ τ1, τ2, θ0 ≤ τ1 < θ, θ0 ≤ τ2 < θ, τ1 < τ2 Ë Â¯‡˛ÚÒfl
Á‡‰‡˜Ë (25) ÔÓËÒÍ‡ Ñçá ÔÓ ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ËÏ ËÏ ÓÚÂÁÍ‡Ï [τ1, τ2]. á‡ÏÂÚËÏ, ˜ÚÓ ÂÒÎË ‰Îfl ÓÚÂÁÍ‡
[τ1, τ2] ÌÂ ÒÛ˘ÂÒÚ‚ÛÂÚ Ñãá, ÚÓ Ñçá ÌÂ ÒÛ˘ÂÒÚ‚Û˛Ú Ë ‰Îfl ‚ÒÂı ÓÚÂÁÍÓ‚ [τ1, t], τ2 < t ≤ θ. èÂÂ·Ó
ÓÚÂÁÍÓ‚ ÓÒÛ˘ÂÒÚ‚ÎflÂÏ ‚ ÒÎÂ‰Û˛˘ÂÏ ÔÓfl‰ÍÂ: [θ0, θ0 + 1], [θ0, θ0 + 2], …, [θ0, θ – 1], [θ0 + 1, θ0 + 2],
[θ0 + 1, θ0 + 3], …. é·˘ÂÂ ˜ËÒÎÓ ˜‡ÒÚÌ˚ı Á‡‰‡˜ (26) ·Û‰ÂÚ ÌÂ ·ÓÎÂÂ σ(σ – 1)/2, σ = θ – θ0. ÑÎfl Ì‡È-
‰ÂÌÌ˚ı Ñãá Ò ÌÂ‡Ò¯ËflÂÏÓÈ ÏÓ˘ÌÓÒÚ¸˛ Â¯‡˛ÚÒfl Á‡‰‡˜Ë (26). í‡ÍËÏ Ó·‡ÁÓÏ, ‚ ËÚÓ„Â ÙÓ-
ÏËÛÂÚÒfl ÏÌÓÊÂÒÚ‚Ó �αβ Ñãá ÍÎ‡ÒÒ‡ Kα ÓÚÌÓÒËÚÂÎ¸ÌÓ Kβ. èÓ Á‡‰‡ÌÌÓÏÛ ‚ÂÏÂÌÌóÏÛ fl‰Û ‡Ò-
ÒÏ‡ÚË‚‡˛ÚÒfl ÒÎÂ‚‡ Ì‡Ô‡‚Ó ‚ÒÂ ‚ÓÁÏÓÊÌ˚Â ÒÓÒÂ‰ÌËÂ ÍÎ‡ÒÒ˚ 〈Kα, Kβ〉, α, β ∈ {1, 2, …, l}, α ≠ β, Ë
‚˚˜ËÒÎfl˛ÚÒfl ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ËÂ ÏÌÓÊÂÒÚ‚‡ �αβ. ÖÒÎË Ô‡‡ 〈Kα, Kβ〉 ‚ÒÚÂ˜‡Î‡Ò¸ ‡ÌÂÂ Ë ÔÓ‚ÚÓfl-
ÂÚÒfl ÒÌÓ‚‡, ÚÓ ÏÌÓÊÂÒÚ‚Ó �αβ ÔÓÔÓÎÌflÂÚÒfl ÌÓ‚˚ÏË Ì‡È‰ÂÌÌ˚ÏË Ñãá.

èÛÒÚ¸ ‚˚˜ËÒÎÂÌ˚ ‚ÒÂ �αβ, α, β = 1, 2, …, l (ÌÂÍÓÚÓ˚Â ËÁ ÌËı ÏÓ„ÛÚ ·˚Ú¸ ÔÛÒÚ˚ÏË). á‡‰‡˜‡
ÔÓ„ÌÓÁ‡ ‚ ÏÓÏÂÌÚ T ÔÓÒÎÂ‰Û˛˘Â„Ó ÍÎ‡ÒÒ‡ Ó·˙ÂÍÚ‡ S, Ì‡ıÓ‰fl˘Â„ÓÒfl ‚ ÏÓÏÂÌÚ T ‚ ÍÎ‡ÒÒÂ Kα, ‡
Ú‡ÍÊÂ ‚ÂÏÂÌË Â„Ó ÔÂÂıÓ‰‡ ‚ ‰Û„ÓÈ ÍÎ‡ÒÒ ÏÓÊÂÚ ·˚Ú¸ Â¯ÂÌ‡ ÒÎÂ‰Û˛˘ËÏ Ó·‡ÁÓÏ.

Ç˚˜ËÒÎfl˛ÚÒfl ‚ÂÎË˜ËÌ˚

(ÔÓÎ‡„‡ÂÏ Γβ(S) = 0, ÂÒÎË �αβ = ∅). èÓ„ÌÓÁËÛÂÏ˚Ï ÍÎ‡ÒÒÓÏ ·Û‰ÂÚ Kβ, ÂÒÎË Γβ(S) = .

ÑÎfl ÓˆÂÌÍË ÔÓ„ÌÓÁËÛÂÏÓ„Ó ÏÓÏÂÌÚ‡ ‚ÂÏÂÌË τ* Ì‡ÒÚÛÔÎÂÌËfl Kβ ÏÓÊÌÓ ËÒÔÓÎ¸ÁÓ‚‡Ú¸ ËÌÙÓ-
Ï‡ˆË˛ Ó· ÓÚÂÁÍ‡ı ÓÊË‰‡ÌËfl Ì‡ÒÚÛÔÎÂÌËfl ÍÎ‡ÒÒ‡ Kβ ÔÓÒÎÂ ‚˚ÔÓÎÌÂÌËfl ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘Ëı Ñãá

(x) ËÁ �αβ. ç‡ÔËÏÂ,
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